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Abstract

Let m and n be two positive integers such that m < n and n > 3. In this article, by
the unstable K-theory method, we will study the homotopy types of gauge groups of the
principal SU (n)-bundles over CP3. Let G; 1 (CP?) be the gauge groups of the principal
SU (n)-bundles over CP3, we will partially classify the homotopy types of Gy (CP3) by
showing that if there is a homotopy equivalence Go x(CP3) ~ Gy (CP3) then we have
(3 — D+ D(n+2),k) = (S — Dn(n + 1)(n +2), k'), when n is odd and (1 (n —
Dnn+ 1)(n+2),k) = (JT(” — Dn(n + 1)(n +2), k'), when n is even.
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1 Introduction

Let G be a topological group and let M be a topological space. Let P — M be a principal
G-bundle over M. The gauge group of this principal G-bundle, denote by G(P), is the
topological group of automorphisms of P, where an automorphism of P is a G-equivariant
self map of P covering the identity map of M. The main problem is to classify the homotopy
types of G(P) as P ranges over all principal G-bundles over M for fixed G and M.

When G is a simple, simply-connected compact Lie group and M is a simply-connected
closed four-manifold, then there is a one-to-one correspondence between the set of isomor-
phism classes of principal G-bundles over M and the homotopy set [M, BG] = Z. Thus
there are countably many equivalence classes of principal G-bundles over M. Each has a
gauge group, so there are potentially countably many distinct gauge groups. While there are
countably many inequivalent principal G-bundles, Crabb and Sutherland in [3] showed that
their gauge groups have only finitely many distinct homotopy types. Let Py — M represent
the equivalence class of principal G-bundle whose second Chern class is k and Gi (M) be the
gauge group of this principal G-bundle. In recent years there has been considerable interest
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in determining the precise number of homotopy types of these gauge groups and explicit
classification results have been obtained. Let (a, b) be the their greatest common divisor of
two integers a and b. When M is a spin 4-manifold, Theriault [14] showed that there is a
homotopy equivalence

t
Ge(M) = Ge(5Y x [ [ %G
i=1
where ¢ is the second Betti number of M. Thus the homotopy type of Gx (M) depends on the
special case Gy (S*). Many cases of homotopy types of Gi (S*) have been studied. When M
is a non-spin 4-manifold, So [11] showed that there is a homotopy equivalence

—1
Gr(M) ~ Gi(CP?) x HQZG

i=1

Thus the homotopy type of G (M) depends on the special case G (CP?). Only a few of the
homotopy types of gauge groups over simply-connected non-spin four-manifolds have been
studied, which we mention some results in the following.

e U(n)-gauge groups [2];

e for G = SU((2), Gx (M) >~ Gy (M) if and only if (6, k) = (6, k') [7];

e if G = SU(3) then an integral homotopy equivalence Gy (M) ~ Gy (M) implies that
(12, k) = (12k’), while (12, k) = (12k’) implies that there is a homotopy equivalence
Gk(M) >~ G (M) after localizing rationally or at any prime [13];

e for G = Sp(2),if Gy (M) =~ Gy (M) then (20, k) = (20, k'), and conversely, if (20, k) =
(20, k') then G (M) =~ Gi' (M) when localized rationally or at any prime [12];

e for G = Sp(n), if there is a homotopy equivalence Gi (CP?) ~ G (CP?) then we have
AnQn+1),k) = 4nQn + 1), k") [8].

Soin [10] studies the homotopy types of SU (n)-gauge groups over non-spin 4-manifolds and
shows that if G (C P?) is homotopy equivalent to Gy (CP?), then (3(n — Dn(n + 1), k) =
(%(n —Dnm+1),k),ifnisodd and (n — Dn(mn + 1), k) = ((n — Dnn + 1), k), ifnis
even.

In this article, we will study the homotopy types of SU (1n)-gauge groups over C P> for
n > 2. This is the first time CP3 gauge groups have been studied. Note that there is a one-
to-one correspondence between the set of isomorphism classes of principal SU (n)-bundles
over CP? and the homotopy set [CP3, BSU (n)] = Z @ Z. One copy of Z corresponds to
multiples of the map

P3P 6 L sy,

where €] generates (BSU (n)) = Z. The other copy of Z corresponds to multiples of the
map

pinch

£2: CP3 — CP3/CP' ~ 5% v $ 5" 5% 2, Bsu(m),

where €, generates w4(BSU (n)) = 7. Therefore the gauge groups are doubly-indexed, with
G1.k(CP3) corresponding to the principal SU (n)-bundle determined by the map le; + ke;.
Since the classification results for G (CP3) with! # 0 are more complex, we will not study
the homotopy types of gl,k((CP3) and only consider the case go,k((CP3). We will partially
classify the homotopy types of G x (CP?) by using unstable K -theory to give a lower bound
for the number of homotopy types. We will prove the following theorem.
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The homotopy types of SU(n)-gauge groups over Cp3

Theorem 1.1 Letn > 2, ifgo,k((CP3) is homotopy equivalent to Go y/ (CP3) then we have
(5(n — D+ D(n +2),k) = (3(n — Da(n + D(n +2),K) ifnis odd ,

(3(n — Dn(n + D(n +2),k) = (5(n — Dn(n + D(n +2), k') if n is even .

