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Abstract We determine the canonical form of a Hamiltonian matrix X € sp(2n, R)
under symplectic similarity, and the canonical form of a matrix ¥ € o(m) in the
orthogonal Lie algebra under similarity. This is a well known problem, and it has been
solved by means of different techniques. Our contribution is to provide a new solution
through elementary linear algebra. As an application, a list of the non-equivalent two-
and four-dimensional quadratic Hamiltonians is given.
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1 Introduction

Let (V, B) be a 2n-dimensional real symplectic space endowed with a symplectic form
B : V x V — R. Given two real linear transformations X1, X» in the symplectic Lie
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algebra sp(V), a very well known problem in Lie theory is to determine if X1, X» are
simplectically similar, that is, to find out if there exists a symplectic transformation
T e Sp(V) such that X, = T-!o X o T. This is equivalent to determine if X
and X, are congruent under the adjoint action of the Lie group Sp(V) into its Lie
algebra sp(V). Then, determining the different real canonical forms of X € sp(V)
under symplectic similarity is equivalent to classify the Sp(V')-adjoint orbits of sp(V).
Letting (V, B) be now am-dimensional real vector space endowed with a inner product
B : V xV — R, the same problem arises for the orthogonal group O(V): determining
the different real canonical forms of X € o(m) under similarity is equivalent to classify
the O(rm)-adjoint orbits of o(m).

The aim of this work is to provide a new solution to this problem through elementary
ideas: with basic concepts corresponding to a first course on linear algebra, we can
compute the real canonical form of a given linear transformation X in the symplectic
Lie algebra sp(V') under symplectic similarity, and the real canonical form of a given
linear transformation Y in the orthogonal Lie algebra o(V) under similarity. At our
knowledge, there is not a reference for that mentioned before.

A linear transformation X in the symplectic Lie algebra sp (V') (and its matrix repre-
sentation [ X |, in some fixed basis of V) is called Hamiltonian. There is a vast literature
concerning the problem of computing the real canonical form of a Hamiltonian matrix
[X] under symplectic similarity (see [1,3,4,8] and the references given therein). For
example, in [8] Williamson determined when two Hamiltonian matrices are simplec-
tically similar, but a constructive procedure for computing the canonical forms was
not provided. On the other hand, to give explicit canonical blocks for Hamiltonian
matrices, Laub and Meyer analyzed in [3] the canonical form of a Hamiltonian matrix
restricted to its generalized eigenspaces; in particular, the non-trivial cases where the
matrix has zero or pure imaginary eigenvalues are treated by using an extension of the
symplectic form. In [4], Lin, Mehrmann and Xu studied canonical forms for Hamilto-
nian and symplectic matrices or pencils under equivalence transformations that keep
the class invariant, as close as possible to a triangular structure in the class. More
recently, in [1], Duong and Ushirobira reviewed the problem of obtaining a classifica-
tion for the adjoint orbits of Sp(2n, R) into sp(2n, R) and O(m) into o(m), in terms of
parametrizing the invertible Fitting decomposition of a skew-symmetric map. On the
other hand, the best general reference for the study of conjugacy classes and central-
izers in a connected semisimple group is the book written by Humphreys, Conjugacy
clases in Semisimple Algebraic Groups (see [2]). In the introduction of this book the
author points out that it is both a monograph and a survey, and he provides a detailed
review of the classical progress made so far on the subject. We invite the interested
reader to consult [2] for more details.

Our approach consists the following: let g(V, B) denote either a symplectic Lie
algebra sp(V) or an orthogonal Lie algebra o(V'), and let G(V, B) denote the corre-
sponding Lie group. A linear transformation X € g(V, B) induces a decomposition of
the vector space V in terms of indecomposable cyclic subspaces V, C V associated to
the spectrum o (X) of X. Moreover, for & # 0, each subspace V, comes with its dual
pair V_, in such a way that V) @ V_, is a subspace endowed with the same type of
geometry as V'; whereas if . = 0, the cyclic subspace Vj (if any) also admits a similar
decomposition, that is, V can be decomposed as an orthogonal sum of subspaces that
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are equipped with the same type of geometry as V. We use this idea to understand the
interaction of the cyclic subspaces associated to the spectrum o (X), and to obtain the
canonical form of X under the action of G(V, B). No attempt has been made here to
develop or improve the theory presented in previous works on this topic. The important
point here is to note that, with elementary concepts in linear algebra, we can obtain
either the canonical form of X € sp(V) under symplectic similarity or the canonical
form of Y € o(V) under similarity.

The paper is structured as follows: in Sect. 2 we set up notation, terminology, and we
present some preliminaries results. Section 3 provides an explicit way to compute either
the real canonical form of X € sp(V) under symplectic similarity, or the canonical
form of Y € o(V) under similarity. Finally, Sect. 4 contains a brief summary of how
the classification problem for quadratic Hamiltonians corresponds to the classification
problem for the Sp(2n, R)-adjoint orbits of sp(2n, R). Hence, we apply the results
obtained in previous sections to describe the non-equivalent quadratic Hamiltonians for
the standard low dimensional real symplectic spaces (R?, ) and (R*, ), respectively.
Our motivation comes from the fact that in [7], Ovando described mechanical systems
for quadratic Hamiltonians on a standard symplectic space (R*", w), making use of
the coadjoint orbits of the (2n 4 1)-dimensional Heisenberg Lie algebra.

2 Preliminaries

Throughout this work, and unless otherwise is stated, V' is a finite dimensional real
vector space. However, since the eigenvalues of a linear transformation can be complex,
sometimes we shall make use of the field of complex numbers C to finish the arguments.
We shall suppose that every real vector space is embedded in some complex space
of the same dimension. For any linear transformation X : V — V, [X] denotes its
matrix representation in some fixed basis of V.

Let B : V x V — R be a non-degenerate skew-symmetric bilinear form on a 2n-
dimensional vector space V. Then we say that B is a symplectic geometry on V and in

0 -1,

I, 0 ] be
a complex structure on R2" the standard example is (R?", @) where w(x, y) =x'Jy
for all x,y € R?". Let Sp(V) be the isometry group of B, that is, the group of
transformations 7' € GL(V) that preserve the symplectic geometry B:

this case the pair (V, B) is called a symplectic vector space. Letting J = [

Sp(V) = {T € GL(V) | B(Tu, Tv) = B(u,v), Yu,v € V}.

