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Abstract
In this paper, we study a modified inertial subgradient extragradient algorithm in

reflexive Banach spaces and prove a strong convergence theorem for approximating

common solutions of a fixed point equation of a demigeneralized mapping and a

variational inequality problem of a monotone and Lipschitz mapping. Our result

extends and improves important recent results announced by many authors.
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1 Introduction

Variational inequality problems were formulated in 1967 by Lions and Stampaccia

[23]. These problems have been studied extensively by several authors [2, 13, 15].

In many models for solving real-life problems arising in areas such as image

processing, machine learning and signal processing, the constraints are expressed as

variational inequality problems and as fixed point problems. Consequently, this

problem has attracted the attention of many researchers working on nonlinear

operator theory (see, for example, [2, 3, 26] and the references therein).

Throughout this paper, we shall assume E to be a real reflexive Banach space

with dual E�, C a nonempty, closed and convex subset of E and f : E ! ð�1;þ1�
to be a proper, lower semi-continuous and convex function. We denote by

domf :¼ fx 2 E : f ðxÞ\þ1g, the domain of f. Let x 2 int(domf); the subdiffer-

ential of f at x is the convex set defined by

of ðxÞ ¼ fx� 2 E� : f ðxÞ þ hx�; y� xi� f ðyÞ; 8y 2 Eg:

Let A : C ! E be a map. Then A is said to be

1. k�Lipschitz continuous if 9 k� 0, such that

jjAx� Ayjj � kjjx� yjj; 8x; y 2 C

2. Monotone, if the following inequality holds:

hAx� Ay; x� yi� 0; 8x; y 2 C;

3. a-inverse strongly monotone if 9 a[ 0, such that

hAx� Ay; x� yi� ajjAx� Ayjj2; 8x; y 2 C;

4. Maximal monotone if the graph of A is not properly contained in the graph of

any other monotone map.

The convex feasibility problem is to find a point z 2 C :¼ \k
i¼1Ci, where Ci is a

convex set for each i.
The variational inequality problem is to find a point z 2 C, such that

hv� z;Azi� 0; 8v 2 C:

The solution set of the variational inequality problem is denoted by VI(C, A).
For any x 2 int(domf) and y 2 E, the right-hand derivative of f at x in the

direction of y is defined by

f �ðx; yÞ :¼ lim
t!0þ

f ðxþ tyÞ � f ðxÞ
t

:

The function f is said to be Gâteaux differentiable at x if limt!0
f ðxþtyÞ�f ðxÞ

t exists for

any y. In this case, the gradient of f at x is the function rf ðxÞ : E ! ð�1;þ1�
defined by hrf ðxÞ; yi ¼ f �ðx; yÞ for any y 2 E. The function f is said to be Gâteaux
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differentiable if it is Gâteaux differentiable for any x2 int(domf). The function f is
said to be Fréchet differentiable at x if this limit is attained uniformly in y with

kyk ¼ 1. Also f is said to be uniformly Fréchet differentiable on a subset C of E if

the limit is attained uniformly for x2C and kyk ¼ 1. It is well known that if f is
Gâteaux differentiable (resp. Fréchet differentiable) on int(domf), then f is contin-
uous and its Gâteaux derivative rf is norm-to-weak� continuous (resp. norm-to-

norm continuous) on int(dom(f)) (see [6, 9]).

A function f on E is coercive [18] if the sublevel sets are bounded; equivalently

lim
kxk!þ1

f ðxÞ ¼ þ1:

A function f on E is said to be strongly coercive [33] if

lim
kxk!þ1

f ðxÞ
kxk ¼ þ1:

Definition 1.1 [8] The function f is said to be:

(1) Essentially smooth, if of is both locally bounded and single-valued on its

domain;

(ii) Essentially strictly convex, if ðof Þ�1
is locally bounded on its domain and

f is strictly convex on every subset of domf;
(iii) Legendre, if it is both essentially smooth and essentially strictly convex.

The Fenchel conjugate of f is the function f � : E� ! ð�1;þ1� defined by

f �ðx�Þ ¼ supfhx�; xi � f ðxÞ : x 2 Eg:

Remark 1.2 If E is a reflexive Banach space, then we have the following results:

(i) f is essentially smooth if and only if f � is essentially strictly convex (see

[8], Theorem 5.4).

(ii) ðof Þ�1 ¼ of � (see [9]).

(iii) f is Legendre if and only if f � is Legendre (see [8], Corollary 5.5).

(iv) If f is Legendre, then rf is a bijection satisfying rf ¼ ðrf �Þ�1
, ranrf ¼

domrðf �Þ ¼ int(domf �) and ran rf � ¼ domf ¼ int(domf) (see [8], The-

orem 5.10 ), where ran stands for the range.

Examples of Legendre function were given in [7, 8]. One important and

interesting Legendre function is 1
p k � k

p ð1\p\1Þ when E is a smooth and strictly

convex Banach space; in particular Hilbert spaces.

In the rest of this paper, we always assume that f : E ! ð�1;þ1� is Legendre.
Let f : E ! ð�1;þ1� be a convex and Gâteaux differentiable function. The

function

Df : domf	 int(domf Þ ! ð�1;þ1�, defined as follows:

Modified inertial subgradient extragradient method... Page 3 of 26 30



Df ðx; yÞ :¼ f ðxÞ � f ðyÞ � hrf ðyÞ; x� yi; ð1:1Þ

is called the Bregman distance with respect to f (see [14] ). It is obvious from the

definition of Df that

Df ðz; xÞ :¼ Df ðz; yÞ þ Df ðy; xÞ þ h5f ðyÞ � 5f ðxÞ; z� yi: ð1:2Þ

Let T : C ! E be a map and let FðTÞ ¼ fx : Tx ¼ xg denote the set of fixed points

of T.
A point p 2 C is said to be asymptotic fixed point of map T, if there exists a

sequence fxng in C which converges weakly to p such that

limn!þ1 kxn � Txnk ¼ 0. We denote by F̂ðTÞ the set of asymptotic fixed points

of T. A point p 2 C is said to be a strong asymptotic fixed point of map T, if there
exists a sequence fxng in C which converges strongly to p such that

limn!þ1 kxn � Txuk ¼ 0. We denote by ~FðTÞ the set of strong asymptotic fixed

points of T. T is said to be quasi-Bregman relatively nonexpansive if FðTÞ 6¼ ;,
F̂ðTÞ ¼ FðTÞ and Df ðTx; pÞ�Df ðx; pÞ for all x 2 C and p 2 FðTÞ.

If E is a smooth Banach space, the Lyapunov functional / : E 	 E ! R is

defined by

/ðx; yÞ ¼ jjxjj2 � 2hx; Jyi þ jjyjj2; 8x; y 2 E:

where J denotes the normalized duality mapping.

Let g and s be real numbers with g 2 ð�1; 1Þ and s 2 ½0;1Þ, respectively. Then
the map T : C ! E with FðTÞ 6¼ ; is called ðg; sÞ�demigeneralized, if for any

x 2 C and q 2 FðTÞ,

hx� q; Jx� JTxi� ð1� gÞ/ðx; TxÞ þ s/ðTx; xÞ: ð1:3Þ

In particular, if s ¼ 0 in (1.3), then

hx� q; Jx� JTxi� ð1� gÞ/ðx; TxÞ;

holds for any x 2 C and q 2 FðTÞ, and in this case T is ðg; 0Þ�demigeneralized

map.

