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Abstract
If X is a varietywith an additional structure ξ , such as amarked point, a divisor, a polarization,
a group structure and so forth, then it is possible to study whether the pair (X , ξ) is defined
over the field of moduli. There exists a precise definition of “algebraic structures” which
covers essentially all of the obvious concrete examples. We prove several formal results
about algebraic structures. There are immediate applications to the study of fields of moduli
of curves and finite sets in P

2, but the results are completely general. Fix G a finite group of
automorphisms of X , a G-structure is an algebraic structure with automorphism group equal
to G. First, we prove that G-structures on X are in a 1 : 1 correspondence with twisted forms
of X/G ��� BG. Secondly we show that, under some assumptions, every algebraic structure
on X is equivalent to the structure given by some 0-cycle. Third, we give a cohomological
criterion for checking the existence of G-structures not defined over the field of moduli.
Fourth, we identify geometric conditions about the action of G on X which ensure that every
G-structure is defined over the field of moduli.

1 Introduction

Let K/k be a possibly infinite Galois extension of fields. Consider a variety X over K with
some additional structure ξ : for instance, ξ might be a preferred point x ∈ X(K ), or a
polarization, or a group scheme structure (see [6, §5] for a precise definition of “structures”).

Given a Galois element σ ∈ Gal(K/k), consider the twist σ ∗(X , ξ): if X is defined by
polynomials, this corresponds to applying σ to the coefficients of the polynomials. It can be
shown that the subgroup H ⊂ Gal(K/k) of elements σ such that σ ∗(X , ξ) � (X , ξ) is open,
and the field of elements of K fixed by H is called the field of moduli of (X , ξ). If (X , ξ)

descends to some subextension K/k′/k, then k′ contains the field of moduli. The following
is the basic question.

Question Is (X , ξ) defined over its field of moduli?

One of the oldest known results regarding this question is the fact that an elliptic curve E
over Q̄ is defined overQ( jE )where jE is the j-invariant of E ; this result predates the concept
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614 G. Bresciani

of field of moduli by several decades. Fields of moduli were introduced byMatsusaka [15] in
1958 and later clarified by Shimura [18], who also proved that a generic, principally polarized
abelian variety of odd dimension in characteristic 0 is defined over its field of moduli [19].
They have been studied intensively over the years, mainly for curves and abelian varieties,
see for instance [8–14, 16].

One main reason why results are restricted to curves and abelian varieties is the lack of
appropriate technology. In particular, a lot of results about curves rely on results by Dèbes,
Douai andEmsalemcontained in [9, 10]which until recentlywere only available in dimension
1. In our joint article with A. Vistoli [6], we have generalized and clarified their methods
and results: there are now a general framework and general techniques for studying fields
of moduli of varieties with a structure in arbitrary dimension. As an example of our new
techniques, we reproved and generalized Shimura’s result about abelian varieties in a much
more theoretical fashion [6, Corollary 6.25].

The study of fields of moduli of higher dimensional varieties is thus a largely unexplored
topic. As a first application of our joint work with Vistoli [6] to an open problem, in [3–5] we
study the field of moduli of curves and finite subsets of P

2. Among other things, we prove
that every smooth plane curve of degree prime with 6 is defined over the field of moduli, and
that odd degree is sufficient if the base field is R.

This brief note is an expansion of the general technology constructed in [6]. The results
contained here are crucial for our work on P

2, but completely general in nature, and will be
applied in more forthcoming works about fields of moduli of higher dimensional varieties.

Notation

We use Aut for sheaves of groups of automorphisms, and Aut for set-theoretic groups of
automorphisms.

2 Contents of the paper

For the rest of the paper, k is a field with separable closure K , and X is a separated, connected,
normal algebraic space of finite type over K .

In order to study the problem of the field of moduli of the space X with some additional
structure ξ , such as a group structure, marked points, effective divisors, polarizations and
so forth we need to define precisely what “an algebraic structure” is. We have given such a
formalization using stacks in [6, §5], and we recall it here in Sect. 3.

In our intentions, the concept of algebraic structure was nothing more than a unifying
definition. It turns out that studying algebraic structures as independent, abstract objects not
necessarily tied to some geometric meaning leads downstream to insights about the original
problem of fields of moduli of actual, geometric objects. Let us give an example.

