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Abstract

Some Choi-Davis—Jensen’s type trace inequalities for convex functions are proved.
Also, we generalize these inequalities for any arbitrary operator mean via operator
monotone decreasing functions. In particular, we present some new order among
tr(®(C)A) and tr(®(C)A™"). New refinements of some power type trace inequalities
via reverse and refinement of Young’s inequality are established. Among our
results, we obtain new versions of the Holder type trace inequality for any arbitrary
operator mean.
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1 Introduction

For this purpose, let B(H) stand for the C*-algebra of all bounded linear operators
on a complex Hilbert space (H, (-,-)). An operator A € B(H) is called positive if
(Ax,x) >0 for all x € H, and we then write A > 0. We write A > 0 if it is a positive
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invertible operator. Let A, B € B(H) be two self-adjoint operators. The partial order
A <B is defined as B — A >0. The absolute value of A is denoted by IAl, that is

Al = (A*A)%. A continuous real-valued function f defined on interval J is said to be
operator monotone increasing (decreasing) if for every two positive operators A and
B with spectral in J, the inequality A<B implies f(A) <f(B) (f(A)>f(B)).
respectively. We recall that every operator monotone decreasing function is
operator convex. An operator mean oy in the sense of Kubo—Ando [2] is defined by
a positive operator monotone increasing function f on the half interval (0, o0) with

f(1)=1as

AasB = A (A7 BAT)A?,
for positive invertible operators A, B € B(H). For A, B > 0 the weighted operator
arithmetic, geometric and harmonic means, respectively, by

1 1

A, B=(1—v)A+VB, AfB=A}(ABA)'A

ol—

and ALB= ((1-v)A™' + vB’l)fl, where v € [0,1]. A linear map ¥ : B(H) —
B(K) is called positive if A > 0 implies W(A) > 0. It is said to be unital if ¥(I) = 1.
Davis [9] and Choi [7] showed that if ¥ is a unital positive linear map on B(H) and
if fis an operator convex function on an interval J, then so-called the Choi—Davis—
Jensen inequality f(¥(A)) < ¥ (f(A)) holds for every self-adjoint operator A on H
whose spectrum is contained in J.

Let {e;},.; be an orthonormal basis of . An operator A € B(H) is said to be
trace class (denoted by B, (H)) if [|A]], := >, (|Alei, e;) <oo. We define the trace
of a trace class operator A € B;(H) to be

tr(A) =) (Aej,e;).
iel

If |All, == ||Ae;||* < oo, A is said to be Hilbert-Schmidt operator (denotes
A € By(H)). The definitions of ||A||,, ||A]|, and trace do not depend on the choice of
the orthonormal basis {e;},.;.

The Holder’s type inequality [21] is given as follows:

[tr(AB)| < tr(JAB]) < [tr(jA] /)] [tx(1B] )]

where o € (0,1) and A, B € B(H) with |A|"*,|B|"/1~* ¢ B, (H).
In particular, for o = % we get the Schwarz inequality

r(4B)| <ur(|AB) < [tr(|A ) ur(|BF)] (L.1)
where |A|*, |B|> € B, (H). We have the following Holder type trace inequality for

the weighted geometric mean [10]: if A, B are positive invertible operators, p, g > 1
with i + %1 =1 and A?, B? € B,(H), then BI,A” € B,(H) and
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tr(BI4A) < [tr(A7)[er(BY)]. (1.2)
Also, if C € B;(H) and C >0, then CA?, CBY, C(BquplAP) € Bi(H) and
r(C(BI4A)) < [r(CA”) ] [ir(CBY) . (1.3)

According to [13], if A and B are self-adjoint operators with A <B and P € B;(H)
with P >0, then

tr(PA) < tr(PB). (1.4)
Moreover, if A >0, then 0 <tr(PA) <||A]|tr(P), and
[tr(PA)| <tr(PJA]), (1.5)

for a self-adjoint operator A and P € B;(H) with P> 0.

For the theory of trace functional and their applications, the reader is referred to
[22]. Some classical trace inequalities investigated in [8, 20, 24], which are
continuations of the work of Bellman [4].

