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Abstract
If z € C and 1 <n is a natural number then

Z (1 — ZP]) .. (1 _ me)zq1€'1+'”+11iei — 1’

d] dzin

where dy = p'...pir, d, = q7'.. .q{ are the prime decompositions of dy, d,. This is
one of the identities involving arithmetic functions that we prove using ideas from
the paper of Dressler and van de Lune [3].
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1 Introduction and results

Recall that the arithmetic function w(n) is the number of distinct prime divisors of a
positive integer n and Q(n) is the total number of prime divisors of n. In other words
if for a natural number n>2 we write n = p{'...p/» with p; distinct primes (a
notation that we keep throughout this paper where p always denotes a prime) then
on)=m, Qn)=r+---+r, and Q(1)=w(l)=0. Write {(s) for the
Riemann—Zeta function.

One knows that w(n) = O(logn/loglogn) which easily implies that
3% 2" /n’ is an entire function of z when Rs = ¢ > . Also
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Q(n)

iz 1:[<+ +7+ > HI—Z/p"

n=1

is an analytic function of z if 1 <o and |z] <2°.
In [3] the following remarkable duality relation was proved.

Theorem 1 (R. Dressler and J. van de Lune) If |z| <2° and Rs = o > then

00 o) 00 _Q(n)
) 52)

n=1 n=1

The aim of this note is to obtain similar formulas using the methods of [3].

To state our results we need some definitions: let w,(n) (w,(n) respectively) be
the number of primes in the decomposition of n with odd (even respectively)
exponent. Thus w,(223°5%) = 1, w,(2%335°) = 2. Note that w,(n) + w,(n) = w(n).
| x| is the floor function and p is the Mobius function. The radical of a number 7 is
defined as rad(n) = py - pm.

Ramanujan’s tau function is defined by (see [2], p. 136)

o~ 1(n 1
Z ,(1s) - 1;[1 —(p)p (1)

One has the bound
2(p)| < 2p"/2. (2)

This result was conjectured by Ramanujan and it was proved by Deligne [2].
The main contribution of this note is the following theorem. Note: in formulas
(a)—(g) below it is assumed that in all the sums the term with n = 1 is equal to 1.

Theorem 2

(@ Ifl<o=Rs, |3 < then

(i (1—2") nA (1- me)) (i zplrw,;jpmrm) — ),
n=1 n=1

(b) Ifl1<a,|z| <1 then
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()

(d)

©)]

®

(2

(h)

I 1)z =prtt(rm=Dpm

o0 (' —1)-- (P —
!

n=1

>

If0<|z|<2% and 1 <o then

o0 Qn)-o(n l+z) (n) U (& 7280
Z: {(2) ; )

If z€ C and 1 <o then

i Z+2 (i Q(n)—o(n )Z(u(n)>
2s '

n=1

If0<|z| <1 and 1 <o then

20t (2 — 1 py) (2= Upw)  Us) 0, Q)=o) (7 — 1))
g nt {(s+1) (Z >

If0<|z| <1 and 1 <o then

C(S)C x UJo 11)(1 +Z)wt (n) Z”’ |_) IJ
Ci (Z ns

MO UERIEIGRGE ~{<rm+1>—<rm—1>z}>_

nS

n=1

If 1<RA and 1 <o then

>

md(iﬂ {iﬂ( (1 m) (o ‘?)}

Assume that {ep} is any sequence of complex numbers defined on the set of
primes with |e,| <1 for all p. Write n = niny, where ny =pi...p;, np =
Py oy with 2< min{riqy, ..., 1} and define
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= 1I1I
II- H{epp“/2 — )},

)= Y e

n—=

peny
m
11/2 11 11/2  —
H =n, / rad(n;) H {(1 + Ezk)l’zlcl — nlg / T(Pk)}ﬁﬁk g
2 k=t+1
. a
A(S) = ;7
n=1
.u EPl T Cpu
1

51172

Then if 13/2<0

- -1
(Z Ti’?) = A(5)B(s).

n=1

Note: it is understood that the first summand is 1 in any of the last two sums.
Also [[,=1ifn; = 1.

We remark that the formula in the abstract follows from formula (a) where it is
understood there that (1 —z")---(1 —z") =1 if d; =1 and 99" 4% =1 if
dy = 1.

Observe that formula (b) yields, on setting z = 0, the well-known relation

={(s) i ,ur(Ln)

Also, the above zeta quotients appearing in formulas (c)—(f) are well-known: if ¢(n)
is the number of numbers less than n and prime to n and the arithmetic function x(n)
is defined by k(1) = 1 and x(p!'...p") = ry...r, then

s

cé((zss)) _ i Iui?)l 7
z:(s)é{((zgg)am _ i <),
g(f(j)l) - i_o; f(ﬁ)

See [1] p. 247, [4] formulas (1,2,7), (1.2.8) and (1.2.12).
This permits, using Dirichlet convolution, to obtain the following corollary.
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Corollary 1 If z € C in (i), (ii) and (iii) then

®
ZQ(n)—w(n)<1 + Z)w(n) _ Z ‘/,L(I’l/d)|ZQ(d)
din
(i)
) = 7 g0lo/d) (1)) (gl
din
(iii)

n(Z _ ]/Pl) . (Z _ 1/pm)ZQ(n) w(n) Zd ¢ n/d w(d)( ])w(d).