In [3] we prove that, for the large majority of finite subgroups G ⊂ PGL3(Q̄), every
algebraic structure on P

2
Q̄
with automorphism group equal to G is defined over its field of

moduli. This is completely independent of the geometric origin of the structure: the result
holds for sets of points, for smooth curves, for cycles and so forth. The general techniques
which we give here have nothing to do with P

2, though, so the same kind of analysis can be
done for other varieties.
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The field of moduli of... 615

Fix G ⊂ AutK (X) is a finite group of automorphisms of X of order prime with char k.
A G-structure is an algebraic structure ξ on X such that the group scheme of automorphism
Aut(X , ξ) is constant and equal to G.

2.1 Equivalent structures

Given a G-structure ξ on X , the concept of field of moduli kξ of (X , ξ) is defined, and there
is a finite étale gerbe Gξ over the field of moduli kξ called the residual gerbe [6, §3.1] which
parametrizes twisted forms of (X , ξ), and a universal family Xξ → Gξ whose fibers are the
corresponding twists of X [6, §5]. In particular, ξ is defined over kξ if and only if Gξ (kξ ) �= ∅.
The coarse moduli space Xξ of Xξ is called the compression of ξ , and there is an induced
rational map Xξ ��� Gξ .

We regard two G-structures as equivalent if they have the same field of moduli and
isomorphic universal families over isomorphic residual gerbes. Loosely speaking, two G-
structures are equivalent if they contain essentially the same data and hence their respective
twisted forms are in a 1 : 1 correspondence.

2.2 Twisted G-quotients

Our first result is a classification of algebraic structures up to equivalence.

Definition 1 A twisted G-quotient of X over k is an algebraic space Y over k with an isomor-
phism YK � X/G such that for every σ ∈ Gal(K/k) there exists a σ -linear automorphism
of X which commutes with the composition X → X/G � YK → Y . Equivalently (see
Corollary 10), a twisted G-quotient is a rational map Y ��� G which is a twisted form over
k of X/G ��� BG.

We say that two twisted G-quotients are equivalent if there is an isomorphism which
respects the identification with X/G.

Theorem 2 Mapping an algebraic structure ξ with field of moduli k to the compression
Xξ ��� Gξ defines a one-to-one correspondence between G-structures on X and twisted
G-quotients of X over k, up to equivalence.

The structure ξ is defined over the field of moduli if and only if the projection X → X/G
descends to a ramified covering of the compression Xξ .

Thanks to Theorem 2, one can study twisted G-quotients directly, forgetting about the
original structure. If one can prove that, for a given G, every twisted G-quotient Y has a
smooth (more generally, liftable cf. [6, Definition 6.6]) rational point, then we automatically
get that everyG-structure ξ is defined over its field ofmoduli by the Lang-Nishimura theorem
for tame stacks [7, Theorem 4.1] applied toXξ ��� Gξ , regardless of whether ξ was the datum
of a point, a divisor, a group structure or anything else. In fact, this is the case for most finite
subgroups of both Aut(P1) = PGL2 [1] and Aut(P2) = PGL3 [3].

2.3 Interpretation as cycle-structures

If, on the other hand, we find a twisted G-quotient Y over k whose associated structure is
not defined over k, we can search for a meaningful structure whose compression is Y . This is
the technique we used to construct examples of cycles on P

1 [1] and on P
2 [3, 4] not defined
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616 G. Bresciani

over their field of moduli. The next result says that, under some assumptions, it is always
possible to give such an interpretation using 0-cycles.

Theorem 3 Assume that char k = 0, that Aut(X) is of finite type over k, and that there exists
some finite extension k′/k with a model X′ over k′ such that X′(k′) is dense.

For every algebraic structure ξ on X, there exists a 0-cycle Z on X such that (X , Z) is
equivalent to (X , ξ).

2.4 Cohomological criterion

Using non-abelian cohomology, we give a criterion to study the existence ofG-structures not
defined over their field of moduli. Suppose that K is separably closed, let X be an integral
algebraic space of finite type over k with XK = X , and G a group scheme finite étale over k
with a faithful action on X such thatGK = G ⊂ Aut(X). LetN ⊂ Aut(X) a subgroup sheaf
which normalizes G, and Q = N/G the quotient.

