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Abstract

Let f(z) be meromorphic in A, E| = {ay, a2, a3} and E» = {b1, b2, b3} b_e two sets

inC, k € Z*. Suppose that f(z) € E; < f®(z) € E» andO ma]? ) I fD) =0
<i<k—

whenever f(z) € E1, then f(z) is a normal function.
Keywords Meromorphic functions - Normal functions - Shared sets

Mathematics Subject Classification 30D45 - 30D35

1 Introduction and main results

By the Bloch principle, the criteria of normal functions are studied, which are con-
sistent with the known criteria of normal families. For example, corresponding to the
well-known Montel’s theorem of normal families, Lehto and Virtanen [4] showed that
if f(z) is meromorphicin A and f(z) # a, b, ¢, then f(z) is anormal function, where
a, b, ¢ are three distinct points in C. But, they are not always right when the crite-
ria of normal functions are related to derivatives. For instance, corresponding to the
well-known Miranda criterion for the family of holomorphic functions, Hayman and
Storvick [1] proved that there exists a non-normal function f(z) satisfying f(z) # 0
and f'(z) # 1 in A. In the following, we focus on the criteria of normal functions
concerning derivatives.
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The normality of families of meromorphic functions concerning shared values was
proved by Schwick [8] in 1992, which is listed below.

Theorem A [8, Theorem 2] Let F be a family of meromorphic in D, and let ay, a>, a3
be three distinct complex numbers in C. Suppose that, f(z) and f'(z) share ay, ay, as,
for every function f(z) € F, then F is normal in D.

In 2007, Liu-Pang [5] improved Schwick’s result, by means of substituting sharing
the set {a1, az, a3} for sharing three values a1, az, a3 in Theorem A, as follows:

Theorem B [5, Theorem 1] Let F be a family of meromorphic in D, and let E =
{a1, az, a3} be a set in C. Suppose that f(z) and f'(z) share E, for every function
f € F; then F is normal in D.

Recently, we consider the question about normal functions concerning derivatives
and shared sets. And, we get the following results:

Theorem 1 Let f(z) be meromorphic in A, E| = {ay, ay, a3} and Ey = {by, by, b3}
be two sets in C, k € Z*. Suppose that f(z) € E1 < f®() € E; and
0 ma]zﬁ | |f(l)(z)| = 0 whenever f(z) € Ey; then f(2) is a normal function.
<i<k—
And for the case of holomorphic functions, the following result can be obtained.

Theorem 2 Let f(z) be holomorphicin A, ay, ay, az be three distinct complex numbers
inC, and A > 0. Suppose that | f'(z)| < A whenever f(z) = a;(i = 1,2, 3); then
f(2) is a normal function.

Remark 1 The condition “ 0 max f | f9(z)| = 0 whenever f(z) € E;” in Theorem 1
holds naturally for k = 1. Or more accurately, if k = 1, then i = 0 and the condition

“0 makx 1 | 9 (z)| = 0 whenever f(z) € E;” is removed. And if k > 2, then 1 <i <
<i<k—

k — 1 and the condition is needed. Furthermore, in the latter case, the multiplicities of
zeros of f(z) — a are at least k, where a € Ej.

The following example shows that the condition “0 max | £ (z)| = 0 whenever
<i<k—

f(z) € E1” in Theorem 1 is necessary.

Example1 Let F = {f,(2)|fu(z) = nz(e‘”z - e“zz),z € A,n=12,...}, E; =
E, = {—1,0, 1}, where a; # a satisfying al =adi=1,kez".

By calculating, it yields that f,(z) = )(z) and f,(z) € E1 & f; ® e
0 max |f (z)| # 0 whenever f,,(z) € E1.
0
However, (=12 fi @m0 = (= 0 HACL = n?lar — a2l — oo, as

n — o0. Thus, as n — 00, f;;(z) is not a normal function.

Here and in the sequel, C is the complex plane and C is the extended complex
plane. D is a domain in C. A(zg,r) = {z : |z —z0| < r}, A(z0,7) = {z:0 <
|z — zo| < r}, where zg € C,r > 0. The unit disc is marked as A = A(0, 1).
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fn(2) N f(z) in D shows that the sequence { f;,(z)} converges to f(z) in the spherical
metric uniformly in compact subsets of D and f,,(z) = f(z) in D if the convergence
is in the Euclidean metric. f f7) = @)/ +|f (z)|2) is the spherical derivative
of f(2).