We express the following results which is derived from [6, Sections 31.2.1 and
31.2.2].

Lemma 1.1 Let @ : B1(K) — B\ (H) be a positive linear mapping such that
wr(®(W)) <1 (1.6)

Sor all W € B1(K) with W >0 and tr(W) = 1, i.e., for all density operators W on
Hilbert space K. Then its dual map ®* is a linear map B(H) — B(IC) which is well
defined by

tr(®*(B)A) = tr(BD(A)), (1.7)

forall B € B(H) and A € B;(K).

® is continuous and ®*(I) <1 is equivalent to tr(D(W)) <1 for all density
operators W on K. A linear map ® : B,(K) — Bi(H) is positive if and only if its
dual map ®* is positive.

Corollary 1.2 For a positive linear mapping ® : By (K) — B (H) the following
statements are equivalent:

@) tr((I)(W)) <1 for all density operators W on IC;
(il)) @ is continuous and ®*(I) <1I.

Theorem 1.3 A linear mapping @ : B,(K) — By (H) is positive if and only if ®* :
B(H) — B(K) is positive.

For a comprehensive account on positive linear maps see [5, 6, 23].
Dragomir in [11-14] proved Jensen’s type trace inequalities for convex
functions.
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In Sect. 2, we first extend the Choi-Davis—-Jensen inequality for trace. In
particular, with the help of this we obtain some power type trace inequalities for
positive linear maps. Also we generalize Choi—Davis—Jensen’s type trace inequal-
ities for any arbitrary operator mean via operator monotone decreasing functions. As
an application of these, we prove some new order among tr(®(C)A) and
tr(®(C)A™"), where 0<ml <A <MI, C € B;(K), C > 0 and ® is a positive linear
mapping satisfying (1.6). Next, we present reverses of the Choi-Davis—Jensen
inequality for trace.

In Sect. 3 by applying a recent reverse and refinement of Young’s inequality, we
establish some power type trace inequalities. Also we show new versions of the
Hoélder type trace inequality for any arbitrary operator mean.

Some examples for the power function and logarithm are presented in Sect. 4.

2 Choi-Davis-Jensen’s type trace inequalities

We recall the gradient inequality for the convex function f : [m, M] — R, namely
f(s) =) =6 (t) (s — 1) (2.1)

for any s, € (m,M), where d¢(t) € [f'_(1),f (1))
Now, we are ready to present our first result.

Theorem 2.1 Let ®: B,(K) — Bi(H) be a positive linear mapping satisfying
(1.6), whose adjoint is ®*, A be a self-adjoint operator on the Hilbert space H and
assume that Sp(A) C [m, M| for some scalars m, M with m <M. If f is a continuous
convex function on [m, M] and B € B1(K) \ {0} is a strictly positive operator, then

we have % € [m, M) and the Choi-Davis—Jensen inequality
tr

(o)
Proof According to the hypothesis, we have
m{ (@(B))Fe, (D(B))e; ) < (A(@(B))er, (@(B))Fe; )
< M((@(B))'es. (®(B) e, ) )
for any i € I, which by summation (2.3), we get
mtr (O(B)) gtr((m(B))%A(op(B))%) < Mtr(0(B)). (2.4)

If follows from the properties of trace and equality (1.7) that
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tr((m(B))%A(q)(B))%) = tr(AD(B))
= (¥ (A)B) = (B (A)).

(2.5)

By inequality (2.4) and equality (2.5), we conclude that : 1(32;30 € [m, M. Utilising
tr

the gradient inequality (2.1), we have

r(BO"(4)) (B0 (4)) (B0 (4)
T IO T

(B
for any s € [m, M], where

(4)) , (B (A)) , (tr(BP"(4))
5f< tr((I)(B)) ) © [’c (ttr((I)(B)) )’f+ (ttr(CD(B)) )]

Inequality (2.6) implies in the operator order of B(H) that

r(BD*(A) r(BO*(
o (t tE(CI)(B)))> (A - tt(r(cp(B ) - <

which can be written as
r(BO* ()
(Sf( w(o(3) ) <<Ay’ )

<Ay, ( (( ))>

for any y € H. If we take in (2.7), y = ((D(B))Ee,- and summing over i € I, we obtain

5 (tr(BCD* (A)))
I\ u(o(B))

7

(2.7)

x (D(@(B))%(@(B))ie,-, e) — “(1(%;(;‘))) S (@(B)e, ei>>
< Z((‘D(B))%f(A)@(B))%ei,e) f( ti(m(B»)) > _(@(B)es,er).

