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Abstract

In this paper, we consider a nonlinear hyperbolic equation with a nonlocal boundary
condition. We apply the Faedo—Galerkin’s method to establish the local existence and
uniqueness of a weak solution.
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1 Introduction

Boundary value problems with integral conditions are an interesting and important
class of problems; this is due to the importance of nonlocal conditions appearing in the
mathematical modeling of various phenomena of physics, ecology, biology, etc. The
starting work on the use of nonlocal boundary conditions has been done by Cannon [4];
the presence of an integral term in boundary conditions can complicate the application
of classical methods; therefore, several methods have been proposed for overcoming
the difficulties arising from nonlocal conditions as functional methods, approximation
methods (see [1,6,7,11]). Pulkina [17] has dealt with a hyperbolic problem with two
integral conditions and has established the existence and uniqueness of generalized
solutions using the fixed point arguments. The importance of approximation methods
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is that they do not only prove the existence and uniqueness of the solution but they
also allow the construction of algorithms for numerical solutions. Rothe’s method
and Faedo—Galerkin’s method are very effective tools in the study of the approximate
solution and its convergence to the exact solution. The objective of this work is to apply
Faedo—Galerkin’s method to the study of a multidimensional nonlinear hyperbolic
integro-differential equation with integral conditions.

t
Uy + Uy — Au = |u|p_2u +/ a(t — Du(x,t)dt (x,t) € Or (1.1)
0

u(x,t) = / k(x, y)u(y,t)dy x € a2 (1.2)
Q
u(x,0) = uo(x), us(x,0) =uj(x) (1.3)

where © c RY(N > 3) be a bounded domain and 0 < ¢ < T. Let u(¢), u'(t) =
ur (), u"(t) =uy (@), Or =Qx 0, T, T >0, p> 2.

Equation (1.1) represents the second-order telegraph equation and models mixture
between diffusion and wave propagation or mass transport equation. It is also used in
signal analysis for transmission and propagation of electrical signals [14].

Equation (1.1) has been studied for initial and Dirichlet conditions by several dif-
ferent methods (see [1,3,15,16,19]), but without a Volterra operator

t
/ a(t — u(x, t)dr.
0

Many mathematical models contain integro-differential equations; these equations
arise in many fields like biological models and fluid dynamics. Integro-differential
equations are usually difficult to solve analytically so it is required to obtain an efficient
approximate solution. Let us mention that different methods are used to solve linear
and nonlinear integro-differential equations. Balachandran and Park [2] investigated
an integro-differential equation of Sobolev type with nonlocal condition and proved
the existence of mild and strong solutions using semigroup theory and Schauder fixed
point theorem. Merad et al. [ 12] studied the solvability of the integro-differential hyper-
bolic equation with purely nonlocal conditions using a priori estimates and Laplace
transform method and obtained the solution using a numerical technique.

This paper is organized as follows: In the next section, we specify notations,
state some assumptions and prove the existence of a solution using Faedo—Galerkin’s
method in Sect. 2.1. Finally, Sect. 2.2 is devoted to establish the uniqueness of solution.

2 Preliminaries and main results

In this section, we shall introduce some notations that will be considered. Let 2 be a
bounded domain in RY, N > 3, with a smooth boundary 9€2. Much of our arguments
are based on the functions spaces C (2), WP = W™P(Q), LP = WOP(Q), H™ =
wm2(Q), 1 < p < oo, m = 0,1,.... are used. Let (.,.) be either the scalar
product in L? or the dual pairing of a continuous linear functional and an element
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of a function space. Denote by ||-|| x the norm in the Banach space X. We denote by
L?(0,T; X),1 < p < oo, the Banach space of the real functions u : (0,7) — X
measurable, such that

T 1/p
lullLro.7:x) = (/0 ||u(t)||§dt) <ooforl < p<oo
and

lull oo, 7;x) = ess sup |lu (t)llx for p = oo.
0<t<T

On H!, we shall use the following norm:

1/2
Il = (ll3 + 1 Vu13)

and the compact embedding

N
5N =3, 2.1)

2
lvlly < Cyllvlly, Yve H 1<gq < ~

Define a space V:

V = {v € HZ(Q) v(x) = / k(x, y)u(y)dy x € BQ}.
Q

We use the following notation:

k1(x): norm of Vk(x, y) in L%(2) with respect to y,
. 1/2

e k() = (f, IVECx, »2dy)'?

ko(x): norm of k(x, y) in L%(Q) with respect to y,

. 1/2

e ka(x) = (fy lk(x, y)[2dy)'? .

