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Abstract
Some Choi–Davis–Jensen’s type trace inequalities for convex functions are proved.

Also, we generalize these inequalities for any arbitrary operator mean via operator

monotone decreasing functions. In particular, we present some new order among

trðUðCÞAÞ and trðUðCÞA�1Þ. New refinements of some power type trace inequalities

via reverse and refinement of Young’s inequality are established. Among our

results, we obtain new versions of the Hölder type trace inequality for any arbitrary

operator mean.

Keywords Choi–Davis–Jensen’s inequality � Hölder operator inequality � Trace �
Operator mean � Positive linear maps

Mathematics Subject Classification Primary 47A63 � Secondary 47A99

1 Introduction

For this purpose, let BðHÞ stand for the C�-algebra of all bounded linear operators

on a complex Hilbert space ðH; h�; �iÞ. An operator A 2 BðHÞ is called positive if

hAx; xi� 0 for all x 2 H, and we then write A� 0. We write A[ 0 if it is a positive
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invertible operator. Let A;B 2 BðHÞ be two self-adjoint operators. The partial order

A�B is defined as B� A� 0. The absolute value of A is denoted by |A|, that is

jAj ¼ ðA�AÞ
1
2. A continuous real-valued function f defined on interval J is said to be

operator monotone increasing (decreasing) if for every two positive operators A and

B with spectral in J, the inequality A�B implies f ðAÞ� f ðBÞ (f ðAÞ� f ðBÞ),
respectively. We recall that every operator monotone decreasing function is

operator convex. An operator mean rf in the sense of Kubo–Ando [2] is defined by

a positive operator monotone increasing function f on the half interval ð0;1Þ with

f ð1Þ ¼ 1 as

Arf B ¼ A
1
2f ðA�1

2 BA
�1
2 ÞA1

2;

for positive invertible operators A;B 2 BðHÞ. For A;B[ 0 the weighted operator

arithmetic, geometric and harmonic means, respectively, by

A5m B ¼ ð1 � mÞAþ mB; A]mB ¼ A
1
2ðA�1

2BA�1
2ÞmA1

2

and A!mB ¼
�
ð1 � mÞA�1 þ mB�1

��1
, where m 2 ½0; 1�. A linear map W : BðHÞ !

BðKÞ is called positive if A� 0 implies WðAÞ� 0. It is said to be unital if WðIÞ ¼ I.
Davis [9] and Choi [7] showed that if W is a unital positive linear map on BðHÞ and

if f is an operator convex function on an interval J, then so-called the Choi–Davis–

Jensen inequality f
�
WðAÞ

�
�W

�
f ðAÞ

�
holds for every self-adjoint operator A on H

whose spectrum is contained in J.

Let feigi2I be an orthonormal basis of H. An operator A 2 BðHÞ is said to be

trace class (denoted by B1ðHÞ) if kAk1 :¼
P

i2IhjAjei; eii\1. We define the trace

of a trace class operator A 2 B1ðHÞ to be

trðAÞ :¼
X

i2I
hAei; eii:

If kAk2 :¼
P

i2I kAeik
2\1, A is said to be Hilbert–Schmidt operator (denotes

A 2 B2ðHÞ). The definitions of kAk1, kAk2 and trace do not depend on the choice of

the orthonormal basis feigi2I .
The Hölder’s type inequality [21] is given as follows:

jtrðABÞj � trðjABjÞ � ½trðjAj1=aÞ�a½trðjBj1=ð1�aÞÞ�1�a;

where a 2 ð0; 1Þ and A;B 2 BðHÞ with jAj1=a; jBj1=ð1�aÞ 2 B1ðHÞ.
In particular, for a ¼ 1

2
, we get the Schwarz inequality

jtrðABÞj � trðjABjÞ � ½trðjAj2Þ�
1
2½trðjBj2Þ�

1
2; ð1:1Þ

where jAj2; jBj2 2 B1ðHÞ. We have the following Hölder type trace inequality for

the weighted geometric mean [10]: if A, B are positive invertible operators, p; q[ 1

with 1
p þ 1

q ¼ 1 and Ap;Bq 2 B1ðHÞ, then Bq]1
q
Ap 2 B1ðHÞ and
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trðBq]1
p
ApÞ� ½trðApÞ�

1
p½trðBqÞ�

1
q: ð1:2Þ

Also, if C 2 B1ðHÞ and C� 0, then CAp;CBq;CðBq]1
p
ApÞ 2 B1ðHÞ and

trðCðBq]1
p
ApÞÞ� ½trðCApÞ�

1
p½trðCBqÞ�

1
q: ð1:3Þ

According to [13], if A and B are self-adjoint operators with A�B and P 2 B1ðHÞ
with P� 0, then

trðPAÞ� trðPBÞ: ð1:4Þ

Moreover, if A� 0, then 0� trðPAÞ� kAktrðPÞ, and

jtrðPAÞj � trðPjAjÞ; ð1:5Þ

for a self-adjoint operator A and P 2 B1ðHÞ with P� 0.

For the theory of trace functional and their applications, the reader is referred to

[22]. Some classical trace inequalities investigated in [8, 20, 24], which are

continuations of the work of Bellman [4].

We express the following results which is derived from [6, Sections 31.2.1 and

31.2.2].

Lemma 1.1 Let U : B1ðKÞ ! B1ðHÞ be a positive linear mapping such that

tr
�
UðWÞ

�
� 1 ð1:6Þ

for all W 2 B1ðKÞ with W � 0 and trðWÞ ¼ 1, i.e., for all density operators W on
Hilbert space K. Then its dual map U� is a linear map BðHÞ ! BðKÞ which is well
defined by

tr
�
U�ðBÞA

�
¼ tr

�
BUðAÞ

�
; ð1:7Þ

for all B 2 BðHÞ and A 2 B1ðKÞ.
U is continuous and U�ðIÞ� I is equivalent to tr

�
UðWÞ

�
� 1 for all density

operators W on K. A linear map U : B1ðKÞ ! B1ðHÞ is positive if and only if its
dual map U� is positive.