Thus, using the properties of trace and equality (1.7) to the above inequality, we have that

tr(BO*(A)) . tr(BO*(A))
5./‘( r(®(B)) > <tr(B(I) (4)) - w(D(B)) tr((D(B)))

<u(Bo* (£(4))) - f(“ff?i’é%”) tr(®(B)),
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and inequality (2.2) is thus proved. U
As an application of Theorem 2.1, we have the following inequality.

Corollary 2.2 If A is a self-adjoint operator on the Hilbert space H satisfying
Sp(A) C [m,M] for some scalars m, M with 0<m<M and B € B,(H) \ {0},
B > 0. Then for every positive linear map ®* : B(H) — B(H) which is adjoint of a
continuous linear map with ®*(I) <I and every p > 1

(tr(B(D* (A)))p < tr(BD*(A)) (tr(B))" "

Proof Let @* be the adjoint of the continuous linear map @ : By (H) — B (H), then
@ is positive and tr((D(W)) <1 for any density operators W on Hilbert space H by
Theorem 1.3 and Corollary 1.2. Since tr(®(B)) = tr(B®*(I)) and ®*(I) <I; hence,
using inequality (1.4), we have tr(®(B)) <tr(B). Therefore, by convexity of the
function f(x) = x” for p > 1 and applying inequality (2.2), the proof is complete. [J

In [17], the authors proved that for two positive operators 0 <ml <A, B < MI and
!v S g1,02 S V\u

8(¥(A))a18(¥(B)) <kg(‘¥(Aa2B)), (2.8)

where g : (0,00) — (0,00) is an operator monotone increasing, ¥ is a positive

M 2

unital linear map and k stands for the known Kantorovich constant k = %
m

It is well known that for positive invertible operators A, B € B(H), if o, is a
symmetric operator mean, then

ALB<Ac,B<A<,B. (2.9)

Furuichi et al. [16] showed the following new reverse inequalities of (2.9): if
0<ml <A,B<MI. Then

M M
MM o B<Agp < M

Al,B, .
m<7; M m7u M (2.10)

where A = min{v,1 — v}, g = max{v,1 — v} and v € [0, 1].
In the following result by Theorem 2.1, we extend the reverse of inequality (2.8)
for a positive operator monotone decreasing function on (0, o) involving trace.

Theorem 2.3 Let 0<ml <A,B<MI. Then for every positive linear map ¥ on
B(H) and o1, 6, between <7, and !,

(mV/M)(m(ﬁuM)
w(iann) < By () (B). @)

where f:(0,00) — (0,00) is an operator monotone decreasing function,
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A =min{v,1 — v}, u = max{v,1 — v} and v € [0, 1].
Moreover, if v = %, then for any ! < a1,0, </,

Y (f(Aa2B)) <k¥(f(A))a1 ¥ (f(B)).

Proof Since 0<ml <A, B <MI, we can write
m = m(loy]) <moym <Ac;B<MayM <M(lo,]) = M.
By virtue of [3, Remark 2.6], it follows that
F(A)af(B) > f(A)Lf(B) > f(A 7, B). (2.12)

Using the left-hand side of inequality (2.10) and the fact that for o > 1, f (az) > 1f(7)
when fis an operator monotone decreasing we have

M mi,;M
M anp) = T s B), (2.13)

fa.B)=f (=

A A

and similarly from the right-hand side of inequality (2.10) we obtain

F(ALB)>f (mﬁ“ Al B) I’ZZ 7(AL,B)
il M ’ (2.14)
Z i M f(AGzB)
I

It follows from (2.12), (2.13) and (2.14) that

(m 7, M) (mit,M)
(mft;M) (m!, M)

f(Ag:B) < fANS(B).