Next, we make the following assumptions:

(H): 2<p<323Z N>3,

(H2): la(t — 1) < a2
(H3): Forany x € 92, kj(x) < 00, ka(x) < 00,
(Ha): [yq k1(x)ka(x)dx < C.

Theorem 2.1 Suppose that (H\) — —(Hz) hold and initial data (ug, u1) € H?* x H'
satisfy the compatibility condition

o(x) = /Q k(x, Vo (y)dy

The problem (1.1)—(1.3) has a unique local solution

ue L0, Ty; H?), u; € L0, Ty; HY), uy,y € L0, Ty; L?).
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for Ty > 0 small enough.

2.1 Existence of solutions

Proof Our main tool to prove the existence in time is the Faedo—Galerkin’s method,
which consists of constructing approximations of the solutions, then we obtain a
priori estimates necessary to guarantee the convergence of approximations. Our proof
is organized as follows. In the first step, we define an approximate problem in bounded
dimension space which has a unique solution. In the second step, we derive the various
a priori estimates. In the third step, we will pass to the limit of the approximations
using the compactness of some embedding in the Sobolev spaces.

Step 1. Approximate solutions: Since V is a subspace of H>(£2) which is separable
Hilbert space. Then, there exists a family of subspaces {V,,} such that

i) V, CcV (dimV, < o00), VneN.
>ii) V, — V, such that there exists a dense subspace ¢ in V and for all v € ¥, we
can get sequence {v,} € V,,andv,, - vin V.
(iii)) V, C Vyq1 and UpyenV, = V.

We can choose a countable basis of elements {w; (x), j = 1, 2, ...}, which generate
V and are orthogonal in L%(). Let V,, be the subspace of V generated by the first
m elements {w1, wo, ..., wy}, m € N we will try to find an approximate solution of
the problem (1.1)-(1.3) in the form:

wn(t) =Y mj(w; (x), 22)
j=1

where the coefficient functions (c;,; (f))Tzl remain to be determined.
The approximations of the functions ¢ (x) and u (x) are denoted, respectively, by

m
Upmo(x) = Zuojwj — up in HZ(Q),
j=1

m

Upm1(x) = Zuljwj — U inHl(Q),
j=1

emj(0) = uoj, €, (0) = uyj,

where

uoj 2/ uow; (x)dx
Q

uljz/ uiw;(x)dx
Q
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Multiplying both sides of equation (1.1) by wy, then by integrating over €2, we get

(U 0. )+ Gy (0). )+ (it (1) Vo)
= (17 201, 0]+ [ (TG ).t (0
, b2 23
+/ a(t — ) {un(t), wy)dr

0
um(0) = uo, 1y, (0) = uy.
Substituting the approximate solution in Eq. (2.3) yields

i O (wj, wi) + ¢, (O (wj, wi) + emj (D) (Vwj, Vuy)

=’ﬁl(f)+cmj(l)/ wz(S)/ Vk(x, y)w;dyds
a0 Q

t
+/ a(t = Demj (@) (wj, wi)dr, 1<) <m,
0

emj(0) = uoj, c,,;(0) =uy;.

where

Yi(t) = /Q ‘ Zij(t)wj‘p_zZcmj(t)ijldx.
j=1 j=1

we obtain a system of differential equations of second order respect to the variable ¢,
by the theory of ordinary differential equations [5] we see that there exists a unique
global solution ¢, € H3[0, T],and using the embedding H™[0, T] — cm1o, 1),
we deduce that the solution ¢,,; € C 210, T]. In turn, this gives a unique u,, of the
problem (2.3) on some interval [0, 7;,] C [0, T']. For proving the convergence of
solutions, we need a priori estimates of solutions {u,,} independent of m and T'.

Step 2. A priori estimates: The next estimates prove that the energy of our problem
is bounded to conclude that the maximal time 7}, of existence can be extended to 7.