Corollary 1.2 For a positive linear mapping U : B1ðKÞ ! B1ðHÞ the following
statements are equivalent:

(i) tr
�
UðWÞ

�
� 1 for all density operators W on K;

(ii) U is continuous and U�ðIÞ� I.

Theorem 1.3 A linear mapping U : B1ðKÞ ! B1ðHÞ is positive if and only if U� :
BðHÞ ! BðKÞ is positive.

For a comprehensive account on positive linear maps see [5, 6, 23].

Dragomir in [11–14] proved Jensen’s type trace inequalities for convex

functions.
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In Sect. 2, we first extend the Choi–Davis–Jensen inequality for trace. In

particular, with the help of this we obtain some power type trace inequalities for

positive linear maps. Also we generalize Choi–Davis–Jensen’s type trace inequal-

ities for any arbitrary operator mean via operator monotone decreasing functions. As

an application of these, we prove some new order among trðUðCÞAÞ and

trðUðCÞA�1Þ, where 0\mI�A�MI, C 2 B1ðKÞ, C[ 0 and U is a positive linear

mapping satisfying (1.6). Next, we present reverses of the Choi–Davis–Jensen

inequality for trace.

In Sect. 3 by applying a recent reverse and refinement of Young’s inequality, we

establish some power type trace inequalities. Also we show new versions of the

Hölder type trace inequality for any arbitrary operator mean.

Some examples for the power function and logarithm are presented in Sect. 4.

2 Choi–Davis–Jensen’s type trace inequalities

We recall the gradient inequality for the convex function f : ½m;M� ! R, namely

f ðsÞ � f ðtÞ� df ðtÞðs� tÞ ð2:1Þ

for any s; t 2 ðm;MÞ, where df ðtÞ 2 ½f 0�ðtÞ; f 0þðtÞ�.
Now, we are ready to present our first result.

Theorem 2.1 Let U : B1ðKÞ ! B1ðHÞ be a positive linear mapping satisfying
(1.6), whose adjoint is U�, A be a self-adjoint operator on the Hilbert space H and
assume that SpðAÞ � ½m;M� for some scalars m, M with m\M. If f is a continuous
convex function on [m, M] and B 2 B1ðKÞ n f0g is a strictly positive operator, then

we have
tr
�
BðU�ðAÞ

�

tr
�
UðBÞ
� 2 ½m;M� and the Choi–Davis–Jensen inequality

f
tr
�
BU�ðAÞ

�

tr
�
UðBÞ

�

 !

�
tr
�
BU�ðf ðAÞ

�

tr
�
UðBÞ

� : ð2:2Þ

Proof According to the hypothesis, we have

m UðBÞð Þ
1
2ei; UðBÞð Þ

1
2ei

D E
� A UðBÞð Þ

1
2ei; UðBÞð Þ

1
2ei

D E

�M UðBÞð Þ
1
2ei; UðBÞð Þ

1
2ei

D E ð2:3Þ

for any i 2 I, which by summation (2.3), we get

mtr
�
UðBÞ

�
� tr

�
UðBÞ

�1
2A
�
UðBÞ

�1
2

� �
�Mtr

�
UðBÞ

�
: ð2:4Þ

If follows from the properties of trace and equality (1.7) that
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tr
�
UðBÞ

�1
2A UðBÞð Þ

1
2

� �
¼ tr AUðBÞð Þ

¼ tr U�ðAÞBð Þ ¼ tr BU�ðAÞð Þ:
ð2:5Þ

By inequality (2.4) and equality (2.5), we conclude that
tr
�
BU�ðAÞ

�

tr
�
UðBÞ
� 2 ½m;M�. Utilising

the gradient inequality (2.1), we have

df
tr
�
BU�ðAÞ

�

tr
�
UðBÞ

�

 !

s�
tr
�
BU�ðAÞ

�

tr
�
UðBÞ

�

 !

� f ðsÞ � f
tr
�
BU�ðAÞ

�

tr
�
UðBÞ

�

 !

ð2:6Þ

for any s 2 ½m;M�, where

df
tr
�
BU�ðAÞ

�

tr
�
UðBÞ

�

 !

2 f 0�
tr
�
BU�ðAÞ

�

tr
�
UðBÞ

�

 !

; f 0þ
tr
�
BU�ðAÞ

�

tr
�
UðBÞ

�

 !" #

:

Inequality (2.6) implies in the operator order of BðHÞ that

df
tr
�
BU�ðAÞ

�

tr
�
UðBÞ

�

 !

A�
tr
�
BU�ðAÞ

�

tr
�
UðBÞ

� � 1H

 !

� f ðAÞ � f
tr
�
BU�ðAÞ

�

tr
�
UðBÞ

�

 !

1H

which can be written as

df
tr
�
BU�ðAÞ

�

tr
�
UðBÞ

�

 !

hAy; yi �
tr
�
BU�ðAÞ

�

tr
�
UðBÞ

� hy; yi
 !

�hf ðAÞy; yi � f
tr
�
BU�ðAÞ

�

tr
�
UðBÞ

�

 !

hy; yi
ð2:7Þ

for any y 2 H. If we take in (2.7), y ¼
�
UðBÞ

�1
2ei and summing over i 2 I, we obtain

df
tr
�
BU�ðAÞ

�

tr
�
UðBÞ

�

 !