Applying positive linear map ¥ and [1, Theorem 3] and inequality (2.12), we get
the required inequality (2.11). O

Since the power function x” on (0,00) is operator monotone decreasing for
p € [—1,0], we get the following result.

Corollary 2.4 Let O<mI <A,B<MI, Y be a positive linear map and operator
means a1, 0, between <7, and !, and —1 <p <0. Then

o m s M)m(GM) o »
¥((Ao2B)) < (i M) il M) Y(A)o ¥ (B),

where A =min{v,1 —v}, u={v,1 —v} and v € [0, 1].

In the next result, we present new versions of Choi-Davis—Jensen’s type trace
inequalities.
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Proposition 2.5 Ler @ : B1(K) — Bi(H) be a positive linear mapping satisfying
(1.6), whose adjoint is ®*, 0<ml <A, B<MI and C € B,(K) \ {0}, C > 0. Iffisa
positive operator monotone decreasing on [m, M] and !, < 1,0, <v/,, then

tr(C((I)*(AazB))> _ (m, M) m(8,M) tr(C((D*(f(A))ach)* U(B))))
w(®(C)) — (mM)(m! M) w(®(C)) ’

(2.15)

where = min{v,1 — v}, u = max{v — 1,v} and v € [0, 1].
If v :%, then for any ! < 01,0, </,

tr(C(®*(Ac,B))) tr(C(D*(f(A)) 19" (f(B))))
( w(@(0)) )“ {(@(0)) - @19

Proof Due to Theorems 2.1, 2.3 and inequality (1.4), we obtain (2.15). U

In the following remark, we can obtain the relation between tr(®(C)A) and
tr(®(C)A™).

Remark 2.6 Let @ : B,(K) — B;(H) be a positive linear mapping satisfying (1.6),
A,B € B(H) such that 0<ml <A,B<MI and C € B,(K) \ {0}, C > 0. If we put
o1 =0, = v and f(t) = t~! in (2.16), we have

[tr(®(C)))*[tr(D(C)(A + B))] ' <ktr[®(C)(A™" +B7H)]. (2.17)
If in (2.17) we take A = B, then we get

[tr(@(C)) 2 [tr(@(C)A)] " < ktr[D(C)A].

To present our next result, we will need the following lemma.

Lemma 2.7 Let T be a self-adjoint operator such that o1y <T < 1y for some real
constant > o and assume that @ : B, (K) — B (H) be a positive linear mapping
satisfying (1.6), whose adjoint is ®*. Then for any strictly positive operator S €
Bi(K) \ {0} we have
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o W80 (T) (tr(Sd)*(T)))z
~ w(0(9)) tr(D(S))

(50" (1)) (tr(&b*m))zr

tr(D(S)) tr(O(S))

—
=
|
K
~—
| ————

Proof The first inequality follows from Choi—Davis Jensen’s inequality (2.2) for
the convex function f(¢) = t>. Now observe that

1 . B+ o r(S®*(T)
tr((D(S))tr<S(D ({T_ “2L .14 T_tt(r(Q(S)))'lH]»
tr(S®*(T))
r= tr(D(S)) '1”D>
tr(S®*(T))
r= tr(D(S)) 'IHD>

(2.19)

1 ) tr(S®*(T))
tr((D(S))tr<S(D ([r- O 'IHD> ~0.

Now, since aly <T < 1y, we infer

1

Si(ﬂ—“)'lm

p+o
2

-

'l’H

which implies that

p+a

1
> <3 (B — ). (2.20)

-5

Taking the modulus in (2.19) and using the property (1.5), we obtain (2.21)

@ Springer



1204 H. Jafarmanesh et al.

tr(S* (7)) (tr(ScD*(T ))>2
tr(0(S)) tr(®(S)) (2.21)

IN

(r-E55 (- )

1
tr((D(S)) tr (CD(S) >
ir(s0°(7))

Put v=T-2% 15 and u=T- o) -1y Let vu=w|vu| be the polar

decomposition of vu, where w' is a unique partial isometry on H, and w” = w'*vw'.
Then |vu| = w*vu = w"|u|. Hence,

vaul* = Juw"*w" ] < Ju? [} ||* < [0,
SO
[vul < Jul[[v]- (2.22)