Remark 1.3 If E is smooth and strictly convex Banach space and f ðxÞ ¼ jjxjj2 for

all x 2 E, then we have rf ðxÞ ¼ 2Jx, for all x 2 E and hence the function Df ðx; yÞ
reduces to /ðx; yÞ:

Definition 1.4 [5] Let E be a reflexive Banach space, C a nonempty closed and

convex subset of E, and g be a real number with g 2 ð�1; 1Þ. Then the map

T : C ! E with FðTÞ 6¼ ; is called ðg; 0Þ-Bregman demigeneralized map, if for any

x 2 C and q 2 FðTÞ,

hx� q;rf ðxÞ � rf ðTxÞi� ð1� gÞDf ðx; TxÞ:
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The following facts illustrate that the class of Bregman demigeneralized maps is

very important.

(i) [31] Let C be a nonempty, closed and convex subset of a reflexive Banach

space E. Let k be real number in (0, 1), the map T : C ! E is called quasi-

Bregman strictly pseudocontractive map if FðTÞ 6¼ ;, x 2 C and p 2 FðTÞ;
then we have

Df ðp; TxÞ�Df ðp; xÞ þ kDf ðx; TxÞ: ð1:4Þ

From (1.4), we have

Df ðp; TxÞ�Df ðp; xÞ þ Df ðx; TxÞ � Df ðx; TxÞ þ kDf ðx; TxÞ;

which by (1.2), implies

ð1� kÞDf ðx; TxÞ�Df ðp; xÞ þ Df ðx; TxÞ � Df ðp; TxÞ
¼ hx� p;rf ðxÞ � rf ðTxÞi:

This shows that T is (k, 0)-Bregman demigeneralized map.

(ii) Let E be a reflexive Banach space, let f : E ! R be strongly coercive

function and let A be a maximal monotone operator with A�1ð0Þ 6¼ ; . Let

ResfkA be the resolvent of A, k[ 0 for any x 2 E and z 2 A�1ð0Þ; then we

have

hResfkAðxÞ � z;rf ðxÞ � rf ðResfkAðxÞÞi� 0;

which implies

hResfkAðxÞ � xþ x� z;rf ðxÞ � rf ðResfkAðxÞÞi� 0;

hence

hx� z;rf ðxÞ � rf ðResfkAðxÞÞi� hx� ResfkAðxÞ;rf ðxÞ � rf ðResfkAðxÞÞi
¼ Df ðx;ResfkAðxÞÞ þ Df ðResfkAðxÞ; xÞ
�Df ðx;ResfkAðxÞÞ:

This shows that ResfkA is (0, 0)-Bregman demigeneralized mapping.

(iii) Let E be a reflexive Banach space and C a nonempty, closed and convex

subset of E and let f : E ! R be a Fréchet differentiable convex function.

A map T : C ! E is called quasi-Bregman nonexpansive map if FðTÞ 6¼ ;
and for all x 2 C; p 2 FðTÞ;

Df ðp; TxÞ�Df ðp; xÞ;

which gives by (1.2)

Df ðp; xÞ þ Df ðx; TxÞ þ hp� x;rf ðxÞ � rf ðTxÞi�Df ðp; xÞ

and hence
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Df ðx; TxÞ� hx� p;rf ðxÞ � rf ðTxÞi:

This implies that T is (0, 0)-Bregman demigeneralized map.

Example 1.5 Let E ¼ R; C ¼ ½�1; 0� and define T ; f : ½�1; 0� ! R by f ðxÞ ¼ x3

and Tx ¼ 2x, for all x 2 ½�1; 0�. Then T is ðg; 0Þ-Bregman demigeneralized map but

not ðg; 0Þ-demigeneralized map.

Bregman [10] introduced an effective technique through Bregman distance

function Df for designing and analyzing feasibility and optimization algorithms.

This opened a new area of research in which Bregman’s technique is applied in

various ways to iterative algorithm for solving not only feasibility and optimization

pro blems, but also algorithms for solving fixed point problems for nonlinear

mappings (see, e.g., [11, 22, 31] and the references therein).

Many researchers have proposed and analyzed different iterative algorithms for

solving variational inequality problems, approximating fixed points of nonexpansive

mappings and their generalizations. Initially, in most of the algorithms for

approximating solutions of variational inequality problems, the operator A was often

assumed to be inverse strongly monotone (see, e.g, [4, 12, 15] and the references in

them). In order to relax the inverse strong monotonicity of the operator A,
Korpelevic [21] introduced the following extragradient method in the finite

dimensional Euclidean space Rn:

x0 ¼ x1 2 C;
xnþ1 ¼ PCðxn � kA½PCðxn � kAxnÞ�Þ; 8n 2 N

�
ð1:5Þ

where the operator A is monotone and Lipschitz and PC denotes the metric

projection.

However, in the extragradient method, two projections onto a closed and convex

subset C of H at each step of the iteration process need to be computed.

Censor et al. [16] observed that this may affect the efficiency of the method if the

set C is not simple enough. They introduced and studied the following modified

extragradient method by replacing the second projection onto a closed and convex

subset C with a projection onto a specific constructable half-space Tn:

x0 ¼ H;
yn ¼ PCðxn � sAxnÞ;
Tn ¼ fw 2 H : hxn � sAxn � yn;w� yn � 0g;
xnþ1 ¼ PTnðxn � sAynÞ; 8n 2 N:

8>><
>>:

ð1:6Þ

and they proved that the sequence generated by (1.6) converges weakly to the

solution of a variational inequality problem in real Hilbert spaces under some mild

assumptions. Since the set Tn is a Half-space; therefore, algorithm (1.6) is simpler to

implement than algorithm (1.5)

To get strong convergence, Kraikaew and Saejung [20] introduced the following

hybridization of the subgradient extragradient method (1.6) as a Halpern method:
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x0 ¼ H;

yn ¼ PCðxn � sAxnÞ;
Tn ¼ fw 2 H : hxn � sAxn � yn;w� yn � 0g;
zn ¼ anx0 þ ð1� anÞPTnðxn � sAynÞ;
xnþ1 ¼ bnxn þ ð1� bnÞSzn; 8n� 0;

8>>>>>><
>>>>>>:

ð1:7Þ

where bn 
 ½a; b� 
 ð0; 1Þ; for some a; b 2 ð0; 1Þ and fang is a sequence in [0, 1]

satisfying limn!1 an ¼ 0 and
P1

n¼1 an ¼ 1: They proved that the sequence gen-

erated by algorithm (1.7) converges strongly to a point p 2 VIðC;AÞ \ FðSÞ in a real
Hilbert space.

In 2018, Chidume et al. [13] introduced the following Krasnoselskii-type

algorithm in a uniformly smooth and 2�uniformly convex real Banach space for

approximating common element of solutions of a variational inequality problem and

common fixed point of a countable family of relatively nonexpansive maps, under

some mild assumptions:

x0 ¼ x 2 E;

yn ¼ PCJ
�1ðJxn � knAxnÞ;

Tn ¼ fz 2 E : hz� yn; Jxn � kAxn � Jyni� 0g;
tn ¼ PTnðJxn � knAxnÞ;
zn ¼ J�1ðanJx0 þ ð1� anÞJtnÞ;
xnþ1 ¼ J�1ðkJxn þ ð1� kÞJSni znÞ; n� 0:

8>>>>>>>><
>>>>>>>>:

ð1:8Þ

Polyak [28] was first to propose an acceleration process called inertial-type algo-

rithm for solving a smooth convex minimization problem. Incorporating an inertial

term in an algorithm accelerates the rate of convergence of the sequence generated

by the algorithm. Consequently, many researchers are applying inertial-type algo-

rithms in their investigations (see [1, 17, 24] and references contained therein).