It is a well known fact that Sp(V) is a Lie group and it is called symplectic. For the
standard symplectic space (R>", w), this group is denoted by Sp(2n, R) and it can be
identified with the linear Lie group {A € Mat(2n x 2n,R) | A’JA = J}. Then, we
simply write Sp(2n) when no confusion can arise. An element 7 € Sp(V) is called a
symplectic transformation, and without loss of generality we also say that its matrix
representation [7] is a symplectic matrix, that is, [T'] € Sp(2n, R).
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It is straightforward to verify that the Lie algebra sp(V') of Sp(V) is given by
sp(V) ={X € End(V) | B(Xu,v) + B(u, Xv) =0, Yu,v € V}.

For the standard symplectic space (R>", ), this Lie algebra it is denoted by sp(2n, R),
and it can be identified with the linear Lie algebra {A € Mat(2n x 2n,R) | A'J +
JA = 0}. Again, we simply write sp(2n, R) when no confusion can arise. A linear
transformation X € sp(V) is called a Hamiltonian operator, and without loss of
generality, we say that its matrix representation [X] is a Hamiltonian matrix, that is,
[X] € sp(2n, R).

Given a symplectic transformation 7 € Sp(V) and a Hamiltonian operator X €
sp(V), it is easy to see that T~! o X o T is again a Hamiltonian operator. Then we
say that two Hamiltonian operators X1, X, are symplectically similar if there exists
a symplectic transformation 7 € Sp(V) such that X, = T~! o X o T. Clearly this
defines an equivalence relation. Since the adjoint action of Sp(V) in sp(V) is defined
by (T, X) —> T~ ' o X o T, saying that X, X, are symplectically similar it is
equivalent to say that X; and X, are congruent under the adjoint action of the Lie
group Sp(V) into its Lie algebra sp(V).

Suppose now that B : V x V — R is a non-degenerate positive definite symmetric
bilinear form on a m-dimensional vector space V. In this case we say that B is an
orthogonal geometry on V, and (V, B) is called an orthogonal vector space. The
standard example is (R™, g) where g(x, y) = x’y for all x, y € R™. Analogously to
the previous setting, we can consider the isometry group of B:

O(V) = {T € GL(V) | B(Tu, Tv) = B(u,v), Yu,v e V).

O(V) is called an orthogonal Lie group. For the standard orthogonal space (R, g),
this group is denoted by O(m) and it can be identified with the linear Lie group
{A € Mat(m x m,R) | A’A = I,,}. Then we simply write O(m) when no confu-
sion can arise. An element 7' € O(V) is called an orthogonal transformation. The
corresponding orthogonal Lie algebra o(V) is given by

o(V)={X € End(V) | B(Xu,v) + B(u, Xv) =0, Yu,v € V},

and for the standard orthogonal space (R™, g), the corresponding Lie algebra can be
identified with the linear Lie algebra of skew-symmetric matrices o(m). Hence, we
simply write o(m) when no confusion can arise. We say that two linear operators
X1, X2 € o(V) are similar if they are congruent under the action of the adjoint map
of the Lie group O(V) into its Lie algebra o(V).

The linear Lie groups Sp(2n), O(m) and their corresponding linear Lie algebras
are called classical. A very well known and interesting problem in Lie Theory is to
determine a classification of the adjoint orbits of classical Lie algebras sp(2n, R) and
o(m) for non-zero natural numbers m, n. This problem has been solved by means
of different techniques (see for example, [1,4] and the references given there). In
particular, observe that the problem of providing an explicit classification for the
Sp(2n, R)-adjoint orbits of sp(2n, R) is equivalent to the problem of determining
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the real canonical form of a Hamiltonian matrix X € sp(2n, R) under symplectic
similarity, and it has been solved in [3,5,8], for example.

Symplectic similarity is more restrictive than ordinary similarity. For example, the
Hamiltonian matrices X = [ 701 é Jand X, = [(1) _0] ] are both the real Jordan forms for
the harmonic oscillator; however, there does not exist a real symplectic transformation
T € Sp(2, R) such that X, = T—106 X; 0T (see [5] for more details). Therefore, X,
and X, determine different Sp(2, R)-orbits in the Lie algebra sp(2, R). This implies
that one should expect more canonical forms than the usual Jordan canonical forms.
Analogously to the ordinary similarity case, the eigenvalue structure of a Hamiltonian
operator plays an important role to determine its canonical form under symplectic
similarity. Then the aim of this work is to provide a new solution to this problem
through basic elementary concepts studied in first course on linear algebra, as follows:

Let B : V x V — R be either a symplectic or an orthogonal geometry in V and
denote by g(V, B) its corresponding Lie algebra. For any endomorphism X € g(V, B),
let o(X) be the spectrum of X, that is, o (X) is the set of all the eigenvalues of
X : V — V. Suppose that X has r (not necessarily distinct) eigenvalues A1, ..., A,
and let us consider the decomposition of V in terms of the (X — A; Idy)|y, -cyclic
subspaces V, associated to the spectrum o (X) of X: l

V=V, ® - DVy,. ()

We say that each Vj,; in (1) is a cyclic subspace for short. Observe that each Vj,
is indecomposable in the sense that if Vj, is written as a direct sum of two (X —
Aildy)| Vi, -invariant subspaces, then one of them has to be zero.

For each cyclic subspace V},, there exists a cyclic basis {e’i e ein[ } such that the
restriction X|VM 1 Vi, — V3, satisfies X(e’i) = )»,-e‘i and X(e}'() = )\ief( + e,i_l for
2 < k < m;. In this basis, the matrix representation of X |VA,- : Vo, = Vi, is given by

A 10 0
0 X 1 0
[Xlv, 1= : :
0 0 o 1
0 0 0 A

Let m; = dimg Vj,, then [X|VA,»] = Al + Ny, where I, € Mat(m; x m;, R)
denotes the identity matrix, and Ny € Mat(k x k, R) denotes the matrix given by

010 ..0
001 ...0
Nie = : :
000 ...1
000 ...0
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Since A; is assumed given, [X|y, | = A1y, + Ny, is a Jordan block on the Jordan
canonical form of [X], and it is lcompletely specified by its size, m; = dimg Vj,.
Furthermore, it is a well known fact that each Vj, is an (X — A; Id |y, )-invariant
subspace of V. Then, the Jordan form Theorem implies the existence of a Jordan
matrix associated to X : V — V with ¢ (not necessarily distinct) Jordan blocks
[X| Vi, ] written in terms of the cyclic bases of each V.