Now by (2.22), (2.20) and using the property (1.4), we get

1 B+ tr(S*(T))
tr((D(S))tr<(D(S) (=57 1) (7~ w(0(S)) ) ) o)
1 1 tr(SD*(T)) '
<5f-a) tr(d)(s))tr<(b( )' ~ u(®(9)) n )7

this proves the first part of (2.18).
Using Schwarz’s inequality (1.1), one can obtain

tr(@(S)T—%, H)
tr(S®*(T))
Str(q)(S)’ —W.IHD
‘ ’ r(SO* (2.24)
(R
ot ooz )

Observe that
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oo o)
B tr(S®*(T)) I 1y tr(SON(T))
_tr<r @) 1 (0(5)) (@(9)) \T‘W'l”> (2.25)

r(D(S)7?%) r(D(S)T)
= (ttr(q)(s)) _ <t ((I)( ) ) )tr((D(S)).

By (2.24) and (2.25), we can write
1
tr| SO (|T —
w(@(S)) r( (
1 (2.26)

_|wsor) (tr(scp*(T))>2 2
T u(0S)) tr(D(S))

and by (2.21) and (2.26), we have

(50" (1)) 1”‘))

tr(D(S))

1

(507 (1) (tr(&p*(T))>2 SR [tr(&p*(TZ)) _ (tr(S(D*(T))>2] :
—2

tr(D(S)) tr(®(S)) tr(P(S)) tr(D(S))

which implies that

tr(SO*(72)) [t (SO*(T)) "o
[ r(@(S)) ( )] <z -

Therefore, by (2.26), we get
tr(S(I)*(T))
i)

1 *
tr(cb(s»”(sq) (Ir—=em)
tr(SO*(7?)) [ (SO*(T)) : 1
= { r(®(S)) ( r(®(S)) ) } <59

which proves the last part of (2.18). O

The following result provides reverses for the inequality (2.2).

Theorem 2.8 Let ®: B,(K) — Bi(H) be a positive linear mapping satisfying
(1.6), whose adjoint is ®*, A be a self-adjoint operator on the Hilbert space H and
assume that Sp(A) C [m, M| for some scalars m, M with m <M.

If f is a continuously differentiable convex function on [m, M] and B &€
B (K) \ {0} is a strictly positive operator, then we have
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0<

tr(D(B))

r(BO* (£/(4)4
<

(B (1(4))) . (tr(?®<(> ;))
®(B

)) _ tr(BO*(4)) .tf(B‘D* (f’(A)))

(2.27)

tr(D(B))
= L(Q’ q)*7f/7B7A)

and

tr(®(B))

tr(D(B))

( )) 1“‘))

(

[tr B(I)* A2

(B@*(Lf( - )

<; 3)]

(A
(B))

tr(Bo" ([f'(4) ))

(2.28)
)
)

r(®(B))

Proof By the gradient inequality we have

f(s)

) (“f?;ﬁ’;;;‘”)]

—fO) <f(s)(s = 1)

for any s,¢ € [m, M]. This inequality implies in the operator order

) _f(tr(B(D*(A))> T <f (A <A 3

tr(®(B))
which is equivalent to

tr(BO*(A))
tr((I)(B))

(f(A)y,y) —f(

><y,y> <(f'(A)Ay,y) —

r(BP* (4)) 171)

tr(®(B))

tr(BD*(A))
tr((I)(B))

{f'(A)y,y) (2.29)

1

for any y € H, which is of interest in itself as well. If we take y = ((I)(B))jei in

(2.29), we obtain (2.27).
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Since f'is continuously convex on [m, M], then f’ is monotonic non-decreasing on
[m, M] and f'(m) <f'(t) <f'(M) for any t € [m,M]. We also observe that

tr(CDI(B)) . (B(D* < {f/(A) *]w ' “‘] [A - % ' IH] ))
)" (B‘D* ol l”m

rm+ron 1 [, _ o)
T2 tr((I)(B))tr<Bq) A o) 'IHD
(@, ®",f',B,A)
(2.30)
Since
o) L0 < Lo -
we have
o) LIS < Jon —rml @a

