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Abstract We consider the modified Kawahara equation, which contains nonlinear dispersive
effects. We prove that as the diffusion parameter tends to zero, the solutions of the disper-
sive equation converge to the discontinuous weak solutions of the scalar conservation law.
The proof relies on deriving suitable a priori estimates together with an application of the
compensated compactness method in the L? setting.
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1 Introduction

The evolution equation
oru +au28xu + caﬁxmu =0, a,ceR, (1.1)

is known as the modified Kawahara equation. It appears in the study of water waves with
surface tension, in which the Bona number takes on the critical value, where the Bona number
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represents a dismension-less magnitude of surface tension in the shallow water region (see
[3,14,16]).

To obtain the exact solutions, a number of methods have been proposed in the literature.
Some of them are the solitary wave ansatz method, the inverse scattering, Hirotas bilinear
method, homogeneous balance method, Lie group analysis, etc. Among the above, the Lie
group analysis method, which is also called the symmetry method, is one of the most effective
to determine solutions of nonlinear partial differential equations [15].

For example, in [2], the authors use Lie group analysis to obtain some exact solutions for
(1.1), the Kawahara equation

du 4 audyu +¢d>  u=0, (1.2)
the Kawahara—Korteweg—de Vries equation
du 4 audeu +bd3 u+cdd  u=0, (1.3)
the modified Kawahara—Korteweg—de Vries equation
du + au’d,u +bd> u+cd> u=0, (1.4)
and, the Rosenau—Kawahara equation
du + audyu +bd> u+cd>  u+ddd  u=0, (1.5)

where u := u(t, x) is a real function, and a, b, ¢, d € R are constants.

These equations occur in the theory of magneto-acoustic waves in plasmas and propagation
of nonlinear water-waves in the long-wave length region as in the case of Korteweg—de Vries
equation. Moreover, Eq. (1.2) is a model for small-amplitude gravity capillary waves on
water of finite depth when the Weber number is close to % (see [21]).

In [14], the author deduced (1.2) and (1.3) as a model for one-dimensional propagation
of small-amplitude long waves in various problems of fluid dynamics and plasma physics.
Moreover, Eq. (1.3) is known as the fifth-order Korteweg—de Vries equation, or the general-
ized Benney-Lin equation (see [1]).

In [18], the exp-function method has been used to find some exact solution for (1.5).

In [19], the authors proved that the solution of (1.2) converges to the solution of the
Korteweg—de Vries equation

du + audyu + bd> _u = 0. (1.6)
Let u be a solution of (1.2) or (1.3), following [12], we consider the function
up(t,x) = u(/B1,v/B x)

and study the behavior of ug as 8 — 0. Since u solves (1.2) or (1.3), we obtain the following
equations for ug

oru + audyu + cﬂzaimxxu =0, (1.7)

du + audyu + b3 u+cp?d> . u=0. (1.8)

XXX

In[6,7], the authors proved that the solutions of (1.7), and (1.8) converge to the weak solutions
of the Burgers equation

ou + d,u = 0. (1.9)
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We consider (1.5), assume a = 2, b, ¢ =0, d = 1, re-scale as in [12], and get

B + 2udyu + B29>  u=0, (1.10)

IXXXX

which is known as the Rosenau equation (see [23,24]). The existence and the uniqueness of
solutions for (1.10) has been proved in [22]. In [5] the authors proved the convergence of
the solution of (1.10) to the unique entropy solution. The same convergence result has been
proven for the Rosenau—Korteweg—de Vries equation (see [4])

o + 2udyu — B xxxu—}—ﬂ thxxx u=0. (1.11)

In this paper, we consider (1.1). In particular, we consider the following equations

du + du +0 u=0, (1.12)
du — > + 3>, u=0. (1.13)
Arguing as in [12], we re-scale the equations as follows
du + ,u’ + 200 u=0, (1.14)
du — dyu® + 200, u=0. (1.15)

Moreover, we augment (1.14) and (1.15) with the initial condition
u(0,x) = uo(x),
on which we assume that
uyp € L>(R) N L*(R). (1.16)

We are interested in the no high frequency limit, therefore we send 8 — 0in (1.14)—(1.15),
and obtain the scalar conservation laws

du + o,u° =0, (1.17)
du — du =0, (1.18)

respectively. In particular as 8 — 0, we have the converge to the entropy weak solutions of
(1.17) and (1.18).