The first estimate: multiplying the System (2.3) by (¢, ()" and summing up
with respect to j we conclude that

1d
I O1F + 5. (V2 13 + 1, 13
= (Jum D17~ um (1), u}, (1)) 2.4)

t
+/ (Vk(x,y),um(t)>u§n(t)ds+/ a(t — ) (um (1), u,, (1))dr
Q2 0
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Integrating by parts with respect to the time variable from O to 7 after some rearrange-
ments, we get

t
ey, (15 +2 fo llul, () N13dT + [ Vit (013
13
= 1Vt O)13 + 1, )3 +2 /0 (I (172 (), 17, (0)) d

t t s
—1—2/ / (Vk(x,y), (1)) u,’n(T)dsdT+2/ / a(s—1t)(um (), u,(s))drds
0 JoQ 3 0 JO

= Vi )13 + ey O3 +2 3 1

j=i
We choose
2 2 ! 2
o (1) = ), (D113 + |Vt (D113 +2 / iy, () 15d
0
we obtain
3
o) =2 Ii + ¢ 0). 25)
j=i

The first term on the right-hand side of (2.5) can be estimated as follows:

t

t
21 =2 [l @12 (011, (0)) do <2/
0

t
S\/\
0

t
</
13
”um(T)”sz 2dr +/ @m(T)dT

52’ 5/ litm (D135 2dr+/ om (D),

e (1| Nt (©) 1z

jan(@P | ar + /0 i, (0 13w

2 t
it (r)v’—lH dr~|—/0 o (T)dT (2.6)

since 1 <2 <2p—2< 25 HY(Q) — L?P72(Q).
Now, we will estimate the first term in the last inequality of (2.6). By the definition of
om (1), it is easy to check that

lum @12, = N O3 + | Vum @113

t 2
=[|Iuo||2+ /0 ||u;n<s>||zds] IV @12 o
t
< 2||M0||%+§0m(l)+2t/ G (5)ds.
0
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Using the following inequality:

(@a+b+0) <397l 4+ b7 + %) forallg > 1, a,b,c > 0.

We have
2p2 ! -
lum DI < [2||uo||§+wm(z>+2r / wm(s>ds]
0 . 2.8)
< 37220 Jug 372 4377 (g (1)) P 4372207 1203 / (@m ()P ds.
0
Combining (2.6) with (2.8), we get
t t
20 < Cr +Cr / (Om()? " dr + f om (D). (2.9)
0 0

Next, we estimate the second and the third terms in the right-hand side of (2.5) as
follows:

t
2D = 2/ / (Vk(x,y), upm (7)) u,,(t)dsdr
0 JoQ

For x € 992, we have
{Vk(x,y), um(t))| = ‘/QVk(x,y)um(y, f)dy' < /Q [Vk(x, y)un (y, )|dy
< IVEGe, 2 lum () 12 = ki () [l () 1|2

and
|y, (x, )] < /Q k(x, y)uy, (v, Oldy < kCx, ) 2lluy, ©ll2 = ka(x) |y, @)1

Then, using Holder’s inequality, (H3)—(Ha4) and (2.7), we have

t
2 <2 /0 /8 k0t (D)l (7)o
t

< 2[0 </aQ ki (x)kz(x)ds> it (|2 ]|, (T) | 2dT
! t
: C/ e (T)l12de + C/ lluy, (T)I3dT (2.10)
0 0

t t

< C§C/0 lum () 131dT + C/o om(1T)dT
t

<Cr+ CT/ om (T)dr.

0
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By applying Holder’s inequality, Young’s inequality, (H>), (2.1) and (2.7), the third
term can be estimated as follows:

t s
20 = 2/ / a(s — ) (um(t), ul, (s))drds
0 Jo

t K
=2/ / u (s)/ a(s — Ty, (t)drdxds
K 2
/ llu!, (r)||§dr+/ / (/ a(v—r)um(r)dr> dxds
0
/ ¢m(r)dr+/ / (/ (a(s — 1)) dt) </ (um(r))zdr> drds  (2.11)

/ om(t)dT +a3T? / Nl (T)[13dT
t
/Wm(r)d'[ +612T Cz/ ”um(f)HHldT
t
<Cr +CT/ om(T)dr.
0

Combining estimations of all terms, we obtain after some rearrangements

t t
om(t) = Cr (1 +/ em(T)dT + (wm(f))p_ldf> 0=t =Ty, (212
0 0

where Cr always indicates a constant depending on T. Then, by solving a nonlinear
Volterra integral inequality (2.12), because we cannot applied the Granwall’s Lemma
(nonlinear integral inequality), we need the following lemma:

Lemma 2.2 ([9,16]) There exists a constant T, depending on T ( independent of m)
such that

om(t) <Dr VYmeN, Vt €0, T,]. (2.13)

The second estimate: Now, we are going to estimate u/;, (0)
Letting # — 04 in equation (2.3) multiplying the result by ), j (0), we get

(]}, (0, un (0)) + (u), (0), uls,(0)) + (Ve (0), Vel (0)) (2.14)
= (|um (0)172um (0), u;;,(O))+ Joa (VE(x, y), um(0)>u;;(0)ds '
Then
llull (0))13 = (ur, ulh (0)) — (Aug, ul) (0)) 2.15)
(Iuolp ug, ul) (0)>+|asz|k1<uo,um(0>> '

This implies that

e OV < [t | + | Aueoll +

|M0|p_1H+K||uo||=Mo forallm  (2.16)



On the existence of a local solution for an integro-differential... 529

where M) is a constant depending only on p, ug, u1. Now, by differentiating (2.3)
with respect to t and substituting w; = u,, (¢), we get

% (I 13 + 19, O13) + )13

= (p = D(lun 1P 21, (1), uy, (1)

[ (TG )., O (005 + a0y 0, 1)
—a () (1), 1 O)

2dr

Integrating with respect to the time variable from O to ¢, we get

t
ey, 113 + | Vaep, (0)113 +2/ luy (1) 13d7
0

t
= e, )13 + V1, )3 +2(p = 1) / (I (17201, (00, w0 de

2.17)
+2/ / (Vk(x,y),u (r))u (7)dsdrt
+261(O)/ (up (7)), uy, (1))dT — 2 /Cl(T)W:,/,(T),Mm(O))dT
0 0
We put
t
Y (1) = (D113 + |V, (D113 +2/0 llujy, (x) 1 3dT
we obtain
13
V() = Y (0) +2(p = 1) /0 (I @172}, 0 () )
t
+2/ / (Vk(x, y), u,, (t))uy, (z)dsdt
0 Jog .
(2.18)
+261(0)/ (up (), uy, (1))dT — 2 /a(r)(u;,/l(‘c),um(O))dt
0
= Ym(0) + Z Jk-
k=1

Now, we estimate the last four term in the right side of (2.18). Firstly, it is easy to
check that

llup, 112, = Ny, (D113 + 1 Vuy, (113
t 2
=[||u1||z+ /0 IIMQL(S)IlzdS} + I Vul, ()13 (2.19)

t

< 2||u1||%+wm(t)+zt/ Vi (5)ds.
0
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From

un 12,0 = Dy [14 NI+ Tt O | it 0
< DyCrlufy (Ol

By ([16], Lemmas 2,3 (ii), p.4) and (2.19), we have

t
5 =20 =) [ {12, 00,15, 0)

t
sz(p—l)/
0

<2(p— )D,Cr / it () g1 (D)

(P20}, (0) |l (0 1z
t
t
<<p—1>20262/0 ey, (r)||H1dr+/ llujy (T [15d7
<(p—1)?D;C; [/ [}, <r>||%dr+/ IV, <r>||%dr] /nu”(r)n
t
scT< + /0 wmmdr) (2.20)

Using (2.1) and (2.19), we continue to estimate all terms in the right-hand side of
(2.18) as below

t
J = 2/ / (Vk(x, y), u, (T))u,, (t)dsdt (2.21)
0 JoQ

For x € 92, we have

(VA e, ). i), ()] =‘ fQ w(x,y)u;n(y,r)dy‘ < /Q Ve, vy, (v, 1)[dy
< [V Dl Ol = k1 O, Ol

and
lupy (x, 1)] < / k(x, y)uy (v, Oldy < ke, )2 lluy, ()2 = ka(x) |y, ()12
Q

Then

t
J2 <2/ / k1 (ko () [l (T) 121, (T) 2dsdT

<2 f ( / k1(X)k2(x)dS> (@) 2l (0) 2de

(2.22)

/ i, () dr+c1/ s (o) 3
t

<Crtcr / Y (D)dr,
0
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and
t
J3 :2a(0)f / uy (t)ul, (v)dxdr
b Ja ,
< a(0) f s (0)13d + a(0) / (03T (223)
0 / 0
<Cr+ CT/ Y (T)dT
0
and

t t
Jy = 2/ a(t)(u, (t), um(0))dr = 2/ / a(t)uy, (t)um (0)dxdr
0 . 0 JQ
< 2612/ / uy (T (0)dxdr
0 Ja