Theorem 4 If the natural map H1(k,N) → H1(k,Q) is not surjective, then there exists
a G-structure on X with field of moduli k which does not descend to k. If N is the entire
normalizer of G, the converse holds.

2.5 Rational points on twisted quotients

While Theorem 4 is mostly useful to construct counterexamples by exhibiting an actual
element of H1(k,Q) which does not lift to N, it is harder to apply it in the other direction,
namely showing that H1(k,N) → H1(k,Q) is surjective whenN is the entire normalizer of
G. Usually, there is a more fruitful strategy for trying to show that, for fixed G, an arbitrary
G-structure is defined over the field of moduli. Assume that |G| is prime with char k.

Let Y ��� G be a twisted G-quotient over k. If we can find a smooth rational point
y ∈ Y (k), since |G| is prime with char p then by the Lang-Nishimura theorem for tame
stacks [7, Theorem 4.1] we get that G (k) �= ∅, hence the associated structure is defined over
the field of moduli. Furthermore, the smoothness assumption can be relaxed, see [6, §6] [2].
It is then important to clarify under which conditions a closed subset Z ⊂ X descends to a
rational point (or more generally to a subspace) of every twisted G-quotient. We identify and
study such conditions in Sect. 7.

3 Algebraic structures

Let us recall how we formalized the concept of algebraic structures in [6].
Denote by (FAS/k) the fibered category over (Aff/k)whose objects over an affine scheme

S over k are flat, finitely presented morphisms Y → S, where Y is an algebraic space. A
category of structured spaces over k is a locally finitely presented fppf stackM → (Aff/k)
with a faithful cartesian functor M → (FAS/k).

The following definition is implicit in [6].

Definition 5 An algebraic structure over X is the datum of a category of structured spaces
M → (Aff/k) with an algebraic (cf. [6, Definition 3.6]) morphism Spec K → M whose
composition with M → (FAS/k) is the K -point of (FAS/k) corresponding to X .
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The field of moduli of... 617

Given a structure ξ on X , the field of moduli kξ of (X , ξ) is well defined [6, Definition
3.11], and there is an algebraic stack Gξ together with a universal family Xξ → Gξ which
parametrizes twisted forms of (X , ξ). The stack Gξ is a gerbe of finite type over kξ [6, §3.1],
and is called the residual gerbe of (X , ξ). The residual gerbe is naturally equipped with a
fully faithful morphism Gξ → M .

As we have said in the introduction, we regard two algebraic structures on X as equivalent
if they have the same field of moduli and isomorphic universal families over isomorphic
residual gerbes.

Since the residual gerbe together with the composition Gξ → M → (FAS/k) is itself a
category of structured spaces, we get the following fact, which can be regarded as a shortcut
for the definition of algebraic structure. The proof is straightforward.

Lemma 6 Mapping an algebraic structure ξ to its universal family Xξ → Gξ defines a
bijection between

• algebraic structures on X up to equivalence, and
• pair of morphisms p : Spec K → G ,X → G with an isomorphismX ×G Spec K

∼−→ X
where G is a finite gerbe over a finite subextension of K/k such that the induced action
of AutG (p) on X is faithful, up to equivalence.

4 Proof of Theorem 2

Consider the groups Autk(X),AutK (X) of automorphisms of X over k and K respectively. A
k-automorphism of X induces a k-automorphism of K ⊂ H0(X ,O), since K is the separable
closure of k in H0(X ,O). Hence, there is a short exact sequence

1 → AutK (X) → Autk(X) → Gal(K/k)

where the image of the right arrow is the Galois group of the field of moduli of X , see [6,
Proposition 3.13].

For ease of notation, from now on we always assume that twisted quotients are defined
over k, and that structures have field of moduli equal to k: by base changing, it is always
possible to reduce to this case.

Let G ⊂ AutK (X) be a finite group and Y a twisted G-quotient of X over k with natural
projection q : X → X/G � YK → Y .