The argument behind the convergence of (1.14)—(1.17) and of (1.15)—(1.18) cannot be
same because the two fifth order equations (1.14) and (1.15) experience different conserved
quantities. On one side we have that both of them preserve the L? norm of the solution,
indeed multiplying both equations by u« and integrating over R we gain

d 2
— [ udx =0.
dt Jr

On the other side only (1.14) preserves the L* norm of the solutions, indeed multiplying
(1.14) by u? + p%d?, . u and integrating over R we gain

d ut 82w
— dx = 0.
dt ]R( P ) *

As a consequence, inspired by [8], we consider the following approximation of (1.14)

du + dyu’ +ﬂ ““xu_sa u—ﬁ 88”“
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and prove that as 8 = o(g*) the solutions converge to the unique entropy solutions of (1.17).
On the other side we approximate (1.15) with (see [6])

_ .52 4
u=¢e0; u— PBed U

du — du’ + 202

XXXX

and prove that as 8 = O(£°) the solutions converge to the unique entropy solutions of (1.18).
The same arguments and results hold for the modified Kawahara—Korteweg—de Vries
equation (1.3), see [7].
The manuscript is organized as follows. In Sect. 2, we study the convergence of (1.14)-
(1.17) and in Sect. 3 the one of (1.15)—(1.18).

2 The case f(u) = u’

In this section, we consider (1.14). We augment (1.14) with the initial condition
u(0, x) = uo(x), 2.1

on which we assume that (1.16) holds. Observe that if § — 0, we have (1.17).
We study the dispersion-diffusion limit for (1.14). Therefore, following [8], we fix two
small numbers ¢, 8 and consider the following fifth order approximation

3
[8,u5,ﬂ + 8xug7ﬂ + ,3235””145,,3 = safxug,ﬁ — ,staﬁxxxugﬁ, t>0, x eR, 2.2)

ug p(0,x) = ug g o(x), x € R,
where u; g o is a C* approximation of uq such that

Ue 0 —> UQ inL? R),1<p<d,ase, B—0,

loc
lute, 0172y + litepollFamy < Cos &8 >0,
Blldxtte,p.0ll 72z + B2 105 cue,p.0ll72) < Co. &8 >0, 2.3)

and C is a constant independent on ¢ and .
The main result of this section is the following theorem.

Theorem 2.1 Assume that (1.16) and (2.3) hold. Fix T > 0, if
B = 0", (2.4)
then, there exist two sequences {&, }neN, {Bn}nen, with &,, B — 0, and a limit function
ue L0, T); L*(R) N L*(R)),
such that

lm_(]RJr X R), foreach 1 < p < 4,
(i1) u is a distributional solution of (1.17).
Moreover, if

() e, p, — u strongly in L

B =o(eh), 2.5)
(iii) u is the unique entropy solution of (1.17).

Let us prove some a priori estimates on u,, g, denoting with Cq the constants which depend
only on the initial data.
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Lemma 2.1 Foreacht > 0,

t 3 t
lute, (1, I ) + 26 /O 19,5 (t, )72 +26%¢ /0 193 cue,(2, 17y ds < Co.
(2.6)
Proof Multiplying (2.2) by 2u, g, an integration on R gives

d
—ue.p(t, )| =2/u, dyute pdx
df & B LZ(R) - &,f0tUe B
— 3 2 5
= —6/ us,ﬂaxu&lgdx—Zﬂ /us,ﬁaxx”xus,,gdx
R R
2 3 4
+28/ u&ﬁaxxubﬂﬁ _21328/ u&ﬂaxxxxu&ﬂdx
R R