2 Preliminaries

Let BSU (n) and BGy (CP3)bethe classifying spaces of SU (n) and G (CP3 respectively.
Also, let Mapo,k((CP3, BSU (n)) and Map(’;’k((CPS, BSU (n)) respectively be the compo-
nents of the freely continuous and pointed continuous maps between CP> and BSU (n)
containing the map &,. Observe that there is a fibration

Map{  (CP*, BSU(n)) — Mapx(CP*, BSU(n)) < BSU (n),
where ev evaluates a map at the basepoint of CP3. By [1, 3], there is a homotopy equivalence
BGo x(CP?) =~ Mapo ;(CP?, BSU (n)).
The evaluation fibration therefore determines a homotopy fibration sequence
Gox(CP3) — SU(n) 5 Map§ (CP3, BSU(n)) — BGox(CP?) > BSU®), (2.1)

where o : SU (n) — Mapak((CP3, BSU (n)) is the boundary map.

In this article, we use the method in [10]. This article is organized as follows. In Sects. 3
and 4, respectively, in cases where n —m is an even integer and n —m is an odd integer, we first
study the group [CP™ A A, SU (n + 1)], where A is the quotient C P"~"+2 /CP"~"_ Then
we study the subgroup of [CP™ A A, SU (n)] which is then used in Sect. 5 to show that if
Gox(CP3) ~ Go p(CP3) then (§(n— Dn(n+1)(n+2). k) = (3(n—Dn(n+1)(n+2), k'),
whennisoddandn > 3and (§(n — Dn(n+ 1)(n+2), k) = (3(n — Da(n+1)(n+2), k'),
when n is even and n > 4. In Sect. 5, we will prove Theorem 1.1.

3 The group [CP™ A A, SU(n + 1)] when n — mis even

Let A be the quotient CP"~""+2/CP"~™ That is,

$2=2mCp2 ~ §2n=2mA2 |y o2n=2mt4 if oy s even,

A=

§2n=2m+2 \, G2n—2m+4 if n — m is odd.

Put X = CP™ A A. In this section, we first in case that n — m is an even integer and n > 3
will study the group [X, U(n + 1)] and then obtain the order of group [X, U (n)].
Denote the symmetric space U (c0)/U (n + 1) by W,,. Recall that as an algebra

H*(U(00); Z) = \(x1, %3,
H*(BU(00); Z) = Zlcy, 2, .. .],
H*U(n +1;2) = N\t x5, - x2040),
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where ¢; is the i-th universal Chern class and x3; 11 = o¢;, o is the cohomology suspension
and xp; 41 has degree 2i + 1. Consider the projection 7 : U(00) — Wy41. As an algebra we
have that the cohomology of W, is given by

H* (Woi1; Z) = \ G2ns3s 25, - ),

where 7% (X2;41) = x2i+1. Consider the following fibre sequence

QU0) 5 QWoit =5 U+ 1) -5 U(00) > Wopt. 3.1)

Applying the functor [ X, —] to fibration (3.1), there is an exact sequence as follows

[X, QU (00)] 2 [X, QW11 <5 [X, U 4+ D] <55 [X, U(00)] =5 [X, Wsr].

Since W, 41 is (2n +2)-connected, fori < 2n + 2 we have 7; (W,,4+1) = 0. By the homotopy
sequence of the fibration (3.1), we have 2, +3(W,+1) = Z and also

0 ifniseven, Z if n is even,

Ton+4(Wyt1) = Ton+5(Wyt1) =
Zy if n is odd, 7. ® Z» if n is odd.

Since X X is a C W-complex consisting only of odd dimensional cells, therefore we have
[X,U(c0)] Z [EX, BU(0)] = K% (TX) 0.
Thus we get the following exact sequence

Roox) C5 X, QW] 25 (X, U + D] — 0.

Therefore we have the following lemma.
Lemma3.1 [X,U(n + 1)] = Coker(Qm), = [X, QWy411/ImQm . O
We need to obtain the Im Q... Define a homomorphism
M X, QWart] = HP(X) @ H' (0,

by A() = (@*(aan+2), @™ (azn+4)), where o € [X, QW,,41], az,+2 and ap,+4 are generators
of H*"*2(QW, 1) = Z and H¥'**(QW, ;1) = Z respectively. Note that fori = n,n + 1,
azit2 = 0(X2i43) € H2i+2(QWn+1). Since the cohomology class xj;4+3 represents a map
X2i+3: Wyy1 — K(Z, 2i + 3) then ap; 4 is represented by a loop map QXxp;43: QW41 —
QK (Z,2i+3) = K(Z, 2i +2). Taking the product of such maps fori = n, n+ 1, we obtain
a map

a=amyy X apya: QWyy1 — K(Z,2n+2) x K(Z,2n + 4).
Now the map A is given by the following composition
as: [X, QWyp1]l > H2(X) @ H M (X).
In the following lemma we show that the homomorphism X is monomorphism.

Lemma 3.2 The map A is monic.
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Proof First, we need show to show the group [X, QW,,11] is a free abelian group. We recall
A = x272mC p? = §2n=2m+2  2n=2m+4  Consider the following cofibration sequence

§¥m=t — cpml > CP" — s (3.2)
Apply [E2=2"C P2 A—, QW,,1] to the cofibration (3.2),we get the following exact sequence

(222 e p2 ACP™ !, QWyp1] — [E2'CP2, QWyi1] — [CP™ A A, QWpi1]
— [E272CP2ACP™ !, QW] — [E27ICP%, QW]
We show that the terms [Z2" 2" +ICP2 A CP™ !, QW,41] and [Z2"~'CP2, QW,41] are
zero. Consider the following cofibration sequences
§m3  cpmt > cpml 5 s 3.3)
53— §? - CP? — s%. (3.4)
Now apply [~ 2"+1CP2 A —, QW, 1] to the cofibration (3.3), we get the following exact
sequence
[221CP?, QWyp1] — [E272HICP2 ACP™ !, QWyyi]
— [Z7HICPI ACP" 2, QW]
— [E272CP%, QW,p1].