	
X

i2I
h
�
UðBÞ

�1
2A
�
UðBÞ

�1
2ei; eii �

tr
�
BU�ðAÞ

�

tr
�
UðBÞ

�
X

i2I
hUðBÞei; eii

 !

�
X

i2I
h
�
UðBÞ

�1
2f ðAÞ

�
UðBÞ

�1
2ei; eii � f

tr
�
BU�ðAÞ

�

tr
�
UðBÞ

�

 !
X

i2I
hUðBÞei; eii:

Thus, using the properties of trace and equality (1.7) to the above inequality, we have that

df
tr
�
BU�ðAÞ

�

tr
�
UðBÞ

�

 !

tr
�
BU�ðAÞ

�
�

tr
�
BU�ðAÞ

�

tr
�
UðBÞ

� tr
�
UðBÞ

�
 !

� tr
�
BU��f ðAÞ

��
� f

tr
�
BU�ðAÞ

�

tr
�
UðBÞ

�

 !

tr
�
UðBÞ

�
;
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and inequality (2.2) is thus proved. h

As an application of Theorem 2.1, we have the following inequality.

Corollary 2.2 If A is a self-adjoint operator on the Hilbert space H satisfying
SpðAÞ � ½m;M� for some scalars m, M with 0�m\M and B 2 B1ðHÞ n f0g,

B[ 0. Then for every positive linear map U� : BðHÞ ! BðHÞ which is adjoint of a
continuous linear map with U�ðIÞ� I and every p� 1

�
trðBU�ðAÞ

��p
� tr
�
BU�ðApÞ

��
trðBÞ

�p�1
:

Proof Let U� be the adjoint of the continuous linear map U : B1ðHÞ ! B1ðHÞ, then

U is positive and tr
�
UðWÞ

�
� 1 for any density operators W on Hilbert space H by

Theorem 1.3 and Corollary 1.2. Since tr
�
UðBÞ

�
¼ tr

�
BU�ðIÞ

�
and U�ðIÞ� I; hence,

using inequality (1.4), we have tr
�
UðBÞ

�
� trðBÞ. Therefore, by convexity of the

function f ðxÞ ¼ xp for p� 1 and applying inequality (2.2), the proof is complete. h

In [17], the authors proved that for two positive operators 0\mI�A;B�MI and

!m � r1; r2 �5m,

gðWðAÞÞr1gðWðBÞÞ� kgðWðAr2BÞÞ; ð2:8Þ

where g : ð0;1Þ ! ð0;1Þ is an operator monotone increasing, W is a positive

unital linear map and k stands for the known Kantorovich constant k ¼ ðM þ mÞ2

4mM
.

It is well known that for positive invertible operators A;B 2 BðHÞ, if rm is a

symmetric operator mean, then

A!mB�ArmB�A5m B: ð2:9Þ

Furuichi et al. [16] showed the following new reverse inequalities of (2.9): if

0\mI�A;B�MI. Then

m]kM

m5k M
A5m B�A]mB� m]lM

m5l M
A!mB; ð2:10Þ

where k ¼ minfm; 1 � mg, l ¼ maxfm; 1 � mg and m 2 ½0; 1�.
In the following result by Theorem 2.1, we extend the reverse of inequality (2.8)

for a positive operator monotone decreasing function on ð0;1Þ involving trace.

Theorem 2.3 Let 0\mI�A;B�MI. Then for every positive linear map W on
BðHÞ and r1, r2 between 5m and !m

W
�
f ðAr2BÞ

�
� ðm5k MÞðmð]lMÞ

ðm]kMÞðm!lMÞ W
�
f ðAÞ

�
r1W

�
f ðBÞ

�
; ð2:11Þ

where f : ð0;1Þ ! ðo;1Þ is an operator monotone decreasing function,
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k ¼ minfm; 1 � mg, l ¼ maxfm; 1 � mg and m 2 ½0; 1�.
Moreover, if m ¼ 1

2
, then for any !� r1; r2 �5,

W
�
f ðAr2BÞ

�
� kW

�
f ðAÞ

�
r1W

�
f ðBÞ

�
:

Proof Since 0\mI�A;B�MI, we can write

m ¼ mðIr2IÞ�mr2m�Ar2B�Mr2M�MðIr2IÞ ¼ M:

By virtue of [3, Remark 2.6], it follows that

f ðAÞr1f ðBÞ� f ðAÞ!mf ðBÞ� f ðA5m BÞ: ð2:12Þ

Using the left-hand side of inequality (2.10) and the fact that for a� 1, f ðatÞ� 1
a f ðtÞ

when f is an operator monotone decreasing we have

f ðA5m BÞ� f
�m5k M

m]kM
A]mB

�
� m]kM

m5k M
f ðA]mBÞ; ð2:13Þ

and similarly from the right-hand side of inequality (2.10) we obtain

f ðA]mBÞ� f
�m]lM
m!lM

A!mB
�
� m!lM

m]lM
f ðA!mBÞ

� m!lM

m]lM
f ðAr2BÞ:

ð2:14Þ

It follows from (2.12), (2.13) and (2.14) that

f ðAr2BÞ�
ðm5k MÞðm]lMÞ
ðm]kMÞðm!lMÞ f ðAÞ!mf ðBÞ:

Applying positive linear map W and [1, Theorem 3] and inequality (2.12), we get

the required inequality (2.11). h

Since the power function xp on ð0;1Þ is operator monotone decreasing for

p 2 ½�1; 0�, we get the following result.