Definition 7 Thedistinctive subgroupNY ⊂ Autk(X)ofY is the subgroup of automorphisms
φ of X over k such that the diagram

X X

Y
q

φ

q

commutes. If ξ is an algebraic structure on X , the distinctive subgroup of ξ is the distinctive
subgroup of its compression, and we simply write Nξ .

The composition NY ⊂ Autk(X) → Gal(K/k) is surjective by definition of twisted
quotient. Furthermore, since X is separated and integral, any automorphism of X which
commutes with X → X/G is an element of G. We thus get a short exact sequence

1 → G → NY → Gal(K/k) → 1.
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618 G. Bresciani

Proposition 8 Let Y be a twisted G-quotient of X over k. The quotient stack [Spec K/NY ]
is a finite étale gerbe over k and [X/NY ] → [Spec K/NY ] together with the tautological
morphism Spec K → [Spec K/NY ] defines an algebraic structure with field of moduli equal
to k and compression equal to Y .

Proof The morphism [Spec K/NY ] → Spec k is induced by Spec K → Spec k, which is
by construction NY -invariant. Notice that [Spec K/NY ]K � [Spec K/G] = BG, hence
[Spec K/NY ] is a finite étale gerbe. Furthermore, we have

Spec K ×[Spec K/NY ] [X/NY ] � Spec K ×[Spec K/G] [X/G] � X .

We conclude by applying Lemma 6. ��
Corollary 9 Two algebraic structures ξ, ξ ′ on X with étale automorphism groups are equiv-
alent if and only if their distinctive subgroups are equal. ��
Corollary 10 The datum of a twisted G-quotient of X over k is equivalent to the datum of a
twisted form Y ��� G of X/G ��� BG over k.

Proof If Y is a twisted G-quotient over k, X/NY ��� [Spec K/NY ] is a twisted form of
X/G ��� BG over k.

Conversely, assume that Y ��� G is a twisted form of X/G ��� BG over k; let σ ∈
Gal(K/k) be a Galois automorphism of K/k and V ⊂ Y be an open subset such that V → G
is a morphism, write U ⊂ X for the inverse image of V .

Any two morphisms Spec K → G are isomorphic since G is a finite étale gerbe and K is
separably closed. This implies that V ×G Spec K is isomorphic to both U and σ ∗U , hence
we get an isomorphism U � σ ∗U over V , or equivalently a σ -linear automorphism of U
over V . Since X is normal, it coincides with the integral closure of V in U ; we thus get an
induced σ -linear automorphism of X over Y . ��

The first part of Theorem 2 is a direct consequence of Lemma 6, Proposition 8 and
Corollary 10.

If Y ��� G is a twisted form of X/G ��� BG, a direct way of constructing the universal
family [X/NY ] → G = [Spec K/NY ] without using distinctive subgroups is to consider
the relative normalization of Y × G with respect to Spec k(Y ) → Y × G .

Let us now look at the second part of Theorem 2. If Spec k → Gξ is a rational section,
then E

def= Spec k ×G ξ Xξ with the composition E → Xξ → Xξ defines a twisted form of
X → X/G over k.

On the other hand, if E → Xξ is a twisted form of X → X/G, then Aut(X/E) =
Gal(K/k) ⊂ Nξ defines a section of Nξ → Gal(K/k), which in turn induces a morphism
Spec k → Gξ = [Spec K/Nξ ].

5 Proof of Theorem 3

Let us construct the algebraic structure associated with a cycle Z on X with finite automor-
phism group scheme.

If C ⊂ X is a reduced, irreducible closed subscheme and S is a scheme over k, a twisted
form of C over S is a flat, locally of finite type morphismX → S with a closed subscheme
C ⊂ X such that there exists a finite subextension K/k′/k, a scheme S′ over k′ and an fppf
covering S′ → S such that

(X |S′ ×k′ K ,C |S′ ×k′ K ) � (X ×K S′
K ,C ×K S′

K ).
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The field of moduli of... 619

As expected, (X ,C) defines a twisted form of (X ,C): since (X ,C) descends to some finite
subextension K/k′/k, then (X×k′ K ,C×k′ K ) is isomorphic to (X×K Spec K ⊗k′ K ,C×K

Spec K ⊗k′ K ) and hence we may take S′ = S = Spec K .
If Z = ∑

i niCi is a cycle, a twisted form of Z over S is a flat, locally of finite type
morphism X → S with a formal sum

∑
i niCi where Ci ⊂ X is a twist of Ci .