Then by taking the modulus in (2.30) and using the property (1.5), we get the
following inequality

0<L(®, CD*,f’ B,A)

sy (o (") 1}>>\
o) ( ”‘(f'” Hm T )(A UB@* ))

L : 1 . tr(BO(A))
< 5 [F'(¥) = f(m)] tr((I)(B))tr<B(D (A—— ))
(2.32)

'lH

tr((B))

By (2.22) and (2.31), we have the part (i) of (2.28).
If follows from Lemma 2.7 that
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1208 H. Jafarmanesh et al.

sy (o om0 1))

tr(®(B))
[tr (BO*(4%)) (tr(BcD* (A)))2 (2.33)

o=

tr(®(B))

<Lwm-
2

By applying (2.32) and (2.33) we get the part (ii)) of (2.28). We observe that
L(®,®*,f',B,A) can be represented as

L((D7 (D*,f/,B7A)

/ tr( BO*(f'(A)) m
(oo (- L n-0),

Applying a similar argument as above for this representation, we get parts (iii) and
(iv) of (2.28). O

Remark 2.9 For the convex function f(r) =, p>1, we get the following
inequalities of interest:

(B (A7) (tr(B(D*(A))

? 1 p—1 _ p—1 .
~ w(0(B)) tr(<I>(B))) <gpMPTh =T (M —m) - (234)

for some constants m, M with M > m > 0 and ml <A < MI.

3 The Holder type trace inequality for an operator mean

The main purpose of this section is to find new refinements of some power type
trace inequalities via reverse and refinement of Young’s inequality. Also we show
new versions of the Holder type trace inequality for an operator mean oy.

Let a and b be positive numbers. The famous Young inequality states that
a'="b" < (1 — v)a + vb for every 0 <v < 1. Liao et al. [18] obtained reverse of the
Young inequality as

(1 —v)a+vb<kf(h)a' b, (3.1)

where h = Z, h>0, k(h)= (hﬂ i is the Kantorovich constant and
R = max{1 — v, v}. Note that the function k is decreasing on (0, 1) and increasing
n [1,00), k(h) >1 and k(h) = k() for any i > 0. Recently, Moradi et al. [19]

obtained the following refinement of inequality (3.1):

(1 = v)a + vb < kR(h)exp ( (V(lz_v) - f) <a - b)2> a'"p, (3.2)
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where R = max{v,1 — v} and D = max{a,b}. In [15], it has been shown that if
0<ml <A<MI and B € B,(H), B > 0, then

() (e

where p, g > 1 With%—kéz 1.

In the following theorem, we present a refinement of inequality (3.3) for positive
linear map.

Theorem 3.1 Let @ : B,(K) — Bi(H) be a positive linear mapping satisfying
(1.6), whose adjoint is ®*, ml <A < MI for some constants m, M with M > m > 0
and B € B(K), B > 0. Then for any p,q > 1 with%Jri =1 we have

tr(®(B))
max {1l r max{l” m\P i :
<k U((%) )exp<<ﬁ—f>((ﬁ) ) )%'

(3.4)

Proof Assume that ve (0,1), a,b€[mM], D=max{a,b} and R=
max{v,1 — v}. Since

(a—b)’ _ (a=b? _ (min{a,b}_1)2 g V=) R

- max{a, b}

= <0
D? max?{a, b}

2 4 =

for each 0 <v <1, we can write

{5
nd
)-

2) < exp((v(lz_ V) —g) (%— 1)2>. (3.5)

M Tndeed, for i <¢<land1<¥¢ <M

a M
b —m

hus, for any a, b € [m, M], 1t follows from 3. 2)

Let0<m<M, then# <1< an
we have K (2) = kR( )<kR(%
and (3.5) that

(1= v)a -+ vb <k (Z) exp ( (V(lz_v) - i) (% - 1)2>a1"b". (3.6)

According to the hypothesis for p > 1 we have m’I <A? < MPI. Now, applying
functional calculus for v = 117 in (3.6), we obtain
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(1-2) o) + 4ty