Let f(z), L(z) be meromorphic in D, a, b be two complex numbers in C, and E,
E) be two sets in C. f(z) = a = L(z) = b if L(z) = b whenever f(z) = a, and
f@ =a s L) =>bif f(z) =a = L) =band L(z) = b = f(z) = a.
When f(z) = a < L(z) = ain D, we say that f(z) and L(z) share the value a.
D(f,E1) := Userfz € Dt f(z2) = a}, D(L, E2) := Ugep,{z € D : L(z) = a}.
If D(f, E1) C D(L, Ey), we write f(z) € E1 = L(z) € E> in D. Furthermore, if
D(f,E)) C D(L,E>) and D(L, E;) C D(f, Ey), thatis, D(f, E;) = D(L, E»),
we write f(z) € E1 <& L(z) € Eoin D. If f(z) € E < L(z) € E in D, we say that
f(z) and L(z) share the set E in D.

Recall that a family F of meromorphic in D is said to be a normal family in D,
if each sequence { f,,(z)} C F contains a subsequence which converges spherically
locally in D. The subtracted set may depend on the subsequence. See [2,3]. A function
f(2) meromorphic in A, it is said to be a normal function if and only if the family
{f(L(z))} is normal (see [4]), where L(z) shows an arbitrary one-one conformal
mapping of A onto itself.

2 Preliminary results

First, we introduce some lemmas which will be used in the proofs of main results.

Lemma1 [7, Lemma 2] Let F be a family of meromorphic in D, all of whose zeros
have multiplicities at least k(€ Z™T), and suppose that there exists M > 1 such that
|f(k) (2)] < M whenever f(z) =0and f(z) € F. If F is not normal at 7o € D, then
foreach o, 0 < o < k, there exist a sequence of complex numbers z, € D, z, — 20,
positive numbers p, — 0, and a sequence of functions f, € F such that

L&) = @ £ 1),

n

where L(&) is nonconstant and meromorphic in C, all of whose zeros have multiplici-
ties at least k, such that L*(§) < L*(0) = kM + 1. Moreover, L(£) has order at most
2.

Lemma2 [6] Let f(z) be meromorphic in A. Suppose that f(z) is not a normal
function, then there exists a sequence of points z, € A and positive numbers p, — 0
such that

Lo(2) = fzn+ pn2) 2 L(2)

in C, where L(z) is nonconstant and meromorphic in C.
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Lemma 3 /3, Theorem 1.5] Let f(z) be nonconstant and meromorphic, ay, az, - - - , aq
be q(> 2) distinct complex numbers in C. Then

q
m(r,f)—}—Zm(r, !
i=1 f-

l

a'> =2T(r, f) = Ni(r) + S, f),

where Ni(r) = 2N(r, f)—N(r, f)+N(r, %)andS(r, Y=o, f),asr - 0
possibly outside a set of finite measure.

Lemma4 [2, Corollary to Theorem 3.5] Let f(z) be a transcendental meromorphic
function in Cand k € ZT. Then f(z) or f% (z) — 1 has infinitely many zeros.

3 Proof of theorems

Proof of Theorem 1 Suppose, to the contrary, that f(z) is not a normal function in A.
Then, based on Lemma 2, there exist points z,, € A, p, — 0% such that

La(n) = f(zn + pan) = L), (1)

where L(n) is nonconstant and meromorphic in C.

And we claim that the multiplicities of all zeros of L(n) —a; (foreacha; € E ) are
no less than k + 1. In fact, assume that L(ng) — a; = 0, it gets that there exist points
Nn — no such that f(z,, + ppn,) = a1 by Hurwitz’s theorem and L (n) is nonconstant.
According to f(z) € E1 & f(k)(z) e E, and O<m<a]z< X |f(i) ()] = 0 whenever

i<k

f(2) € Ey,itobtains f® (z, + pyna) € Exand fO(zy + puna) =000 <i < k—1).
Then Ly (1) = i f D @n + puitn) = pl -0 =10.(0 < i <k — 1), and L (n,) =
Pk £ @+ punn) = pfbi. Clearly, LD (no) = lim Ly}’ () = 0(0 < i < k). Thus,
the multiplicities of all zeros of L(n) — a; are no less than k + 1. Similar results that
the multiplicities of all zeros of L(n) — a;(i = 2, 3) are no less than k + 1 can be
obtained. So, the claim is proved.

Among L(n) —a;(i = 1,2,3), there exists at least one term which has zeros,
according to Lemma 3 and L(n) is nonconstant. Suppose that g is a zero of L(n) —
a; with multiplicities /. It can find § > 0, for large enough n, such that L, (n) is
holomorphic in A(ng, §).

