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Abstract

We know that the matrices provide a flexible framework to study combinatorial structures.
In fact, the generalized Fibonacci matrices allow us to develop the applications to coding
theory. In the beginning of this work, a new family of generalized Bernoulli—Fibonacci
polynomials of order m is introduced followed by investigating various properties associated
with this polynomial class, as well as its relationships with other polynomial families and
numbers. These include explicit relations, difference equations, summation formulae, linear
and differential recurrence relations. Furthermore, we focus on matrix approach associated
with this family by providing the generalized Fibo—Bernoulli polynomials matrix, Fibo—
Pascal polynomial matrix and other important matrices. Some product and inverse formulae
for the generalized Fibo—Bernoulli polynomials matrix involving other matrices are also
derived at the end.
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1 Introduction

Many mathematicians have recently explored and studied various forms of matrices and their
analogs, which are obtained by using numbers and polynomials such as the Pascal, Bernoulli,
Euler, g—Bernoulli, and g-Euler ef cetera, for this see [4, 5, 12, 13, 15, 16, 23, 24,26, 27]. The
matrix representations of various numbers and polynomials offer a powerful tool to obtain
new or classical identities. In particular, the Pascal type matrices have been used to obtain
some new and interesting combinatorial identities involving Fibonacci and Lucas sequences.
In this study, we are interested in matrices whose entries are the Bernoulli-Fibonacci numbers
and Bernoulli—-Fibonacci polynomials, which involves the use of Fibonacci number sequence
F,.

Fibonacci numbers appear unexpectedly often in mathematics. Applications of Fibonacci
numbers include computer algorithms such as the Fibonacci search technique and the
Fibonacci heap data structure, and graphs called Fibonacci cubes used for interconnecting
parallel and distributed systems. They also appear in biological settings, such as branching
in trees, the arrangement of leaves on a stem, the fruit sprouts of a pineapple, the flowering
of an artichoke, and the arrangement of a pine cone’s bracts, though they do not occur in
all species. Fibonacci numbers are also strongly related to the golden ratio. Fibonacci num-
bers are also closely related to Lucas numbers, which obey the same recurrence relation and
with the Fibonacci numbers form a complementary pair of Lucas sequences. The Fibonacci
sequence is one of the simplest and earliest known sequences defined by a recurrence rela-
tion, and specifically by a linear difference equation. We provide the following mathematical
notations and some basic definitions [10, 11].

The Fibonacci sequence Fy>( is defined by (see, [22, p. 1]):

F = Fn+2:Fn+]+Fns
"T1F=0, F=1.

The F-factorial is given by
Fn!:Fnanan72"'Fls FO!ZI-

The Fibonomial coefficients are defined as (cf. [22, p. 2]):

n F,! n
=—, n>k>1 and =0 for n <k,
k)p  Fuoi!Fy! k) g

which satisfy the following properties:

(:), =2,
(:),6), =065,

The binomial theorem for the F-analog is given by (see, [22, p. 2 Eq. (1)]):

(4 ' =Y (Z) xhynk,
F

k=0

and
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The first and second type F-exponential functions e} and E’. are defined as (see [22, p.

21):

0 " © o "
r=2 77 Ep=2 (D", M
n=0 """ n=0 n
with
e’_F = E}

The Golden derivative operator Dy acts on any arbitrary function f(x) is given by

S ox) — f(x)

Diplf()] = -
d (¢ —@)x
where ¢ = '*2*@ and ¢ = 1’2‘/5 are two conjugate roots of Fibonacci sequence F, = A"
such that W on
Y -9
ni=———C.
(¢ —9)

In view of this, we have

()" — (px)" ()" — (@)" ol

Dy[x"] = - = = = F, x" !
F (0 —@)x (0 —9) "
and
0 X"
Dy[e*] = F,i1———.
rle’] ,,Z=(:) n+1 D)

The Golden derivative of first and second type Golden exponential functions are given as
Dyl 1 =kelr  DREFI=k E;F.
The Golden Leibnitz rule is given as

Dyl f(x)g(x)] = Dp(f(x)g(px) + f(¢x) DE(g(x))
= Dp(f(x)g(@x) + f(px)Dp(g(x)).

