Bollettino dell'Unione Matematica Italiana (2022) 15:451-464
https://doi.org/10.1007/540574-021-00316-2

®

Check for
updates

The ARA transform in quantum calculus and its applications

Arvind Kumar Sinha' - Srikumar Panda’

Received: 6 July 2021 / Accepted: 28 December 2021/ Published online: 12 January 2022
© The Author(s), under exclusive licence to Unione Matematica Italiana 2022

Abstract

In this paper, we introduce the concept of ARA transform in g-calculus namely q-ARA trans-
form and establish some properties. Furthermore, several propositions concerned with the
properties of g-ARA transform are explored. We also give some applications of g-ARA trans-
form for solving some ordinary and partial differential equations with initial and boundary
values problems.
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1 Introduction

Researchers are actively involved in the overall transformation of theme development because
it is suitable for describing and analyzing physical systems [1,5,6,10,16,22,25]. Jackson [17]
introduced g-calculus. Now, the g-calculus has become very important in various fields
of science and technology. The concept of g-calculus can be used in fractions and control
problems [18]. Some integral transformations have different q analogs. The research is carried
out on the g-calculus [4,7,8,11,15]. The new integral transform called ARA transform, which
is established by [25], generalizes some variants of the Laplace transform, Sumudu transform,
Elzaki transform, natural transform, Yang transform and Shehu transform. So we motivate
to introduce the concept q-ARA transform to get the advantages in g-calculus.

We start from the definition of the ARA-transform [25] of the function f (§) is defined by

RulF 1) = F(n, 1) = /0 £l f(e)dE.

We introduce the concept of ARA transform in g-calculus namely q-ARA transform and
establish some properties. Furthermore, several propositions concerned with the properties
of g-ARA transform are explored. We also give some applications of q-ARA transform for
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solving some ordinary and partial differential equations with initial and boundary values
problems.

2 Preliminaries

In this section, we give some remarkable notes and mathematical symbols used in literature
[7,13,19,20,23,24].
The g-shifted factorials for g € (0, 1) and k € C are defined as

n—1
) =1,0qn=[]0-rgd)n=12 ..,

o0
: o N "
(k3 @loo = lim (3 q)y = ﬂ)(l kq").

(q @n cN.
(1 —qn

The g-derivatives D, f and D of a function f, given by Kac and Cheung [18] (D, f)(a) =

w’ if (a # 0) (Dg /)(0) = f'(0) exists.
Y

If f is differentiable, then (D, f)(e), tend to f'() as q tend to 1. For n € N, we have
D)=p, (D)) =D}

The g-derivative of the product Dy (f.g)(er) = g(a) Dy f () + f(qa)Dyg(cx).

The g-Jackson integral from O to k and from 0 to co given by Jackson [17]

1 -
Also we write [k], = 1= [klg!=

/ fl@)dga = (1 - q)aZf(aq")q :

n=0

/ fl@dye=(1-q) Z f@"a",

n=—oo

provided these sums converge absolutely. A g-analogue of integration by parts formulae is
given by the following relation

/ g(@)Dy f(e)dya = f()g(@) — fk)g(K) —/ flqa)Dyg(a)dya.

Gasper and Rahamen [14], Kac and Cheung [18] have given the following relation

w nm—1)
-5 P
Equng(:)q 2 W=(_(1_Q)Z§q)oo, ey
o ! : 2
“ ;:(:)[n]! (1= 9)p: Poo ol = l—q @

The above Egs. (1) and (2) satisfy the following equations
Dyel) = elj, DyE; =El” and
e,’;E ? Eqpeq =1
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Jackson [17] has given the concept of g-analogue of gamma function and many more
results have been given [7,13,21,26]

o0
F(l?):/ aﬂ_]e_“dqoz
0

by

r,(9) = %(1 —)?7 9 £0,-1,-2,... .

If satisfies the following conditions
@ +1) =[],I['@), ;1) =1,and

lim I'y(9) =), Re(?) > 0.
q—>1"

The function I'; has the following q -integral representations

1 00

Ty(y) = Ol_q O E ! dyy = 01_‘1 97 E M dyt.

The g-integral representation I'y is defined in [13,18,27] as follows: For all y, ¥ > 0, we
have

o0

Ly(y) = Ky(s) / I—gq ay_leq_"‘dqa,
0

and
00 1
_1 (—ag" ™ @)oo
B,(®,y) =K (19)/ o/ T g,
! o (2 Qe !
where,
(=9, 1; 9o
K, (®) = )
! (=47, —¢"7; @)oo
log(1 —
f M € 7, we obtain
log(q)

0 0
Fe(y) = Kq(y)f I=4 oo vdya = / L=q yr=1g 7 4,9,
0 0

3 Main results

Definition 3.1 The q-ARA transform of a function f (&) is defined by

K

I-q)

Ralf ©)1(6) = Fln, 1) = /O E11 6% £(6) dy. )
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Property 3.2 (Linearity property) Let w(§) and A (&) be two functions in which q-ARA trans-
form exists, then

Ru[Aw(§) + BA(§)](k) = ARy[w(§)1(k) + BR,[A(§)](x)

where A and B are nonzero constants.