By apply [£2"~!—, QW,,11] to the cofibration (3.4), we get the following exact sequence
Ton42(2Wt1) = T2043(QWg1) = [Z27'CP%, QWpp1] = m20p1(QWag1).

When 7 is even then we get [z2-1Cp?, QW,4+1] is zero. When 7 is odd then we get the
following exact sequence

~r | ~ _
Ton42(QWat1) = Z = m013(QWop1) = Zy — [E77'CP?, QW11 — 0.

. »2n+l
Since the map f sends f1: S2+3 — Wyiito fo: S2+4 " g2n+3 A W41, so the map

f is surjective. Thus we get [S2"~1CP2, QW,4] is isomorphic to zero.
Again apply [~ 2"+ _ACP™2, QW,, ;1] to the cofibration (3.4), we get the following
exact sequence
[22n72m+5(cpm72, QWn+]] N [22'172)114»1@[)2 A (Cmez, QWHJ,_]]
> [22n72m+3(CPm72’ QWn+]]
N [22}172m+4(cf)27 QW}'L-‘,—]],
Since QW, 11 is (2n+1)-connected, we conclude that the terms [T2—2m+5Cpm=2 Q Wit1]
and [Z2'~2mH3CPpm=2 QW,1] are zero. Therefore [ 2"+ CP2 A CP"~2, QW 11]
is isomorphic to zero. Therefore [z2n-2mtlCp2 A Cpm—] QW,,41] is isomorphic to zero.
Thus there is an exact sequence
0 — [E2"CP?, QWyp1] = [CP™ A A, QWyi1]
— [ C P ACP"!, QW] — 0.
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We show the group [E2n-2mCp2 ACPmL QW,41] is a free abelian group isomorphic to
Z. Again, apply [Z21=2mCP2 A —, QW,41] to the cofibration (3.3), we get the following
exact sequence

(222 C P2 ACP" 2, QWyp1] = [E272CP%, QWyyi]
— [ CP2 ACP™ L, QW]
— [22CP2ACP™ 2, QWyyt].

Note that the first term [Z2*~2m+tlCp2 A CP™2, QW,41] is zero, it is due to the con-
nectivity of QW, ;. Similarly we have that the last term [x21=2mCp2 ACP™ 2, QW11
is also zero. By apply [Z2n—2_, QW,41] to the cofibration (3.4), we can conclude that
[2272CP2, QWyg1] = 72042(QWyp) = Z. Therefore we obtain [ ~2"CP? A
CP™ 1 QW,q1]1is isomorphic to Z. Also by [9], we know that [221C P2, QW11 = Z87Z.
Therefore we obtain the exact sequence

0—>Z&dZ— [CP"ANA, QWyi1]— Z — 0,

thus by exactness we conclude that there is a splitting that gives [CP™ A A, QW,, 1] is a free
abelian group isomorphic to Z @ Z & Z. Now, since the maps (a2,42)*: H*"*2(K(Z, 2n +
2)) = H™2(QW,.1) and (azs4)*: H 4K (Z,2n + 4)) — HPT4(QW,4) are
isomorphism, the map a*: H/(K(Z,2n + 2) x K(Z,2n 4+ 4)) — HI(QW, ) is also
isomorphism for j = 2n 4 2 and 2n + 4. Since [X, QW, ;1] is a free abelian group then the
map A is monomorphism. O

Recall that H*(CP™) = Z[t]/ (™ T"), where |t| = 2 and K(CP™) = Z[x]/(x™*!). Let
¢, be a generator of kO(Sz"). Note that I?O(X = CP™ A £2=2mC P2y is a free abelian
group generated by 6; ; = {—m ® x'®x/, wherel <i <mand1 < Jj < 2, with the
following Chern characters

Chn+1(91,1) = chp—m(Gn—m)(Chpy (x) @ chi1(x) + chyp—1(x) ® cha(x))

1 1 1
2n—2m m m—1 2
= —1 t+ ———t —t R
“ <m! ®r+ (m —1)! © 2 )

similarly
1 1
2n—2m m 2
—1® =t,
m! 2
1
2n—2m _~ .m 2
o et

chp2(611) =0

1
2n—2m tm—l ® 12’

chyy1(612) =0 chy2(612) =0

(m—1)! ’
1
Chys1Om1) = 2" A" @ 1, Chng2On1) = oM A" @ 72,
Chns1(Om2) =0, Ch2(Om ) = o> 2" A" @ 17,
where
chy(x™) = A1t" =chx Z chilxi‘ -~-ch,~”171xi”’*‘

i1 +tip1=m—1,
0<iy<ip<-<ip—1
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+ chyx? Z chix" - chyx'™

it Hig=m—2,k=["52],
2<i)<ip<--<ij

+ ch3x® Z chi X' chi x* 4 - ..

iy ig=m—3,k=[ "53],
3<iy<ip<--<iy

=+ chkxk Z chilxi‘.

ir=m—k,k=[2]
We will prove the following proposition.