In [25], a new family of generalized Bernoulli polynomials of order m, R,(,m)(x) is intro-
duced and their properties are studied. For the parameters m € Nandn € Ny, the generalized
Bernoulli polynomials R,(lm) (x) of order m are generated by the function

Z\m z m 72 m 00 . o
A = Xz __ m <
(2) (ez—1> _<26z_2> e _nZan (X)n!’ |z] <27

Ry (x) := RV (x),

and

where R, (x) are generalized Bernoulli polynomials.

For broad information on old literature and new research trends about these classes of poly-
nomials and for the matrix approach to other classes of special polynomials, we recommend
to the interested reader (see [1-3, 6-9, 14, 18-21]).

Recently, researchers have shown their interest to obtain important and interesting results
concerning with the F-polynomials and their analogs, which involves the Fibonacci numbers
and their associated matrices [22, 24]. This is a remarkable step towards extracting helpful
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results in matrix theory related with the special polynomials. In [22], the n-th Bernoulli—
Fibonacci (or Bernoulli-F) polynomials B,f (x) are introduced and their connections with
the n-th Euler-Fibonacci polynomials Ef (x) are established.

For all n € Ny, the nth degree Bernoulli-Fibonacci polynomials BnF (x) are defined by
the exponential generating function

Z > F Zn 2
ey = B (x)=—, < —
<e%—1) g ZO PO S e

where B,f = B,f (0) are the n-th Bernoulli-Fibonacci numbers.

Motivated by the previous works on matrix approach of the polynomials, in this article, we
focus on introducing the generalized Bernoulli-Fibonacci polynomials and associated matri-
ces. Certain properties comprising explicit and recurrence relations, difference equations,
summation formulae are derived for these polynomials. The generalized Fibo—Bernoulli poly-
nomials matrix is established and some product formulae are obtained involving Fibo—Pascal
polynomial matrix and other matrices. Inverse formula for the generalized Fibo—Bernoulli
polynomials matrix is also provided.

2 The generalized Bernoulli-Fibonacci polynomials R,(,'") (x; F) of order
m

In this section, we introduce the generalized Bernoulli-Fibonacci polynomials and establish
some properties related to these polynomials.

Definition 2.1 For the parameters m € N and n € Ny, the generalized Bernoulli—Fibonacci

polynomials R,(,m)(x; F) of order m are defined by the following exponential generating
function:

a2 \" 2\ i S gy py 2 2 2
= =(5— = e S T
(2) <eZF—1> (24—2) °F Z_(:) o B By @

where R™ (F) := R{"™ (0; F) are generalized Bernoulli-Fibonacci numbers defined by the
following exponential generating function:

Zz " ad (m) Zn 27
— Rm F , .
(2e%—2> Zo A AR

Lemma 2.1 Let R,(lm) (x; F) be the sequence of generalized Bernoulli-Fibonacci polynomials
of order m. Then the following relation holds for every n € Ny:

RO (x; F) = x". ©)
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Proof Taking m = 0 in (2), we obtain

ZR(O)(X F)
n=0

n=0 n

n=0 n

Comparing the coefficients of 7”7, we get result (3).

Lemma 2.2 The sequence of generalized Bernoulli—-Fibonacci polynomials R,(,m)(x; F) of
order m satisfy the following relation for every n € N:

DE(RY (x; F)) = F,R™ (x; F), neN. )

Proof Operating D}, on both sides of equation (2), we get

O Zn Zz m Zz m
X § : (m)... DX x| x
DF[ OR" (va)Fn!} _DF{(Ze}—2> eF}_Z<262—2) F
n=,

n+1
= Z R™ (x; F)

n=0

- Z R (x; F)-

n=0

o0 Zn
m) .
= 2 F, Rn”j](x,F)F g

_1'

which on equating the coefficients of z” yields assertion (4). O

Theorem 2.1 For the sequence of generalized Bernoulli-Fibonacci polynomials R,(Lm)
(x, F)n=0 of order m, the following relation is satisfied:
“ /n
R 4y Py =Y (k> R{™ (x; PR, (v; F). 5)
F

k=0
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Proof In view of equation (2), we have