@iv) If 2 € C then

rad(n Z,u 1—q1 (1 —qf‘).

d|n

(Note: here d = ¢}' - - - ¢{" is the prime decomposition of d and if d = 1 in
the last sum then summand is understood to be 1.)

Proof Formulas (i), (ii), (iii), (iv) follow from formulas (c), (d), (e), (g) respec-
tively and analytic continuation. []

2 Proof

Recall that if 2<n is an integer then we write n = p!' ---p/» with p; different
primes. We record the following formal formulas:

(2 (1030 1)

p
! (3)
(1) - g(py)
P gp) ) | sp)’
1;[195—8(1?)1;[<1+ P pr e > @
:ig(pl)” - g(pm)"™

If we set g(p) =z, z =1 in the first equation and g(p) = z in the second equation
one gets:
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0555

Using this two formulas in

{(s) =

S 1_
M=) =)
B S_Z pY_l
yields Theorem 1.

The values of z and ¢ depend on each formula in such way that the products or
sums involved are absolutely convergent. For example assume that |z| < 1 and 1 <.
Then if g(p) =1 —2", z=11in (3) and g(p) = 2 in (4) one has

H(1+1—_zj>zm:(l—zp‘)-l;s-(l—zpm), )

S
p p n=1
ps 0 Zplrl+"'+pmrm
S _ op = Z N : (8)
V4 p z n=1 n

The product of (7) and (8) is equal to {(s). This proves formula (a) of Theorem 2.

Also
s 1 1 o4 ZZp
I p)=H({l-—}{1+ )
p W T2 I3 P
me — l)z(rlfl)Pl+"'+(rm*1>pm

ZPl _ 1

-l
Formula (b) follows using (8) and observing that pr - (;’S__ZL) ={(s).
If g(p) = 1/p*, z=11n (3) then

(e 22) -5

‘=i rad(n)'n

Also
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» P’ P’
1 -1
Z ( ) . (1 - ;>
—1 pl P

The product of this two formulas yields formula (g).
In a similar way using (3) one has that

(5

p

Qn) (n) w(n)

which can be used to prove that

{(s)* P+l p+z+1 P+l
{(2s) H _H -1 pP+z+1

p
2 —1
:H<1+Z+ ><1+ < )
5 p—1 P+l

o )

n=1 n=1

which is formula (d).
Also
{s) _yqr=lp H(]) - )1(19“—1/19)
(s+1) Lt p—1 P -z Pz

—1
_ izﬂ(ﬂ)w}(w (z— l)w(n)
n=1 n

y (izg() wn)(Z_l/pl) (Z_l/pm>>

nY

)
n=1

which is formula (e).
Formula (c) follows from (using (9) and (6))

pP+1 14z p’ -
oo I =) ()
—1
_ zoo: ZQ(n)f(n(n)(l + z)“"<"> Zoo: 2
ns ns :

n=1 n=1

To prove formula (f) observe that after simplification using {(s) = Hp 51 one has
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2s s 2
pr—-p+1 ( 1 1)( z z )
||7: l——+— (1 +=+ "+
25 z H px p2s p29 p4v
1 2 1+ 1+ 2(1+
:H(l___i_z__...+< 2)  dl+2) Z>+...>

ps p3s pSS pZS p4s pés

with
pe—z b4 2 3 )
L = =T[(1- I+ =+
H(px_l)2 H 25>< ) P
+

3—z 4-2¢7
pT+?+..

(n+1)—(n =z} Am +1) = (rn — Dz}

nS

Next we prove formula (h). One has the following formal formula

P’ —f(p ) +0"/p* w(p) sw) s’ |
H ) H(l pS +p2?> <1+ ps + p2s + )

p

_T(p = ¢(p) *{ep) ~ 8(p)e(p) +p" }

_H +jz e

& [T {spe) — tp) T, 22{8(}71«)2 — &(pe)t(pr) +Pi1}g(l’k)”’72

nS

n=1

Setting g(p) = €,p'!"/? with |¢,| < 1 in the last formula one gets

Ale) o TTP =) P/ _
(S) = H ps — €ppll/2 - ;7

p n=1

where a,, is defined as follows. To ease the notation we write n = njn,, where n; are
positive integers such that n; = py.. .p;, ny = pjfi.. plr with 2 < min{ri41, ..., 7}
Then
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=111
H H{E pl2 _T(p)}

peEm
e 1" 1, -2)
H = H {(1 +e ! — e’ (Pk)} e 2Pk
2 k=t+1
m
= nél/zrad(m)_” H {(1 + eik)p,l(1 - epkp,il/z‘c(pk)}e;"k 2
k=t+1
If one sets
B Hps _ epp”/z ZM Yep, -
- P n— 11/2 ’
P
then

s
n=1 n

which follows using (1). The proof is complete.
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