Proposition 3.3 Im A o (), is generated by «; j, for 1 <i <mand1 < j <2, where

1 (n 1)) 2 1n+2
o = —n s L, B
M= m =1 m m
1 n+2
= m+n'o01, ,
“2= Ty et )< m )

U1 = %(n +D!A1(2,0,n +2),
a1 = m+2)!1A41(0,0,1).
Proof According to the definition of the map X, we have
Lo (Qm)«(01,1) = (27 061,1)" (@2n+2), (7 0 61,1)" (a2n+4)).
The calculation of the first component is as follows
(Qm 0601,1)"(a2n+2) = @an2 0 Qu(B11) = (0 + D!chy1(61.1)

I 1
=m+D—"®r+ "l 12 ) g2,
m! 2

(m —1)!
and calculation the second component is as follows

(R 0 01,1)* (a2n+4) = aon44 0 Q@ (01,1) = (n + 2)!chy12(01,1)

— (n—|—2)' itm ® £t2 021172111.
m! 2

Therefore we have

1 1 1
Ao ()4 (01,1) (E(Vl-f-I)Y,W(Vl-Fl)!,T(n-i"z)!)

-m!
1 2 n+2
= — DI —,1 .
T m— T )<m’ ’ )
Similarly we can show
1 1
Ao (2m)s(012) =0, ———(n+ D!, —(n +2)!

(m —1)! m!

1 n—+2
= 7(m_1)!(n+1)!<0,1,7m ),
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Ao (Qm)s(Opn1) = <(n + 1)!A41,0, %(n + 2)!A1> = %(n + 1D1A1(2,0,n +2),
Ao ()« (0n,2) =(0,0,(n+2)!A1) = (n+2)!41(0,0, 1).

[m}

Now consider the map oy, : [EA, SUn)] — [ZA, Mapi(CP™, BSU(n))]. Note that
the group [X A, SU (n)] is isomorphic to K! (XA = I%O(ZzA) = Z &7 and is a free abelian
group generated by & = &, _my1 ® x' fori = 1,2. Let g,,.,: S?"~! — SU(n) represents
the generator of 5 ,,—1(SU (n)) = Z and [; for i = 1, 2, be the adjoint of the composition

Zem nN&i [ev,ev

CPm A xA L mgmel \ gp T SSU(n) A SU(n) —>]BSU(n),

where [ev, ev] is the Whitehead product. Let j: SU(n) — SU(n + 1) is the canonical
inclusion and H; be the subgroup of [X, U(n + 1)] generated by j o[y and j o I,. We study
the group H;. First, we have the following proposition.

Proposition 3.4 There are lifts 5,‘,;( of j ol fori = 1,2, respectively,

_ QWi
&ik

‘oli
CP"AALL SUMm + 1)

such that (.%,-,k)*(azprz) = (m— Dkt™ @ S1(E)* (x2i _am3), where T is the cohomology
suspension isomorphism.

Proof Hamanaka and Konoin [4, 5] showed thatthereisalifty : XSUn+1)ASU (n+1) —

Wyg1 of [ev, ev] such that y*(X2i43) = Y Xx2j4+1 ® xor+1. Let 7 be the following
k=i
composition

X jokem n A joi
—>

1
7:CP"ATA LS 5521 A 5A ESUM+ D) ASUMN+1) - Wi,

We have
PH(*2i43) = (g A (Zj o ke A J o &) Y™ (X2i43)

=(@AD*(Sjokemn Ajo&) | D Txajp1 @ vy
k=i

= (g A )" ((m — D)!Zkuzm—1 ® (j 0 &) (x2i—2m+3))

= (m — Dkt ® (&) (x2i-2m+3)>
where uy,,—1 is the generator of H2m=1(g2m—=1y 1 et the mapS: TCP"AA — CP"AXA
be the swapping map and the map ad: [ECP™ N A, W] —> [CP™ A A, QWp 1] be

the adjunction. We take & ;: CP™ A A —> QW,4 to be the adjoint of the following
composition

SCP" A A 5 CP" ASA L5 Wyy,
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that is & 1 : ad (7 o S), then & ; is a lift of i o [;, for i = 1, 2. We get
(7 0 8)*(X2i43) = §* 0 P (X2143) = §*((m — Dkt™ @ (&) (x2i-2m+3))
= (m — DITkt"™ @ T7NE) (x2i-2m+3)s
thus we have (& )*(a2i2) = (m — Dkt™ @ 7HE)* (x2i—2m43)- o

Now let H;’ be the subgroup generated by §1,k and §2,k. By Lemma 3.1, Hj is isomorphic
to Hy'/(Im(Qm). N Hy’). We have
- 1 -
Chems2(E1) = (n —m + DWo? 22 oy y3(8) = S —m+ 2)lo2m2m 22,

Cn-m+2(82) =0, Croma3(E)=m—m+ 2)!02n—2m+2t2.

According to the map of A, we have A(%l,k) = ((51,k)*(a2n+2), (51,k)*(a2,1+4)). Note that
Xon—2m+3 = 0 (Cp—m+2) and X2, 2 m+5 = 0 (ch—m+3)- The calculation of the first component
is as follows

E10*(@n12) = (m = D" @ B2 chpm2(51) = (m = DK™ @ (n —m + D0o™ "1,
and computing the second component is as follows
€10 (@n14) = (m = D" @ £ cpmy3(61)
1
=m—Dki" ® S —m+ D)o 222,
Therefore A(gl,k) =k(m—-D!n—m+1),0, %(m — D!(n —m + 2)!). Similarly we can

show that A(ézyk) =k(0,0, ;m — 1)!(n — m + 2)!). Therefore H;’ is generated by  and o/,
where

1
o= Ek(m —Dn—m+1D'2,0,n —m+2),
o =k@m—1)n—m+2)0,0,1).