<o () oo (- "B (1) b,

(3.7)

1
forany y € H and ¢ € [m’, MP]. If we take in (3.7) y = ((I)(B))ze,- and summing over
i € I, then by the properties of trace and equality (1.7), we get

r(B(A) _ s ’ max{y g} ( (my?
= () Yoo () G )

i (B(I)* (A7) "7 tr(BD*(A))
tr(®(B)) tr(®(B)) ’

ir (B (47))

hat i . _
that is, putting ¢ tr(q)(B))

€ [mP, MP], so we have inequality (3.4). O

Remark 3.2 To see that inequality (3.4) refines the inequality (3.3), let p = g = 2,
we have

r(BO" (A%))r(0(B)) Sk<(ﬂ)2> (B (4))]".

m
11
On the other hand, since (ﬁ — %W) <0 for p,q > 2 we have
tr(BO* (A?))\ 7
tr(d(B))

< jomaxth ((%)P) exp ( (ﬁ} - %) (<%)p_])2> %
< et ((ﬂ)p) r(BO"(4))

m tr(®(B))

In the next theorem, we extend inequalities (1.2) and (1.3) for any arbitrary
operator mean oy.

Theorem 3.3 Let A,B,C € B(H) such that A,B > 0.
(i) IfA,C € Bi(H), then C(AasB),|C*|*Aif2(ATBAT)A € B, (H) and
|tr(C(AasB))|* < tr(|C* A2 (AT BAT)AD)r(A). (3.8)

(i) IfA,f(ATBA7) € B\ (H), then AcsB,A:f>(A7BA7)A: € By (H) and
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|tr(AayB)|* < tr(AZf2 (A7 BAT)A)tr(A).

Proof (i) Let {e;},., be an orthonormal basis of H and F a finite part of /, then
|((AayB)Ces, e1)| = |(AF (A7 BAT)AXCe;, e;)]
= |(f(ATBA7)A3Ce;, Ate;)|
<|If(A¥ BAT)ArCe; ||| A%

= (C*AI2(A7 BAT)ACe;, e))} (Aei, e;)

(3.9)

1=

)

for any i € I. Using the generalized triangle inequality for the modulus and the
Cauchy—Bunyakovsky—Schwarz inequality for finite sums, we have from (3.9) that

| > ((AgB)Ceire)| < D [((AasB)Ce,e;)]

icF icF
< Y (CAYATBAT)AICe, € (Aes, i)
ieF
1
2 2
< [Z (<C*A%f2<AT‘BAT‘>A%Cei,e,->%>2} [Z«Aei,e»ﬂ
ieF icF
L % %
= [Z<C*A%f2(AT'BAT‘)A%Ce,», e,»}} {Z(Ae,», e,»)] ,
ieF ieF
(3.10)
for any F a finite part of 1.
By the properties of trace and (3.10), we obtain (3.8). |

Letting f(r) = £, in Theorem 3.3 we get
Corollary 3.4 Ler A, B, C € B(H) such that A,B > 0. If A,C € B,(H), then
|tr(C(A4B))[* < tr(|C**B)tr(A).
In particular, for A,B € B, (H)

|tr(A$B)|* < tr(B)tr(A).

4 Some examples

We start this section with a well-known theorem.

Theorem 4.1 [6, First Representation Theorem of Kraus] Given an operator
O : Bi(H) — Bi(H), there exists a finite or countable family {A;:je€J} of
bounded linear operators on 'H, satisfying
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D A< (4.1)

Jj€Jo

for all finite Jy C J, such that for every A € B1(H) and every B € B(H) one has

=D A4}, (4.2)
jeJ
respectively,
= D_AIBA; (4.3)
jel
and
=) A4 (4.4)
jel

Conversely, if a countable family {A; : j € J} of bounded linear operators on 'H is
given which satisfies (4.1) then Eq. (4.2) defines an operation ® whose adjoint ®* is
given by (4.3) and ®*(I) defines by (4.4).

Employing the above theorem and Theorem 2.8 for some examples of convex
functions, we can present new versions of trace inequalities.