Thus, given either a symplectic or an orthogonal geometry B: V x V — Rin V,
we shall first understand how the different cyclic subspaces V;, mutually interact.

For simplicity of the following calculations, in each cyclic subspace V;, we fix a
cyclic basis {e’i, R eﬁnl_}, and we define ef) :=0foralll <i <r.

Lemma 2.1 Let X € g(V, B) be a linear transformation having A;, A; € o(X) as
two (not necessarily distinct) eigenvalues. Let V), and V) ; be the cyclic subspaces of

V associated to A; and A j, respectively. If{e’i S, e,"ni} and {e{, R e,];,j} are cyclic
bases of Vy; and V) ;, respectively, then

(hi + 1)) B(e}, ¢f) = —Blej_y, ¢]) — Blep. ¢]_))

foralll <k <m;and1 <1 <m;.

Proof Since X € g(V, B) satisfies that B(Xu, v) + B(L_t, Xv) =0forallu,v e V, it
is enough to take u = e}; forall ]l <k <m; andv = el] forall 1 </ <m;j. O

Proposition 2.2 Let X € g(V, B) be a linear transformation having X;, X; € o(X)
as two (not necessarily distinct) eigenvalues. Let Vy; and V) ; be cyclic subspaces of
V associated to A; and A, respectively.

(1) If A + Aj # O, then the restriction B|VM Vi Vi X VA,- — R is identically
zero.

2) If i + Aj = 0 and the restriction B|(Vx,-@ij)><(VA,-@VAj) (Vy, @ ij) x V), ®
Vi,;) = R is a non-degenerate bilinear form, then there exist bases for Vy; and
V; for which the matrix of the restriction B|y,, ®Vs )X (Vi 8V,) is given by

0 I,
[Bl(vs, @i )< (v, @v; )] = I:_Imi 0 ] :

where m; = dimg V), .
Proof Assume that X € g(V, B) satisfies the conditions stated above. Then,
(D) Ifa; + 45 #0,it follo\ys fr_om Lemma 2.1 that B(e’i, e{) = 0. Now, applying
again Lemma 2.1 to B(e!, ¢ ) for [ > 2, we obtain that
(i + ) Ble}, e ) = —B(eh, e]) — B(e}, ¢]_))

= _B(ella e;,])v
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2

and then B(e{, ef) = Oforall 1 </ < m;. Analogously, we have that B(eé, e’i) =
0 and hence B(eé, ef) = 0forall 1 <[ < m;.In the same way we conclude that
B(e],ely=0foralll <k <m;and1 <1< m

Suppose now that A; + A; = 0. Since A; = —A4;, the bases for V;, and V,; have
the same cardinality, let us say that it is m;. From Lemma 2.1 it follows that

B(e}, el ) =—B(e}_,,¢/) foralll <k,I<m.

Consequently, we have that B(e’i,e{,) =O0foralll < p < m; — 1 and
B(el, em ) # 0 since B is a non-degenerate bilinear form. In the same man-
ner we can see that B(ek, el) 0 when k + [ < m;, whereas B(ek, el) =
(—l)mi—lB(e]{_(m[__l), efni) when k 4+ [ > m;.

Letting By = (—l)’"i_’B(e,{_(mi_,), el,) when k +1 > m;, it follows that the
matrix [ By;] representation of B|VM XV is given by

0 O P O Bl’mi
0 0 oo —Bim, Bom

[Bul = : : : : ’
(=)™ By e (=)™ 2By . ... —Bumi—1.m; Bumy.m;

which it is clearly non-singular.

A straightforward calculation shows that [Bi]~!is given by

Al —App ... (—l)mi_zAl,mi—l (_1)mi_1A1,mi
(Bul™! A=Az .. (=DMT2A, 0
kl = . . :
Atm, 0 ... 0 0

Observe that taking f,f = Zv 1k+l( l)s_lAl,k_H_leg, the matrix [Bg]™!
}into a basis { ], ..., f}, } such that B(f{.¢]) =
8,1{. Thus, the matrix representation of By, ®Vy ) x(V;,8V,) is given by

changes the basis {e’i, el m

0 I,
[B|(in®VAj)><(VA,-GBVAj)]= |:_Im,- 61']

O

Remark 2.3 Since the second statement of Proposition 2.2 above implies that there
exist bases of Vj,, and VAJ. such that

0 I,
[B|<vk,.eavkj>x(wieavkj>]=[_Im ;’;]
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we can identify the cyclic subspace Vj; with its dual space V;‘i. In this case we say
that the subspace VA_, is a dual pair of V).

Corollary 2.4 Let X € g(V, B) be a linear transformation as in Proposition 2.2(2)
above. Then, the matrix representation of X | Vi@V Vi, @ Vi, = Vi, @ Vy, isgiven
by

~Ajlm, — N}, | 0
X )= | — L .
Xl 0,1 [ 0 |)\,»1m,.+Nm,-]

Proof Since A; + A; = 0, there exist bases {fli, R fn’;’,} and {e{, R e,];,i} of Vy,
and Vj,;, respectively, such that

0 In,
[Blov,, @vi)x(vi, @3 )] = [—Im,- 0 ]

Then, it will be enough to understand the action of the restriction Xy, : V3, — V),

in the basis {f{..... fi}. Recalling that f;{ = SN 1) A el for
1 < k < m; we have that

m,——k—H

X(fh= Y (DA X(e)
s=1
m;—k+l

> D T A (ki ey
s=1

mi—k+1 m;—k+1
= Y D TMAngie+ Y (DT A g

s=1 r=1
= )“iflé - fkl+1
= _)‘jflé - f;é+17

whereas for k = m;, it follows that

X(fp,) = AlmX(e)
= )"iA],mieli == )\lfrfu
= _}‘jfriz,-'

Then, the matrix representation of X|y, : Vy; — Vy, is given by

[X|V)»i] = [_)”/Im, - Nl ]7

m;

where N, is the transpose matrix of Ny, O
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Remark 2.5 Without loss of generality, consider the standard symplectic space
(]RZ", w). Clearly, a Hamiltonian matrix X € sp(2n, R) satisfies that [X]'[B] +

[B][X] = 0, and hence
A
1= H%} , @

where A, C, and D € Mat(n x n, R) with C and D symmetric.

