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1 Introduction

BV functions of a single variable were first introduced by Camille Jordan, in a paper
[21] that deals with the convergence of Fourier series. Soon after Jordan’s work, many
mathematicians began to study notions of bounded variation for functions of several
variables. There are various approaches to the notion of variation for functions of
several variables. We can mention those belonging to Vitali, Hardy, Krause, Arzela,
Frechét, Tonelli, Hahn, Kronrod-Vitushkin, Minlos, and others. Functions of bounded
variation in n variables (n > 1) belonging to each of these classes have more or less the
same properties as the functions of bounded variation of one variable. However, there
are some properties in the one-dimensional case that cannot be transferred automati-
cally to the multidimensional one (see [22]). On the other hand, functions of bounded
variation in R” can be identified with n-dimensional normal currents in R". This point
of view is due to Federer [18].

In the literature, the many notions of bounded variation are mainly studied for
functions defined on a rectangle J C R". A definition of the variation in the sense
of Hardy and Krause is given in [22]. Let f : [0, 1]" — R. Leta = (ay,...,ay)
and b = (by, ..., b,) be elements of [0, 1]" such that a < b (see Sect. 2). The n-
dimensional difference operator A", which assigns to the axis-parallel rectangle [a, b]
a n-dimensional quasi-volume

1 1
AW (fia,bl) = D - D (=D by + i@ = by), .. by

jl:0 jr,:()
+Jjn (an — by)).
) () ()

Fors=1,...,nlet0 = xés < x,"" <...xp, = 1beapartition of [0, 1], and P be
the partition of [0, 1]" which is given by

P = {[xl(ll),xl(llll] X oo X [xl(:),xl(ﬁl] g =0,....mg—1,5 = 1,...,n}.
(1.1)

Then the variation of f on [0, 1]" in the sense of Vitali is given by

VOf10,11") := sup D~ 1AM (f; A,
P aep

where the supremum is extended over all partitions of [0, 1]" into axis-parallel boxes
generated by d one-dimensional partitions of [0, 1], as in (1.1).

If the same functions restricted to the various faces of [0, 1]¥ withs =1, ..., n are
of bounded variation in the sense of Vitali over each of them, then f is said to be of
bounded variation on [0, 1]* in the sense of Hardy and Krause, thatis, for 1 <s <n
and 1 <i; <--- < iy <n, let V(S)(f; i1, ...,Ig; [0, 11") denote the s-dimensional
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variation in the sense of Vitali of the restriction of f to the face
Ut = ((x )e[0, 11" :x; =1 forall j#i ‘
P = Iy evesXn , 1xj = orall j #iy,..., i}

of [0, 1]"*. Then the variation of f on [0, 1]" in the sense of Hardy and Krause anchored
at 1, abbreviated by HK-variation, is given by

Vargi (f; 10,11 =" D> VO, [0, 1. (1.2)

s=11<ij<--<ig<n

Note that for the definition of the HK-variation in (1.2), we add the n-dimensional
variation in the sense of Vitali plus the variation in the sense of Vitali on all lower
dimensional faces of [0, 1] which are adjacent to 1.

On the other hand, a function f : R” — Ris said to be of bounded Tonelli-variation
ifae.in (x1,...,Xj—1,Xj41,...,X,) it is of bounded variation in each variable x;
forall 1 < j < n and if these variations BV ; (f (x)) := BV, er(s ) are Lebesgue
integrable as functions of the other n — 1 variables x1, x2, ..., Xj_1, Xj41, ..., Xu:

VT(f) =D /R BV (f@) []dx,
j=1 k=1
k#j

which for a smooth enough function f, it is equal to

VT(f) = /R Z;
p

Among the sources dealing with the Tonelli variation, let us mention [2,7,9,16,27].

Until now it seems ([20,22]) that only the approach due to Vitali-Hardy—Krause
gives a notion of variation for real-valued functions of several variables such that
a complete analogue of the Helly theorem holds with respect to the pointwise con-
vergence of extracted subsequences. However, the point of view which is nowadays
accepted in the literature as most efficient generalization of the 1-dimensional theory
is due to De Giorgi and Fichera (see [17,19]).

Thus, the unvarying interest generated by the classical notion of function of bounded
variation has led to some generalizations of the concept, mainly, intended to the search
of bigger classes of functions whose elements have pointwise convergent Fourier
series or to find applications in geometric measure theory, calculus of variations, and
mathematical physics. As in the classical case, these generalizations have found many
applications in the study of certain differential and integral equations (see e.g., [8]).

In this paper, we present a detailed study of the space of functions of bounded Riesz-
®-variation, which was introduced previously in [5,6], for real-valued functions of
several variables.