Let ¢ be the generator of Hz((CP’"), also uop—2m+2 and uz,_2,44 are generators of
H?=2m+2(A) and H?*~2"+4(A), respectively. We denote an element at™us,_omi2 +
bt Vuay _omisa + ct™Con_2mi4 belong to H?H2(X) @ H*"t4(X)by (a,b,c). Let B =
{(a,b,c)la+(m—1)b=0 mod 2}.Recall (2n+5)-skeleton of QW,,; is §21H4 v §21+2,
Let (a, b, c) € ImA, then there exists f € [X, QW] such that

-1
[ ams2) = at™usp—omy2 + bt urp_omta,  [F(arnga) = ct™uzp—omis. (3.5)

We have Sg2(t"™ 1) = (m — D™, Sq*>(an—om+2) = Urn—2mss and Sq2(asn4+2) = 0. Now
apply Sg? to (3.5), we geta + (m — 1)b =0 mod 2. Thus we have the following lemma.

Lemma3.5 ImA C {(a,b,c)la+ (m —1)b =0 mod 2}. ]
In the following, we bring an application.
e SU(n)-gauge groups over CP3 where 7 is an odd integer and n > 3

In the previous calculations, we now take m = 3. First, we need the following lemma.

Lemma3.6 Imi ={(a,b,c)la+2b=0 mod 2}.
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Proof Apply [£2"—, QW] to cofibration 83 —> §2 —» CP2 L5 §* to obtain the

exact sequence

q* e *
Tonts(Was1) ——> [E2'CP2, QW11 —— Tonp3(Was1) = Tonga(Wagr),
where 1, i and ¢ are Hopf map, inclusion map and the quotient map, respectively, and
the maps n*, i* and g* are induced maps. We know that 72,43(W,+1) = Z{t;} and also

Tonsa(Wni1) = Zolta), where 1p: §21+4 1, g2n+3 Ay W,+1. Since n* sends #; to t; so
n* is a surjection map. Thus by exactness we can conclude that [£2*CP2, QW,] has a
Z-summand with its generator #3 that the map i* sends #3 to 21.

Now, let B = {(a, b, c)|la +2b =0 mod 2}. By Lemma 3.5, we have ImX C B. Put
u=1(0,0,1),v=1(0,1,1) and w = (2, 0, 0). For the converse case, we show that u, v and
w are in ImA. Consider the following maps

$1: CPPAA-L SOAST 2 QW,.yy,
$r: CPPAA-L CP3/CP! A S22 o 24 v §21H2 s QW 4,
$3: CPIA AL A A~ S2CPE B QW

where g and g are quotient maps and (CP3/(CPl ~ §%v §*. We have Mo =u,A(¢p) =v
and A(¢3) = w, respectively. Thus Im (A) = B. ]

Put 8 = {u, v, w}. We know that u, v, w € ImA and generators of Im A, therefore 8 is a
basis for Im 1. Let p = (n + 1)n(n — 1). We have the following theorem.

Theorem 3.7 [X, U (n + 1)] is isomorphic to Z%(n+1)! ® Z%(n+2)! @ Z%(nﬂ)!'

Proof By Proposition 3.3, Im Ao (7). is generated by o; j, where 1 <i <3and1 < j <2.
Note that under basis 8, Im A o (1), is generated by «; ;, where

1 1 1 1 1
=m-)!—=@m—Dp,~p, —=p]), =m-2!(-(n—Dp, =p,0]),
ap)=n-2) (12(” )p 2P 12p> ajp =(n—2) <6(n )P P )

1 1 1 1
ax = (n—2)! (an, Ep, le) , axp = (n—2)! (Enp, P, O) R
az 1 = (n—2)!((n+2)p,0, p), az2 = (n—2)!2n+2)p,0,0).

We represent the coordinate of Im A o (27), by the following matrix

(5 —1Dp 3p 5p]
tn—Dp tp 0
inp  pip
%np p O
n+2)p 0 p
|2 +2)p O 0 |

M= (-2

that is, Im A o (27), is generated by the row vectors of matrix M. By using the Smith normal
form, there exist invertible 6 x 6 and 3 x 3-matrices M’ and M” such that
ir 0 0
M-M-M=0-2!0 tn+2p 0
0 0 ip
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1 00 0 0 O
-6 1 2 0 0 O
, 2 =10 0 0 O ,, 0 3 0
where M' = 2240 12 0 —1 0 and M" = |1 —(n — 1) —1 |. Therefore we can
-6 3 2-10 0 0 0 3
2412 0 0 2 -1

conclude that

(X, U+ DI =211 B Loy @ Ly gy

We write |G| for the order of a group G. We will prove the following proposition.

%(n+2)(n+1)n ) %p
%(n+2)(n+l)n.k> (%p,k)

Proposition 3.8 |H;| = (

Proof We know that the subgroup H;’ is generated by « and o/, where

a@=kQm—2)0,(n— D) =k(n —2)1(2,0,n — 1),
o =k(0,0,2(n — 1)) = k(n — 2)!(0, 0, 2(n — 1)).

Note that under basis 8, the subgroup H;’ is generated by o = k(n — 2)!(n — 1,0, 1) and
o =k(n—2)!(2(n — 1), 0, 0). We represent the coordinate of H;’ by the following matrix

n—1 01
MHI’:k("_z)’[z(n—l)oo]’

that is, Hy’ is generated by the row vectors of matrix My, +. The new coordinate of H;’

My, - M" =k(n —2)! [O 3 —1) 3} .