Proof

Ry[Aw(§) + BA(§)](k) =

/ gn-l *%(s>ds+ | e to dgs

1—Q) (I=g) Jo
= ARylw(é)](k) + BR,[A(E)](x).
|
Property 3.3 (Change of the scale property)
K
Rulf (X$)](x) = 1F<n, ;)
Proof Using the concept (3), we obtain
_ K > n—1 _ —«ké&
RSO0 = s [T p dyg
M
LetusputM:x§:>%‘=?
K
0o -—M
RGN0 = o [ e, X gon) dy
1 —q)x" Jo ! !
K
——M
:;f/w M e, X g(M)yd,M
A=q)x" ' x Jo ! !
1 K
X X
|
Property 3.4 Shifting in «-Domain
Ruleg ™ f(§)10) = TF(” K+ A).
Proof
_ K O ael —kE —
e N F(E)10) = (1_q)f0 £1 10 K0 AE £ () d, &
_ K % 1 —(e+A)E
e [T e dye
K
= K+AF(n,K—|—A).
|
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Property 3.5 Shifting in n-Domain
Ru[E™ f(E)1(k) = Fuym[f(E)] = F(n+m, k).

Proof

e /0 £11 e EM £ (&) dyk

“U-o / § e 6 dy

= Fupmlf ()] = F(n+m, k).

Ral™ f (&)1 (k) =

Property 3.6 Shifting on &-Domain
Faloa® £ (6 = MIw) = e, Fy[ F0)(A + 2" .

Proof

Faloa(§) f(E = M]x) = 7

nl—KE A)d
(1_q)fs F(& - My

letting £ — A = A and substituting in the above equation we get

— q fq)v/o ()»—}—A)n_leq_'(()"‘rmf()»)

(A + 2" dya
= e MR roaa + 0]

Property 3.7 We introduce some practicals examples for finding g-ARA
transform for some functions:

@)) Ru[11(k) = K )/«oo Sn—l e—KEdS

oozs:n]
=r,0( (1_q)f dgt

F()

=ro() T
T, (n)

=gkt
(n —1)!

Y
(2

Ry[§]1(x) = a

_ K /.Oogne—l(fdg
(1—q) Jo @

/ £ e (6) f (& — A)dyE
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456
_r (n+])<1>n+1K 1 /OO %-neq—l(g ik
- q - n q
K I—=qJo [‘q(n—l-l)(%) "
1\n+1 1
=T+ () e
IR VICES)
(1 —q)En
(3 |
Ral€"106) = e e dyk
n+m— 1 —k&
=T <m+n> . f : n+mdq¥
( —q) Cy(n+m )
n+m K
Ly(m +n)
- (=gl
“) K %0
Rule 1) = o / gt ef“—” dyf
S(K x)
- q( ) _ / n+m qg
K (1 q) T, ) )
=T =
RNT —q)(K—x)”
(5) p 00 |
1 m+n % gmtn— l, E(K x)
aty (m—i—n)( ) Kf 1 n+m qé:
— X 0
l"q(n)<K - x)
K
= (1 — q)(K — X)m+n Fq(m + I’l)
(©) ixé _ —ixk

Rulsing (x€)1060) = Ro[ <0 ]
= - (Ralef?1 = Ral—e;741)
1 1
z—in(n)((K 0" (k- X)")

= %Fq(n) (271,1 sin(n tan~! (%)))

K2+ x)2
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= (1 + i;)_z P [y(n) (sin(n tan~! (%))

7) ixe  —ixé
Ralsinh, (x8)100) = R, [ “——— |

= 2 (Ralelf1 = Rl 741)
K 1 1
- *F‘I(")(( o)

= r (n) ( ! — ! >
20 =Ly Zy

® ix§ -
Ry[coshy (x8)](x) = Ry [%]

= 3 (Ralei#1 4 Ral—e; 1)
N gr"(n)< —lx)" T —lx)")

1 1
= (n) ( + )
t =Ly Ly

Theorem 3.8 Ifthe q-ARA transform of a function f (&) exists, then

ARA, [f@ — M) h(€ - M)] =, *MARALLf(E — M)

where h(§) is heaviside unit step function defined on h(§ — M) =1,
wheren > M and h(§ — M) =0, n < M.