Let

L, —
on(n) = % 2)

n
Then {¢, ()} is holomorphic in A(ng, ).
Itis asserted that (i) {¢, (17)} is not normal at 5o, and (ii) | ()| < |b1|+1ba|+|b3]
whenever ¢, (n) = 0.
First of all , we prove the claim (7). Suppose, to the contrary, that {¢, (1)} is normal
at no. According to the definition of normal family, there exist 0 < 6; < 6 and a
subsequence of {¢, (1)} (still denoted by {¢;, (1)}), such that
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on(m) = o)

in A(ng, §1), where ¢(n) is holomorphic or identical to infinity in A(1o, &1). Since
L(ng) = a1 and L(n) is nonconstant, there exist points 7, — 1o, for large enough n,
such that L, (n,) — a1 = 0 by Hurwitz’s theorem. And hence

L(nn) —
Pl10) = Tim_ g, () = lim 2200 =41
n—oo

n—0o0 pl]’:

=0. A3)

On the other side, it can find that n, € A(1o, 81) such that iy # no and L(n) # a
according to the isolated of zeros. Thus, it gets, for large enough n, |L, (;76) —ai| >
|L(ng) —a1]/2 > 0. Hence

|La(ng) —atl L) — a1
lgn(no)| = — 00
o ok 20k

n

Then, ¢, (n) = oo in A(ng, §1), which contradicts Eq. (3). So the claim (7) is proved.
Next, we prove the claim (ii). Indeed, assume that ¢, () = 0, it gets that f(z, +
pn) = aj € E1 by Egs. (1) and (2). By the condition f(z) € E; = f®(z) € E, it
gets f® (2, + pan) € Ez. Hence, 95" ()| = | f® (@n + pam)| < 1b1] + |b2] + |b3.
Thus the claim (ii) holds immediately.
Then, according to the claim (i) and Lemma 1, there exist a subsequence of {¢, (1)}
(still marked as {¢, (1)}), points 1, — 1o, and ¢, — 07 such that

n n n Ll’l n n -
o, 6) = 0 ;m: Ont68) =1 1

ntrn

“

where @ (¢) is meromorphic and nonconstant in C. What is more, based on the claim
(ii), it has @%(£) < @%(0) = k(|b1| + |ba| + [b3] + 1) + 1.

It can be asserted that (iii) @ (£) is an entire function in C, (iv) @ (£) has no more
than / distinct zeros, and (v) @ (£) = 0 if and only if o0 (&) € Es.

We first prove the claim (iii). Indeed, based on the fact that {®,,(£)} is holomorphic
in A(ng, 8), and n, + £,€ — no for each & € C, it obtains that @ (&) is an entire
function in C by Eq. (4). Thus, the claim (iii) is proved.

In the following, we prove the claim (iv). Suppose, to the contrary, that @ (£) has (no
less than) [+ 1 distinct zeros: &1, &, . . ., &4+1. Then there exist / + 1 distinct sequences
{64} suchthat §,; — &; and @,(§,;)) =0(j =1,2,...,[+1) by Hurwitz’s theorem
and Eq. (4). Hence L,(n, + ¢,8,j) — a1 = 0. Obviously, n, + ¢,&,; — no and
N+ Enéni # Mn + Enépj for 1 <i < j <1+ 1.1t gets that 1 is a zero of L(n) — a;
with multiplicities at least / 4+ 1 by Eq. (1). But, this contradicts the fact that ng is a
zero of L(n) — a; with multiplicities /. So, the claim (iv) is true.

Last, we prove the claim (v). On the one hand, set @ (§p) = 0. Combining @ (§) # 0
and Eq. (4) with Hurwitz’s theorem, it follows that there exist points &, — &y such
that @, (&,) = 0. Then L,,(n, + ¢n&n) — a1 = 0. It gets that

f @+ pntin + pnénén) = a1 € Ey.
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According to the condition that f(z) € E; = f®(z) € Ez,and0 max [ fD) =0
<i<k—
whenever f(z) € Ey, it yields

_ f(i)(zn + Pnn + Pnnén)

k—i k—i

o (&,)
Cn Pn

=00<i<k-1

and

®® (&) = O (24 4 punn + Pulakn) € En.

It gets that @ (&) = 0 (0 < i <k — 1), #® (&) € E; according to @ (&) —
@D (&y). Further, we obtain that all zeros of @ (&) have multiplicities at least k.
On the other hand, assume that (D(k)(éo) € E,, and o® (é9) = by. It can be

concluded that @® (£) % by. Otherwise, @ (£) = by (Sﬁl)k since all zeros of @ (&)
have multiplicities at least k. By simple calculation,

k .
bE) f|$1|215

o%0) < 2 !
“-{um, if 18] < 1.

That is, ®#(0) < k(|b1|+ |b2| + |b3]| + 1) + 1 which contradicts the fact that ®*(0) =
k(Ib1| + |b2| + |b3] + 1) + 1. Thus, @®)(£) = by. Then, there exist £, — &g such
that 45,(,]() (&,) = by by Hurwitz’s theorem. Clearly,

f(k)(zn + Pntn + Pnlnén) = b1 € En.