Observe that the Jordan canonical form of such X € sp(2n, R) is not necessarily
a Hamiltonian matrix. However, if X € sp(2n, R) has eigenvalues A;, A; € o(X)
satisfying the conditions given in Proposition 2.2 (2), then V;, @ V,;, C V is
a symplectic subspace and, as a consequence, X |in@vkj is also a Hamiltonian
transformation. Thus, from Corollary 2.4 we conclude that the canonical form of
X |Vx,-69ij Vi, @ V;LJ. — Vi ® VAj is a Hamiltonian matrix:

N _)\jlmi_Nilni| 0
[X|V}\i®V;LJ.] = |: 0 |Ajlmi + Nu, |’ 3)

From Proposition 2.2 we also have the following corollaries:

Corollary 2.6 Let X € g(V, B) be a linear transformation as in Proposition 2.2
above. If i # 0 and 0 are eigenvalues of X, then the restriction Bly,xv, : Vo x V), —
R is identically zero.

Remark 2.7 1If X € g(V, B) is a linear transformation satisfying the conditions stated
in Corollary 2.6 above, it follows that the restriction Bly,xv, : Vo x Vo — R is
non-degenerate. Furthermore, Proposition 2.2 (2) implies that there exists a basis of
Vi such that

0 I,
[B|VOXV0]:|:—ImV 611i|

Hence, Vj can be decomposed as follows:

Vo=U1©---0U, & U, 8U;) & - & Uy ®Uy),
where foreach 1 <i <r, U; is a subspace endowed with the same type of geometry
as V; whereas foreach 1 < j <k, Ujj is the dual pair of the subspace Usj. Then it

follows that (Us; & U s*]_) is endowed with the same type of geometry as V.

Corollary 2.8 Let X € g(V, B) be a linear transformation as in Proposition 2.2
above. If . # 0 is an eigenvalue of X, then the restriction Bly, xv, : Vi x V), = Riis
identically zero.

Corollary 2.9 Let X € g(V, B) be a linear transformation as in Proposition 2.2 (2)
above. If & # 0 is an eigenvalue of X, then —\ is also an eigenvalue of X.

Corollary 2.10 Let X € g(V, B) be a linear transformation as in Proposition 2.2

above. If & = a + bi is a complex eigenvalue of X witha # 0 and b € R, then —A, A
and —\ are also eigenvalues of X.
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Now, we can state the main Theorem of this section:

Theorem 2.11 Let B : V x V — R be a geometry on V and consider the Lie algebra
a(V, B). Then, any linear transformation X € g(V, B) induces a decomposition of
V as an orthogonal sum of the cyclic subspace Vi associated to ). = 0 (if any), and
dual pairs associated to the nonzero eigenvalues £A1, ..., £A; of the spectrum o (X)
of X:

V=WWe(Vy,dV_)d & (Vi &V_y,).
Moreover, Vyy also admits a similar decomposition, that is,

V0=U1®"'®Ur®(Ux1 @U;)Ga"'@(Usk@U;),
where each one of the subspaces U; (1 < i < r), US_;‘ ® US*/. (1 <j <k)and
Vi, ® V_y, (1 <r <t) are endowed with the same type of geometry as V.

Proof 1Tt is a direct consequence of Proposition 2.2. O

Remark 2.12 Let p : g — gl(V) be a finite dimensional representation of a Lie
algebragandlet B : V x V — Rbe abilinear form in V. We say that B is p-invariant
if

B(p(x)u,v) = B(u, p(x)v) Vx g, VYu,veV.

Suppose that (V, B) is a vector space endowed with either a symplectic or an orthog-
onal geometry B : V x V — R, and let p : g(V, B) — gl(V) be a completely
reducible finite dimensional representation of g(V, B). If B is p-invariant, then V can
be decomposed as follows:

V=U1® --eUreWeWHe --&(W e W),

where each one of the subspaces U; (1 < i < k) and W; @ W;.k(l < j <l are
endowed with the same type of geometry as V (see [6]).

3 Real canonical forms of a linear transformation X € g(V, B) for
symplectic and orthogonal geometries

Let V be a real vector space endowed with either a symplectic or an orthogonal
geometry B : V x V — R, and consider its corresponding Lie algebra g(V, B).
Using the results obtained in Sect. 2, in this section we shall to determine the real
canonical form of a Hamiltonian operator X € sp(V) under symplectic similarity,
and the canonical form of a linear operator X € o(V) under similarity.
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3.1 Real canonical forms of Hamiltonian operators

From Theorem 2.11 we know that X € sp(V) induces a decomposition of V as an
orthogonal sum of the cyclic subspaces associated to the spectrum o (X) of X; hence,
we shall first compute the real canonical forms of the restrictions X|y, : Vi — V)
for any A € o(X) and secondly, we shall determine how these real canonical forms
mutually interact.

To do this, recall that the complex eigenvalues of a Hamiltonian transformation
X appear in foursomes A, —A, A, —A where A = a + bi with a,b € R, or in real
pairs A, —A, in each case with equal algebraic multiplicities. First suppose that X €
sp(V) has a pair of nonzero real eigenvalues A, —A satisfying the conditions stated
in Proposition 2.2 (2). Then V) & V_, is a symplectic space and as consequence,
Xlv,ev_, € sp(Vy @ V_,). If X|y,ev_, is diagonalizable, we are done. On the other
case, from Corollary 2.4 follows that the matrix representation of X|y, v, : Vi @
V_, — Vo @ V_, is a Hamiltonian matrix:

[, =N} 0
[XM@V-*]_[ 0 [AMw+Nu ]

Suppose now that A, —A, A, —A are nonzero complex eigenvalues of X € sp(V),
where A = a + bi with a,b € R. Then real canonical form of X|y,gy_, is not
necessarily given by a Hamiltonian matrix, but we can determine a suitable real basis
of the symplectic space W = (V;,, @ V;) @ (V_,, ® V_;) for which the restriction
Xlw € sp(V) is represented by a Hamiltonian matrix.