P (2.24)
< Ta|um(0)|3 +azf lluy (T)13d T
0
t
<Cr+ Crf Ym (T)dT
0
Combining estimations of all terms, we obtain after some rearrangements
t
Yn(t) < Cr (1 4 / I/f,,l(r)dr) (2.25)
0

where C7 always indicates a constant depending on 7. Then, by solving Volterra
integral inequality [9], we deduce from (2.25) that

Ym(t) < Cr. (2.26)

Step 3. Limiting process: From (2.13) and (2.26), we deduce the existence of a
subsequence of {u,,} denoted by the same symbol such that
U — 1 in L0, Ty; HY),
W, = u'in L0, T,: HY, (2.27)

u, 20" in L0, Ty; L?).

By the compactness Lemma of Lions ( [10], p.57), we can deduce from (2.27) the
existence of a subsequence still denoted by {u,,}, such that

{um — u strongly in LZ(QT*) and a.e.in QOr,, (2.28)

u! — u' stronglyin L?(Qr,) and a.e.in Q.
By means of the continuity of the function r — |¢|?~2¢, we have

lttm|P "2ty — |u|P"%u and a.e.in Q7. (2.29)
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On the other hand
2 T 2p—2
[etm 1P =2t |12, =/0 /Qlum(x,t)| P2dxds
T
2p-2
= , 1 Sdt
[0 eI 230,
* 2p—2
S/ (C2p—2||um(X,t)“Hl) P e
02p—2 2p—2

= Gy Tillum (x, 1) Cr

<
L®0,Tx:H") —
Using the Lions Lemma ( [10], Lemma 1.3; p.12), it follows from (2.29) and (2.30)
that

ltm| P21 — )P 2u in L*(Qr,) weakly. (2.31)

Passing to the limit in (2.3) by (2.27), (2.28) and (2.31) we have u satisfying the
problem
(" (1), v) + (u'(t), v) + (Vu(t), Vv)

= (Jlu@®)P2u(), v)+/ (Vk(x, y), u(t))vds
] Qe (2.32)
+/ a(t —t)(u(r), v)dr

u(0) i ug, u'(0) =uj.

2.2 Uniqueness of the solution

Proof Here, we will prove the uniqueness of solution, for this purpose, let u1, uy be
two weak solutions of problem (1.1)—(1.3). Then, we set u = u; — u to verify

(" (1), v) + (Vu(t), Vv) + (@' (1), v)
= (1P~ 2ur — uz|P"2uz, v)

t
+/ (Vk(x,y), u(t))vds +/ a(t — t)(u(r), vydr
u(0) iQO, u'(0) = 0. °

(2.33)

We take v = u’ = u} — u/, and integrating with respect to ¢, we have
2 2 '
M@) = [lW' O + Vu@)|I” = —2/ (' (1), u'(v))dt
0
+2jur P2 = ol 2z, )

t
—|—2/ / (Vk(x, y), u(r))u'(v)ds
0 JoQ
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t s
+2/ / a(s — ) {u(r), u'(s))dsdr
0 JO
k
= Z M; (2.34)
i=1
where
t t t
M| = —2/ (' (1), u'(r))dr < 2/ ||u’(r)||%dr < 2/ M(t)dt (2.35)
0 0 0
By Lemma 2.3 in [16], we get
My = 2<|”1|p_2“1 |z [P~ 2, 1/ (7))
<Cr [ lu(0) It + Cr / ' ()113de 2.36)
<2(Cr +t2)/ M(t)dt
0
and
M; —2/ / (Vk(x,y), u())u'(r)dsdr
/ ||u(r)||2dr +C/ |l (r)||2dr (2.37)
<2(Cr +1?) / M (t)dt
0
and
t N
My = 2/ / a(s — 1) {(u(t), u'(s))dsdr
0
t°ps
< 2/ / la(s — )| {u(r), u'(s))dsdr
(2.38)
< 2a2/ /u (s)/ u(t)dsdr
<ar(l 4 T2)/ M(7)dt
0
Combining (2.35), (2.36), (2.37) and (2.38), we obtain
t
M(t) < CT/ M(t)dr. (2.39)
0

By Gronwall’s Lemma, it follows from (2.39) that M = 0, i,e. u; = uy. Then, the

second part of Theorem 2.1 is proved.

O
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