(m+p) " 2 \" iy
Rmp x4y F)~— = Y2
Z ( y )F,,' 2€Z_2 F

—ZR(m)(x F) ZR”’)(y, F)f

n=0 'n =0
( ank
— ZZR("") F)i np)k(y’ )F '
=0 k=0 n—k:
( () "
= ZZ( ) R @i PR (2 F)
n=0 k=0

m}

Corollary 2.1 Let R,(,m)(x; F) be the sequence of generalized Bernoulli-Fibonacci polyno-
mials of order m. Then the following summation formulae hold true:

n

RM(x+y F) =Y (Z) R (y: F)x"7*, 6)
k=0 F

R (x +y: F) Z(k> R (v; F)x", )
k=0 F

Ry(x+y; F) =) (Z) Ri(y; F)x"*, ®)
k=0 F

Ry(x; F) = Z (k> Ry—i (F)x". 9)
k=0 F

Proof Let p = 0in (5), we find

n
n
RMW(x+y:F)=Y_ <k> R (x; F)RY, (v: F).
k=0 F

Exchanging x for y and using Rfl()_)k (x; F) = x"*, we get assertion (6). Other parts can be
proved similarly by making simple substitutions. Thus we omit. O

For the parameter m = 1, we deduce the following:

Definition 2.2 The generalized Bernoulli-Fibonacci polynomials R, (x; F) in variable x are
defined by the following generating function:

& R, F) 2 10
<2e )eF_Z PR S e (1o

Thus, we have the so-called generalized Bernoulli—Fibonacci numbers R, (F) generated by

22 > " 2
— ) = R, (F)—, 11
<2e%—2) 2 RAEY G < an
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and satisfy

n—1

Ru(F)=—3" (Z) R(F).  Ri(F) =5
F

k=1

Theorem 2.2 Let {R,(x; F)},>0 be the sequence of the generalized Bernoulli—Fibonacci
polynomials. Then the following are satisfied:

(a) Explicit formula:
n
Ru(ri F) =y (") Re(F)x"™, Ro(F) = 0.
k) F
k=0
(b) Difference formula:

—1n—k—
Ry(x + 11 F) = Ry(x; F) = Z Z

<n —k— 1) Ri(F) x"~*=1=1F
k=0 =0 F

Foug—1! Fre1!

(c) Recurrence formula for R, (F):

o n+1 1 1
Z( L ) Re(F) =0, n=3; Ry(F) =0, Ri(F) =5, Ra(F) = —.
k=0 F

Proof (a) Using expansions (1) and (11) in L.h.s of generating function (10), we have
2 " oo "
L 2
(52— )ep_zozem zo o= LR
n n=| n=

which on applying the Cauchy product gives

o0

ZZRk(F)x”k Zn —ZRn

n=0 k=0

On equating the coefficients of z" yields assertion (a).
(b) We know that

- 2 00 n
> (Ry(x + 13 F) = Ry (x: F))T <Zez 2) o <Z;,—1>
n _0 n!

n=0

oo n—1 "
=2 ) Rk F)—
ot Fok—1! Fieq1!
oo n—l1 "
= —1(x; F)
r;,; " Fook—1! Fqr!
_i" "Zk:I( _1> R/(F) xn—k—l—lzn
n=0k=0 1=0 P Bt B!

On equating the coefficients of z” yields assertion (b).
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(c) Consider equation (11) such that

=265 ZR,,(F) -~ ZZR,,(F)

n=0
=2y —> k(F)— -~ 2ZR,,(F)—
F,! F,!

n=0 k=0
[e.¢] n n Zn

=2 Ry (F R, (F) | —
Z( (k) k(F) = Ru( )) o
n=0 \k=0
o0 n

2 n—+1 Z
1—22< ( L )Rk(F)>,
n=0 \k=0 F
which on equating the terms of z yields assertion (c). O

We provide the first few expressions for the generalized Bernoulli—Fibonacci polynomials
R, (x; F) as follows:

Ro(x; F) =0,
Ri: F) 1 1
x; F) = ==,

: Fua! 2
F F 1

Ro(ri F) =y = —— =2
FF! FE 2 2
F F F F 1

Ra(; Fy=x22 x4 23 53 2 4
s (F3F) )\ F3 FF3 2
F. FyF3) FyF3! F.