Corollary 2.4 Let 0\mI�A;B�MI, W be a positive linear map and operator
means r1;r2 between 5m and !m and �1� p� 0. Then

W
�
ðAr2BÞp

�
� ðm5k MÞðmð]lMÞ

ðm]kMÞðm!lMÞ WðApÞr1WðBpÞ;

where k ¼ minfm; 1 � mg, l ¼ fm; 1 � mg and m 2 ½0; 1�.

In the next result, we present new versions of Choi–Davis–Jensen’s type trace

inequalities.
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Proposition 2.5 Let U : B1ðKÞ ! B1ðHÞ be a positive linear mapping satisfying
(1.6), whose adjoint is U�, 0\mI�A, B�MI and C 2 B1ðKÞ n f0g, C[ 0. If f is a
positive operator monotone decreasing on [m, M] and !m � r1; r2 �5m, then

f
tr
�
C
�
U�ðAr2BÞ

��

trðUðCÞÞ

0

@

1

A� ðm5k MÞðmð]lMÞ
ðm]kMÞðm!lMÞ

tr

�
C
�
U��f ðAÞ

�
r1U

��f ðBÞ
���

trðUðCÞÞ ;

ð2:15Þ

where k ¼ minfm; 1 � mg, l ¼ maxfm� 1; mg and m 2 ½0; 1�.
If m ¼ 1

2
, then for any !� r1; r2 �5,

f
tr C U�ðAr2BÞð Þð Þ

trðUðCÞÞ

� �
� k

tr C U��f ðAÞ
�
r1U

� f ðBÞð Þ
� �� �

trðUðCÞÞ : ð2:16Þ

Proof Due to Theorems 2.1, 2.3 and inequality (1.4), we obtain (2.15). h

In the following remark, we can obtain the relation between trðUðCÞAÞ and

trðUðCÞA�1Þ.

Remark 2.6 Let U : B1ðKÞ ! B1ðHÞ be a positive linear mapping satisfying (1.6),

A;B 2 BðHÞ such that 0\mI�A;B�MI and C 2 B1ðKÞ n f0g, C[ 0. If we put

r1 ¼ r2 ¼ 5 and f ðtÞ ¼ t�1 in (2.16), we have

½trðUðCÞÞ�2 tr UðCÞðAþ BÞð Þ½ ��1 � ktr UðCÞðA�1 þ B�1Þ
� 	

: ð2:17Þ

If in (2.17) we take A ¼ B, then we get

½trðUðCÞÞ�2 tr UðCÞAð Þ½ ��1 � ktr UðCÞA�1
� 	

:

To present our next result, we will need the following lemma.

Lemma 2.7 Let T be a self-adjoint operator such that a1H � T � b1H for some real
constant b� a and assume that U : B1ðKÞ ! B1ðHÞ be a positive linear mapping
satisfying (1.6), whose adjoint is U�. Then for any strictly positive operator S 2
B1ðKÞ n f0g we have
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0� tr SU�ðT2Þð Þ
tr
�
UðSÞ

� � tr SU�ðTÞð Þ
tr
�
UðSÞ

�

 !2

� 1

2
ðb� aÞ 1

tr
�
UðSÞ

� tr SU� T �
�
SU�ðTÞ

�

tr
�
UðSÞ

� :1H















 ! !

� 1

2
ðb� aÞ

tr
�
SU�ðT2Þ

�

tr
�
UðSÞ

� �
tr
�
SU�ðTÞ

�

tr
�
UðSÞ

�

 !2
2

4

3

5

1
2

� 1

4
ðb� aÞ2:

ð2:18Þ

Proof The first inequality follows from Choi–Davis Jensen’s inequality (2.2) for

the convex function f ðtÞ ¼ t2. Now observe that

1

tr
�
UðSÞ

�tr SU� T � bþ a
2

� 1H

� �
T �

tr
�
SU�ðTÞ

�

tr
�
UðSÞ

� � 1H

" # ! !

¼ 1

tr
�
UðSÞ

� tr SU� T T �
tr
�
SU�ðTÞ

�

tr
�
UðSÞ

� � 1H

" # ! !

� bþ a
2

1

tr
�
UðSÞ

� tr SU� T �
tr
�
SU�ðTÞ

�

tr
�
UðSÞ

� � 1H

" # ! !

¼
tr
�
SU�ðT2Þ

�

tr
�
UðSÞ

� �
tr
�
SU�ðTÞ

�

tr
�
UðSÞ

�

 !2

:

ð2:19Þ

Since tr
�
SU�ð1HÞ

�
¼ tr

�
U�ð1HÞS

�
¼ tr

�
UðSÞ

�
; we have

1

tr
�
UðSÞ

� tr SU�
�h

T �
tr
�
SU�ðTÞ

�

tr
�
UðSÞ

� � 1H

i�
 !

¼ 0:

Now, since a1H � T � b1H, we infer

T � bþ a
2

� 1H











�
1

2
ðb� aÞ � 1H;

which implies that

T � bþ a
2

� 1H



�
1

2
ðb� aÞ: ð2:20Þ

Taking the modulus in (2.19) and using the property (1.5), we obtain (2.21)
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tr
�
SU�ðT2Þ

�

tr
�
UðSÞ

� �
tr
�
SU�ðTÞ

�

tr
�
UðSÞ

�

 !2

� 1

tr
�
UðSÞ

� tr UðSÞ
�
T � bþ a

2
� 1H

��
T �

tr
�
SU�ðTÞ

�

tr
�
UðSÞ

� � 1H

�














 !