This extends the work done in [3] (resp. in [4]), in which the authors present the
notion of real-valued function (resp. vector valued) of bounded Riesz-®-variation,

af (x)

8)6]'

dx.
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that are defined on a rectangle of R?. In particular, we extend some results due to
Chistyakov ([15]) and give a version of Riesz’s Lemma for the case of functions of
several real variables which take values in a reflexive Banach space.

2 Notation and preliminary

To start, we give some notations and definitions that will be used throughout the rest
of this paper (see [5,12,13]).

Asusual, N, Ny and R denotes the set of all positive integers, non-negative integers
and real numbers, respectively. A typical point of X" (N, Ny or R) is denoted as

X = (X1, X2, ..., %,) := (x;)]_,, but the canonical unit vectors of R" are denoted by
. . P i i 0ifr £j
_ . e () ) J J._
e (j=1,2,...,n); thatis, ¢j := (e}, e3, ..., ey) Where, ¢; = ifr=J. The

zero n-tuple (0, 0, ..., 0) will be denoted by 0, and by 1 we will denote the n-tuple
1=(,1,...,1).

If e = (o1,02,...,0a,) is a n-tuple of non-negative integers then we call a a
multi-index ([1]).

Ifa= (a,a,...,a,),b=(by1,bs,...,b,) € R" we use the notation a < b to
mean thata; < b; foreachi = 1, ..., n and similarly are defineda =b,a <b,a>Db

anda > b.Ifa < b, theset]J :=[a,b] = H?:l la;, b;] will be called a n-dimensional
closed interval. The Euclidean volume of an n-dimensional closed interval will be
denoted by Vol[a, b]; that is, Vol[a, b] = []/_, (bi — a;).

In addition, fore = (a1, a2, ..., a,) € Ng andx = (x1,x2,...,x,) € R" we will
use the notations || := a] +ap + - + 0 and aX := (1 X1, ¥2X), ..., ApXy).

In this work, we will consider functions whose domain is a n-dimensional closed
interval [a, b] and whose range is an invariant metric semigroup (X, d, +, -); i.e.,
(X, d) is a complete metric space, d is a translation invariant metric on X, (X, +) is
an commutative semigroup. In particular, the triangle inequality implies that, for all
u,v,p,q €X,

du,v) <d(p,q)+du+ p,v+¢q) and
(w+p,v+q) <d@u,v)+d(p,q). 2.1

Clearly any normed space is a metric semigroup.
The following standard notation (see [14]) will be used: A/ will denote the set of
all continuous convex functions @ : [0, +00) — [0, +00) such that ®(¢) = 0 if and

only if 7 = 0, and N the set of all functions ® € N/, for which the Orlicz condition

O(t
(also called co; condition) holds: lim;_, 5o L = 4-00. Following [23], functions

from A are called g-functions. Any function ® € N is strictly increasing, and so,

. . . ) . D(1)
its inverse ®~! is continuous and concave; besides, the functions ¢ —> X and

1
t—> o1 (;) are nondecreasing for r > 0.

One says that a function ® € N satisfies a A, condition, and writes ® € A, if
there are constants K > 2 and 79 > 0 € R such that
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O(2t) < KO(r) forall t > 1. 2.2)

For instance, if ®(x) :=t”, p > 1, one may choose the optimal constant K = 27.
Now we define two sets that will play an important role in this work:

Em):={0 eNj:0 <1 and |0] is even},
O@m) :={0 eNj:6 <1 and |6] is odd}.

Notice that these sets are related in one-to-one correspondence; indeed, if 6 =
61, ...,6,) € E(n) then we can define 6 := (Oy,...,6;—1,1 —6;,60i4+1,...6,) €
O(n), and this operation is clearly invertible.

Definition 2.1 [10,11,26] Given f : [a, b] — X, we define the n-dimensional Vitali
difference of f over an n-dimensional interval [x, y] € [a, b], by

An(fi Xy i=d | D fEx+A=0)y). D fEx+A-0)y)
0e€(n) 0eO(n)
2.3)

Note that in the case n = 2, we have £12) := {(0,0), (1,1)} and OQR2) =
{(1,0), (0, D}, thus Ao (f, [x, ¥y]) = d(f (x1, x2)+ f(y1, y2), [ (1, x2)+ f(x1, y2)).

Even when A, (f, [X,Yy]), in (2.3), is defined for x < y, note that if x; = y; for
some i, then the right-hand side of (2.3) is equal to zero for all maps f : [a, b] — X.
This difference is also called mixed difference and it is usually associated to the names
of Vitali, Lebesgue, Hardy, Krause, Fréchet and De la Vallée Poussin ([10,11,20]).