Ry(vi F) = 03— 32 (=23 ) 4y a0
Fs FiF)\ B! (F3F\\F\F))  FF!

F. F. F,F
L fr P BB
3 F! 3 Fy Jak)

3 1

3
:§x3—3x2+§x—§.

Theorem 2.3 Let R,(,m) (x; F) be the sequence of generalized Bernoulli-Fibonacci polyno-
mials of order m. Then the following recurrence formula hold true:

n+2

2\ n\ R F)Ry_yio(x; F)
(1— )Rn’il(x;F)=xR,§m>(x;F)—2Z(S>F s nes . (12)

n+1 r Fn—s+2 Fn—s+1
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Proof Applying D3. on both sides of generating function (2), we find

) 2 2 m
D%:E R,im’(x;an,} =DZF{(2€Z _2> 6;2}

n=0 F
00 n 2 m 2 X2

(m) . z 2 Xz 2m 5 Z¢F i
Z:R'H_l(x’F)Fn! _(26;—2> €r {X+ B 226 o2

0 P -2
Z R™ (x; F)[x+2mz —ZZR,,(x F) }
n=0 n=0

o0 —1

=) K

n=0 n=0

n+s—2

o0 o0 Z
R™ (x; F)Ry(x; F)
Xzzg " F,! F,!

o0
m o 2
ZRn+l(x’F)F=xZR”
n=0 n n=0

2m "
(m) 4

E RV (x; F)—

Fn+l =0 ntl Fn!

oo n+2 "
23 YRV PRy o F)
=0 s—0 Fu— —s+2- F
[0¢]
2 'n
(1 2 ) R P
=0 Fn+l Fn'
n+2 (m) n
F)R F)F,!
_Z KR (x5 F) — 22 (x; F)Ry—s42(x; F) L’
Fu— A+2' F! Fy!
which on simplifying and equating the coefficients of z”, we are led to assertion (12). O

Theorem 2.4 Let R,(,m) (x; F) be the sequence of generalized Bernoulli-Fibonacci polyno-
mials of order m. Then the following recurrence formula hold true:

n+2n—s+2 I’l—S+2
(1 o )Rﬁ)l(x F)=xRMx:F) -2 Y <) ( )
n+ F

s=0 [=0
R (x; F)Ry(F)x"—s+2-
Fn—s+2 Fn—s+1 ’

13)

Proof Recurrence formula (12) in view of explicit formulas for R, (x; F) can be expressed
as (13). O

Theorem 2.5 Let R,(,m)(x; F) be the sequence of generalized Bernoulli—Fibonacci polyno-
mials of order m. Then the following recurrence formula hold true:

n v+2 (m) »
<1—27> R, (x; F) = xR{™ (x; F)—ZZZ Ry 05 D) Rspia NP

Fn+ 5=0 p=0 Ap+2'F'FnA
(14)

Proof By making some other rearrangements of terms in equation (31), we are let to assertion
14). i
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Theorem 2.6 For the sequence of generalized Bernoulli—Fibonacci polynomials R,ﬁ”” (x; F)

of order m,

1
=D -
®n,F = \IJn,F = ED)I(T (15)

and

() - — o Bt
0, F = ]_[ Vor =W Vi r Y p) = ;n' (D (16
m=n—k+1 :

are the lowering and k-times lowering operators and ) Dy, is the k-th order Golden derivative
operator [11] given by

[0 = f(¢"n)

D —
0 Dplf(x)] = F— )

Proof Operating () D}, on both sides of equation (2), we get

2 m 2 m
Z Z
(k)Di%{E R (x; F)} ) D {(zez _2> e?} =< <2e;—2) °r
n=0

n k!

o0

ZZ T R F)—
!

DL(R™ (x: F)) = Fa! F k>1

&) D (R, (x; ))—F (G F), nk>1.