Lemma 3.1 Let X € sp(V) be a linear transformation having a nonzero complex
eigenvalue .. = a + ib with a, b € R. Suppose that V,_is an m-dimensional complex
cyclic subspace of V. Then, there exists a basis of the symplectic subspace W = (V, &
Vi) ® (V_,, @ V_3) such that the real canonical form of the restriction X |y : W — W
is given by

A L 0 0 7
0 A I 0
0 A 0
. Db
(Xlw]= |0 - 0 A ; ’
—A 0 0 0
-, —AT 0 0
0 -5 —-AT 0
0
L 0 0 -, —AT |

a b 10
where A = |:_ba:|and12: |:01].
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Proof Let X € sp(V) be a Hamiltonian operator having A, —, A, —A as nonzero
complex eigenvalues where A = a + bi with a,b € R. Since V5, V_; and V_;
are also m-dimensional complex subspaces of V, there exist real bases {e; . .. ez, } of
Vi@ Vi,and {f1 ... fam}of V_, @ V_;, such that the canonical form of the restrictions
X|VK@V; Vi@V — Vi@ V;and X|V7A®V,; Vo ®V_; — Vo, ®V_j are given
by

A L O 0
0 A Ib . 0
[Xlv,ev]=| : A 0
I
0 0 A
and
—A I 0 . 0
0O —-A L ... 0
[Xlv ev =] : —A 0 |, )
. L
o ... 0 —A
a b 10
where A = b a:| and I, = [O 1].

Then, to obtain the required Hamiltonian matrix, it will be enough to choose a
suitable basis of V_; @ V_;. Observe that from Eq. (4) follows that the action of
Xlv_,ev_; inthe basis { fi ... fam} of V_, @& V_j is given by:

X(f1) = —afi +bf2,

X(f2) = —=bfi —afa,

X(fi) = fica—afi +bfiy1, foroddisuchthat3 <i <2m —1,
X(fi) = fico—bfi —afi+1, forevenisuchthat4 <i <2m.

Now, defining fk = (—1)[2+kz;1]f2r_(k_1) for 1 < k < 2m, we have that

X(fy=—afi—bfr— fi,
X(f)=bfi—ap+ fa,
X(ﬁ) = —aﬁ - 1fi+2 - bﬁ+3, for odd i such that3 <i < 2m — 1,
X(fi) = —af,- — bﬁ-ﬂ — lﬁ+2, for even i such that4 <i < 2m,
X (for-1) = —afor—1 = b,
X(for) =bfor1 —afo
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Hence { fom, fam—1, - - -, (=D £ (1)1 £ isabasis of V_; @V_; for which
the canonical form of the restriction X|y_, gv_; is given by:

—A" 0 0 . 0
-L, —A" 0 0
'
[X|V—A@V_;] — —-L —A" ... 0
. 0
0 -, —A'

As a consequence, letting W =V, @ V; @ V_, @ V_;, therestriction X[y : W — W
has a canonical form given by a Hamiltonian matrix. O

Remark 3.2 If o = bi with b # 01is an eigenvalue of X € sp(2n, R), we can apply 3.1
to obtain the real canonical form of X|v, gv; . For example, if X € sp(4, R) has only
one eigenvalue @ = bi with b # 0, its real canonical forms under symplectic similarity
are:

Now, if X € sp(V) is a linear transformation having A = 0 as an eigenvalue, from
Proposition 2.2 (2) follows the well known result:

Corollary 3.3 Let X € sp(V) and suppose that 0 € o (X). Then the algebraic multi-
plicity of 0 is even.

Remark 3.4 1f the linear transformation X € sp(V) is such that 0 € o (X), recall that
Theorem 2.11 implies that the corresponding cyclic subspace V can be decomposed
as follows:

Vo=U1® - 0U &U; ®U;) @ ® Uy ®Uy),
where for each 1 <i < r (if any) U; is a symplectic subspace endowed with the same
type of geometry as V; whereas foreach 1 < j <k, U, g*, denotes the dual pair of the
subspace Us; and moreover, Us; @ U;‘; is also a symplectic subspace. Since U; and
Us; ® U ;; are symplectic subspaces of V, we can apply the ideas described before to
determine the canonical form of the restriction X|y, : Vo — V.

Without loss of generality let us suppose that A, u € o (X) are two not necessarily
distinct eigenvalues of X € sp(V). Now, the following Lemma indicates how to obtain
the canonical form of the restriction X|(v,ev_ewv,ev_,) @ (VA ® Vo) & (V, &
Vo) — (Vi @ Vo) @ (V, @ V_p,), in such a way that its matrix representation
[(X|viev_pew,ev._,)] satisfies Eq. (2).
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Lemma 3.5 Let X € sp(V) be a Hamiltonian operator and consider the decom-
position of 'V induced by X, as an orthogonal direct sum of symplectic subspaces
[see Theorem 2.11)]. If V), @ V_, and V,, ® V_,, are two symplectic subspaces in
this decomposition, then the canonical form of the restriction X|(v,ev_, eV, &V_
WNheVoe(VudVoy) — (Vi ® Vo) @ (V, ® V_y) is given by

W

—aly — N, 0
0 —ul, — N!
(X lvievopem.ev o]l = T ¥ N, 0

0 wl, + N,

Proof LetV, @ V_; and V,, @ V_,, be two symplectic subspaces in the decomposition
of V induced by X. Then there exist bases {ey, ..., er, f1,..., fr} of Vs & V_, and
{g1,...8s. h1, ..., hs}of V,, ® V_,, respectively, such that the restrictions X |y, gv_;
and X|y,gv_, have the following matrix representations:

RE
[X'V)L@V,)L] - [ |)LIm ¥ Nm 5

—pl, — Nj| }
|M1n + N, |

(Xlv,ev_,]= [

Now, it is enough to observe that {e;, g;, fi, hj |1 <i <m,1 < j < n}isabasis of
the symplectic subspace (V, @ V_,) @ (V,, ® V_,,), and for this basis we have that:

Ay —N' 0
. 0 —ul, — N}
[(Xlv,evopewev ol = ‘Mm TN, 0

0 uly, + Ny

O

Summarizing, we can compute the real canonical form of a given Hamiltonian opera-
tor X € sp(V) under symplectic similarity as follows: first we compute the spectrum
o(X) of X and consider the indecomposable cyclic subspaces V,, i = 1,...,r,
associated to the spectrum o (X) of X. Then following Theorem 2.11, we decom-
pose the vector space V as an orthogonal direct sum of symplectic subspaces,
V=WVy,®V_y)® - ®(V,, & V_y,), and we may reorder this decomposition in
terms of the increasing dimension of each V;;. Now, for those pairs of real eigenvalues
A¢, —Xg, Corollary 2.4 indicates how to compute the canonical form of the restriction
Xlv,, @v_s, under symplectic similarity. Whereas for those foursome complex eigen-
values A, Xj, —Aj, - j» from Lemma 3.1 we can obtain the real canonical form of
the restriction X |w under symplectic similarity, where W =V, & Vij eV_,,eV_ i
The next step is to apply Lemma 3.5to V,, @ V_;, and Vj, @ V_j, to obtain the real
canonical form of the restriction X | (Vi @V )B(Viy ®V_1,) under symplectic similarity.
Finally, to obtain the canonical form of a Hamiltonian operator X € sp(V), we shall
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continue with this process a finite number of times up to V;, ® V_;,. Observe that in
this setting, we can apply the ideas presented above to deal with the cases of zero and
pure imaginary complex eigenvalues.