The residual gerbe GZ is the functor S �→{twisted forms of Z}; if the group scheme of
automorphisms Aut(X , Z) is finite then GZ is an algebraic stack which is a gerbe by [6,
Proposition 3.9] and XZ → GZ is the corresponding universal family whose S-points are
twisted forms (X ,Z ) of Z over S with a section S → X . The coarse moduli space of GZ

is the spectrum of the field of moduli kZ of Z .

Lemma 11 If Aut(X , Z) = AutK (X , Z) is finite étale, thenNZ = Autk(X , Z) ⊂ Autk(X).

Proof Let XZ be the compression, i.e. the coarse moduli space of XZ , and denote by c the
morphism X → XZ . First, let us show that XZ → XZ is birational. Since X is integral,
there exists an open subset U ⊂ X which is AutK (X , Z)-invariant and such that the action
on U is free; this induces an open subset U ⊂ XZ . A morphism s : S → U corresponds to
a twisted form (X ,Z ) of (X , Z) with a section S → X which lands in the subspace ofX
corresponding toU . An automorphism of s is an automorphism of the twisted form (X ,Z )

which maps s to itself. Since s lands in the locus corresponding to U , and the action on U
is free, it is straightforward to check that such an automorphism is the identity. This implies
that U is an algebraic space, and thus XZ → XZ is birational.

Let us now prove the main statement. By definition,NZ is the group of k-automorphisms
of X which commute with the composition X → XZ → XZ . If g is a k-linear automorphism
of (X , Z), then by definition ofXZ the composition c◦g is 2-isomorphic to c, so in particular
g ∈ NZ . On the other hand, if g ∈ NZ , the two compositions of c ◦ g and c withXZ → XZ

are equal. Since XZ → XZ is birational and c is surjective, we get that c ◦ g and c are
isomorphic on a dense open subset. SinceXZ is separated (which follows from the fact that
X is separated) then c ◦ g and c are isomorphic globally. By definition of XZ , this implies
that g∗Z = Z , hence g ∈ Autk(X , Z). ��

As a consequence, another way of constructingXZ → GZ is by considering the quotient
stacks [X/Autk(X , Z)] → [Spec K/Autk(X , Z)] as in Proposition 8.

Lemma 12 Let Y be a twisted G-quotient of X over k andU ⊂ X aNY -invariant non-empty
open subset, i.e. the inverse image of an open subset of Y . Assume that there exists a finite
subextension K/k′/k such that Y (k′) is dense. For every τ ∈ Autk(X) � NY , there exists a
NY -invariant finite subset Z ⊂ U (K ) such that τ(Z) �= Z.

Proof Let q : X → X/G = YK → Y be the composition, by hypothesis q ◦ τ �= τ . Up to
enlarging k′, we may assume that k′/k is Galois. We may find a finite subset H ⊂ NY such
that H → Gal(k′/k) is surjective. Notice that we cannot impose that H is a subgroup, but
fortunately this is not necessary.

If x : Spec K → U is a point such that q ◦ x : Spec K → Y is k′-rational and φ ∈ NY ,
h ∈ H ⊂ NY are elements with equal images in Gal(k′/k), then clearly

q ◦ φ ◦ x = q ◦ h ◦ x : Spec K → Y .

Since τ is not inNY , I claim that there exists a point x : Spec K → U whose image in Y
is k′-rational and such that τ ◦ x �= φ ◦ x for every φ ∈ NY . If by contradiction this is false,
then for every x ∈ U (K ) whose image in Y is k′-rational we may choose hx ∈ H such that
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620 G. Bresciani

q ◦ τ ◦ x = q ◦ hx ◦ x . Since H is finite and k′-rational points are dense, this implies that
there exists an element h ∈ H such that q ◦ τ = q ◦ h. Since h ∈ H ⊂ NY , then q ◦ h = q
and thus q ◦ τ = q , which is absurd.