Proof We have by definition

ARA [f(f — M) h(s — M)]

1 o0
KE" e K8 f(E — M) g(5 — M) dyE

:ﬁ
(l—q)_/ E71 e f(E - M) dy,
n>M

Putting, A=¢& - M

ARA, [f(é - M)] | T e A ) dy A

1 —K * n—1 —«
=% M/O K€" e A f(A) dyA
= e, *MARA,Lf(E — M)].

[}
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Theorem 3.9 [f the ARA transform of the f(§) exists where f (&) is a
periodic function of periods A (That is f (& + A) = f(§), V&), then

[l_eq_KM]_l § n—1 —«é&
ARAF @) = e [ e e ) dyt
Proof
ARALf(E)] = K€" e E f(E) dyE

(I=q) Jo
1 $ n—1 —«é& 1 > n—1 —«é&
=a ok kE" e, f(%‘)dqé+@/§ i E" e f(&) dyk

Setting £ = A + M in the second integral, we have

n 1 —«& d f n 1 7K(A+M)
(l — q) €y f&) qg + P
fA+ M) d, (A + M)

K€" e 5 f(E) dyE

T —q)
7KM
(1—q> £ e S dya
= (1_q) /0 x.f,-"—l €€ F(&) dgt + oM ARALLF(E)]
[l_eq_KM]_] d n—1 —«&
:ARAq[f(S)]ZTq)/O k&1 eE [(8) dyE.

Theorem 3.10 ¢-ARA convolution product
The convolution of f(w) and g(w) is defined by

—w)d;o.

(f *8)(w) = a

Convolution theorem
Statement

Let ARA,(f(§)) = F(n; k) and ARA,(g(§)) = G(n; k) be
such that f (&) and g(&) are picewise continuous functions on [0, 00).
Then convolution (f * g) is defined by
ARA,(f+x8)E)=F(m:k) G(n, k).

Proof

1
ARA4(f *g)(§) = ARA / Jfw)g( — w)dw]

=
=% e et ([ st —odgo)age
1 —9?*Jo 1 0 o
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e g
/O e eq—KE/O F@)g(E — ) dyw dgt.

T 1-q7?
Putting § — w = p = d,;& = d,p and write
1 o0 oo
(ARA (Fr9)®) = s [ [ e 6 fw1sie — o) dyody

1 s0  proo 1
N W/ 0/ J@+p e OH0) £ (w)g(p) dgw dyp
w= p=

=F(n:«)Gn,k).

4 Applications

Application 4.1 Consider the initial value problem

¥/ (&) +yE) =0, y(0) = 1. 4

Applying q-ARA transform £} on both side of equation (4)
Fily/ ©)100) + Fily(§)1) =0
or, k Fi[y(§)1(k) —x ARA4 y(0) + F1[y(§)1(x) =0

or, Fi[y(§)](x) =

or, y(§) =qF171[

or, y(£) = €.

(I-—¢q) k+1
K

(I=q) k+1

Application 4.2 Consider the initial value problem
YE) —yE) =€, y0) =1 )
Applying q-ARA-transform F; on both side of equation (5)

Fily/ ()1() + Fily(©)1(k) = File} 1()
Kk FilyE)]k) —x ARAL{y(0)} — Fily(E)]k) =

or, m
or, 1 d
Fily®]1k) = P ((,&_2)(1 -q) +KK)
. AN = e =g T e
or,
y(€) =qF, {(K_z)(K—l)(l—q) +’<—1}
or, (&) = ¢ .

Application 4.3 Consider the initial value problem
YIE +yE =0, yO =1,y ©0) =1 ©6)
Applying q-ARA-transform F; on both side of equation (6)
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Fily// (&)1) + Fily(&)1(k) =0
or,

K2 F1[yE)1(k) — k* ARAG{Y(0)) — k ARAL{Y (0)} + Fily()](k) =0

or,

K2

_ K
I-¢9 A-9)

K2 Fiy(E)] (k) — + Fily&)]1) =0

or,

2 K

<y
-9 A-q)

(< + DFLyE)]) =

or,
2

K K
OO = e T a—p w1
or,
Sy R
YO T ey T i@t

Application 4.4 Consider the initial value problem
Y/ =y 46y =8¢, y(0) =0, y/(0)=0

Applying q-ARA-transform F; on both side of equation (7)

[CRA@100) = k¥ ARAO)) —k ARALY O)}] = [« Fily©)1()

—k ARAG(y(O))] + 6 Fi[y(©)10) = a—;iﬁ
or,
(2~ + 6Py = 3+ —
(I —q)k—2)
or,
3k 8k

RO = e T p— 2w =< 16

or,

3k 8k }

_ —1
yE) k) =4 F {Kz_K+6+ (1 —q)(k —2)(k2 — Kk +6)

Application 4.5 Find the solution of the equation

aqa) _ 33(,()