:

ð2:21Þ

Put v ¼ T � bþa
2

� 1H and u ¼ T � tr
�
SU�ðTÞ

�

tr
�
UðSÞ
� � 1H. Let vu ¼ w0jvuj be the polar

decomposition of vu, where w0 is a unique partial isometry on H, and w00 ¼ w0�vw0.
Then jvuj ¼ w0�vu ¼ w00juj. Hence,

jvuj2 ¼ jujw00�w00juj � juj2kw00k2 � juj2kvk2;

so

jvuj � jujkvk: ð2:22Þ

Now by (2.22), (2.20) and using the property (1.4), we get

1

tr
�
UðSÞ

� tr UðSÞ
�
T � bþ a

2
� 1H

��
T �

tr
�
SU�ðTÞ

�

tr
�
UðSÞ

� � 1H

�














 !

� 1

2
ðb� aÞ 1

tr
�
UðSÞ

� tr UðSÞ T �
tr
�
SU�ðTÞ

�

tr
�
UðSÞ

� � 1H















 !

;

ð2:23Þ

this proves the first part of (2.18).

Using Schwarz’s inequality (1.1), one can obtain

tr UðSÞ T �
tr
�
SU�ðTÞ

�

tr
�
UðSÞ

� � 1H















 !

� tr UðSÞ



T �

tr
�
SU�ðTÞ

�

tr
�
UðSÞ

� � 1H




















 !

¼ tr
�
UðSÞ

�1
2
�
UðSÞ

�1
2




T �
tr
�
SU�ðTÞ

�

tr
�
UðSÞ

� � 1H




















 !

�
�
tr
�
UðSÞ

�	1
2 tr

�
UðSÞ

�1
2




T �
tr
�
SU�ðTÞ

�

tr
�
UðSÞ

� � 1H




















2
0

@

1

A

2

4

3

5

1
2

:

ð2:24Þ

Observe that
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tr
�
UðSÞ

�1
2




T �
tr
�
SU�ðTÞ

�

tr
�
UðSÞ

� � 1H




















 !2

¼ tr T �
tr
�
SU�ðTÞ

�

tr
�
UðSÞ

� � 1H
�
UðSÞ

�1
2
�
UðSÞ

�1
2








T �

tr
�
SU�ðTÞ

�

trðU
�
SÞ
� � 1H















 !

¼
tr
�
UðSÞT2

�

tr
�
UðSÞ

� �
tr
�
UðSÞT

�

tr
�
UðSÞ

�

 !2
0

@

1

Atr
�
UðSÞ

�
:

ð2:25Þ

By (2.24) and (2.25), we can write

1

tr
�
UðSÞ

� tr SU�
�


T �

tr
�
SU�ðTÞ

�

tr
�
UðSÞ

� � 1H





�

 !

�
tr
�
SU�ðT2Þ

�

tr
�
UðSÞ

� �
tr
�
SU�ðTÞ

�

tr
�
UðSÞ

�

 !2
2

4

3

5

1
2

ð2:26Þ

and by (2.21) and (2.26), we have

tr
�
SU�ðT2Þ

�

tr
�
UðSÞ

� �
tr
�
SU�ðTÞ

�

tr
�
UðSÞ

�

 !2

� 1

2
ðb� aÞ

tr
�
SU�ðT2Þ

�

tr
�
UðSÞ

� �
tr
�
SU�ðTÞ

�

tr
�
UðSÞ

�

 !2
2

4

3

5

1
2

which implies that

tr
�
SU�ðT2Þ

�

tr
�
UðSÞ

� �
tr
�
SU�ðTÞ

�

tr
�
UðSÞ

�

 !2
2

4

3

5

1
2

� 1

2
ðb� aÞ:

Therefore, by (2.26), we get

1

tr
�
UðSÞ

�tr SU�
�


T �

tr
�
SU�ðTÞ

�

tr
�
UðSÞ

� � 1H





�

 !

�
tr
�
SU�ðT2Þ

�

tr
�
UðSÞ

� �
tr
�
SU�ðTÞ

�

tr
�
UðSÞ

�

 !2
2

4

3

5

1
2

� 1

2
ðb� aÞ

which proves the last part of (2.18). h

The following result provides reverses for the inequality (2.2).

Theorem 2.8 Let U : B1ðKÞ ! B1ðHÞ be a positive linear mapping satisfying
(1.6), whose adjoint is U�, A be a self-adjoint operator on the Hilbert space H and
assume that SpðAÞ � ½m;M� for some scalars m, M with m\M.

If f is a continuously differentiable convex function on [m, M] and B 2
B1ðKÞ n f0g is a strictly positive operator, then we have
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0�
tr
�
BU��f ðAÞ

��

tr
�
UðBÞ

� � f
tr
�
BU�ðAÞ

�

tr
�
UðBÞ

�

 !

�
tr
�
BU��f 0ðAÞA

��

tr
�
UðBÞ

� �
tr
�
BU�ðAÞ

�

tr
�
UðBÞ

� �
tr
�
BU��f 0ðAÞ

��

tr
�
UðBÞ

�

¼: LðU;U�; f 0;B;AÞ

ð2:27Þ

and

LðU;U�; f 0;B;AÞ

�
ðiÞ
ðiiÞ

1

2
½f 0ðMÞ � f 0ðmÞ�

tr BU�
�


A�

tr
�
BU�ðAÞ

�

tr
�
UðBÞ

� � 1H





�

 !

tr
�
UðBÞ

�

1

2
½f 0ðMÞ � f 0ðmÞ�

tr
�
BU�ðA2Þ

�

tr
�
UðBÞ

� �
tr
�
BU�ðAÞ

�

tr
�
UðBÞ

�

 !2
2

4

3

5

1
2

8
>>>>>>>>><

>>>>>>>>>:

�
ðiiiÞ
ðivÞ

1

2
ðM � mÞ

tr BU�
�


f 0ðAÞ �

tr
�
BU�ðf 0ðAÞ

�

tr
�
UðBÞ

� � 1H





�

 !

tr
�
UðBÞ

�

1

2
ðM � mÞ

tr
�
BU��½f 0ðAÞ�2

��

tr
�
UðBÞ

� �
tr
�
BU�ðf 0ðAÞ

�

tr
�
UðBÞ

�

 !2
2

4

3

5

1
2

8
>>>>>>>>><

>>>>>>>>>:

� 1

4
½f 0ðMÞ � f 0ðmÞ�ðM � mÞ:

ð2:28Þ

Proof By the gradient inequality we have

f ðsÞ � f ðtÞ� f 0ðsÞðs� tÞ

for any s; t 2 ½m;M�. This inequality implies in the operator order

f ðAÞ � f
tr
�
BU�ðAÞ

�

tr
�
UðBÞ

�

 !

� 1H � f 0ðAÞ A�
tr
�
BU�ðAÞ

�

tr
�
UðBÞ

� � 1H

 !

;

which is equivalent to

hf ðAÞy; yi � f
tr
�
BU�ðAÞ

�

tr
�
UðBÞ

�

 !

hy; yi� hf 0ðAÞAy; yi �
tr
�
BU�ðAÞ

�

tr
�
UðBÞ

� hf 0ðAÞy; yi ð2:29Þ

for any y 2 H, which is of interest in itself as well. If we take y ¼
�
UðBÞ

�1
2ei in

(2.29), we obtain (2.27).
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Since f is continuously convex on [m, M], then f 0 is monotonic non-decreasing on

[m, M] and f 0ðmÞ� f 0ðtÞ� f 0ðMÞ for any t 2 ½m;M�. We also observe that

1

tr
�
UðBÞ

� tr BU�
��

f 0ðAÞ � f 0ðmÞ þ f 0ðMÞ
2

� 1H

��
A�

tr
�
BU�ðAÞ

�

tr
�
UðBÞ

� � 1H

�� !

¼ 1

tr
�
UðBÞ

� tr BU�
�
f 0ðAÞ

�
A�

tr
�
BU�ðAÞ

�

tr
�
UðBÞ

� � 1H

�� !

� f 0ðmÞ þ f 0ðMÞ
2

1

tr
�
UðBÞ

� tr BU� A�
tr
�
BU�ðAÞ

�

tr
�
UðBÞ

� � 1H

" # !

¼ LðU;U�; f 0;B;AÞ:
ð2:30Þ

Since

f 0ðAÞ � f 0ðmÞ þ f 0ðMÞ
2

� 1H











�
1

2
½f 0ðMÞ � f 0ðmÞ�1H;

we have

f 0ðAÞ � f 0ðmÞ þ f 0ðMÞ
2

� 1H



�
1

2
½f 0ðMÞ � f 0ðmÞ�: ð2:31Þ

Then by taking the modulus in (2.30) and using the property (1.5), we get the

following inequality

0� LðU;U�; f 0;B;AÞ

¼ 1

tr
�
UðBÞ

� tr BU�
��

f 0ðAÞ � f 0ðmÞ þ f 0ðMÞ
2

� 1H

��
A�

tr
�
BU�ðAÞ

�

tr
�
UðBÞ

� � 1H

�� !













� 1

tr
�
UðBÞ

� tr UðBÞ






�
f 0ðAÞ � f 0ðmÞ þ f 0ðMÞ

2
� 1H

��
A�

tr
�
BU�ðAÞ

�

tr
�
UðBÞ

� � 1H

�





 !

� 1

2
½f 0ðMÞ � f 0ðmÞ� 1

tr
�
UðBÞ

� tr BU�
�



A�

tr
�
BU�ðAÞ

�

tr
�
UðBÞ

� � 1H







� !

:

ð2:32Þ

By (2.22) and (2.31), we have the part (i) of (2.28).

If follows from Lemma 2.7 that
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1

tr
�
UðBÞ

� tr BU�
�



A�

tr
�
BU�ðAÞ

�

tr
�
UðBÞ

� � 1H







� !

�
tr
�
BU�ðA2Þ

�

tr
�
UðBÞ

� �
tr
�
BU�ðAÞ

�

tr
�
UðBÞ

�

 !2
2

4

3

5

1
2

� 1

2
ðM � mÞ:

ð2:33Þ

By applying (2.32) and (2.33) we get the part (ii) of (2.28). We observe that

LðU;U�; f 0;B;AÞ can be represented as

LðU;U�; f 0;B;AÞ

¼ 1

tr
�
UðBÞ

� tr

�
BU�

�h
f 0ðAÞ �

tr
�
BU��f 0ðAÞ

��

tr
�
UðBÞ

� � 1H

i�
A� mþM

2
1H
	��

:

Applying a similar argument as above for this representation, we get parts (iii) and

(iv) of (2.28). h

Remark 2.9 For the convex function f ðtÞ ¼ tp, p� 1, we get the following

inequalities of interest:

0�
tr
�
BU�ðApÞ

�

tr
�
UðBÞ

� �
� tr
�
BU�ðAÞ

�

tr
�
UðBÞ

�
�p

� 1

4
p
�
Mp�1 � mp�1

�
ðM � mÞ ð2:34Þ

for some constants m, M with M[m[ 0 and mI�A�MI.