Khan et al. [19] introduced a modified inertial subgradient extragradient

algorithm in a 2-uniformly convex and uniformly smooth real Banach space and

proved a strong convergence theorem for approximating common solution of fixed

point of a (k, 0)-demigeneralized mapping and solution of variational inequality

problem, under some appropriate conditions:

x0; x1 2 E;

wn ¼ J�1ðJxn þ dnðJxn�1 � JxnÞÞ
yn ¼ PCJ

�1ðJwn � sAwnÞ;
Tn ¼ fz 2 E : hz� yn; Jwn � sAwn � Jyni� 0g;
zn ¼ PTnðJwn � sAynÞ;
vn ¼ J�1ðð1� knÞJzn þ knJTznÞ;
xnþ1 ¼ J�1ðanJxn þ bnJvn þ cnJuÞ; n� 1:

8>>>>>>>>>>><
>>>>>>>>>>>:

ð1:9Þ

Motivated and inspired by the above-mentioned results, we proposed and studied a

modified inertial subgradient extragradient algorithm in a reflexive Banach space
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and proved a strong convergence theorem for approximating common element of

solutions of a variational inequality problem and a common fixed point of Bregman

demigeneralized mappings. Our work extends and generalizes the result of Khan

et al. [19] and many other related results announced recently.

2 Preliminaries

Recall that the Bregman projection [10] of x 2 int(domf) onto nonempty, closed and

convex set C 
 domf is the unique vector Pf
CðxÞ 2 C satisfying

Df ðPf
CðxÞ; xÞ ¼ inffDf ðy; xÞ : y 2 Cg:

The function f is called totally convex at x if vf ðx; tÞ ¼ inffDf ðy; xÞ : y 2
Domf ; jjx� yjj ¼ tg[ 0 whenever t[ 0. The function f is called convex if it is

totally convex at any point x 2 int(domf) and is said to be totally convex on bounded
set if vf ðB; tÞ[ 0 for any nonempty bounded subset B of E and t[ 0; where the

modulus of total convexity of the function f on the set B is the function vf : int(-
domf Þ 	 ½0;þ1Þ ! ½0;þ1Þ defined by

vf ðB; tÞ :¼ inffvf ðx; tÞ : x 2 B\ domfg:
Concerning the Bregman projection, the following facts are well-known.

Lemma 2.1 [11] Let C be a nonempty, closed and convex subset of a reflexive
Banach space E. Let f : E ! R be a Gâteaux differentiable and totally convex
function. Then

(a) z ¼ Pf
CðxÞ if and only if hrf ðxÞ � rf ðzÞ; y� zi� 0; 8x 2 E and y 2 C;

(b) Df ðy;Pf
CðxÞÞ þ Df ðPCðxÞ; xÞ�Df ðy; xÞ; 8x 2 E; y 2 C:

Lemma 2.2 [25] Let E be a Banach space and f : E ! R be a Gâteaux
differentiable function which is uniformly convex on bounded subsets of E. Let
fxngn2N and fyngn2N be bounded sequences in E. Then

lim
n!1

Df ðxn; ynÞ ¼ 0 if and only if lim
n!1

jjxn � ynjj ¼ 0:

Lemma 2.3 [29] Let f : E ! R be Gâteaux differentiable and totally convex
function. If x0 2 E and the sequence fDf ðxn; x0Þg is bounded, then sequence fxng is

bounded too.

Recall that the function f is called sequentially consistent if for bounded

sequences fung and fyng in E

lim
n!þ1

Df ðyn; unÞ ¼ 0 implies lim
n!þ1

kyn � unk ¼ 0:

The following two results are well-known; see ([33])
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Theorem 2.4 Let E be a reflexive Banach space and let f : E ! R be a convex
function which is bounded on bounded subsets of E. Then, the following assertions
are equivalent:

(1) f is strongly coercive and uniformly convex on bounded subsets of E;
(2) domf � ¼ E�, f � is bounded on bounded subsets and uniformly smooth on

bounded subsets of E�;
(3) domf � ¼ E�; f � is Fréchet differentiable and rf � is norm-to-norm uniformly

continuous on bounded subsets of E�.

Theorem 2.5 Let E be a reflexive Banach space and let f : E ! R be a continuous
convex function which is strongly coercive. Then the following assertions are
equivalent:

(1) f is bounded on bounded subsets and uniformly smooth on bounded subsets of
E;

(2) f � is Fréchet differentiable and f � is uniformly norm-to-norm continuous on
bounded subsets of E�;

(3) domf � ¼ E�; f � is strongly coercive and uniformly convex on bounded subsets
of E�.

The following result was first proved in [11].

Lemma 2.6 Let E be a reflexive Banach space, f : E ! R be a strongly coercive
Bregman function. V is the function defined by

Vðx; x�Þ ¼ f ðxÞ � hx; x�i þ f �ðx�Þ; x 2 E; x� 2 E�:

Then, the following assertions hold:

(1) Df ðx;rf ðx�ÞÞ ¼ Vðx; x�Þ for all x 2 E and x� 2 E�.
(2) Vðx; x�Þ þ hrf �ðx�Þ � x; y�i�Vðx; x� þ y�Þ for all x 2 E and x�; y� 2 E�.

Lemma 2.7 [25] Let E be a Banach space and f : E ! R be a convex function
which is uniformly convex on bounded subsets of E. Let r[ 0 be a constant and qr
be the gauge of uniform convexity of f . Then

(i) For any x; y 2 Br ¼ fx 2: jjxjj � 1g and a 2 ð0; 1Þ,

f ðaxþ ð1� aÞyÞ� af ðxÞ þ ð1� aÞf ðyÞ � að1� aÞqrðjjx� yjjÞ:

(ii) For any x; y 2 Br,

qrðjjx� yjjÞ �Df ðx; yÞ:
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(iii) If, in addition, g is bounded on bounded subsets and uniformly convex on
bounded subsets of E then, for any x 2 E; y�; z� 2 Br and a 2 ð0; 1Þ

Vf ðx; ay� þ ð1� aÞz�Þ� aVf ðx; y�Þ þ ð1� aÞVf ðx; z�Þ
� að1� aÞq�r ðjjy� � x�jjÞ:

Lemma 2.8 [30] Let C be a nonempty closed and convex subset of a reflexive
Banach space E and A : C ! E� be a monotone and hemicontinuous map. Let

T : E ! 2E
�
be an operator defined by

Tu ¼
Auþ NCðuÞ; u 2 C;

;; u 62 C;

�
ð2:1Þ

where NCðuÞ is defined as follows:
NCðuÞ ¼ fw� 2 E� : hu� z;w�i� 0; 8z 2 Cg:
Then, T is maximal monotone and T�10 ¼ VIðC;AÞ:

Lemma 2.9 [32] Let fang, fcng, fdng and ftng be sequences of nonnegative real
numbers satisfying the following relation:

anþ1 �ð1� tn � cnÞan þ cnnan�1 þ tnsn þ dn; n� 0;

where
P1

n¼n0
tn ¼ þ1;

P1
n¼n0

dn\þ1; for each n� n0 (where n0 is a positive

integer) and fcng 
 ½0; 1
2
�; lim supn!1 sn � 0. Then, the sequence fang converges to

zero.

Lemma 2.10 [27] Let Cn be a sequence of real numbers that does not decrease at
infinity, in the sense that there exists a subsequence fCnjgj� 0 of fCng which satisfies
Cnj �Cnjþ1 for all j� 0. Also consider a sequence of integers fsðnÞgn� n0

defined by

sðnÞ ¼ maxfk� n j Cnk �Cnkþ1g:

Then fsðnÞgn� n0
is a nondecreasing sequence satisfying limn!1 sðnÞ ¼ 1.