8475 B 9 "’
which tends to zeros as n — 0 and which satisfies the conditions w = f(§)
whenn =0, £ >0andw =0whenn > 0,& =0.
Taking the ¢ — AR A transform of both sides of the given equation(8), we
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have

oh)

qa) 3560
ARA =1 =K ARA,} -
9 dgn

or,
7] ARA 0 K djw
ko, k) —«K q{w( )} = W

or,

d(?a) K __

—+— ——w=0

dgn* K

whose solution is
K K
- -/ =n
w=Ae¢ K + Bey K
Since w — 0 as n — oo.
From which it follows that A=0.
K
-/ =n
cB=Be, K ©)
Again, when
h=0, 5=~ /ws"—‘ e-¥€ (&) dyt = G ).
’ (1-q) Jo I !
Again from (9), we get that,
B =G ).
K

= =
Hence @ = G (k) ey K .

K
5

s &) =ARA { Gk) e,

Application 4.6 A semi-infinite solid n > 0 is initially at temperature zero. At time & > 0, a
constant temperature Ao > 01is applied and maintained at the face n = 0. Find the temperature
at any point of the solid at any time n > 0.
Here the temperature w (7, £) at any point of the solid at any time & > 0 is governed by
one dimensional heat equation
3o _ 2%

e = o (1o

with the boundary and initial conditions w (0, &) = X9, w(n, 0) = 0.
Taking the g-ARA transform of both the sides of equation (10), we have

3 0w
ARA, {"—w} — C? ARA, { 21—
0, 07
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or,
_ 2“%‘0
ko, k) —k ARA; {w(0)} =C dinz
or,
d*w
9T _K=_o
d772 CZ

whose solution is

K K
Nk V=L

wEx)=Aey O +Be, ©
Since w is finite when n — 0.
.. w is finite when n — 0.
.. A =0, otherwise @ — oo as n — 0.
Taking the g-ARA transform of the conditions
w(0, &) = Ay, we have

(0, %) = /0 Ao —— g1 ¥ £ () dyt.

1-¢q)
_ Ap(n—=1)!
Y
_ Ao(n —1)!
. From (11), we have w(0, k) =B = _—.
(I —q) k"~
Put n=2, then
K
_ ko V2!
w@,M——(l_q)Keq
K
_ A0 -y c?’
“w(n, E) =ARAN ] ———
coon, §) 4 (l—q)Keq

n
=Aperfey 72C«/?

Application 4.7 Solve the boundary value problem

2

w
Ao =a*> =, (>0, £>0)
8,152 aqn2

2
Bqa)

an

12)

where w(n,0) =0, we(7,0) =0, n >0, w(0,§) = F(§), ngmoow(fl, §)=0,§ >0.

Taking the g-ARA transform of both the sides of the equation (12), and

the boundary conditions, we have

85&) 2 85w
ARAL {5 | = a?ara {215
Bqé yn
o (2
or, -2 5 = %5: 0
dyn a
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Also w(0, k) =
asn — oo.
Now the solution of (13) is given by

(1 . 5 Jo € e " ©)dyt = ) and 0100 = 0

Kkn Kn

o(n, k) = Aeqa + Bey a.

Since w(n, k) =0asn — oco..". A =0.

and w(0, k) = F(x) = B.
Kn

Hence &(n, k) = F (k) ey a,

Kkn

o0, =ARA; [ Fo e, @ ).

5 Discussion

As Saadeh et al. [25] have introduced a new integral transform, namely ARA transform as
a powerful and versatile generalization that unifies some variants of the classical Laplace
transform, namely, the Sumudu transform, the Elzaki transform, the Natural transform, the
Yang transform, and the Shehu transform. Also, Saadeh et al. [25] have given applications of
ARA transformation in solving ordinary and partial differential equations that arise in some
branches of science like physics, engineering, and technology.

The quantum calculus, g-calculus, is a relatively new branch in which g-calculus can cal-
culate the derivative of a real function without limits. So, sometimes quantum calculus is also
called calculus without limits. g-calculus has seen some applications in physics Ciavarella
[9]. Alanazi et al. [2] have applied quantum calculus in the falling body problem in mathemat-
ical and statistical physics. Aral et al. [3] have given some results on g-calculus in applying
g-calculus in operator theory. In approximation theory, the applications of g-calculus have
been a new area in the last three decades.

So, ARA transform in quantum calculus may be applicable in operator theory, approxi-
mation theory, mathematical and statistical physics, science, and technology.

6 Conclusions

In this paper, we have introduced the concept of ARA transform in g-calculus; namely, g-ARA
transforms and establishes some properties. Furthermore, we explored several propositions
concerned with the properties of g-ARA transform. We have also given some q-ARA trans-
form applications for solving ordinary and partial differential equations with initial and
boundary values problems that arise in some branches of science like physics, engineering,
and technology.
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