3 The Hölder type trace inequality for an operator mean

The main purpose of this section is to find new refinements of some power type

trace inequalities via reverse and refinement of Young’s inequality. Also we show

new versions of the Hölder type trace inequality for an operator mean rf .
Let a and b be positive numbers. The famous Young inequality states that

a1�mbm �ð1 � mÞaþ mb for every 0� m� 1. Liao et al. [18] obtained reverse of the

Young inequality as

ð1 � mÞaþ mb� kRðhÞa1�mbm; ð3:1Þ

where h ¼ b
a, h[ 0, kðhÞ ¼ ðhþ1Þ2

4h is the Kantorovich constant and

R ¼ maxf1 � m; mg. Note that the function k is decreasing on (0, 1) and increasing

on ½1;1Þ, kðhÞ� 1 and kðhÞ ¼ k
�

1
h

�
for any h[ 0. Recently, Moradi et al. [19]

obtained the following refinement of inequality (3.1):

ð1 � mÞaþ mb� kRðhÞ exp
mð1 � mÞ

2
� R

4

� �
a� b

D

� �2
 !

a1�mbm; ð3:2Þ
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where R ¼ maxfm; 1 � mg and D ¼ maxfa; bg. In [15], it has been shown that if

0\mI�A�MI and B 2 B1ðHÞ, B[ 0, then

tr
�
BAp

�

tr
�
B
�

 !1
p

� kmaxf1
p;

1
qg M

m

� �p� �
tr
�
BAÞ

�

tr
�
B
� ; ð3:3Þ

where p; q[ 1 with 1
p þ 1

q ¼ 1.

In the following theorem, we present a refinement of inequality (3.3) for positive

linear map.

Theorem 3.1 Let U : B1ðKÞ ! B1ðHÞ be a positive linear mapping satisfying
(1.6), whose adjoint is U�, mI�A�MI for some constants m; M with M[m[ 0

and B 2 B1ðKÞ, B[ 0. Then for any p; q[ 1 with 1
p þ 1

q ¼ 1 we have

tr
�
BU�ðApÞ

�

tr
�
UðBÞ

�

 !1
p

� kmaxf1
p;

1
qg M

m

� �p� �
exp

1

2pq
�

maxf1
p ;

1
qg

4

 !
m

M

� �p
�1

� �2
 !

tr BU�ðAÞð Þ
tr
�
UðBÞ

� :

ð3:4Þ

Proof Assume that m 2 ð0; 1Þ, a; b 2 ½m;M�, D ¼ maxfa; bg and R ¼
maxfm; 1 � mg. Since

ða� bÞ2

D2
¼ ða� bÞ2

max2fa; bg ¼ minfa; bg
maxfa; bg � 1

� �2

and
mð1 � mÞ

2
� R

4
� 0

for each 0� m� 1, we can write

exp
mð1 � mÞ

2
� R

4

� �
a� b

D

� �2
 !

� exp
mð1 � mÞ

2
� R

4

� �
m

M
� 1

� �2
� �

: ð3:5Þ

Let 0\m\M, then m
M\1\M

m and m
M � a

b � M
m. Indeed, for m

M � a
b\1 and 1\ a

b � M
m

we have kR
�
b
a

�
¼ kR

�
a
b

�
� kR

�
M
m

�
. Thus, for any a; b 2 ½m;M�, it follows from (3.2)

and (3.5) that

ð1 � mÞaþ mb� kR
M

m

� �
exp

mð1 � mÞ
2

� R

4

� �
m

M
� 1

� �2
� �

a1�mbm: ð3:6Þ

According to the hypothesis for p[ 1 we have mpI�Ap �MpI. Now, applying

functional calculus for m ¼ 1
p in (3.6), we obtain
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1 � 1

p

� �
thy; yi þ 1

p
hApy; yi

� kmaxf1
p;

1
qg M

m

� �p� �
exp

1

2pq
�

maxf1
p ;

1
qg

4

 !
m

M

� �p
�1

� �2
 !

t1�
1
phAy; yi;

ð3:7Þ

for any y 2 H and t 2 ½mp;Mp�. If we take in (3.7) y ¼
�
UðBÞ

�1
2ei and summing over

i 2 I, then by the properties of trace and equality (1.7), we get

tr BU�ðApÞð Þ
tr UðBÞð Þ � kmaxf1

p;
1
qg M

m

� �p� �
exp

1

2pq
�

maxf1
p ;

1
qg

4

 !
m

M

� �p
�1

� �2
 !

	 tr
BU�ðApÞ
tr
�
UðBÞ

�
1�1

p tr
�
BU�ðAÞ

�

tr
�
UðBÞ

�

 

;

that is, putting t ¼ tr
�
BU�ðApÞ

�

tr
�
UðBÞ
� 2 ½mp;Mp�, so we have inequality (3.4). h

Remark 3.2 To see that inequality (3.4) refines the inequality (3.3), let p ¼ q ¼ 2,

we have

tr
�
BU�ðA2Þ

�
tr
�
UðBÞ

�
� k

M

m

� �2
 !

�
tr
�
BU�ðAÞ

�	2
:

On the other hand, since 1
2pq �

maxf1
p;

1
qg

4

� �
� 0 for p; q[ 2 we have

tr BU�ðApÞð Þ
tr UðBÞð Þ

� �1
p

� kmaxf1
p;

1
qg M

m

� �p� �
exp

1

2pq
�

maxf1
p ;

1
qg

4

 !
m

M

� �p
�1

� �2
 !

tr
�
BU�ðAÞ

�

tr
�
UðBÞ

�

� kmaxf1
p;

1
qg M

m

� �p� �
tr
�
BU�ðAÞ

�

tr
�
UðBÞ

� :

In the next theorem, we extend inequalities (1.2) and (1.3) for any arbitrary

operator mean rf .

Theorem 3.3 Let A;B;C 2 BðHÞ such that A;B[ 0.