If it holds that CsðnÞ �CsðnÞþ1 for all n� n0 then we have

Cn �CsðnÞþ1:

3 Main Results

Lemma 3.1 Let E be a reflexive Banach space and C a nonempty, closed and
convex subset of E and let f : E ! R be a Fréchet differentiable convex function.
Let g be a real number with g 2 ð�1; 0� and let T : C ! E be ðg; 0Þ-Bregman
demigeneralized map with FðTÞ 6¼ ;. Let a be a real number in [0, 1) and let
S ¼ rf �ðð1� aÞrf þ arf ðTÞÞ. Then S : C ! E is a quasi-Bregman nonexpansive
map.
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Proof It is obvious that FðTÞ ¼ FðSÞ. Since S is ðg; 0Þ-Bregman demigeneralized

map, for any x 2 C, we obtain

Df ðx; SxÞ ¼ Df ðx;rf �ðð1� aÞrf ðxÞ þ arf ðTxÞÞÞ
� ð1� aÞDf ðx; xÞ þ aDf ðx; TxÞ
¼ aDf ðx; TxÞ;

ð3:1Þ

and letting p 2 FðSÞ, we get

hx� p;rf ðxÞ � rf ðSxÞi ¼ hx� p;rf ðxÞ � ð1� aÞrf ðxÞ � arf ðTxÞi
¼ ahx� p;rf ðxÞ � rf ðTxÞi
� að1� gÞDf ðx; TxÞ;

ð3:2Þ

from (3.1), (3.2) and the fact that g 2 ð�1; 0�,we have

hx� p;rf ðxÞ � rf ðSxÞi� að1� gÞDf ðx; TxÞ� aDf ðx; TxÞ ð3:3Þ

from (1.2) and (3.3), we have

Df ðp; xÞ � Df ðp; SxÞ þ Df ðx; SxÞ� aDf ðx; TxÞ;

this and (3.1) imply

Df ðp; xÞ � Df ðp; SxÞ� aDf ðx; TxÞ � Df ðx; SxÞ
� aDf ðx; TxÞ � aDf ðx; TxÞ:

Hence

Df ðp; SxÞ�Df ðp; xÞ:

h

Lemma 3.2 Let C be a nonempty closed and convex subset of a reflexive Banach
space E and f : E ! R a strongly coercive Legendre function which is bounded,
uniformly Fréchet differentiable and totally convex on bounded subsets of E. Let
A : C ! E be a monotone map and L�Lipschitz on E with L[ 0 and let T : C !
E be a ðk; 0Þ�Bregman demigeneralized mapping. Suppose that X ¼ FðTÞ \
VðC;AÞ 6¼ ; . Define a sequence fxng1n¼1 generated by arbitrarily chosen x0; x1 2 E
and any fixed u 2 E :
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wn ¼ rf �ðrf ðxnÞ þ rnðrf ðxn�1Þ � rf ðxnÞÞ
yn ¼ PCrf �ðrf ðwnÞ � kAwnÞ;
Tn ¼ fz 2 E : hz� yn;rf ðwnÞ � kAwn �rf ðynÞi � 0g;
zn ¼ PTnrf �ðrf ðwnÞ � kAynÞ;
vn ¼ rf �ðð1� anÞrf ðznÞ þ anrf ðTznÞÞ;
xnþ1 ¼ rf �ðdnrf ðxnÞ þ bnrf ðvnÞ þ cnrf ðuÞÞ; n� 0

8>>>>>>>><
>>>>>>>>:

ð3:4Þ

where k 2 ð0; aLÞ; frng 
 ½0; 1
2
�; fang; fdng; fbng; fcng are sequences in (0, 1) such

that dn þ bn þ cn ¼ 1 and the following conditions are satisfied:

(C1) 0\a� rn\bn � 1
2
; 8n� 1,

(C2) limn!1 cn ¼ 0 and
P1

n¼1 cn ¼ 1,

(C3) 0\ lim infn!1 dn � dn � lim supn!1 dn\1:

Then, the sequence fxng is bounded.

Proof For this, we first show that

Df ðp; znÞ�Df ðp;wnÞ �
�
1� Lk

a

��
Df ðyn;wnÞ þ Df ðzn; ynÞ

�
:

Let p 2 X: Then using Lemma 2.6, Lemma 2.1 (b) and (1.2), we have

Df ðp; znÞ�Df ðp;rf �ðrf ðwnÞ � kAynÞÞ � Df ðzn;rf �ðrf ðwnÞ � kAynÞÞ
¼ Vf ðp;rf ðwnÞ � kAynÞ � Vf ðtn;rf ðwnÞ � kAynÞ
¼ Df ðp;wnÞ � Df ðzn; xnÞ þ khp� zn;Ayni
¼ Df ðp;wnÞ � Df ðzn; xnÞ þ khp� yn;Ayni þ khyn � zn;Ayni
¼ Df ðp;wnÞ � Df ðzn; ynÞ � Df ðyn;wnÞ � hrf ðynÞ � rf ðwnÞ; zn � yni

þ khyn � zn;Ayni
¼ Df ðp;wnÞ � Df ðzn; ynÞ � Df ðyn;wnÞ

þ hzn � yn;rf ðwnÞ � kAyn �rf ðynÞi:

Using the fact that A is Lipschitz continuous, we estimate
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hzn � yn;rf ðwnÞ � kAyn �rf ðynÞi ¼ hzn � yn;rf ðwnÞ � kAwn �rf ðynÞi
þ khzn � yn;Awn � Ayni

� khzn � yn;Awn � Ayni
� kjjzn � ynjjjjAwn � Aynjj
� kkjjzn � ynjjjjwn � ynjj

� Lk
2

�
jjzn � ynjj2 þ jjyn � wnjj2

�

� Lk
a

�
Df ðzn; ynÞ þ Df ðyn;wn

�
:

It follows that

Df ðp; znÞ�Df ðp;wnÞ � Df ðzn; ynÞ � Df ðyn;wnÞ

þ Lk
a

�
Df ðzn; ynÞ þ Df ðyn;wn

�

¼ Df ðp;wnÞ �
�
Df ðzn; ynÞ þ Df ðyn;wnÞ

� Lk
a

�
Df ðzn; ynÞ þ Df ðyn;wn

��

¼ Df ðp;wnÞ �
�
1� Lk

a

��
Df ðzn; ynÞ þ Df ðyn;wnÞ

�

ð3:5Þ

Also from (3.4), we have

Df ðp;wnÞ ¼ Df ðp;rf �ðrf ðxnÞ þ rnðrf ðxn�1Þ � rf ðxnÞÞÞ
� ð1� rnÞDf ðp; xnÞ þ rnDf ðp; xn�1Þ:

ð3:6Þ

Since T is ðk; 0Þ�Bregman demigeneralized mapping, Sn ¼ rf �ðð1� anÞrf ðIÞ þ
anrf ðTÞÞ is relatively nonexpansive mapping and FðSnÞ ¼ FðTÞ. Hence, from

(3.4), we have

Df ðp; vnÞ ¼ Df ðp;rf �ðð1� anÞrf ðznÞ þ anrf ðTznÞÞÞ
¼ Df ðp; SnznÞ
�Df ðp; znÞ:

ð3:7Þ

Let q�r : E ! R be the gauge function of uniform convexity of the conjugate

function f �. By (3.4), (3.5),(3.6),(3.7) and Lemma 2.7, we obtain

Modified inertial subgradient extragradient method... Page 13 of 26 30



Df ðp; xnþ1Þ�Df ðp;rf �ðdnrf ðxnÞ þ bnrf ðvnÞ þ cnrf ðuÞÞÞ
¼ Vf ðp; dnrf ðxnÞ þ bnrf ðvnÞ þ cnrf ðuÞÞ
¼ f ðpÞ � hp; dnrf ðxnÞ þ bnrf ðvnÞ þ cnrf ðuÞi

þ f �ðdnrf ðxnÞ þ bnrf ðvnÞ þ cnrf ðuÞÞ
� dnf ðpÞ þ bnf ðpÞ þ cnf ðpÞ � dnhp;rf ðxnÞi � bnhp;rf ðvnÞi