It follows from f(z) € E; < f®(2) € E that f(z, + ppiin + pninén) € E1. And
we claim that there exist a subsequence of { f (2, + pPunin + Pu¢n&n)} (still marked as

{f (zn + Punn + Pn&nén)}) such that
S @n + ontin + Pn&nén) = ar.

Otherwise, there exists f(z, + pnnn + Pnénén) = ap for large enough n. Then, Eq.
(4) deduces

@ (&) = lim ®,(&,) = lim f @+ pntin :‘ fné‘n%_n) —aj — lim aZk_le — o0,
n— 00 n— 00 é‘n Pn n— 00 7 P

which contradicts the fact that @®) (&) = b;. Thus, there exist a subsequence of
{f @n 4 putin + Pn&n&n)} (still marked as { f (2, + Pn7n + PnCnén)}) such that f(z, +
Pnlln + Pnlnéyn) = ay. Obviously,

Do) = lim B,(5) = lim LT ELGE) A1 _
n— 00 n— 00 Cnpn

Hence, the claim (v) is proved.
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The claims (iv) and (v) imply that @ ® (£) — by, @® (£) — by and W (¢) —
have only finitely many zeros. Thus, @ (£) is a polynomial according to the claim (iii)
and Lemma 4.

Set

DE) = cpEP +cp 18P 4 fe,

where p € Z%, co, c1,...,¢ p(7# 0) are complex constants. And Lemma 3 yields

3
1
2T (r, <1§(k)) < E N (F, m) + S(r, d)(k))- (5)
i=1 !

Furthermore, the claim (v) deduces

1
ZN( (b(k)_b>§N<r,5>=plogr. (6)

Obviously, T (r, ®®) = (p — k) logr and S(r, ®*®) = O(1). Combining this fact
and Eq. (6) with Eq. (5), it yields

(p—2k)logr < O(1), asr — oo.

So, p < 2k. Moreover, we know that all zeros of @(£) have multiplicity at least k.
Thus, four cases are divided as follows:

1. When 1 < p <k — 1. It obtains that @ (£) is a polynomial with degree at most

k — 1. This contradicts the fact that all zeros of @ (&) have multiplicities at least k.
k

2. When p = k. It gets that & (£) = ¢ &5 and @®(¢) = ¢, where ¢ # 0. 1t
follows from the claim v that ¢x € E,. Thus, @® (&) € E; for each & € C. However,
@ (&) has only one distinct zero. This contradicts the claim v.

3. Whenk + 1 < p < 2k — 1. It yields that ®(§) = c,,@*p—%l)’. And @® (£) is
a polynomial with degree p — k (> 1). Thus, &0 (&) = a;(i = 1,2,3) has at least
three distinct zeros. But, @ (£) has only one distinct zero. This contradicts the claim
v.

4. When p = 2k, it obtains that @ (&) = o T ERT or @ (£) = ¢y EET
and @ ¥ (£) is a polynomial with degree k. Thus, @® (&) = a; (i = 1, 2, 3) has at least
three distinct zeros. However, @ (£) has at most two distinct zeros. This contradicts
the claim v. Therefore, Theorem 1 is proved.

Proof of Theorem 2 Suppose, to the contrary, f(z) is not a normal function in A. Then,
based on Lemma 2, there exist points z,, € A, positive numbers p, — 0 such that

La() = f(zn+ pan) 2 L),

where L(n) is a nonconstant holomorphic function in C.
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It is asserted that L'(n) = O whenever L() = ay, az, a3. In fact, assume that
L(ng) = ay; then there exist points 1, — 1o, for large enough n, such that a; =
L, (1) = f(2n+ pnnn) by Hurwitz's theorem and L () is nonconstant. Thus | f'(z,, +
ontin)| < A according to the condition that | f'(z)| < A whenever f(z) = a;(i =
1,2,3). Then |L;, )| = |pn f"(zn+ punial < puA.Clearly, L'(no) = lim L}, (1) =

0. Then L’(n) = 0 whenever L(n) = a;. Similarly, it gets that L'(n) = 0 whenever
L(n) = aj or az. Then, the claim is proved.

Referring to the fact that L(n) is nonconstant, one may easily get L'(n) # 0. And
based on the fact L(#n) is nonconstant and Lemma 3, it follows that

3
2T(r, L) < Y N(r, )+ S(r, L)

= L —a;
1
SN('Z?)'FS(’”,L)

1
ST(V,U)+S(V,L)

<T@, LY+ S, L)
<T(@r,L)+S(r,L).

One can then obtain T'(r, L) = S(r, L), which is a contradiction. Thus, f(z) is a
normal function in A. This completes the proof of Theorem 2. O
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