Now, we are going to define the ®-variation of a function f : [a, b] — X (see[5,6]).
To that end, we consider net partitions of [a, b] = H?:] [ai, b;]; that is, partitions of
the kind

ki

é:élxfzxn-xénwithé,-::{tj(.i)} i=1,....n, 2.4)

j=0’
where {k;}7_, C N and for each i, & is a partition of [a;, b;]. The set of all net
partitions of an interval [a, b] will be denoted by A ([a, b]).
A point in a net partition £ is called a node ([25]) and it is of the form
. 1 2 3
ty = (), 12, 1) 1M,

> fap 0tz 0ttty

where 0 <a = (o;)"_, < «, withk := (kj)!_,, as a result, té‘,.’) € laj, bjl.

For the sake of simplicity in notation, we will simply write & = {t,}, to refer to all
nodes determined by a given partition &.

A cell of an n-dimensional interval [a, b] is an n-dimensional subinterval of the
form [ty_1, tg], for 0 < a < k.
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Note that
e e
to = (1Y, té ) ..,té”)) = (ay,as,...,ay) and t, = (t,fl),t,ﬁz), o t,E:))
= (b1, b2, ..., by).

3 RV ([a, b]; X)
Now we introduce the Riesz-®-variation of a function f.

Definition 3.1 Let f : [a,b] — X and ® € N. The ®-variation, in the sense of
Vitali-Riesz of f is defined as

RV (f.[a,b]) := sup RV (f, [a, bl &), 3.1
§cA([a.b])

where £ = {t4}, and

RV (f[a, b, €) = D

1<a<k

(An (fv [te—1. ta])
Vol [tg—1, ta]

) Vol [ty—1, ta].

The main objective of this section is to define the Riesz-®-variation of a function
f.Todo that it will be necessary to define the variation of a function when we consider
that certain variables are fixed, thus as it was done in [11], we now define the truncation
of a point, of an interval and of a function, by a given multi-index 0 < n < 1, with
0 # 7. Notice that in this case, the entries of a such 7 are either 0 or 1.

e The truncation of a point x € R” by a multi-index 0 < n < 1 with 0 # 7,
which is denoted by x| 7, is defined as the |n|-tuple that is obtained if we suppress
from x the entries for which the corresponding entries of 1 are equal to 0. That is,
x|n=(x :i€{l,2,...,n},n; = 1). For instance, if X = (x1, x2, x3, X4, X5)
and n = (0, 1, 1,0, 1) then x| n = (x2, x3, X5).

e The truncation of an n-dimensional interval [a, b] by a multi-index 0 < n <1
with 0 # 7, is defined as [a, b]|n := [a|n, b[7n].

e Given a function f : [a, b] — X, amulti-index 0 < n < 1 with 0 # 5 and a point
z € [a, b], we define fnz : [a, b]|n — X, the truncation of f by 7, by the formula

f;;Z(XLn) = f(77x+ (1 - U)Z), X € [aa b]
Note that the function fnz depends only on the || variables x; for which n; = 1.

Remark 3.2 Given a function f : [a,b] — X and a multi-index n # 0, then the
|n]-dimensional Vitali difference for f,;‘ (cf. (2.3)), is given by
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Apy (s %, 5D

=d| D f@Ex+A—0y +A-ma). D fOOx+A-0)y) +A-na)

0e&(n) 0eOn)
0<n 0<n

The Vitali-type nth variation of f : [a, b] — X is defined by

Va(f[a,b]) i=sup D~ Ay (f2, [x, yD,

1<n=<k

the supremum being taken over all multiindices x and all net partitions of [a, b].
The total variation of f : [a, b] — X in the sense of Hildebrandt and Leonov (see
[20,22]) is defined by

TV(f, [a,b]) i= > Vi (2, [a, b][a),

0£a<1

the summations here and throughout the paper being taken over n-dimensional mul-
tiindices in the ranges specified under the summation sign.

Definition 3.3 Let ® € A and let f : [a, b] — X be a function. We call

TRVo(f.[a.b]) := > RV{I(f2 [a,b]ln)

0#£n<1

the ®-variation of f in the sense of Vitali-Hardy—Riesz, briefly: Riesz-®-variation of
f,in [a, b]. The set of all functions f satisfying the condition TRV ¢ (f, [a, b]) < 00
will be denoted by RV, ([a, b]; X).