3.2 Real canonical forms for linear transformations in the orthogonal Lie
algebra o (V)

Given a linear transformation X € o(V'), we are interested in obtaining its real canon-
ical form under similarity. Since Theorem 2.11 also holds for this case, we can get a
decomposition of the vector space V in terms of indecomposable cyclic subspaces V),
associated to the spectrum o (X) of X. Again, we may reorder the decomposition of
V in terms of the increasing dimension of the subspaces V;, and we can repeat the
procedure described in Sect. 3.1, just noticing that in this case it is not necessary to use
Lemma 3.5 because (V, B) is a vector space endowed with an orthogonal geometry
B:VxV—>R

4 Classification of low-dimensional quadratic Hamiltonians

In this section we describe the non-equivalent quadratic Hamiltonians for a standard
real symplectic space of dimension 2 and 4. Our motivation comes from [7], since
in this work the coadjoint orbits of the (2n + 1)-dimensional Heisenberg Lie algebra

are used to describe mechanical systems for quadratic Hamiltonians on a standard

symplectic space (R", w), where [@w] = [ 1(’)1 7(:” ] In particular, the motion of n uncou-

pled harmonic oscillators is described with this setting. For this reason, in this section
we shall apply the results obtained in Sects. 2 and 3 before, to provide a list of the
nonequivalent quadratic Hamiltonians defined in the standard real symplectic spaces
(R%, w) and (R*, w).

Consider the standard symplectic space (R**, w). A quadratic Hamiltonian is a
quadratic form H : R?* — R such that

1
H(u) = Z8(Su, u), )

where the vector u = (uy, ..., Uy, v1,...,0,) € R2" is written in terms of a sym-
plectic basis and S : R?” — R?" is a symmetric linear transformation with respect to
the canonical inner product g of R?", that is, S satisfies that g(Su, v) = g(u, Sv) for
all u, v € R?". It is usual to say that such linear transformation S is a Hamiltonian
operator, and we denote by M the space of Hamiltonian operators, that is,

M = {S € gl(R*") | g(Su, v) = g(u, Sv) forallu,v € R¥"}.
It is a well known fact that the Hamiltonian equation can be written as follows:
u = JSu, (6)

0 I,

where J = [—In 0

:| is a complex structure in R,
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Observe that the symplectic space (R?", w) is also an abelian Lie algebra equipped
with two ad-invariant non-degenerate bilinear forms: the symplectic form w : R?" x
R?" — R and the canonical inner product g : R?" x R — R (moreover, w is an
integrable form). Then, there exists a linear transformation R : R2" — R2" such that
forall u, v € R?",

w(u,v) = g(u, Rv). (7)

Hence, fixing a symplectic basis for R, it is easy to verify that R : R** — R>"
corresponds to the complex structure J given in Eq. (6).
Now consider a linear transformation X € sp(2n, R), then by Eq. (7) we have that

g(Xu, Jv) + g(u, JXv) =0.
Since for all u, v € R?", g(Ju,v)+g(u, Jv) =0and J? = —I,,, we conclude that
g(JXu,v) = gu, JXv).

That is, J X is a symmetric linear transformation with respect to the canonical inner
product g of R?".

On the other hand, consider now a Hamiltonian operator S € M. Since (Rz”, )
is an abelian Lie algebra and the canonical inner product g : R?" x R? — R is
ad-invariant, it follows that g (v, Su) = g(Su, v) = g(u, Sv) forallu, v € R2" Thus,
by Eq. (7), this is equivalent to:

w(, JSu) = w(u, JSv);

that is,

—w(JSu,v) —w(u, JSv) =0;

and therefore —J S € sp(2n, R). Summarizing, we have proved:

Proposition 4.1 There is a bijection between the space of Hamiltonian operators and
the symplectic Lie algebra sp(2n, R).

Now we are interested in determining the conditions under which two quadratic Hamil-
tonians are equivalent.

We say that two quadratic Hamiltonians Hy and H; are equivalent if and only if there
existsamap T € Sp(2n, R) such that Hy (1) = H>(Tu) forallu € R2, By definition
we know that Hy (u) = 3g(Siu, u) and Hy(T (u)) = 3g(S2Tu, Tu) = g(Tu, S,Tu)
for all u € R?", where S; and S, € M are Hamiltonian operators. Thus fixing a
symplectic basis for (R%", w), condition H;(u) = H>(Tu) holds if and only if the
corresponding matrix representations satisfy

[$11" = [TT[S:A(T].
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Table 1 Nonequivalent quadratic Hamiltonians for R2

Eigenvalues Decomposition of Canonical Quadratic
rea(X) R2 given by case forms for Hamiltonian
X esp2,R) H(x,y)

A=0 4.1.1.1 0 0

_ 0 +1 2
A=0 4.1.1.2 |:0 0 ] +y“/2
L eR—{0} 4.1.2.1 |:3 0 :| Axy

. b 2 2

A=0bi,beR—{0} 4.1.2.2 b Fb(x +y9)/2

Since T : R¥" — R isalinear transformation in the symplectic Lie group Sp(2n, R),
it is easy to verify that [T]" = —JIT1"'J and hence,

[TY[S20[T] = —J[T1" ' J[S:]IT].

Now from Proposition 4.1 above it follows that J X»> € sp(2n, R). Thus, the classifi-
cation problem for quadratic Hamiltonians corresponds to the classification problem
for the orbits of the adjoint action of the symplectic Lie group Sp(2n, R) into its
symplectic Lie algebra sp(2n, R):

Sp(2n, R) x sp(2n, R) — sp(2n, R),
(T, X)—~> T7'XT.