Since the operator W, = F%Dj‘p satisfies the relation W - FR,(,m)(x; F) = R(m)1 (x; F),
therefore the lowering operator is given by equation (15) and

R (e FY = (W, 4y oW, ){R<'"><x~F>}=F WDFR (P (1)
k n—k+1,F n,F n ’ (k) 5

This proves the demonstration. O

Theorem 2.7 Let R,(,m) (x; F) be the sequence of generalized Bernoulli-Fibonacci polyno-
mials of order m. Then the following difference equation hold true:

@m — Fu DR (x5 F) 4+ @) DERY™ (63 F)) + Q((@x" 127D (s 1y DE(RI™ (x; F)))
FR (x5 F) + Q(Fyeg42 2" 71 DERY™ (x5 F))) =0, (18)

where
n+2n—s+2

" n—s+2 Ry (F)Fs!
=2 _ ROF
z0 IZO ( ) ( >FFn—s+2 F_s41Fu!
Proof We know that |
R (5 F) = =Dy (RI(x: F),
n

which on taking n — n + 1 becomes

R (x; F) = ——DE(R) (x; F)).

n+1
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Use of equation (13) in r.h.s. of above equation gives

- 1 m -1 - n+2n—s+2 n
R (x; F) = (1— > DL xRV (x; F) =2 ()
" Fot1 Fot1 F " ;0 Z=Zo s)F

(n —s+ 2) R (x; FYRy (F)x"—5+2-1 }
F

l Fy—s42 Fps+1

n+2n—s+2 n n—s+2
(Fr1 *Zm)Rrgm)(xiF)zDAF. {XR’(‘m)(x;F)}izz > <S>F< ! )F
s=0 [=0

R (F)

DX {R(m)(x; F)xn—s+2—l}
Fo—s4+2 Fn—s+1 r y

n+2n—s+2
— n
(Fur1 —2m)RY" (1 F) = @0 DRRY (v F) + RV (ox: ) =2 ) <S>
s=0 [=0 F

n—s+2 Ri(F _ p—s42— _s—
( ) ) (G2 DE R 31 ) By R o )
[ F Fn—s+2 Fn—x+l

Now applying the following formula for Rfm (x; F) (obtained by takingn—1 = s in equation
(17) with k = 1)

F!
RI™ (x; F) = F—S'm_s)D;(R,im)(x; F)).
n:

We have

n+2n—s+2
— n
(Fap1 = 2m)RY™ (x; F) = (@x) D} (R (x; F)) + R (px; F) =2 > (s>
s=0 [=0 F

(@) ) DERY™ (x: F)

<n—s+2) Ri(F)Fy!
l FFn—s+2 Fn—s—HFn!

Faser2 X ) DERE (px: F)))
This completes assertion (18). m]

In the next section, we introduce the matrices associated with the generalized Bernoulli—
Fibonacci polynomials R,(,m)(x; F).

3 The generalized Fibo-Bernoulli polynomials matrix [r,.(jm) (x; F)]

Here, we establish the matrix associated with the generalized Bernoulli-Fibonacci polynomi-
als R,Sm) (x; F), called as the generalized Fibo—Bernoulli polynomials matrix. The properties
to be derived for the Fibo—Bernoulli polynomials matrix require the use of several other
matrices such as Fibo—Pascal matrix, Fibo—Lucas matrix et cetera. Let us first recall the
following basic matrices:

Let M,,4+1(R) be the set of all (n + 1)-square matrices over the real field. Also, for any
nonnegative integers i, j, we have

i
<) =0, whenever j > i.
J
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Let x be any nonzero real number. The generalized Pascal matrix of first kind P, [x], is
an (n + 1) x (n 4+ 1) matrix whose entries are given by (see, [13, Definition 1]):

(it i)
pi,j(x) =
0, otherwise.

The Fibonacci matrix % = [f; ;] (,j =0,1,2,...,n)isan (n + 1) x (n + 1) matrix
whose entries are given by (see, [26, Eq. (16)]):

Fiojp, if i—=j+1=0,
fij=
0, if i—j+1<0,

where F;, be the n-th Fibonacci number.
The Lucas matrix 2 = [l; ;] is an (n + 1) x (n + 1) matrix whose entries are given by
(see, [27, Eq. (2)]):
Li—jy1, if i—j=0,
llvj —
0, if i—j<0O.

where L, be the n-th Lucas number such that L,y = L,4+1 + L, for n > 1 with initial
conditions L1 = 1 and L, = 3.