It is easy to check that if f is a constant function then A, (f, [x,y]) = 0 and con-
sequently TRV¢ (f, [a,b]) = 0. In fact, TRV (f, [a,b]) = O if and only if f is
constant, as we show next.
Theorem 3.4 TRV 4 (f, [a,b]) = 0 ifand only if f is a constant function.
Proof We just prove the necessity of the condition. Suppose TRV ¢ (f, [a,b]) = 0
and letx = (x1, ..., x,) be a point in [a, b]. T_hen, X determines, foreach 1 <i < n,
the partitions & := {a;, x;, bi} := {13, 1", i},

Since TRV (f, [a,b]) = 0, we must have A|,7|(f,7‘, [ta—1,te]) = O for every
1 <a < 2andevery 0 # 1 < 1. Consequently, if » = e; and « = 1 we obtain

0=d(f(nt1 + (A —mna), f(a)).
Hence,

flar, ..., xi,ai+1,...,an) = f(nty + (1 —n)a) = f(a), forall 1 <i <n.
3.2)
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On the other hand, if n = ¢; +¢; withi < j then

d(f(nty + A —mna) + f(a), f(e;jt; + (1 —ej)a) + f(ejt; + (1 —e¢)a)) =0.
(3.3)

Thus, using (3.3) and (3.2) we have

ftr+ A —ma)+ f@) = f(ejt + (A —ej)a) + f(et; + (1 —e)a)
fti+ A —ma)+ f(a) = f(a)+ f(a).

Equivalently
fx+ 1 —mna) = f(a). (34

Now, suppose that (3.4) holds for any multi-index n, 0 < n < 1, 0 # n, with k
non-zero entries.

Then, if A is a multi-index such that 0 < A < 1, 0 £ A, with k + 1 non-zero entries
and Ap; (f, [ta—1,te]) =0 forall 1 < a < 2, then

> Fh+A-0t)+A—na)= D f (Oto+(1—0)ty) + (1 - Ma).

0e&(n) 0eO(n)
<A O<i

(3.5)

Notice thatif 6 %= 0 then A(Otg+ (1—6)t1)+ (1—X)a has at most k entries equal
to the corresponding entries of x and the remaining entries equal to the corresponding
entries of a. In this case, (3.4) implies that f(A(0ty + (1 —0)t1) + (1 —r)a) = f(a).
Hence, since £ (n) has the same number of elements as O(n), it follows from identity
(3.4) that f (At; + (1 — 1)a) = f(a). We conclude that f is a constant function. O

Remark 3.5 Note that if X is a normed space, then (2.3) can be replaced by

A(f %D = | D (=D fOx+ @ -0y .

0<1

Example 3.6 Let ¢y be the space of all null sequences with the co-norm, and let
f 10,11 x [0, 1] x [0, 1] — ¢¢ be defined by

3
— it
f(X)-—IE(l) "]>1.

i=1
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If & =& x & x &, where & = {t{", 1y, ... {’},i = 1,2,3. Then,

DD ety + (1= 0)t) + A —e)0) | = || fleits) — f(ei talloo

0<e;
neNlloo

A O’ to—1, ty i
Z (I)( 1 (fe,- [ 1 ]Le ))VOI [ta—l» td]l_ei

Vol [ty—1, ta]1 &

Hence,

_ neN ll oo i) @)
= Z o B D =1
1<a<k Loy — loy”
; 1
(15 — 16 ) H (—)
neNlloo (i) (i)
Z ¢ (i) (i) (t"‘i tat 1)
1<a<k ta, _tolz 1
= > o)) -1 )=o) (3.6)
1<a<k

Consequently, for each i = 1,2, 3 we must have RV%D(fe?, [a, b]) := ®(1). In addi-
tion,

> (=D f((er + e)(Bta—1 + (1 — O)ty) + (1 — (e1 + €2))0)

<
0<ei+e; 00

1 2 (1) (2) (1) (2) 1 (2)
tc(tl) _ltglz) 0(1 1 taZ tal - totz 1 + totl—l - taz—l
n n n

and therefore, RV%D( )‘(01 1.0y [a, b]) = 0.

It can be verified similarly that RV2 (fe1+e2+e3 [a,b]) = RV%I,(fe e [a,b]) =0,
where i, j = 1,2,3 withi # j.
From (3.2) we conclude that TRV ¢ (f, [a, b]) = 3P (1).

-0

A proof of the following lemma can be found in [5] or in [6].

Lemma 3.7 [5,6] If X is a normed space, then the functional TRV4(-, [a, b]) is
convex.
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4 Further properties

Theorem 4.1 Let X be a normed space. If f € RV¢([a, b]; X), then f is bounded.

Proof 1t is well known that if f : [a, b] — X, [a, b] C R, is a function of bounded
Riesz-®-variation, then f is bounded (see [15]). Hence, if f : [a, b] — X is afunction
of bounded ®-variation on [a, b] := [ay, b1] X [ay, b>] then there are constants C
and C; such that

I fo(xledlx < Ci, (i =1,2) forall x € [a,b].