Let x : Spec K → U be a point whose image in Y is k′-rational and such that τ ◦x �= φ◦x
for every φ ∈ NY , and denote by Z its NY -orbit. Clearly, Z is NY -invariant and τ(Z) �= Z
since τ ◦ x ∈ τ(Z) and τ ◦ x /∈ Z . ��

Let us now prove Theorem 3. Thanks to Corollary 9 and since we are in characteristic 0,
it is enough to find a 0-cycle Z on X such that Autk(X , Z) = Nξ .

Let Z0 be the empty 0-cycle, and define aNξ -invariant cycle Zi by recursion as follows. If
Autk(X , Zi ) = Nξ , then Zi+1 = Zi . Otherwise, choose τ ∈ Autk(X , Zi ) � Nξ and define

Zi+1 = Zi + (i + 1)Zτ ,

where Zτ ⊂ X(K ) is aNξ -invariant subset such that τ(Zτ ) �= Zτ and such that the support of
Zτ is disjoint from the support of Zi , it exists by Lemma 12. By construction, the coefficients
of Zi are at most i while the coefficients of Zτ are equal to i + 1. This implies that

Autk(X , Zi+1) = Autk(X , Zi ) ∩ Autk(X , Zτ ).

In particular, Nξ ⊂ Autk(X , Zi+1) and τ /∈ Autk(X , Zi+1), hence Autk(X , Zi+1) �

Autk(X , Zi ) if Autk(X , Zi ) is different from Nξ .
The group Autk(X) is an extension of Gal(K/k) by AutK (X) = Aut(X)(K ). The for-

mer is a compact group with respect to the pro-finite topology, while the latter is compact
with respect to the Zariski topology since Aut(X) is noetherian. Notice that the sub-
groups Autk(X , Zi ) ∩ AutK (X) = AutK (X , Zi ) and im(Autk(X , Zi ) → Gal(K/k)) =
Gal(K/kZi ) are both closed. This implies that the chain Autk(X , Zi ) ⊇ Autk(X , Zi ) is
eventually stable, i.e. Autk(X , Zi ) = Nξ for some i >> 0. This concludes the proof of
Theorem 3.

6 Proof of Theorem 4

LetG be a finite, étale group scheme over k which acts faithfully on an algebraic space X of
finite type over k. Write X = XK , G = GK . We are going to show that twisted G-quotients
of X are obtained by twisting X/G ��� BkG with some torsor.

Let Aut(X) be the sheaf of automorphisms of X. If X is projective, this is representable,
but we don’t need this assumption. Let N ⊂ Aut(X) be a subgroup sheaf which normalizes
G, and write Q for the quotientN/G.

Lemma 13 IfN is the entire normalizer ofG, the sheaf of groupsQ is isomorphic to the fppf
sheaf F of automorphisms of X/G for which, fppf locally, there exists an automorphism of
BkG making the obvious diagram 2-commutative.

Notice that the particular automorphism ofBkG is not part of the definition of F, we only
require existence.

Proof There is an obvious injective map Q → F, let us show that it is surjective. If S is
a scheme over k and f is an automorphism of XS/GS in F(S), the hypothesis implies that
there exists an fppf covering S′ → S with an automorphism h of XS′ which lifts fS′ . The
fact that h lifts an automorphism of XS′/GS′ implies that h ∈ N(S′). While the class of h is
not well defined and depends on a choice, its image q0 ∈ Q(S′) is unique. The uniqueness
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The field of moduli of... 621

of q0 implies that it descends to an element q ∈ Q(S). It is straightforward to check that the
image of q in F is f . ��

Let T → Spec k be a Q-torsor over k, it corresponds to a morphism Spec k → BkQ.
Define a twisted form X → G of [X/G] → BKG as the fibered products

X G Spec k

[X/N] BkN BkQ.

T

Since T does not lift to N, then G (k) = ∅ and hence the corresponding structure is not
defined over k.

Let us give another construction. There are actions of Q on both [X/G] and on BkG =
[Spec k/G], and using Romagny’s theory of group actions of stacks [17] it is possible to
define twists

[X/G] ×Q T = [([X/G] × T )/Q], BkG ×Q T = [(BkG × T )/Q],
with an induced morphism

[X/G] ×Q T → BkG ×Q T

whose coarse moduli space is a twisted G-quotient.
By definition,BkG×Q T is the gerbe of liftings of T toN. If T is trivial, it is immediate

to check that [X/G] ×Q T � [X/G], hence in general [X/G] ×Q T is a twisted form of
[X/G].