Hence, the results established in Sect. 2 can be used to determine the canonical form
of a Hamiltonian transformation X : R*" — R?" under symplectic similarity. We
shall exemplify this in the following setting: first, consider the real symplectic space
(]Rz, ). To determine when two quadratic Hamiltonians Hj and H; are equivalent, we
shall compute the canonical forms of the corresponding Hamiltonian transformations
X1, X2 € sp(2n, R) under symplectic similarity. Then we consider the real symplectic
space (R*, w) and we proceed in the same way. Hence, following the notation intro-
duced in Sects. 4.1 and 4.2 below, the next Theorem summarizes the main results of
this section:

Theorem 4.2 For n = 1,2 consider the standard symplectic vector space (R*", w).
Given a Hamiltonian transformation X € sp(2n, R) with spectrum o (X), let [X]
denote its canonical form under symplectic similarity.

(1) For n = 1, consider X € sp(2,R), then the list of non-equivalent quadratic
Hamiltonians H : R* — R is given by Table 1 as above.

(ii) For n = 2, consider X € sp(4,R). Then the list of non-equivalent quadratic
Hamiltonians H : R* — R is given by Table 2 as follows:



70 Peniche et al.

Table 2 Nonequivalent quadratic Hamiltonians for R4

Eigenvalues Decomposition of  Canonical form for Quadratic
reo(X) R* given by case X esp(4,R) Hamiltonian
H(uy,up, v, v2)
A=0 4.2.1.1 0 0
[01 0 0
_ 00 0 =+I1 2
r=0 42.1.2 000 0 upvy £v2°/2
10010
[01 00
0000
r=0 4213 00 0 0 us vy
L0010
[0 00
A=0 00 0 O
LeR - {0} 42.1.4 00—p0 Huqivy
00 0 O
0 0xbO
A=0 0000 2 2
p,:bi,be]R—{O}4'2'1'5 50 0 0 +£b(uy +vy)/2
L0000
[0 0 0
A=0 00 0 =1 2
weR — {0} 4.2.1.6 00—p 0 puivy £v5/2
100 0
00b O
0 00 %1
-b00 0
A=0 0000 (bW? +v}) £ v3)/2
. 4.2.1.7 o e 2 5 5
w=>bi,beR—{0} 00—-b 0 (=b(uy +vy) £v3)/2
00 0 +1
b0 0O O
000 O
[a b0 O
nw=a+bi —ba 0 O
a,beR— [0} 4221 0 0—a b a(uivy) + urvp) + b(upvy — ujv2)
L 0 0—b—a
B 0 0 Fb
uw=hi 0 0 F 0
beR—{0) 4222 0 4b 0 0 Fb(ujus + vivp)
|+ 0 0 O
[0 b1 0
M=bi $b 001 2 2 _
beR—{0) 4223 0 0 0+b (v1+v2)/2:|:b(u2v] uivy)
L 0 ¥60 0
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Table 2 continued

Eigenvalues Decomposition of Canonical form for Quadratic
rea(X) R4 given by case X esp(4,R) Hamiltonian
H(uy, up, vy, v2)
[0 0Fc 0]
000 —b
b +c0 0 0
N 4924 L0560 0] :F(c(u%+v%)/2i(u2§+v§))/2
bceR—(0) [0 0 Fc07] Fle@d +v])/2F W3 +v3)/2
0 0 05»b
+c 0 00
L 0 —b 0 0]
[—v 0 0 0 ]
u=>bi,beR—{0} 0 0 0Fb _ 2 2
veR— {0} 4225 0 0 v 0 vuvyFb(uy +v3)/2
L 0 £0 0 |
o 0 0]
0 0 0
peR— (0} 4226 0 ‘é 40 w(u vy + upvo)
L00 0 —u |
w1l 0 0]
0 0 0
1 eR—{0) 4227 o ’(j a0 Wi vy + uava) + upv
100 —1 —u |
[—v 0 00
n,veR—{0} 0 —n00
Y 4228 0 0 voO — UV — VUqv|
0 0 Ou

Proof Given X € sp(2n, R) forn = 1, 2, we shall analyze the spectrum o (X) to pro-
vide its possible canonical forms under symplectic similarity, and thus, to establish the
corresponding quadratic Hamiltonian. For this we shall proceed by cases, as follows.

4.1 Case 1

(R?, w). Let J = [(1) Bl] be a complex structure on (R?, w) and let X € sp(2, R) be

a Hamiltonian operator with spectrum o (X). Since R? is an irreducible symplectic
space, we have to consider the following cases:
4.1.1. Suppose that R? = Vj, that is, A = 0 is the unique eigenvalue of X € sp(2, R).
Thus, we have the following:
4.1.1.1 When X € sp(2, R) is diagonalizable (that is, X is identically zero), we have
that H(x, y) = 0 for all (x, y) € R
4.1.1.2 If X € sp(2, R) is not diagonalizable, then their canonical forms under sym-
plectic similarity are given by
0 =1
[X] = [O 0 } ,
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and the corresponding quadratic Hamiltonians are H (x, y) = +y?/2.

4.1.2. Suppose that R2 =V, @ V_, with A # 0, thatis, o0 (X) = {A, —A|A # 0}, and
let (x, y) € (R2, w). We shall consider two cases: either A € R — {0} or & € C — {0}.
4.1.2.1 In the first case, X is diagonalizable, its canonical form under simplectic

similarity is given by
A0
[X]z[o _A]

and the corresponding quadratic Hamiltonian is H (x, y) = Axy.

4.1.2.2 In the second case we necessarily have Re(A) = 0, thatis, A = bi with b # 0.
Then the non-equivalent real canonical forms of X under symplectic similarity and
their corresponding quadratic Hamiltonians are given by

0 +b
[X]= [# 0 ] H(x,y) = Fb(x* + y%)/2.

4.2 Case 2

(R*, w). Let X : R* — R* be a Hamiltonian operator with spectrum o (X). Analo-
gously to Case 1 above, we shall decompose R* as a direct sum of cyclic subspaces,
accordingtor =0€o0(X)ork =0 ¢ o(X).
4.2.1.If . = 0 € 0 (X), then its algebraic multiplicity must be either 2 or 4.
Suppose that A = 0 is an eigenvalue of algebraic multiplicity 4 and let
(u1, u2, v1, 12) € (R*, w). Then R* = V; or it can be decomposed as R*=U®U*,
where U C R* is a two-dimensional subspace and U* is its dual pair.
4.2.1.1 Suppose that R* = Vj. The trivial case is obtained when X : Vo — Vj is
diagonalizable (that is, X is identically zero) and thus, H (u1, ua, vy, v2) = 0.
42121t X : Vo — Vpisnot diagonalizable, we compute its Jordan form on the basis
of eigenvectors. From this basis we can obtain suitable symplectic bases to obtain two
non-equivalent Hamiltonian matrix representations for X:

0 1 0 0
0 0 0 +1
|7 =100 0 o |’
0 0 0

[l el Ne)

0
1
0
0

(=N el iNe)
SO o=

—1

and hence H (i1, uz, v, v2) = upv; £ v22/2.