Suppose that f is not bounded. Then, for each m € N that satisfies m > C; + C»,
there exists x,, = (x{", x3') € [a, b] such that || f (x,,) + f(a)|| = m. Hence, for all
m > Cy; + Cy,

If )+ f@) — f(T', a2) — flar, x3)
=2 1 f®+ f@I = I f & a)ll = 1 f (@1, x5l
Zf&®+ f@l—-C—C
>m—Cy—Cs. “.1)

If Vol [a, x] < 1, then (4.1) implies

B(m—C—Cy) < ® (Vol fa, x 1S @) = T O, a2) = f(‘“’xﬁn)”)
Vol [a, x]

- o (||f(X) + f@ — f(&x{", a2) — f(a1, x|l
a Vol [a, x]

) Vol [a, x]
< RV3(f, [a, b)),

a contradiction (since lim;;— o ®(m — C; — Cp) = 00).
On the other hand, if Vol [a, x] > 1 then from (4.1) we obtain

CID(m—C1 —Cz) - q)(llf(X)-i-f(a)—f(X{”,az)—f(mwé”)ll)

Vol [a, x] Vol [a, x]
o (IIf(X) + f(@) — f&x]", a2) — f(ai, JCQ")II)VO1 (2. x]
Vol [a, x]

< RV (f, [a, b),

which again leads to a contradiction; thus, f is a bounded function.

Suppose that the result holds for all the cases in which [a, b] is a k-dimensional
interval with k < n.

Consider now the case in which f : [a, b] — X where [a, b] is an n-dimensional
interval. Then, for all multi-index 0 < n < 1(0 < n) that satisfies || < n there exists
a constant M), such that

12 < My
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In this case, if we suppose that f is not bounded, then forall m > >y_, _; M, there
is a point x,, = (x{", x5', ..., x)") such that

If m) + (=D" f@]| > m,

and hence

An(f 12, %)) = | D (=D fOa+ 1 —60)x,)

0<1
> ) + D" f@] = D If@a+ A —0)x,)
0£6<1
01
=[fe)+ D @)= D Ayl =)
0£0<1
01
>m — Z Mi_p.
0:£6<1
0+#1

The result now follows, as in the n = 2 case, from the fact that

0£0<1
0#£1
again, by considering the two cases Vol([a, x,,]) <1 and Vol([a, x,,]) > 1. ]

Theorem 4.2 Let X be a normed space. Let ®1, ®; € N such that ®1(x) < K®,(x)
for all x and some constant K, then RV g, ([a, b]; X) € RV, ([a, b]; X).

Proof Let f € RV, ([a, b]; X), then for all net partition & = {t,} € A([a, b]) we
have

An (f7 [td—la ta])

o (An (fv [toz—l’ ta])
: Vol [ty_1. ta]

Vol [ty_1,ty] < K
Vol [ta_1, ta] ) Ollte-1- tal = 2(

) Vol [ty—1, tal,

from which the proposition follows. O

Theorem 4.3 Let ® € N satisfying condition Ay and let X be a normed space. Then
RV ([a, b]; X) is a linear space.

Proof Let K and xp € R be as in (2.2) and suppose f, g € RV¢([a, b]; X). Then, for
any net partition £ = {t,} € A([a, b])
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An(f + 8 a1, te]) = | D (=D (f + )@ x+ 1 —-0)y)

<1

IA

S =D Fex+a-oy)

0<1

+ D= g@x+ (1 - 0)y)

<1
= Ay (f, [ta—1, ta]) + Ay (g, [ta—1,ta])
Ay (s [ta—1, te]) + Ay (8, [te—1, ta])

Put A, = , then
Vol [ty _1, te]

RVG(f +¢.[a, bl &)
— Z CI)(A" (f+ga [taflvtoc])

Vol [ty_1, t
Vol [ta_1. ta] ) Ol lte-1. ta]

1<a<k
< D> O (A) Vol [ty1, ta]
1<a=<k
= > ®A)Vollte1.tal + D @ (Ay) Vol [te—1). te]
1<a<k 1<a<xk
A, <xo An=>x0
< D @ (x0) Vollty—1. ta]
1<a<k
12A s [ta—1, t 12A , [ta—1, t
+ Z CI)(* n (f [ta—1, ta]) 1 n (&, [ta—1 “D)Vol[ta_l,ta]
1<a<k 2 Vol [ty—1, te] 2 Vol [tg—1, ty]

< ® (xp) Vol[a, b]

1 (280 (Fltacts D) 1 (280 (¢ [fat. ta])
p> Eq’( Vol [ta_1, ta] )+5€D( Vol [ta_1, ta] )V"'[‘“‘“"‘]

1<a<k

< ® (xp) Vol[a, b]

K Ay (f, [ta—1, ta]) K Ay (g, [ta—1, ta])
* MZ;K Eq)( Vol [ta—1, ta] )+ ECD( Vol [ta—1, ta] )VOl[t"‘“’t"‘]

K
= @ (x0) Volla. b] + = (RVG,(f. [a. b]. &) + RV (g. [a. b]. £)) .