� cnhp;rf ðuÞi þ dnf
�ðrf ðxnÞÞ þ bnf

�ðrf ðvnÞÞ þ cnf
�ðrf ðuÞÞ

� dnbnq
�
r ðjjrf ðxnÞ � rf ðvnÞjjÞ � dncnq

�
r ðjjrf ðxnÞ � rf ðuÞjjÞ

� bncnq
�
r ðjjrf ðvnÞ � rf ðuÞjjÞ

� dnðf ðpÞ � hp;rf ðxnÞi þ f �ðrf ðxnÞÞÞ þ bnðf ðpÞ � hp;rf ðvnÞi
þ f �ðrf ðvnÞÞÞ þ cnðf ðpÞ � hp;rf ðuÞi þ f �ðrf ðuÞÞÞ
� dnbnq

�
r ðjjrf ðxnÞ � rf ðvnÞjjÞ

¼ dnVf ðp;rf ðxnÞÞ þ bnVf ðp;rf ðvnÞÞ þ cnVf ðp;rf ðuÞÞ
� dnbnq

�
r ðjjrf ðxnÞ � rf ðvnÞjjÞ

¼ dnDf ðp; xnÞ þ bnDf ðp; vnÞ þ cnDf ðp; uÞ
� dnbnq

�
r ðjjrf ðxnÞ � rf ðvnÞjjÞ

� dnDf ðp; xnÞ þ bnDf ðp; znÞ þ cnDf ðp; uÞ
� dnbnq

�
r ðjjrf ðxnÞ � rf ðvnÞjjÞ

� dnDf ðp; xnÞ þ bn
h
Df ðp;wnÞ

�
�
1� Lk

a

��
Df ðzn; ynÞ þ Df ðyn;wnÞ

�i

þ cnDf ðp; uÞ � dnbnq
�
r ðjjrf ðxnÞ � rf ðvnÞjjÞ

� dnDf ðp; xnÞ þ bnð1� rnÞDf ðp; xnÞ þ bnrnDf ðp; xn�1Þ

� bn
�
1� Lk

a

��
Df ðzn; ynÞ þ Df ðyn;wnÞ

�

þ cnDf ðp; uÞ � dnbnq
�
r ðjjrf ðxnÞ � rf ðvnÞjjÞ

� dnDf ðp; xnÞ þ bnDf ðp; xnÞ � bnrnDf ðp; xnÞ þ bnrnDf ðp; xn�1Þ

� bn
�
1� Lk

a

��
Df ðzn; ynÞ þ Df ðyn;wnÞ

�

þ cnDf ðp; uÞ � dnbnq
�
r ðjjrf ðxnÞ � rf ðvnÞjjÞ

� ð1� cn � bnrnÞDf ðp; xnÞ þ bnrnDf ðp; xn�1Þ

þ cnDf ðp; uÞ � bn
�
1� Lk

a

��
Df ðzn; ynÞ þ Df ðyn;wnÞ

�

� dnbnq
�
r ðjjrf ðxnÞ � rf ðvnÞjjÞ

� ð1� cn � bnrnÞDf ðp; xnÞ þ bnrnDf ðp; xn�1Þ þ cnDf ðp; uÞ

� max
n
Df ðp; xnÞ;Df ðp; xn�1Þ;Df ðp; uÞ

o
8n� 1:

ð3:8Þ

By induction, we get

Df ðp; xnÞ� max
n
Df ðp; x1Þ;Df ðp; x0Þ;Df ðp; uÞ

o
:

Hence, fDf ðp; xnÞg is bounded which by Lemma 2.3 implies that fxng is bounded.

Furthermore, fyng, fzng, fvng, fwng and fTzng are bounded. h

Now, we prove the following strong convergence theorem.

Theorem 3.3 Let C be a nonempty closed and convex subset of a reflexive Banach
space E and f : E ! R a strongly coercive Legendre function which is bounded,
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uniformly Fréchet differentiable and totally convex on bounded subsets of E. Let
A : C ! E be a monotone map and L�Lipschitz on E with L[ 0 and let T : C !
E be a ðk; 0Þ�Bregman demigeneralized mapping. Suppose that X ¼ FðTÞ \
VðC;AÞ 6¼ ; . Let fxng1n¼1 be the sequence generated by (3.4) where k 2
ð0; aLÞ; frng 
 ½0; 1

2
�; fang; fdng; fbng; fcng are sequences in (0, 1) such that dn þ

bn þ cn ¼ 1 and the following conditions are satisfied:

(C1) 0\a� rn\bn � 1
2
; 8n� 1,

(C2) limn!1 cn ¼ 0 and
P1

n¼1 cn ¼ 1,

(C3) 0\ lim infn!1 dn � dn � lim supn!1 dn\1:

Then, the sequence fxng generated by (3.4) converges strongly to the point

p ¼ Pf
Xu:

Proof Let p 2 X: From (3.8), we have

dnbnq
�
r ðjjrf ðxnÞ � rf ðvnÞjjÞ þ bn

�
1� Lk

a

��
Df ðzn; ynÞ

þ Df ðyn;wnÞ
�
�ðDf ðp; xnÞ � Df ðp; xnþ1ÞÞ

þ bnrnDf ððp; xn�1Þ � Df ðp; xnÞÞ þ cnDf ðp; uÞ:

ð3:9Þ

We consider two cases.

Case 1. Assume Df ðp; xnþ1Þ�Df ðp; xnÞ, such that Df ðp; xnÞ�M; for all n� 1,

where M :¼ maxfDf ðp; x1Þ;Df ðp; x0Þ;Df ðp; uÞg. Then fDf ðp; xnÞg1n¼1 is conver-

gent. Therefore,

limn!1ðDf ðp; xnÞ � Df ðp; xnþ1ÞÞ ¼ limn!1ðDf ðp; xn�1Þ � Df ðp; xnÞÞ ¼ 0.

Since bnrn [ 0 and
�
1� Lk

a

�
[ 0, therefore, by (3.9), we get

lim
n!1

Df ðzn; ynÞ ¼ lim
n!1

Df ðyn;wnÞ ¼ lim
n!1

q�r ðjjrf ðxnÞ � rf ðvnÞjjÞ ¼ 0:

Thus, it follows by Lemma 2.2 and the property of q�r that

lim
n!1

jjzn � ynjj ¼ lim
n!1

jjyn � wnjj ¼ 0 ð3:10Þ

and

lim
n!1

jjrf ðxnÞ � rf ðvnÞjj ¼ 0: ð3:11Þ

Since rf is norm to norm uniformly continuous on bounded subsets of E�, (3.10)
becomes

lim
n!1

jjrf ðznÞ � rf ðynÞjj ¼ lim
n!1

jjrf ðynÞ � rf ðwnÞjj ¼ 0: ð3:12Þ

From (4.3), we have
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jjrf ðxnþ1Þ � rf ðxnÞjj þ bnjjrf ðxnÞ � rf ðvnÞjj þ cnjjrf ðxnÞ � rf ðuÞjj ¼ 0:

ð3:13Þ

Using (C2) and (3.11) in (3.13), we have

lim
n!1

jjrf ðxnþ1Þ � rf ðxnÞjj ¼ 0: ð3:14Þ

Since rf is norm to norm uniformly continuous on bounded subsets of E�, we have

lim
n!1

jjxnþ1 � xnjj ¼ 0: ð3:15Þ

Also from (3.4) we have

jjrf ðwnÞ � rf ðxnÞjj ¼ rnjjrf ðxn�1Þ � rf ðxnÞjj;

which by (3.14) implies

lim
n!1

jjrf ðwnÞ � rf ðxnÞjj ¼ 0: ð3:16Þ

From (3.12), we have

lim
n!1

jjrf ðznÞ � rf ðwnÞjj ¼ 0: ð3:17Þ

In addition, from (3.11) and (3.16), we have

lim
n!1

jjrf ðwnÞ � rf ðvnÞjj ¼ 0: ð3:18Þ

Now, (3.17) and (3.19), give that

lim
n!1

jjrf ðznÞ � rf ðvnÞjj ¼ 0: ð3:19Þ

Again, from (3.11) and (3.19), we have

lim
n!1

jjrf ðxnÞ � rf ðznÞjj ¼ 0: ð3:20Þ

Since rf is norm to norm uniformly continuous on bounded subsets of E�, we have

lim
n!1

jjxn � znjj ¼ 0: ð3:21Þ

In addition, from (3.10) and (3.21), we have

lim
n!1

jjxn � ynjj ¼ 0: ð3:22Þ

Since T is ðk; 0Þ�Bregman demigeneralized and p 2 FðTÞ, therefore from (4.3) and

the definition of Bregman demigeneralized mapping, we have
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hzn � p;rf ðznÞ � rf ðvnÞi ¼ anhzn � p;rf ðznÞ � rf ðTznÞi
� anð1� kÞDf ðzn; TznÞ:

As knð1� kÞ[ 0, so we obtain

Df ðzn; TznÞ�
1

knð1� kÞ jjzn � pjjjjrf ðznÞ � rf ðvnÞjj;

from (3.19) and the fact that fzng is bounded, we have

lim
n!1

Df ðzn; TznÞ ¼ 0 ð3:23Þ

Using Lemma 2.2, we get

lim
n!1

jjzn � Tznjj ¼ 0 ð3:24Þ

Since fxng is bounded, there exists a subsequence fxnkg 
 fxng, such that xnk * z,
which implies that znk * z as k ! 1. Using (3.24), it follows that z 2 FðTÞ.

Next, we show that z 2 VIðC;AÞ. Let

Tv ¼
Avþ NCðvÞ; ifv 2 C;

;; ifv 62 C;

�

where NCðvÞ is as defined in Lemma 2.8. Then, T is maximal monotone and 0 2 Tv
if and only if v 2 VIðC;AÞ. If T is maximal monotone, then ðx; x�Þ 2 X 	 X� and if

hx� y; x� � y�i� 0; 8ðy; y�Þ 2 GðTÞ; then x� 2 Tx.
Let ðv; qÞ 2 GðTÞ; it suffices to show that hv� z; qi� 0:
Now ðv; qÞ 2 GðTÞ ) q 2 Tv ¼ Avþ NCðvÞ ) q� Av 2 NCðvÞ: Then

hv� y; q� Avi� 0; 8y 2 C:

Since yn ¼ Pf
Crf �ðrf ðxnÞ � kAwnÞ and v 2 C, we have by Lemma 2.1 that

hyn � v;rf ðxnÞ � kAxn �rf ðynÞi� 0:

Thus D
v� yn;

rf ðynÞ � rf ðwnÞ
k

þ Awn

E
� 0:

As q� Av 2 NCðvÞ and yn 2 C, so we have

hv� ynk ; qi� hv� ynk ;Avi

� hv� ynk ;Avi �
D
v� ynk ;

rf ðynkÞ � rf ðwnkÞ
k

þ Awnk

E

¼ hv� ynk ;Av� Aynki þ hv� ynk ;Aynk � Awnki

�
D
v� ynk ;

rf ðynkÞ � rf ðwnkÞ
k

E

�hv� ynk ;Aynk � Awnki �
D
v� ynk ;

rf ðynkÞ � rf ðwnkÞ
k

E
:

Using Lipschitz continuity of A, (3.10) and (3.12), we get
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hv� z; qi� 0:

Therefore, z 2 VIðC;AÞ: Hence z 2 X.

Next, we show that fxng converges strongly to p ¼ Pf
Xu.

Now

lim sup
n!1

hxn � p;rf ðuÞ � rf ðpÞi ¼ lim
k!1

hxnk � p;rf ðuÞ � rf ðpÞi

¼ hz� p;rf ðuÞ � rf ðpÞi:

Using Lemma 2.1, we have

hz� p;rf ðuÞ � rf ðpÞi� 0;

and hence

lim sup
n!1

hxn � p;rf ðuÞ � rf ðpÞi ¼ hz� p;rf ðuÞ � rf ðpÞi� 0: ð3:25Þ

It follows from (3.15) and (3.25) that

lim sup
n!1

hxnþ1 � p;rf ðuÞ � rf ðpÞi� 0: ð3:26Þ

From (3.31), (3.5), (3.6), (3.7) and Lemma 2.6, we have

Df ðp; xnþ1Þ�Df ðp;rf �ðdnrf ðxnÞ þ bnrf ðvnÞ þ cnrf ðuÞÞÞ
¼ Vf ðp; dnrf ðxnÞ þ bnrf ðvnÞ þ cnrf ðuÞÞ
¼ Vf ðp; dnrf ðxnÞ þ bnrf ðvnÞ þ cnrf ðuÞ � cnðrf ðuÞ � rf ðpÞÞÞ

þ cnhxnþ1 � p;rf ðuÞ � rf ðpÞi
¼ dnDf ðp; xnÞ þ bnDf ðp; vnÞ þ cnhxnþ1 � p;rf ðuÞ � rf ðpÞi
� dnDf ðp; xnÞ þ bnDf ðp; znÞ þ cnhxnþ1 � p;rf ðuÞ � rf ðpÞi
� dnDf ðp; xnÞ þ bnDf ðp;wnÞ þ cnhxnþ1 � p;rf ðuÞ � rf ðpÞi
� dnDf ðp; xnÞ þ bn

�
ð1� rnÞDf ðp; xnÞ þ rnDf ðp; xn�1Þ

�
þ cnhxnþ1 � p;rf ðuÞ � rf ðpÞi

� ð1� cn � bnrnÞDf ðp; xnÞ þ bnrnDf ðp; xn�1Þ
þ cnhxnþ1 � p;rf ðuÞ � rf ðpÞi:

ð3:27Þ

Now, by (3.26), Lemmas 2.9 and 2.2, we have xn ! p.
Case 2. Assume fDf ðp; xnÞg is non-decreasing. Set Cn of Lemma 2.10, as Cn ¼

Df ðp; xnÞ and let s : N ! N be a mapping for all n� n0 (for some n0 large enough),

defined by

sðnÞ :¼ maxfk 2 N : k� n;Ck �Ckþ1g:

Then s is non-decreasing sequence such that sðnÞ ! 1 as n ! 1. Thus
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0�CsðnÞ �CsðnÞþ1; 8n� n0;

this implies

Df ðp; xsðnÞÞ �Df ðp; xsðnÞþ1Þ; n� n0:

Since fDf ðp; xsðnÞÞg is bounded, therefore limn!1 Df ðp; xsðnÞÞ exists. Then the fol-

lowing estimates can be obtained, using same arguments as in Case 1 above

1.

lim
n!1

jjysðnÞ � wsðnÞjj ¼ 0; lim
n!1

jjzsðnÞ � ysðnÞjj ¼ 0

2.

lim
n!1

jjxsðnÞ � ysðnÞjj ¼ 0; lim
n!1

jjxsðnÞþ1 � xsðnÞjj ¼ 0

3.

lim
n!1

jjvsðnÞ � xsðnÞjj ¼ 0; lim
n!1

jjzsðnÞþ1 � TzsðnÞjj ¼ 0

4.

lim sup
n!1

hxsðnÞþ1 � p;rf ðuÞ � rf ðpÞi� 0: ð3:28Þ

From (3.27) and CsðnÞ �CsðnÞþ1; we have

Df ðp; xsðnÞÞ � ð1� csðnÞ � bsðnÞrsðnÞÞDf ðp; xsðnÞÞ þ bsðnÞrnDf ðp; xsðnÞ�1Þ
þ csðnÞhxsðnÞþ1 � p;rf ðuÞ � rf ðpÞi