(i) If A;C 2 B1ðHÞ, then CðArf BÞ; jC�j2A1
2f 2ðA�1

2 BA
�1
2 ÞA1

2 2 B1ðHÞ and

jtrðCðArf BÞÞj2 � tr
�
jC�j2A1

2f 2ðA�1
2 BA

�1
2 ÞA1

2

�
trðAÞ: ð3:8Þ

(ii) If A; f ðA�1
2 BA

�1
2 Þ 2 B1ðHÞ, then Arf B;A

1
2f 2ðA�1

2 BA
�1
2 ÞA1

2 2 B1ðHÞ and
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jtrðArf BÞj2 � trðA1
2f 2ðA�1

2 BA
�1
2 ÞA1

2ÞtrðAÞ:

Proof (i) Let feigi2I be an orthonormal basis of H and F a finite part of I, then

jhðArf BÞCei; eiij ¼ jhA1
2f ðA�1

2 BA
�1
2 ÞA1

2Cei; eiij
¼ jhf ðA�1

2 BA
�1
2 ÞA1

2Cei;A
1
2eiij

� kf ðA�1
2 BA

�1
2 ÞA1

2CeikkA
1
2eik

¼ hC�A
1
2f 2ðA�1

2 BA
�1
2 ÞA1

2Cei; eii
1
2hAei; eii

1
2;

ð3:9Þ

for any i 2 I. Using the generalized triangle inequality for the modulus and the

Cauchy–Bunyakovsky–Schwarz inequality for finite sums, we have from (3.9) that




X

i2F
hðArf BÞCei; eii



�
X

i2F
jhðArf BÞCei; eiij

�
X

i2F
hC�A

1
2f 2ðA�1

2 BA
�1
2 ÞA1

2Cei; eii
1
2hAei; eii

1
2

�
�X

i2F

�
hC�A

1
2f 2ðA�1

2 BA
�1
2 ÞA1

2Cei; eii
1
2Þ2

�1
2
�X

i2F
ðhAei; eii

1
2Þ2

�1
2

¼
�X

i2F
hC�A

1
2f 2ðA�1

2 BA
�1
2 ÞA1

2Cei; eii
�1

2
�X

i2F
hAei; eii

�1
2

;

ð3:10Þ

for any F a finite part of I.
By the properties of trace and (3.10), we obtain (3.8). h

Letting f ðtÞ ¼ t
1
2, in Theorem 3.3 we get

Corollary 3.4 Let A;B;C 2 BðHÞ such that A;B[ 0. If A;C 2 B1ðHÞ, then

jtrðCðA]BÞÞj2 � trðjC�j2BÞtrðAÞ:

In particular, for A;B 2 B1ðHÞ

jtrðA]BÞj2 � trðBÞtrðAÞ:

4 Some examples

We start this section with a well-known theorem.

Theorem 4.1 [6, First Representation Theorem of Kraus] Given an operator
U : B1ðHÞ ! B1ðHÞ, there exists a finite or countable family fAj : j 2 Jg of

bounded linear operators on H, satisfying
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X

j2J0

A�
j Aj � I; ð4:1Þ

for all finite J0 
 J, such that for every A 2 B1ðHÞ and every B 2 BðHÞ one has

UðAÞ ¼
X

j2J
AjAA

�
j ; ð4:2Þ

respectively,

U�ðBÞ ¼
X

j2J
A�
i BAj ð4:3Þ

and

U�ðIÞ ¼
X

j2J
A�
j Aj: ð4:4Þ

Conversely, if a countable family fAj : j 2 Jg of bounded linear operators on H is

given which satisfies (4.1) then Eq. (4.2) defines an operation U whose adjoint U� is
given by (4.3) and U�ðIÞ defines by (4.4).

Employing the above theorem and Theorem 2.8 for some examples of convex

functions, we can present new versions of trace inequalities.

Example 4.2 Consider the power function f : ð0;1Þ ! ð0;1Þ, f ðtÞ ¼ tr with

t 2 R n f0g. For r 2 ð�1; 0Þ [ ½1;1Þ, f is convex and for r 2 ð0; 1Þ, f is concave.

Let r� 1 and A be a self-adjoint operator on the Hilbert space H and assume that

SpðAÞ � ½m;M� for some scalars m, M with 0�m\M. If B 2 B1ðHÞ n f0g is a

strictly positive operator and fAj : j 2 Jg is a countable family of bounded linear

operators on H which satisfies (4.1), then by Theorem 2.8 and equality (1.7)

respectively, we get

0�
tr B

P
j2J A

�
j A

rAj

� �

tr
P

j2J AjBA
�
j

� � �
tr B

P
j2J A

�
j AAj

� �

tr
P

j2J AjBA
�
j

� �

0

@

1

A

r

� r
tr B

P
j2J A

�
j A
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Example 4.3 Consider the convex function f : ð0;1Þ ! ð0;1Þ, f ðtÞ ¼ � ln t and let

A be a self-adjoint operator on the Hilbert space H and assume that SpðAÞ � ½m;M�
for some scalars m, M with 0\m\M. If B 2 B1ðHÞ n f0g is a strictly positive

operator and fAj : j 2 Jg is a countable family of bounded linear operators on H
which satisfies (4.1), then by Theorem 2.8 and equality (1.7), respectively, we get
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Example 4.4 Consider the convex function f ðtÞ ¼ t ln t and let A be a self-adjoint

operator on the Hilbert space H and assume that SpðAÞ � ½m;M� for some m,

M with 0\m\M. If B 2 B1ðHÞ n f0g is a strictly positive operator and fAj : j 2 Jg
is a countable family of bounded linear operators on H which satisfies (4.1), then by

Theorem 2.8 and equality (1.7), respectively, we have
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