If T does not lift to N, the coarse moduli space of [X/G] ×Q T is a twisted G-quotient
whose associated gerbe has no sections, this proves the first part of Theorem 4. The second
part is a direct consequence of the following Proposition 14.

Proposition 14 Assume thatN is the entire normalizer ofG. Every twisted G-quotient is the
coarse moduli space of a twist

[X/G] ×Q T → BkG ×Q T

for some Q-torsor T → Spec k.

Proof Let Y ��� G be a twisted G-quotient over k. Define a category fibered in sets T as
follows. If S is a scheme over k, T (S) is the set of isomorphisms

XS/GS
∼−→ YS

for which there exists an fppf covering S′ → S and a 2-commutative diagram

XS′/GS′ BS′GS′

YS′ GS′

where the vertical arrows are isomorphisms. We stress that the fppf covering and the 2-
commutative diagram are not part of the datum, we are only selecting the isomorphisms for
which such a diagram exists. It is clear that T is a subsheaf of the sheaf of isomorphisms
betweenX/G and Y . The action ofQ onX/G induces an action on T , and Lemma 13 implies
that T is a Q-torsor. It is straightforward to check that the given G-quotient is the twist of
X/G ��� BkG by T . ��
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622 G. Bresciani

Sometimes, it is interesting to study whether the structure actually descends to X, as
opposed to a twist of X. For instance, if X = P

1
k and the structure is a divisor D ⊂ P

1
K , one

may want to study whether D descends to P
1
k [1, 14], but Theorem 2 only tells us whether

D descends to a Brauer-Severi variety of dimension 1. Similarly, one might want to study if
the embedding of a curve in P

2 is defined over the field of moduli, and not only if the curve
embeds in a Brauer-Severi surface over the field of moduli.

Definition 15 Let X ,G be as above, and X a model of X over k. A G-structure X → G of
X with field of moduli k is X-neutral if there exists a 2-cartesian diagram

X X

Spec k G
p

such that the induced embedding AutG (p) ⊂ Aut(X) identifies AutG (p)(K ) with G.

Consider the quotient sheaf Aut(X)/N. Taking the fibers of Aut(X) → Aut(X)/N defines
a function (Aut(X)/N)(k) → H1(k,N). Notice that these are sets, not groups. Still, they
have a preferred object and it makes sense to consider the kernel

K = ker(H1(k,N) → H1(k,Aut(X))),

which is the image of (Aut(X)/N)(k), i.e. we have a long exact sequence for non-abelian
cohomology. The elements of K are the N-torsor which define the trivial twist of X.

The following version of Theorem 4 is, again, a direct consequence of Proposition 14

Theorem 16 If the composition

(Aut(X)/N)(k) � K ↪→ H1(k,N) → H1(k,Q)

is not surjective, there exists a non-X-neutral G-structure with field of moduli equal to k. If
N is the entire normalizer of G in Aut(X) the converse holds.

7 Distinguished subsets

Aswe have seen above,G-structureswith field ofmoduli k correspond to twistedG-quotients
of X over k. If Y is a twistedG-quotient over k there is a rational map Y ��� G where G is the
residual gerbe and the structure is defined over the field of moduli if and only if G (k) �= ∅.

If y ∈ Y (k) is a smooth rational point and G has degree prime with char k, then by the
Lang-Nishimura theorem for tame stacks [7, Theorem 4.1] we have that G (k) �= ∅ and hence
the G-structure is defined over k. The smoothness assumption on y can be relaxed, see [6,
§6], [2]. Because of this, it is important to have a framework to construct rational points (or,
more generally, subspaces) of arbitrary twisted G-quotients. The proof of the following is
straightforward.

Lemma 17 A closed subscheme Z ⊂ X descends to a twisted G-quotient Y if and only if
φ(Z) = Z for every φ ∈ NY . ��

Write NX/k,G ⊂ Autk(X) for the normalizer of G in Autk(X).