06(n—1)0
Letr = (n — 2)!, then we have
1
os) #[osno) =k 0”0 )
Put p = (0, (n — 1)kr, kr) and p’ = (0, 0, —18kr). Then we have
H' ={xp+yp e[X,Um+ Dlx,y € Z}.
If xp + yp' and x’p + y'p’ are the same modulo Im A o (1), then we have
(n — Dxkr = (n — Dx'kr mod 3(n +2)p,
18ykr = 18y'kr mod 1 p.
These conditions are equivalent to
xk = x'k mod }(n +2)(n + Dn,
vk = y'k mod %p.
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1 1

7 (n+2)(n+1n disti WP s
—2———~ distinct value of x and — distinct value of y,
Twr@hmh T Y

This implies that there are
so we have
s+Dm+Dn p

i .
|Hil (3 +2)(n+ Dn, k) (%p.k)

4 The group [CP™ A A, SU(n + 1)] when n — mis odd

In this section, we in case that n — m is an odd integer and n > 3 will study the group
[X,U(n + 1)] and then obtain the order of group [X, U(n)]. Recall the homomorphism
A defined before in case one. To better distinguish the two cases we now relabel the
homomorphism as 2. That is, A’ : [X, QW, 1] — H>2(X) @ H****(X) is defined by
A (@) = (a*(a+2), o™ (azn+4)). We have the following lemma.

Lemma 4.1 The map ) is monic.

Proof Recall A = §>'—2m+2 \ §2n=2m+4 and X = CP™ A A. We show the group
[X, QW,+1] is a free abelian group. We have the following isomorphism

[)(7 QW”+]] — [CPm A (S2n72m+2 Vi S2]’l72m+4)’ QWn+]]
~ [22n72m+2(cpm’ QW)H—]] ® [2:2rL72er4(CPm7 QWn+l]~

Apply [Z2=2m+2_ QW, 1] to the cofibration (3.2), we get the following exact sequence

[Z2 2" HCP Y QW1 > m2042(QWag1) — [E 7" F2CP", QWi p1]
N [E2n—2m+2CPm—1’ QWn+1]
Since QW,,11 is (2n+1)-connected, we obtain that the first term [22n—2m+3C pm—1 QWyi1]
and the last term [E2*~2"+2C P71 QW, ] are zero. Thus [Z2"~2"+2CP" QW,41]
is isomorphic to 72,42(2W,4+1) = m2p+3(Wp1) = Z. We prove that [z2n—2mtdC pm,
QW, 1] is also a free abelian group. For this, again apply [ZZr—2mtd_ QW,4+1] to the
cofibration (3.2), we get the exact sequence

(272 CP L QW] > ot s (QWgr) — [E2 2" HCP™, QWyqi]

— [B2H2mHACP QW] = 12043(QWaig1).

Apply [E2"=2m+4_ QW, 1] and [Z2"~2"H5— QW, 1] to the cofibration (3.3), we get
the following exact sequences

[ HCP" 2, QWp1] = mani2(QWg1) — [E27 " HCP" ™ QW 11]

N [Ezn—2m+4(cpm*2, QW,+1], @&.1)
[Z2=2mH0C P2 QWi 1] = Toni3(QWpp1) — [S272mH5CP=1 QW]

— [R2—2mSCpm=2, QWynl, (4.2)

respectively. Consider the exact sequence (4.1). Since QW,, 11 is (2n + 1)-connected then
the first term and the last term are zero, thus [$2?—2m+4C pm—1 QW,+1] is isomorphic to
Ton4+2(R2W,41) = Z. Now, consider the exact sequence (4.2). We know that when # is even
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then 72,43 (2W,,1) is zero, so the group [£2*~2"HC P~ QW, 1]is isomorphic to zero,
where by the exact sequence (4.1) we have that the group [Z2' 2" CP" 2, QW, 1] is
zero. When n is odd then we prove that the group [~ CP™~1 QW, ] is isomorphic
to Z». Since n is odd, W, has (2n + 5)-skeleton equal to $2*+2 v §2"*+4 50 any map
y2=2mtScpm-l 5 QW, 4 factors as

_ -1 4 !
Eln 2m+5(CPm 1 S2n+3 S2n+2 s QWn+]v

where g is the pinch map to the top cell and / is some map. Taking [ to be the class of order 2
show that [£2#—2m+5C pm—1, QW,11] = Z,. Thus, in cases where n is even and #n is odd,
we get the following exact sequences

0— Z — [E22mH4Cp™ QW,yi] — Z — 0,

Zo =5 2@ 7y — [S¥ 2" H4CP", QWpy1] = Z — Zo,

respectively. We show that the map s; is injective. For this, it needs to be shown that the
composite

s/ _ _ S//
S2n+4 EZn 2m+5(CPm 1 QWn+1

is nontrivial, where s’ is the suspension of the attaching map $2"~! — CP™~! with cofi-
bre CP™, and s” generates [£2"~2"SCP"~!, QW,1]. Note that by the connectivity of
QW,,11, the map s” factors as the composite

_ 1 4 d
EQn 2m+5(CPm 1 SQn+3 QWn+1

where ¢ is the pinch map to the top cell and ¢’ is $2"*3 I, g2 ey QW 41. On the other
/
hand, the composite §2+4 —s x20=2m+5¢ pm—1 9, §2n+3 j¢ homotopic to 1 since 7 is
2
odd. Therefore s” o s’ is homotopic to §2*+* I, §2nt2 oy QW, 41, which is nontrivial.
Thus in both cases, by exactness we obtain [ 2"~ 2"+4CP™  QW,1]is a free abelian group

isomorphic to Z @ Z. Therefore we can conclude that the group [ X, QW,, 1] is a free abelian
group that is isomorphic to Z ® Z & Z. O