For broad information on old literature and new research trends about these classes of
matrices, we strongly recommend to the interested reader (see, [4, 13, 26, 27]). Now, we
provide the definition for the new family of generalized Fibo—Bernoulli polynomaisl matrix
and other matrices.

Definition 3.1 Let R,(,m)(x, F) be the generalized Bernoulli-Fibonacci polynomials. Then,
the associated (n+1) x (n+1) generalized Fibo-Bernoulli polynomials matrix, 2. (x; F) =
[rl.(;")(x; F)l;i, j=0,1,2,...,nis defined as follows:

<i+1>
— MV e g ),

P F) = 3 Ryl i—j+m S
IJ b m- m -

=],

0, otherwise.

Form =1, %,(ll)(x; F) := %,(x; F) are called the Fibo—Bernoulli polynomials matrix
and %, (0; F) = %,,(F) is the Fibo—Bernoulli number matrix.
For a particular choice of n = 3. It follows from Definition 3.1 that Z3(x; F) is give by

— 1 —_
E 0 0 0
1 1 1

272 2 o 0

) 1 1
x—x—i—i x—1 > 0
3 3 3 1
“xdo3x24 Tx— 3x2 -3 - =X—-—= =
_2x x+2x X x+2 2x 5 5
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Definition 3.2 The (n+1) x (n+1) Fibo—Pascal polynomial matrix, &2, [x](F) = [p;; (x; F)]
0 <i,j < nisdefined by

<i+1> .
X', iz,
4+ 1
pij Fy=1 F

0, otherwise.

Definition 3.3 Let (n + 1) x (n + 1) be the matrix &, (F) = [¢;;(F)], 0 <i, j <n whose

entries are given by
2 i+1 L
i) iz
e j(F)={ limmt T E

0, otherwise,

where F}, are the Fibonacci numbers.

Theorem 3.1 The Fibo—Bernoulli polynomials matrix, %, (x; F) satisfies the following prod-
uct formulae:

Tn(x +y; F) = Pux)(F)Zn(y; F) = Pyulyl(F)%n (x; F). (19)

Farticularly,
Tn(x; F) = Py[x1(F)Zn(F). (20)

Proof By use of Definition 3.1, we have

Bop(x +y: F) = (;)zei_j(x 4y F)

k+1
_Z<l+1) i— k(J'H)F Ri_ J+1(y F)

k+1 Fk—]+
i (l+]) (l j)
i+1) p i
=) T R 0 F)
=) k—j+1
S
_ (;il)F tfl Fi—jt1 (i _j>xifj+17kRk(y. F)
Fiojri = Fe \k—1 '
i+l i—j+1
_ G T )i
Ficjyr = (F) (Fe-D!(Fi—j—k+1)! '
Dy i
(), 'L (Fi—ji)!

1 i—j+1—k )
= X Rk(y7 F)
Fi_j+i Z (F!(Fi—j—kt1)!

i+1 i—j+1

(j A

]+1)F ( .] ) Xl_/+l_kRk(y; F),
F

Ficjv1 k
(i+l)
i1

=T E R+ v P,
Fij+
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which implies
Ion(x + y; F) = Ppx1(F)%n(y; F).

Similarly, it can be shown that %, (x + y; F) = Pu[y]1(F)%,(x; F).
Finally, by taking y = 0 in (19), we obtain assertion (20), which ends the demonstration.
O

Theorem 3.2 For the generalized Fibo—Bernoulli polynomials matrix ,%,(,m)(x; F), the fol-
lowing formulae hold:

2" (x + y1 F) = 2 (x: )% (y: F)
= 2" (y: F)%" (x; F).
Proof Takingi > j and from Definition 3.1, we have

P (x + y; F)

_ i1 k+1
l k+1 j + 1 (»
=1 e R (i F) T R (3 F)