Lemma 18 We have NY ⊂ NX/k,G.
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Proof If φ ∈ NY and g ∈ G, then clearly φ−1◦g◦φ ∈ NY ∩AutK (X) = G, so φ ∈ NX/k,G .
��

Definition 19 A closed subset Z ⊂ X is a distinguished subset if, for every τ ∈ NX/k,G ,
τ(Z) = Z .

A distinguished subset is G-invariant since G ⊂ NX/k,G , but the converse is false. Write
π for the projection X → X/G.

Lemma 20 Let Z ⊂ X be a distinguished subset and Y a twisted G-quotient over k. Then
π(Z) ⊂ X/G descends to a closed subset of Y .

Proof Follows directly from Lemmas 17 and 18. ��
Conjugation defines a homomorphism NX/k,G → Aut(G), let AX/k,G ⊂ Aut(G) be its

image. Clearly, AX/k,G contains every inner automorphism of G.
While distinguished subsets are naturally defined in terms of the group NX/k,G ⊂

Autk(X), it is often sufficient to have knowledge about AX/k,G ⊂ Aut(G). Let us give
some examples of this.

Example 21 If H ⊂ G is a subgroup and Z ⊂ X a subspace, we say that H stabilizes (resp.
fixes) Z if the elements of H restrict to automorphisms (resp. to the identity) on Z .

Let H ⊂ G be a subgroup, and let SH be the set of subgroups of G of the form φ(H) for
some φ ∈ AX/k,G . The following are distinguished subsets.

• The union and the intersection of the fixed loci of elements of SH .
• Letn be an integer, and suppose thatH stabilizes (resp. fixes) afinite number of irreducible

closed subsets of dimension n, write Cn,H for their union and similarly Cn,H ′ for H ′ ∈
SH . Then

⋃
H ′∈SH Cn,H ′ and

⋂
H ′∈SH Cn,H ′ are distinguished subsets.

• Suppose that X is smooth and proper and that it has a line bundle L whose class in the
Néron-Severi group is Autk(X)-invariant, e.g. X = P

n and L = O(1). Then we can
repeat the previous point but restricted to irreducible closed subset of a fixed degree d .

Because of Example 21 and the many other similar examples that can be given, we want
to understand the group AX/k,G ⊂ Aut(G). We have inclusions

Inn(G) ⊂ AX/K ,G ⊂ AX/k,G ⊂ Aut(G).

Usually, the subgroupAX/K ,G is easy to understand, since it is defined in terms of “geometric”
K -automorphisms of X and it is normal in AX/k,G . It remains to study its cokernel.

Suppose that X ,G descend to X,G over k with G a group scheme, and that the action of
G on X descends to an action of G on X. In particular, we have an action of Gal(K/k) on
X and hence a section Gal(K/k) → Autk(X) of Autk(X) → Gal(K/k). Furthermore, we
have an action Gal(K/k) → Aut(G), σ �→ φσ on G = G(K ).

Proposition 22 The image of Gal(K/k) → Autk(X) is contained inNX/k,G, andNX/k,G is
generated by NX/K ,G and Gal(K/k).

Proof Choose an element σ ∈ Gal(K/k), letφσ be the induced automorphism ofG = G(K ).
Since the action ρ : G × X → X descends to an action G × X → X over k, we have a
commutative diagram

G × X X

G × X X

ρ

φσ ×σ ∗ σ ∗
ρ
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where the vertical arrows are σ -equivariant. It follows that σ ∗ : X → X is φσ -equivariant,
and hence σ ∗ ∈ NX/k,G .

Now consider an element τ ∈ NX/k,G ⊂ Autk(X) normalizing G, and let σ be its image
in Gal(K/k). Since σ ∗ ∈ NX/k,G , then τ ◦ σ ∗−1 is an element ofNX/k,G which maps to the
identity in Gal(K/k), i.e. τ ◦ σ ∗−1 ∈ NX/K ,G . ��
Corollary 23 The subgroup AX/k,G ⊂ Aut(G) is generated by AX/K ,G and by the image of
Gal(K/k) → Aut(G). In particular, if G is an inner form of G then AX/k,G = AX/K ,G.
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