� ð1� csðnÞÞDf ðp; xsðnÞþ1Þ þ csðnÞhxsðnÞþ1 � p;rf ðuÞ � rf ðpÞi:

Hence, we obtain

Df ðp; xsðnÞÞ �Df ðp; xsðnÞþ1Þ� hxsðnÞþ1 � p;rf ðuÞ � rf ðpÞi ð3:29Þ

which gives by (3.28)

lim
n!1

Df ðp; xsðnÞÞ ¼ 0:

Therefore

lim
n!1

Df ðp; xsðnÞþ1Þ ¼ 0

and therefore
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lim
n!1

CsðnÞ ¼ lim
n!1

CsðnÞþ1 ¼ 0: ð3:30Þ

For all n� n0, we have that CsðnÞ �CsðnÞþ1; if n 6¼ sðnÞ (that is, sðnÞ\nÞ; because
Ckþ1 �Ck for sðnÞ� k� n. This gives for all n� n0

0�Cn � maxfCsðnÞ;CsðnÞþ1g ¼ CsðnÞþ1:

This implies limn!1 Cn ¼ 0 which gives that limn!1 Df ðp; xnÞ ¼ 0. Hence xn !
p ¼ Pf

Xu as n ! 1. h

As an important special case of Theorem 3.3, we obtain the following result:

Corollary 3.4 Let C be a nonempty closed and convex subset of a reflexive Banach
space E and f : E ! R a strongly coercive Legendre function which is bounded,
uniformly Fréchet differentiable and totally convex on bounded subsets of E. Let
A : C ! E be a monotone map and L�Lipschitz on E with L[ 0 and T : C ! E
be a quasi Bregman nonexpansive mapping. Suppose that X ¼ FðTÞ \ VðC;AÞ 6¼ ;.
Define a sequence fxng1n¼1 generated by arbitrarily chosen x0; x1 2 E and any fixed
u 2 E :

wn ¼ rf �ðrf ðxnÞ þ rnðrf ðxn�1Þ � rf ðxnÞÞ
yn ¼ PCrf �ðrf ðwnÞ � kAwnÞ;

Tn ¼ fz 2 E : hz� yn;rf ðwnÞ � kAwn �rf ðynÞi� 0g;
zn ¼ PTnrf �ðrf ðwnÞ � kAynÞ;

vn ¼ rf �ðð1� anÞrf ðznÞ þ anrf ðTznÞÞ;
xnþ1 ¼ rf �ðdnrf ðxnÞ þ bnrf ðvnÞ þ cnrf ðuÞÞ; n� 0

8>>>>>>>><
>>>>>>>>:

ð3:31Þ

where k 2 ð0; aLÞ; frng 
 ½0; 1
2
�; fang; fdng; fbng; fcng are sequences in (0, 1) such

that dn þ bn þ cn ¼ 1 and the following conditions are satisfied:

(C1) 0\a� rn\bn � 1
2
; 8n� 1,

(C2) limn!1 cn ¼ 0 and
P1

n¼1 cn ¼ 1,

(C3) 0\ lim infn!1 dn � dn � lim supn!1 dn\1:

Then, the sequence fxng generated by (3.31) converges strongly to the point
p ¼ PXu:

4 Applications

In this section, using Theorem 3.3, we obtain important and new theorems that are

associated with the inertial subgradient extragradient method in reflexive Banach

spaces.

Theorem 4.1 Let C be a nonempty closed and convex subset of a reflexive Banach
space E and f : E ! R a strongly coercive Legendre function which is bounded,
uniformly Fréchet differentiable and totally convex on bounded subsets of E. Let
A : C ! E be a monotone map and L�Lipschitz on E with L[ 0 and let T : C !
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E be a quasi-Bregman strictly pseudocontractive mapping with FðTÞ 6¼ ;.
Suppose that X ¼ FðTÞ \ VðC;AÞ 6¼ ; . Define a sequence fxng1n¼1 generated by
arbitrarily chosen x0; x1 2 E and any fixed u 2 E :

wn ¼ rf �ðrf ðxnÞ þ rnðrf ðxn�1Þ � rf ðxnÞÞ
yn ¼ PCrf �ðrf ðwnÞ � kAwnÞ;

Tn ¼ fz 2 E : hz� yn;rf ðwnÞ � kAwn �rf ðynÞi � 0g;
zn ¼ PTnrf �ðrf ðwnÞ � kAynÞ;

vn ¼ rf �ðð1� anÞrf ðznÞ þ anrf ðTznÞÞ;
xnþ1 ¼ rf �ðdnrf ðxnÞ þ bnrf ðvnÞ þ cnrf ðuÞÞ; n� 0

8>>>>>>>><
>>>>>>>>:

ð4:1Þ

where k 2 ð0; aLÞ; frng 
 ½0; 1
2
�; fang; fdng; fbng; fcng are sequences in (0, 1) such

that dn þ bn þ cn ¼ 1 and the following conditions are satisfied:

(C1) 0\a� rn\bn � 1
2
; 8n� 1,

(C2) limn!1 cn ¼ 0 and
P1

n¼1 cn ¼ 1,

(C3) 0\ lim infn!1 dn � dn � lim supn!1 dn\1:

Then, the sequence fxng generated by (4.3) converges strongly to the point
p ¼ PXu:

Proof Since T is quasi-Bregman strictly pseudocontractive mapping with

FðTÞ 6¼ ;, then T is (k, 0)-Bregman demigeneralized mapping. Therefore the result

follows from Theorem 3.3. h

Theorem 4.2 Let C be a nonempty closed and convex subset of a reflexive Banach
space E and f : E ! R a strongly coercive Legendre function which is bounded,
uniformly Fréchet differentiable and totally convex on bounded subsets of E. Let
A : C ! E be a monotone map and L�Lipschitz on E with L[ 0 and let U be

maximal monotone operators of E into E�. Let ResfkU be the resolvent of U for k[ 0.

Suppose that X ¼ U�1ð0Þ \ VðC;AÞ 6¼ ; . Define a sequence fxng1n¼1 generated by
arbitrarily chosen x0; x1 2 E and any fixed u 2 E :

wn ¼ rf �ðrf ðxnÞ þ rnðrf ðxn�1Þ � rf ðxnÞÞ
yn ¼ PCrf �ðrf ðwnÞ � kAwnÞ;

Tn ¼ fz 2 E : hz� yn;rf ðwnÞ � kAwn �rf ðynÞi � 0g;
zn ¼ PTnrf �ðrf ðwnÞ � kAynÞ;

vn ¼ rf �ðð1� anÞrf ðznÞ þ anrf ðResfkUznÞÞ;
xnþ1 ¼ rf �ðdnrf ðxnÞ þ bnrf ðvnÞ þ cnrf ðuÞÞ; n� 0

8>>>>>>>><
>>>>>>>>:

ð4:2Þ

where k 2 ð0; aLÞ; frng 
 ½0; 1
2
�; fang; fdng; fbng; fcng are sequences in (0, 1) such

that dn þ bn þ cn ¼ 1 and the following conditions are satisfied:
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(C1) 0\a� rn\bn � 1
2
; 8n� 1,

(C2) limn!1 cn ¼ 0 and
P1

n¼1 cn ¼ 1,

(C3) 0\ lim infn!1 dn � dn � lim supn!1 dn\1:

Then, the sequence fxng generated by (4.3) converges strongly to the point
p ¼ PXu:

Proof Since ResfkU is the resolvent of U on E, then ResfkU is (0, 0)-Bregman

demigeneralized mapping. Therefore, the result follows from Theorem 3.3. h

Theorem 4.3 Let C be a nonempty closed and convex subset of a reflexive Banach
space E and f : E ! R a strongly coercive Legendre function which is bounded,
uniformly Fréchet differentiable and totally convex on bounded subsets of E. Let
A : C ! E be a monotone map and L�Lipschitz on E with L[ 0 and let T : C !
E be a quasi-Bregman nonexpansive mapping with FðTÞ 6¼ ;. Suppose that X ¼
FðTÞ \ VðC;AÞ 6¼ ; . Define a sequence fxng1n¼1 generated by arbitrarily chosen
x0; x1 2 E and any fixed u 2 E :

wn ¼ rf �ðrf ðxnÞ þ rnðrf ðxn�1Þ � rf ðxnÞÞ
yn ¼ PCrf �ðrf ðwnÞ � kAwnÞ;

Tn ¼ fz 2 E : hz� yn;rf ðwnÞ � kAwn �rf ðynÞi � 0g;
zn ¼ PTnrf �ðrf ðwnÞ � kAynÞ;

vn ¼ rf �ðð1� anÞrf ðznÞ þ anrf ðTznÞÞ;
xnþ1 ¼ rf �ðdnrf ðxnÞ þ bnrf ðvnÞ þ cnrf ðuÞÞ; n� 0

8>>>>>>>><
>>>>>>>>:

ð4:3Þ

where k 2 ð0; aLÞ; frng 
 ½0; 1
2
�; fang; fdng; fbng; fcng are sequences in (0, 1) such

that dn þ bn þ cn ¼ 1 and the following conditions are satisfied:

(C1) 0\a� rn\bn � 1
2
; 8n� 1,

(C2) limn!1 cn ¼ 0 and
P1

n¼1 cn ¼ 1,

(C3) 0\ lim infn!1 dn � dn � lim supn!1 dn\1:

Then, the sequence fxng generated by (4.3) converges strongly to the point
p ¼ PXu:

Proof Since T is quasi-Bregman nonexpansive mappings, then T is (0, 0)-Bregman

demigeneralized mappings. Therefore the result follows from Theorem 3.3. h

Remark 4.4 Every nonexpansive mapping is strictly pseudocontractive mapping

and every strictly pseudocontractive is ðg; 0Þ� Bregman demigeneralized mapping.
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5 Numerical example

Let E ¼ R4 be a four-dimensional Euclidean space with the usual inner product:

hx; yi ¼ x1y1 þ x2y2 þ x3y3 þ x4y4

where x ¼ ðx1; x2; x3; x4Þ; y ¼ ðy1; y2; y3; y4Þ 2 R4 and let f ðxÞ ¼ x31 þ x32 þ x33 þ
x34 for all x ¼ ðx1; x2; x3; x4Þ 2 R4 and rf ðxÞ ¼ 3ðx21 þ x22 þ x23 þ x24Þ. Let Tx ¼
2x; f ðTxÞ ¼ 8ðx31 þ x32 þ x33 þ x34Þ and rf ðTxÞ ¼ 24ðx21 þ x22 þ x23 þ x24Þ.

Given a half space C ¼ fz 2 R4 : hu; z� w0i� 0g of R4 where u 6¼ 0 and w0 are

two fixed element of R4 then for any x0 2 R4, we have

PCx0 ¼
x0 �

hu; x0 � w0i
jjujj2

u; hu; x0 � w0i[ 0;

x0 hu; x0 � w0i\0:

8<
:

Then T is ð1
2
; 0Þ� Bregman demigeneralized mapping and Ax ¼ ð�2x3 þ x2; x4 �

x1; 2x1 � 2x4;�x2 þ 2x3Þ is monotone and 2
ffiffiffi
2

p
�Lipschitz operator. Let an ¼

2n�1
6n ; dn ¼ 3nþ1

6n ; bn ¼ 2n�1
4n ; cn ¼ 1

12n and rn ¼ 1
4
8n� 1: Now k 2 ð0; aLÞ ¼ ð0; a

2
ffiffi
2

p Þ;
for a 2 ð0; 1Þ; put a ¼ 1

2
: so that we take k ¼ 1

8
: All conditions of Theorem 3.3 are

satisfied.

wn ¼
1

4
ð3xn þ xn�1Þ

yn ¼ PCðwn �rf �ð1
8
AwnÞÞ

Tn ¼ fx 2 R4 : hx� yn;rf ðwnÞ �
1

8
Awn �rf ðynÞi� 0g

zn ¼ PTnðwn �rf �ð1
8
AwnÞÞ

vn ¼
8n� 1

6n
zn

xnþ1 ¼
3nþ 1

6n
xn þ

2n� 1

4n
vn þ

1

12n
n� 1:

8>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>:

The following cases are considered for a numerical experiment of our algorithm.

Case 1: Take x1 ¼ ð1;�1; 2;�2ÞT and x0 ¼ ð2; 1;�1;�2ÞT .
Case 2: Take x1 ¼ ð2; 1;�1;�2ÞT and x0 ¼ ð1;�1; 2;�2ÞT .
Case 3: Take x1 ¼ ð�1; 0:3; 10;�5ÞT and x0 ¼ ð2;�0:10;�2;�4ÞT .

The following tables show results of our numerical experiment based on

MATLAB software (Tables 1, 2, 3; Fig. 1).
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Table 3 Numerical results for CASE 3

No. of iterations xn ¼ ðxð1Þn ; xð2Þn ; xð3Þn ; xð4Þn Þ Erros = jjxn � xn�1jj2

0 ð2:0000;�0:1000;�2:0000;�4:0000Þ
1 ð�1:0000; 0:3000; 10:0000;�5:0000Þ
2 ð�1:5181; 0:6458; 8:7928;�3:6983Þ 1.8779

3 ð�1:7270; 0:6852; 6:9403;�2:3634Þ 2.2932

4 ð�1:7931; 0:6948; 5:2870;�1:3628Þ 1.9337

5 ð�1:7355; 0:7015; 3:9317;�0:6919Þ 1.5136

..

. ..
. ..

.

37 (0.0133, 0.0177, 0.0129, 0.0166) 0.0010

38 (0.0129, 0.0170, 0.0124, 0.0162) 0.0010

Table 2 Numerical results for CASE 2

No. of iterations xn ¼ ðxð1Þn ; xð2Þn ; xð3Þn ; xð4Þn Þ Erros = jjxn � xn�1jj2

0 ð1:0000;�1:0000; 2:0000;�2:0000Þ
1 ð2:0000; 1:0000;�1:0000;�2:0000Þ
2 ð1:8576; 0:9277;�0:7201;�1:6180Þ 0.4993

3 ð1:5452; 0:6826;�0:2960;�1:2379Þ 0.6943

4 ð1:2295; 0:4690; 0:0153;�0:9124Þ 0.5900

5 ð0:9502; 0:3127; 0:2064;�0:6457Þ 4584

..

. ..
. ..

.

37 (0.0138, 0.0170, 0.0124, 0.0170) 0.0011

38 (0.0134, 0.0165, 0.0121, 0.0165) 0.0000

Table 1 Numerical results for CASE 1

No. of iterations xn ¼ ðxð1Þn ; xð2Þn ; xð3Þn ; xð4Þn Þ Erros = jjxn � xn�1jj2

0 ð2:0000; 1:0000;�1:0000;�2:0000Þ
1 ð1:0000;�1:0000; 2:0000;�2:0000Þ
2 ð0:6399;�0:8106; 1:8967;�1:4325Þ 0.7059

3 ð0:3642;�0:6138; 1:6102;�0:9046Þ 0.6896

4 ð0:1575;�0:4506; 1:3132;�0:5126Þ 0.5579

5 ð0:0180;�0:3168; 1:0397;�0:2427Þ 0.4301

..

. ..
. ..

.

37 (0.0142, 0.0175, 0.0128, 0.0175) 0.0011

38 (0.0137, 0.0169, 0.0124, 0.0170) 0.0010
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