(i —k+ m) i—k+m (k — ,] + p) k—j+p
k=j F,! Fy!
F p F
R™)

m
(i SR
_<i+1> S 600 Rn s PR )03 F)
F

Jj+1 = Fm!<l —k+m) Fp!(k—j+p)
m F p F

<i + 1) ‘ (i - j) Font ) Fli—j+mp)!
. 1 .
_ J+1F 3 k=j/r  Fi-p'Foip!
- '<i —j+m+ p) = Flitrm) Fe—jtp)!
N mtp ) Fii—t)!Fo—j)!
X< R IR, (5 F),
simplifying, we get
i+ 1)
. i—j+p
_ (] +1 F F(i7j+m+p)! R(m) (x; F)Rlip)(y. F)

F !
(m+p) m+p

i+1
i—j+m+p
F

j+1 i—j+m+p (m) . P,
—j+m+p> z ( k )FR"—J’+m+p—k(x’F)Rk (: F)
k=p
F

m—+p

T P) & Fi-jimepio! T
F

Fontpy!

L F)RY (y; F)

|

Fintp)!

—jm p) par k i~
F

m+p

i+l)

J+1 F R(m+[’)

—j+m+p i—j+m+p
m+p )F

x+y; F),

Fintp)!

(i
(_

<li +1

<<ij + 1)p i"’i"f”’ (i —j+m+p>R<m>
(

<l
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which proves the first equality of Theorem (3.2). The second equality can be obtained in

a similar way. O
Corollary 3.1 Let (x1,x2,--+ ,x¢) € R*. For my natural numbers, thematrlces,%’( ])(xj; F),
j=1,2,---, k comply with the following product formula:
%’Sm1+m2+~~+mk)(xl +x24 - +x; F) = ,%”(lml)(x]; F),%,(lmZ)(XQ; F)-- -%’,(lmk)(xk; F),
(21
particularly,
k
FE kx; F) = [ 2 )] 22)
B (kx; F) = (% (x; P)T, (23)
B (F) = [ (x; P (24)
Proof Assertion (21) can be obtain by applying induction on k.
To obtain (22), wetakem|; =mpy = --- =myp =mand x| = xp = --- = x; = x in (21).
To prove (23), we take m = 1 in (22) and (24) is obtain by taking x = 0 in (23). ]

Theorem 3.3 The inverse matrix of the Fibo—Bernoulli matrix ,%’,Sm) (F) is given as follows:
ZNF) = €,(F). (25)
In particular,
(#0) = .
Proof Let
2”: _ (n) Ry—i1(F) = 8.0,
= Pt Fanit1 \K/ F

where §,, o is the Kronecker delta (see [17, p. 107]).
In order to prove (25), we show that %, &, = .#,, where ., is the identity matrix of order
n.

(%on(F)E(F));j =)

k=j

_Z(l—l—l) ( —J) 2Ri_k+1(F)
Jj+1 J)F Fli-k+1) Fle—j+1)

(l+l>

k+1 2 k+1
~— 2 ER k+1(F)7<. )
Fli—k+1) Fe—j+1) \J + 1

_<i+1) o ( j) ~ 2Rij1(F)
I+Vri= I/ F Fli—tt1) Fie—j+1)
B <i+1> ZJ( 1> 2Rk (F)
I+Vr = F Fli—k=j+1) Fety
B <i+1> < ’( ]) 2R j1(F)
i+tVr= Fik1) Fli-j—k+1)
i+1
= Si
<J+1)F e
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This completes the demonstration. O

Now, we give the inverse matrix of the Fibo—Pascal polynomial matrix &7, (x; F) by the
following definition:

Definition 3.4 The inverse of Fibo—Pascal polynomial matrix £, (x; F)isan (n+1) x (n+1)
matrix an_](x; F)= [ﬁij(x; )i, j=0,1,2,...,n given as follows:

] 1 Lo
2Ri-j+1<F>(’.+ ) ¥ iz,
~ J+1/F
Pij =

0, otherwise.

Theorem 3.4 The inverse Fibo—Bernoulli polynomial matrix %’;1 (x; F) can be expressed as
follows:
RN Fy =2, Y (F) 2, (0 F) = €,(F) 2, (x; F).

Proof In view of (20) we have
Hy ' xn F) = 7, (F) 2, (0 F),
which on applying (25) gives
Gy F) = %, ()2, (0 F) = €,(F) 2, (x; F).
This completes the demonstration. O
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