Since this holds for all n, it follows that

K
TRVo(f + g, [a, b]) =P (xo) Vol[a, b]+ > (TRVo(f, [a,b)+TRVe(g, [a, b)),

from which we conclude that f 4+ g € RVg([a, b]; X). On the other hand, if y is any
scalar, then
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S =Dy x+ (1 —0)y)

/<1

Ay (va [te—1,te]) =

S (=D F@Ox+ 1 —-0)y)

<1

=yl = 71An (f [ta—1. ta]) -

Thus,

An (V] [ta—1, ta])
Vol [ty—1, ta]

RV%(st [a,b],§) = Z P ( )VOI [te—1, tal

1<a<k

Z ® (|V|An (f, [te—1, ta])
Vol [te—_1, ta]

) Vol [ty—1, ta].

1<a<k

If |y| <1, then

A” L [te—1, ty
RVG (vf.[a.bl.E) = > q)(lyl (f: [ta—1, ta])

Vol [ty —1, t,
Vol [ta_1, ta] ) Ol a1, ta]

1<a<k

An (f» [td—la ta])
M3 e () e

IA

1<a<k

= lyIRVg (f, [a,b], §).

On the other hand, if || > 1 then, again by (2.2), there is a constant K’ and a point
xo such that

\% A te—1, t,
R Z}(yf,[a,b],%') E q)(h/' n(f[ot 1 a])

Vol [ty_1, te]

) Vol [ty—1, te]

1<a<k
/ An (f’ [tolflv t(!])
< ®(xp)Vol[a, b] + K MZ;K o (—Vol TR )Vol [ta—1, to]
< ®(xg)Vol[a, b] + K' RV, (f, [a, b], £).

It follows that yf € RVg([a, b]; X). We conclude that RV ([a, b]; X) is a linear
space. O

Lemma 4.4 Let X be a metric semigroup and suppose f € RV¢([a,b]; X). Ifx,y €
[a, b] are such that x; = yi for some 0 < k < n, then

D fOx+A—-0y) = D fOx+A-0)y).
6e€(n) 0€0(n)

Ijroof Let f, x and y be as in the statement. If 6 = (61,65, ...,0,) € E(n) then
0:=(1,62,...,1=0,...,0,) € O(n), thus, (6 x+ (1 — 0)y) has the same entries
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as (9x + (1 — 0)y) since the kth entry G xp + (1 — )y = (1 — 6p) X + Oy =
(1 — 6k) yx + Oxxy. Hence,

S fex+a-oy = > f@Ex+A-DHy = > fOx+A-0)y).
0e€(n) 0e&(n) 0eOn)

O

Lemma 4.5 Let X be a metric semigroup and let [X, y] be an n-dimensional interval.
Suppose that tJ) e [xj, yjl for some 1 < j < n. Then

Ap(f 1%, ¥]D) = An(f 1%, 5D + An(f [X, YD),

whereX = (X1, ..., Xp) withX; = x; if i # jand X; = 19D and ¥ := (31, ..., n)
withy, =y if i #j and y; =1\,

Proof Note that the interval [x, y] can be divided into two intervals, namely [x, ¥] and
[X, y], thus, by virtue of property (2.1) and lemma 4.4 we have

An(f, [x,¥D)

=d[ D fOx+A-0y. D fOx+1-0)y)
0e&(n) 0€0(m)

=d| D fOx+A—-0)+ D fOX+A -0,
0e&(n) 0eEn)

D FOx+A-0y)+ D fOX+A-0))
0eO(n) 0e&(n)

=d| D [fOx+A-0y) + fOX+ A -],
6e&(n)

D Ex+A=0)y) + fOX+ A= 0))]
0eO(n)

=d| > [fOx+A-0)y)
0e€(n)
0;=1
HFOX+ A =PI+ D [fEx+A =0y + fFOX+ 1 —O)F)].

0e&(n)
6,=0
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> 1fOx+A -0y
0eO(n)
;=1

+FOX+A =PI+ D [fEx+A=0)y) + fOF+ (1 - O]

0eO(n)

0;=0

=d| D fOx+A-0N+ D fOX+A—0)y),
0e€(n) 0e€(n)

D fOx+A-0D+ D fOX+A-0)y)
0eO(n) 0eO(n)

< A X YD) + An(f X YD).