Note that KO(X = CP™ A (S21—2m+2 §21=2m+4)) i5 a free abelian group generated by
0i,j = Cn—m+i ® x/, where 1 <i <2and1 < j < m, with the following Chern characters
1

—t
(m —1)!
2n—2m+4cltm—l

m—1

1
2n—2m+2 n—2m+4
Chy+1(01,1) = o2+ —m't’”, Chp1(62,1) = o™ 2"+

2n—2m+2 B, o

chyy1(612) =0 chyy1(622) =0

’

Ch”‘H(Olvm) = Gzn_2m+2A1tm, Chn+1(92,m) = 0,
and also
1
Chn+2(91,1) = 07 Chn+2(92‘1) = 0.2"—2WH-47’tm,
m:
chp42(012) =0, chpy2(022) = ()'2"_2’""'431;"”,

Chny2(01.m) =0, Chng2(0am) = a2 2" T4 A "
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where

[

(S

S

—_— 1
Kl(m — k)!

chy(x%) = Bit"™ = Z chixchjx = m.
i+j=m, k
1<i<[7]

1

and chy,_1(x?) = C1t"~'. We have the following proposition.

Proposition 4.2 Im A o (Q7), is generated by a’i,j,for 1<i<2andl < j <m, where

, 1 ) 1 n+2
o11=—(n+D1,0,0),  da=—@m+D01 ’
’ m! ’ (m —1)! m
a'12=Bi(n+ 1!(1,0,0), o2 =(n+ DO, C1, (n+2)By),
o' 1m = A1(n+ (1, 0,0), o'2m = Ar(n+2)10,0,1).

Proof Similar to the proof of Proposition 3.3, we get
1

Ao (Qm)«(611) = <j(n + 1)!,0,0> ;
m!

Ao (Q2m)4(02,1) = <O, ¥(n + 1!, i(n + 2)!) )
(m —1)! m!
1 o (Qm)«(612) = (Bi(n+ 1)!,0,0),

A 0 (Qm)«(622) = (0, Ci(n + DY, Bi(n +2)1),

Ao (Qm)«(O1,m) = (A1(n + 1!, 0,0),
Ao (Qm)«(O2,m) = (0,0, Ar(n +2)1).

m}

Let H be the subgroup 0f~[X, U(n + 1)] generated by j ol; and j o l. By proof of
Proposition 3.4, there are lifts &; ; of j o/; fori = 1, 2, respectively, such that

E 0 (@2i2) = (m — Dkt™ @ T71E)* (x2i—2m+3)-

Now let Hy' be the subgroup generated by £ and §2,k. By Lemma 3.1, we know that the
subgroup H, is isomorphic to Hy'/(Im(Q2m), N Hy'). We have

Cromi2(E1) = (n—m + DI =24 o 38D =0,
Cnem+2(&2) = 0, Cnem+3(E2) = (n —m + 2)lo2172mFE,

According to the map of 1’, we have 1’ (£1 1) = ((€1.4)* (@2n42). (E1.5)* (@2n14)). The calcu-
lation of the first and second components are as follows

1) (@2042) = (m — DK™ @ T2 pia(E1)
= (m — Dkt ® (n —m + 1)l 22,

E10*@nga) = (m — DIkt™ @ T 2cy_pmi3(E1) = 0.

@ Springer



The homotopy types of SU(n)-gauge groups over Cp3

Therefore A/(él,k) =k((m — 1)!(n —m + 1)!,0, 0). Similarly we can show that
ME2,0) = k(0,0, m — DI(n —m +2))).
Therefore Hy' is generated by « and o', where

a=k(m—D!n—m+ 10,0 =km—1Dn—m+1)!(1,0,0),
o =k(0,0,(m —D!n—m+2)) =k(m—1D!(n—m~+2)0,0,1).

Let B’ = {(a, b, c)|(m — 1)b = ¢ mod 2}. We know that (2n + 5)-skeleton of QW,, 1 is
S2CPE ~ §2142 o214 Let (a, b, ¢) € Im)/, then there exists g € [X, 2W,11] such
that

¥ (amt2) = at™ Cop—omi2 + bt op_omia,  gF (i) = ct™Cop—omya.  (4.3)

Now apply Sqg? to (4.3). Since Sq*(t" 1) = (m — 1)t™, Sq*(£2n—4) = 0 and Sq*(az,42) =
a4, we get (m — 1)b = ¢ mod 2. Thus we have the following lemma.

Lemma4.3 Im) C {(a,b,c)|(m — 1)b=c mod 2}. |

In the following, we bring an application.
e SU(n)-gauge groups over C P> where n is an even integer and n > 4
Now, we take m = 3. We need the following lemma.

Lemma4.4 Im)\ = {(a,b,c)|2b=c mod 2}.

Proof Let B = {(a,b,c)|2b = ¢ mod 2}. By Lemma 4.3, we have Im)\’ C B’. Put
u' = (1,0,0),v = (0,1,0) and w’ = (0, 0, 2). For the converse case, we show that u’, v’
and w’ are in Im /. Consider the following maps

$1:CPIAA L S0 AL SOA ST s QW,,H,
¢r: CPIA AL (CP3/<CP] AAZS SPAA D S ASTTR s QWY
b3 CPIAA s §6 A A2 565 5272 0 QWpt1,

where p1 and p; are pinch maps, ¢ is quotient map and 6’ is the generator of 75, +5(W;,1).
We have A/ (¢1) = u’, M (¢2) = v/ and A/ (¢3) = w’, respectively. Thus Im(1') = B'. m}

Put B/ = {u',v', w'}. Since u’, v/, w’ € Im)’ and generators of Im )/, therefore B’ is a
basis for Im 1". Recall p = (n + 1)n(n — 1). We have the following theorem.