Example 4.2 Consider the power function f : (0,00) — (0,00), f(f) = with
t € R\ {0}. For r € (—00,0) U [1,00), f is convex and for r € (0, 1), fis concave.
Let r>1 and A be a self-adjoint operator on the Hilbert space H and assume that
Sp(A) C [m,M] for some scalars m, M with 0<m<M. If B € B;(H)\ {0} is a
strictly positive operator and {A; : j € J} is a countable family of bounded linear
operators on H which satisfies (4.1), then by Theorem 2.8 and equality (1.7)
respectively, we get

.- (B aiaa))  (w(BY, A
- (ZIEJA /BA} ) (ZJGJA BA*)

(B aiaa))  uw(Beaia4))  w(BY, A7Ar14)

<r - —
w( S ABa) (S ABa)) (S, ama))
(B, A7A4;)
| BY ., Ar|A - = 14
' (Z A;BA: )
r—1 r—1 jel
r(M )
< (e, 4847

BY e, Aia4;)  (w(BY,, A7)

Lot ) o
(ZJEJA BA? ) (ZJEJA BA! )

@ Springer



Choi-Davis—Jensen's type trace inequalities... 1213
(B, 474 14))
| BY ., ArlA - < L4y
. (e, 4847
3 r(M —m)
< tr(X,e, AiBA; )
AF A2 s« qr—1 23 (49)
1 (B > jes AFAY A/) tr(B 2jesAjA Aj)
Er(M — m) —
(e, 4847 (e, 4847
1
(M — (M — m).
4
Example 4.3 Consider the convex functionf : (0,00) — (0,00),f(t) = — Int and let
A be a self-adjoint operator on the Hilbert space H and assume that Sp(A) C [m, M|

for some scalars m, M with O<m<M.

If Be Bi(H)\ {0} is a strictly positive

operator and {A; : j € J} is a countable family of bounded linear operators on
which satisfies (4.1), then by Theorem 2.8 and equality (1.7), respectively, we get

. (B aa)\ (B4 nAa)
— (S ama;) (e 4784} )
) (B, 4044)) (B A74714))
T ou(Seamay) (S AB47)
(B, AjAa)
| B Ara-— =L Ly g
M—m tr(zjej A/’BA;>
L) M tr(Zjej A,BA;)
i
M—m |W(BE e Aa))  (w(BY,, AAny)
2| (55,0, 4,47 (50,447 )
tr(BZA A%A*‘A«)
ol BY Arla T A
| (e asBa7)
3 (M —m)
< tr(Xyes 4847
211
| w(BYAA %) (u(BE,, 40474
(M —m) _
2 (0 41847 ) (e, 47845 )
(M —m)?
- 4dmM
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Example 4.4 Consider the convex function f(¢) = tInt and let A be a self-adjoint
operator on the Hilbert space H and assume that Sp(A) C [m,M] for some m,
Mwith0<m<M.If B € Bi(H) \ {0} is a strictly positive operator and {4, : j € J}
is a countable family of bounded linear operators on H which satisfies (4.1), then by
Theorem 2.8 and equality (1.7), respectively, we have

. (B30, A7A InAA, ) (B, A7) . (B, A7)

- tr(ZjGJ A.iBA;) (EJGJA BAj ) (ZJGJA BA} )
( S AjAINAA,) K (BEes4744)) K (BSes4; In(ea)s;)
(e, 4847 w(Seamar) (T 4847
tr (B Djes A/*AAJ) .

1. (M tr(ZjeJ AjBA_?)
(9
2 \m (ZjejA BA*)

tr{ B, A|A — 1|4

IN

m

i (ﬂ) (B, 474%;) ) (B, A7A4))

2 tr(Xjes AiBA; ) tr(X,es ABA; )

tr(B Y0, 47 In(ed)d;)
tr (Zje] AIBA/*)

(e, 47847

tr| BY ;A |In(eA) — -1y |A;

—_—

E(M—m)

IN

tr (B YA [1n(eA)]2A,) tr <B > A ln(eA)Aj)

(M —m) -

(e 4847 (e, 4847

;
(M — m) m("nf)
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