Theorem 4.6 Let X be a metric semigroup. If f : [a,b] — X is a function, then
RVG(f. [a.bl &1 x -+ x (& U{r'D)) x - x &) = RV, (f. [a, bl §)
for any net partition § = [[_, & of [a, b].

Proof Suppose & = [['_, & where & = {a; = té'), tl(’), . t(f) = b;}. Assume 7 €

>k

{1,...,n}andlet @ be suchthattéZ) < t(Z) < t( )1 <t@ < <. < tlgj).

Put o := [/, 0i where 9; = {a; = sé’), sél), . sg) = b;}, with

PG tz(Z)

. I
t(), for | #z and { s =@

s =19 ifl=r 41

ifo<l<r-—1
(0]
S

Then,
Z CI)(An (f’ [Sa—lvsoe])) _ Z ® (An (fv [toc—Lta]))and
|<a<t Vol [Sg—1, Sa] |<a<k Vol [ty—1, ta]
Z q)(An (f, [Sa—1, Sa])) _ Z o (An (f, [te—1, ta])) '
Nt Vol [Se—1, S = Vol [ty—1, ta]
a>r+1 a;>r
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Hence,

Z o (An (f, [Sa—1, Soc])) [Sw_1. Sa]
Vol [Sq—1, S« ]

1<a<k

- Z o (An (f» [ta—1, ta])) Vol [ty_1. to]
Vol [ty—1, tg]

1<a<k
Ap (f; [Se—1,8
_ Z (I)( n(f [ a—1 “]))Vol[sa—l’sot]
e Vol [Sg_1, Sa ]
a;=r

_ Z cp(M) Vol [ty_1, ty]

l<a<k Vol [te—1, ta]

o;=r

+ Z d (M) Vol [Sa—l,Sa]-

Vol [Sg—1, S
1<a<t [ot 1 ot]
a;=r+1

Now if 73 "(’) (l) fori # z and 7, “(Z) =t@, by Lemma 4.5, we obtain

Vol [sq—1, S« ]

1<a<k
o=r
te_1,t An (f [ta—1, t,
. Z f[«x 1, oc])+ n(f[a 1 oe]) Vol [ty_1. ta]
VOl[toc 1, te] Vol [ty—1, ta]
1<a<k
o, =r

. Z (A n (fs [Sa— 1’Sa]))V01[Soc—1aSl¥]

Ve Vol [S¢—1, Sa ]
o;=r+1

_ z o (An (f, [Se—1, Sa])) Vol [Sg_1. Sa]
liaf? Vol [S¢—1, Sa ]

B Z [t«x 1, toc]) Vol [ta 1, to]
l<a<k VO] [tO( 1, te] Vol [te—1, ty]
a=r

Ap (f [ta—1, ta]) Vol [ty_1. T,
n (f: Mot ta]) Vol ltg1, ] Vol [to—1, te]
Vol [ty—1, ta] Vol [te—1, ty]

n Z @ (An (f’ [S“_l’ Su])) Vol [safl’ SOl]

Vol [Sg—1, S,
l<a<t [a 1 oc]
a;=r+1
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and, by the convexity of ® we get:

> z o (An (f, [Sa—1- Sa])) Vol [Sq_1. Se ]

l<a<i Vol [Sq -1, Sq]
alpha;=r

. Z VO] [’{a_l, ta] CI) An (f7 [Toz—l, td])
(2 Volta—1, ta] Vol [ta-1. ta]

o;=r

_VO] [tozfla’tvot] @ Ap (f, [td—ls?d])
Vol [ty—1. te] Vol [ty—1. ta]

N Z @ (An (f, [Sa-1, S“])) Vol [Sg -1, Sa]

Vask Vol [Sq—1, Sal
a;=r+1

_ Z ® (An (fv [SOL—la sa])) Vol [Safl, Soc]

Vol [Sg—1, S
1<a<@ [ot 1 a]
o;=r

B Z q)(An (fs [S“I’S“]))Vol[salvsu]

Vol [S¢—1, S
1<a<k [Sw—1, Se]
az=r+1

B Z @ (An (f, Vol [Sq—1, Sa])) Vol [S¢—1, Sa ]

1<a<k Vol [S¢—1, S« ]
a=r

. Z ® (An (f, [S(x—ly Sa])) Vol [S(x—lv SOL] =0.

l<a<i Vol [S¢—1, Se]
a;=r+1

)VO1 [ta—1, to]

) Vol [ty 1, te]

It follows that

D> D (Ay(f [sa-1,5a]) Vol [sa—1, S

1<a<k

— D @ (An(fi[ta-1.ta]) Vol[ty—1. ta] = 0,

1<a=<k

and therefore, RV (f, [a,b], & x -+ x & U{t@} x --- x &) > RVL(f [a,b],
H?:] Sz) O

Corollary 4.7 Let X be a metric semigroup. If f : [a,b] — X, & and § are any net
partitions of [a, b], such that & C §, then V"' (f, [a,b], &) < V" (f,[a,b],d).