Theorem 4.5 [X, U (n + 1)] is isomorphic to 7.1 Lt 1)) D Z1 Lt ® Zi("*'z)'

Proof By Proposition 4.2, Im A" o (1), is generated by &’; j for1 <i <2and1 < j <3.
Note that under basis g/, Im A" o (Q7), is generated by

, 1 1 1
a1 ={n-2)! <6p,0, 0) , a2 =(n—2)! (0, 7P ﬁ(n + 2)P> ,
1 1
0/1,2 =(n-2)! (Ep, 0, 0) , oz’z,z =(n—-2)! (O, p, Z(n +2)p> s
o'13=(mn—-2)!(2p,0,0), o'23=(n—2)40,0, (n+2)p).
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We represent the coordinate of Im A" o (7). by the following matrix

iy 0 0 5
0 %p l—lz(n +2)p
1

N=@m-2|2P 0 0

0 p 3(n+2)p

2p 0 0
L0 0 n+2)p |

Again, by using the Smith normal form, there exist invertible 6 x 6 and 3 x 3-matrices N’
and N” such that

ip 0 0
N -N-N'=@m-2!'| 0 3p 0
0 0 tm+2)p
1 0 00 0 O
0O 1 00 O0 O
, 0 -2 010 0 ” 10_1 0
where N’ = 30 -10 0 0 and N” = [0 1 > (n+2) |. Therefore we can
12 0 0 0-10 00 3
0—-24 012 0 —1

conclude that

LX, U+ DI= 2 410 © Lt ety © L gy

We will prove the following proposition.

1 (+2)(n+Dn =P
1 "7 :
Yot rDnk) (k)

Proposition 4.6 |H,| = (

Proof We know that the subgroup H,' is generated by a and o/, where
a=k2n-2),0,0) =k(n—2)1(2,0,0),
a' =k(0,0,2(n — D! = k(n — 2)1(0,0,2(n — 1)).

Now under basis 8, the subgroup H,' is generated by @ = k(n — 2)!(2,0,0) and &’ =
k(n —2)1(0, 0, n — 1). We represent the coordinate of H," by the following matrix

200]

NHZ/:k(n—Z)![Oon_l

The new coordinate of Hy' is as follow

NHZ/-N”:k(n—Z)![zO 0 }

003(n—1)

Recall r = (n — 2)!. Then we have
30 kr 20 0 — kr 60 O
0% 003mn—1] " [00n—1]"
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Similar to the discussion in the proof of Proposition 3.7, we can conclude

in+)m+Dn Fp

H = .
72| (1 +2)(mn+Dn, k) (3p. k)

The two cases are now being treated simultaneously.
Consider the map of j,: [X, SU#n)] — [X, U(n + 1)]. We put
_ Jn+2)(n+ Dn . =D _ 1 +2)(n+ Dn ' =D

(3t +2)(n+ Dn,k) (%p. k) (3t +2)(n+ Dn, k) (%p. k)

Let P be the subgroup of [X, SU (n)] generated by /1 and /. We have the following lemma.

Lemma 4.7 The following hold:

O ifnisodd,
|P| =
O, if n is even.

Proof By definition of P and H{, we have j.(P) = H;. When n is odd then the statement
follows from Proposition 3.8 and when # is even then the statement follows from Proposition
4.6. O

5 Proof of Theorem 1.1

Apply the functor [£ A, —] to the fibration (2.1) to obtain the following exact sequence

(24, Gox (CPH] E (24, SUM % [2 A, Map} (CP?, BSUM))]

— [ZA, BGyx(CP?)] — [T A, BSU ()],
where [EA, BSU (n)] = K°(X A) = 0. By adjunction, we have
[ZA, Map; (CP3, BSU(n))] = [SA A CP?, BSU(n)].
The exact sequence becomes

(o)

[£A, Gox(CP3)] €% RO(£24) ™% (X, SUM))] = [£A, BGox(CP3)] = 0.

Thus we get [ A, Bgo,k((CP3)] = Coker(ag)«. By definitions of oy and P, the image of
(atg)« is P. Let n be odd. If T is the order of [ X, SU (n)] then by exactness we have

T = |[Im(ai)«| - |Coker(ag)«| = |P| - |Coker(ax)+| = O1 - |Coker (a)«|.

Therefore |Coker (a)«| = Oll. Now suppose that Gy x (CP3) =~ Go 1/ (CP?). Then there is an
isomorphism of groups [ A, BGyx(CP?)] = [ A, BGo 1 (CP3)]. Thus |Coker(ay)«| =

. T T
|Coker(ayr)«|. That is, o= o where

P D@+ e 5ep
TRt oet+ hn k) (Lp k)
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Therefore we can conclude that if govk((CP3) >~ Gox/ (CP3) then

(%(n —Dnn+ 1)(n+2), k) = (%(n —Dnn+ 1)(n+2), k’) .

If n is even, similarly we can conclude that if goyk((CP3) >~ Gox/ (CP3) then

G(n —Dnn+)(n+2), k) = (%(n — Dnm+ 1 +2), k’) . 0
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