4.2.1.3 Suppose now that R* = U @ U*, where U C V is a two-dimensional subspace
and U* is its dual space. Then the Jordan form of X can be turned into a Hamiltonian
matrix:
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(=i

— [X] =

[=NeNele)
SO O =
(=Nl

—1

and the corresponding quadratic Hamiltonian is H (11, ua, vy, v2) = uovj.

Suppose that A = 0 is an eigenvalue of algebraic multiplicity 2. Then, Vj is an
irreducible two-dimensional symplectic space and thus, R*=Vy® (V, ®V_,) with
u € F —{0}. From Case 1 above follows that:
4214R* =V @ (V. ® V_y1), where both X[y, and X|y,ev_, are diagonalizable
over R. In this case necessarily, © € R — {0}, then

000 0 L0 0 0
000 0 00 0 0
00 o |"E=100_4ol|
000 —pu 00 0 0

and the corresponding quadratic Hamiltonian is H (uy, us, vy, v2) = puujvj.
4215R =V @ (V. @ V_p), where Xy, is diagonalizable over R but X|y,ev_,
is not. In this case, we necessarily have that u = —bi with b € R — {0}. Then we
obtain two non-equivalent real Hamiltonian matrices and their corresponding quadratic
Hamiltonians:

00 0 0 0 0+b0
00 0 0 0000
00 0 | M= 2000
00 Fb 0 0000

with H (uy, uz, v1, v2) = £bu? + v3)/2.

4216 R* = Vo @ (Vi ® V_y), where X|y,@v_, is diagonalizable over R but X|y,
is not. In this case it follows that © € R — {0}. Then we obtain two non-equivalent
Hamiltonian matrices and their corresponding quadratic Hamiltonians:

0 £1 0 0 w0 0 0
00 0 0 00 0 =1
00 0 |~X=100_u 0ol
00 0 —u 00 0 0

with H(uy, uz, vy, v2) = pujvy £ v%/Z.
4217R* = Vy @ (V. ® V_,,), where neither X |y, nor Xlv,@v_, are diagonalizable

over R. In this case it follows that 4 = —bi with b € R — {0}, and we obtain four
non-equivalent canonical forms under symplectic similarity:

0 1 0 O 0 0b O

0 0 0 O 0 0 0 1

00 o b = _p00 0]

0 0 =b 0 0 00 O
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where H(uy, uz, v, v2) = (b(u? + v?) £ v3)/2, and

0 410 0 00—b 0
00 0 0 00 0 +1
000 b|®=1p00 0|
00 b 0 000 0

where H(uy, us, vy, v2) = (—b(u% + v%) + v%)/2.

422.1f A =0 ¢ o(X), according to Sect. 2 we shall analyze the possibilities for the
decomposition of R* as a direct sum of cyclic subspaces associated to the spectrum
o(X):

4221R* =V, ®V_, ®V; ® V_j with u = a + bi,a,b € R —{0}.

a b 0 0 a b 0 0
ba 0 0 b a 0 0
0 0 —a —b | XI=10 04 » |
0 0 b —a 0 0 —b —a

where H(uy, ua, vy, v2) = a(ujvy + upva) + b(upvy — ujvo).

4222 R* = Vi @ V_y, with u = bi,b € R — {0} an eigenvalue of geometric
multiplicity 2. In this case we obtain two non-equivalent real canonical forms under
symplectic similarity:

0 +b 0 0 0 0 0 b
=5 0 0 0 o oFpo
000+ | "XI=1 010 0|
0 0 Fb 0 450 0 0

where H (i1, us, vi, v2) = Fb(uiuz + vivo).

4223 R* = V., ® V_,, with u = bi,b € R — {0} an eigenvalue of geometric
multiplicity 1. In this case we also obtain two non-equivalent real canonical forms
under symplectic similarity:

0 46 1 0 0 4b 1 0
= 0 0 1 w0 01
0o 0 0 | =10 0 0 x|
0 0 b 0 0 b 0 0

where H(uy, us, vy, v2) = (v% + 2b(urvy — ujv2) + v%)/Z.

4224 R* = (Ve ® Vo) & (V, @ V_,), with u # v non-zero purely imaginary
eigenvalues such that u = bi and v = ci with b, ¢ € R — {0}. In this case we have
four non-equivalent real canonical forms under symplectic similarity:

0 b 0 0 0 0Fc 0
b0 0 0 000 —b
000 x| =]1100 0|
0 0 F¢ 0 0b0 0
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where H (uy, uz, v, v2) = F(c} + v3) — b(u3 + v3))/2,

0 —b 0 0 0 0 Fc 0
b 0 0 0 0 0 0 b
00 0 x|”=14 0 0 o
0 0 Fc 0 0 —b 0 0

where H (uy, uz, vy, v2) = F(c} + v) + b(u3 + v3))/2.
4225R* = Ve Vo) @&V, @ V_y), with u = bi,b,v € R — {0}. In this case
we have two non-equivalent canonical forms under symplectic similarity:

0 £ 0 O —-v 0 0 O

Fb 0 0 O 10 0 0 Fb

o 0 v o |H=10 0o ool

0O 0 0 —v 0 £ 0 O
where H (uy, uz, vy, v3) = —vulvleb(u% + v%)/Z.

4226R* =V, ®V_,, with u # 0 and Xy, is diagonalizable over R:

L0 0 0 L0 0 0
0 u O 10w 0 O
00 —u o |“X=l00 -4 o
00 0 —p 00 0 —pu

where H (u1, uz, v, v2) = n(uvy + uzv3).
4227 R* = Vi @ V_p, with i # 0 and X|y, is not diagonalizable over R:

w1 0 0 L1 0 0
0w 0 0 o w 0 o0
00 —u 1 |7X=100 -4 o
00 0 —u 00 -1 —pu

where H(uy, s, vy, v2) = w(ujvy + urv3) + usvy.
4228 R* = VedVo) @ (Vy,® Vo), withp #vand u,v € R—{0}.

uw 0 0 O —-v 0 0 0
0O —u 0 O 10 —u 00
00 vo | H=l0o ool
0O 0 0 —v 0O 0 0
where H (uy, us, vy, v2) = —iovy — Vuqvy. |
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