Proof 1t suffices to apply Theorem 4.6 finitely many times. O
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5 A representation theorem

In our next result, we present a counterpart of the classical Riesz’s lemma (cf., [24],
[3]) in the n-dimensional case. It will be assumed that X = R and the following

well-known notation will be used: given any multi-index g = (B, .. ., Bx) we define
B+ +Be
pf=—
Bx'l3 b 8xf k

Theorem 5.1 Let ® € . If f € RV ([a, b]; R) and is of class C", then

S -t xin) dixl = TRV facbD. (5.1
[a,b]Ln

07#n=<1

Proof Let&; := {1, 13, ... .t} i =1,... nandleté =[], & = {ta} be anet
partition of [a, b] with k = (k1, k2, ..., k;). Then, for all ® < k we have

D ED fOtas + A= 0)te) = D (DY f(Ota1 + (1 - 0)t)

=<1 a<1
;=1

= D D DI f Oty + (1 - O)ty),
I<a<k 0<1
az=r ;=0

where 7z < k,.
Letx = (x1, x2,...,X,) , V="0%tg_1) + (1 — 0)ty and define the function

gite) = D (=D flex+ (1 —env)

0<1
61=1

(ei denotes the canonical unit vectors of R"). Then, since f is differentiable, g :
[tozl 1 O[1] — R, satisfies the conditions of the ordinary mean value theorem and

thus, there is anx € (t w10 al) such that,

o1 _gl(tol“) g1ty _ 1)
g](xal)_ [1 —[1
a1—1

That is,

. o=t (DLW = Fot DI F ()
> 1)'9'De1f1°" VLA —e)) = —2= — o=

<1 ap—1
01=1
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Now define g7 : [£2

ar—1° az

21> R, by

el = S (=Dl e R e,

<1
O1=6=1

Then, as before, since g» depends only in the second variable, x», an application of

the mean value theorem implies that there is x , € (t2 1 az) such that

82015, — g2ty D

2_2
t; tazl

gh(x5,) =
Thus,

Z (=D DezDelflx :H:: e2( vi(l—e —ep))

0<1
O1=6=1
o<1 (=D F(v)
_ —ly o Yea =D
= t2 %2{2 1 - (tl _tll 1)( tzz_l).

By repeating this procedure n times, we obtain that there is X, € [ty—1, t,] such that

S o<1 (=D Fw)

De1+e2+~~+en f(X ):
“ Vol [t(q—1), tal

and hence

_plel
¢(|De‘+e2+'“+e"f(Xa)’)Vol[ta1,ta]=©(|2651( > I (v)|)V01[ta1,ta].

Vol [to—1, ta]
5.2)

Since this holds for each t,, & < «, of any net partition £ of [a, b], we must have

Z ® (‘De1+ez+..<+enf(xa)|) Vol[ty_1, te]

1<a<k

—_Dlel
= Z (D(}ZQ<1( ) f(V)|)V01[t(a_1),ta].
Vol [ty—1, ta]

1<a<k

Now define,

me = inf {® (| DT F £ (%)) 1 X € [ty1, L]} and
M, = sup {(D (|De1+e2+~~+enf(x)|) IX € [ty—1, ta]} )



152 M. Bracamonte et al.

then

S(f,€) = D mg Vollte_1, ta]

1<a<k

z o (|De1+ez+"-+en f(XOl)D Vol[tw—1), ta]

1<a<k

RV, (. [, b], §)
< D My Vollty_1, ta]

1<a<k

=: S(f,&).

IA

Notice that the lower sum, S, and RVZ> (f, [a, b], &) are increasing with respect to
refinements of the partition £ while the upper sums, S, are decreasing. This means that
if k; — oo then the upper sums decrease to the limit

/ @ (| D £(x)]) Vol[ta—1, taldx,
[a,b]
and the lower sums increase to the limit

/ @ (|[perret e £(x)]) Vol[ty—1, ty]dx,
[a.b]

whereas RV% (f, [a, b], &) increases to the limit RVQ’> (f, [a, b]), and consequently

RVE’,(f, [a, b]) — / 1) (‘De1+e2+...+en f(X)D dx.
[a,b]

Now, since this holds for any function of n variables, with n > 1, in particular it
holds for any truncated function f?2, where n < 1, which yields (5.1), since there are
(n — |n])! truncations. O
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