3
= —2el|dxtte (1, M oy — 282l 05stte 6t 7oz

that is

d 3
Sl st oy + 20ee p (1 Moy + 2628103 ue p (1, 2y =0 27

Integrating (2.7) on (0, ), from (2.3), we have (2.6). O
Lemma 2.2 Fix T > 0. Assume (2.4) holds. There exists Co > 0, independent on ¢, B such
that

e pll 0.7 < CoB™2. (238)
Moreover,

t
B 0xue (1, )17 g, + 287 /0 195 tte,p (s, 172 gy ds

t
;
283 [ 1086 e ds = Co 2.9)
0
Proof Let0 <t < T. Multiplying (2.2) by —ﬂafxua,,g, we have
- IBaJ%xME-ﬁatu&ﬁ - 3}3143’/38/(%5”33)%/\,%5,/3 - ﬁ3a§xu€~ﬂa,€xxxxu5»/3

— _Be(d> 24 B3ey? 4 2.10
- ﬂe(axxue,ﬂ) +ﬁ Saxxu&ﬁaxxxxuevﬁ' ( )

Since

B d
_ﬁAafxugsﬁatugvﬂdx = EE”axul;ﬂ(t’ )”iz(R)’
_ﬂ3/Ra)%xu8,ﬁa)§xxxxu5»/3dx = ﬂ3/l%a)?xxu€,ﬁajc‘xxxu&ﬂdx =0,

5 5
/328/ a,%xu&ﬁa?xxxu&ﬂdx = _1328”8)?@(“8,/3([’ ')”iz(R)’
R

integrating (2.10) on R, we get

pd 2 2 2
EE”axuS,ﬂ(ts .)”LZ(R) + /38||axxu£,ﬂ(ts .)”LZ(R)
31153 2 _ 2 2
+ ﬂz‘gllaxxxug,ﬁ(t, )||L2(R) - 3/3/ u&ﬂaxughﬁaxxus,ﬂdx. (2.] 1)
R
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Due to (2.4) and the Young inequality,

3/3/ eﬁ|a usﬂ|8xxusﬂ|dx—3ﬂ/ Ug g ’,3482 Ue pldx

1

Z 7

B2
=< T””s ﬁ”LOO((o T)xR)”a ue p(t, )”LZ(R)

ﬂ,
—— lluep ||LOC((0 T)xR) ||3xxu5 p(t, )||L2(R)
= COEHMa ,3||L00((0,T)><]R)||8xu£,ﬁ(t: ')”LZ(R)
ﬂ,
) ||uaﬂ||L00((() T)xR)”axxus ﬁ(t )”LZ(R) (2.12)
It follows from (2.11) and (2.12) that

Bd
5 77 19xtte p (4 oy + Be T cute p (1, e,

3 1193 2
+ ﬂ2 8||8xxxu8,ﬁ(tv .)”LZ(R)

2 2
< Coelluep ||L°°((O,T)><R) |0xue p(t, -) ”LZ(]R)

3B2¢
+ =l e 0,1y 195681 2y

Integrating on (0, ¢), from (2.3) and (2.6), we have
AT ; o2 T2md
5” xua,ﬁ(h ')”LZ(R) + ,38 0 ” ,uus,ﬂ(sy ')”LZ(R) N
s [" a3 2
+/328 0 ||8xqu£,/3(S, ')”LZ(R)dS

t
=< COSHM&/SH%OO((O,T)XR)/O ||3xus,ﬁ(55 ')”iz(R)ds

3
3B2¢ !
+ =l gl 0.1y x) /0 195 1te, (5, 172y ds

< Co(1 + e gl 7o 0.7y xR))- (2.13)
We prove (2.8). Due to (2.6), (2.13) and the Holder inequality,
X
ul gt x) = 2/ Ue gy te pdx < 2/ le pdxite gldx
—00 R
< 2lue,p(t, Il L2y 10xute, g, )l 12w

Co
< *1\/(1 + llue, /3||Lo<>((o T)xR))
B2

Hence,

llue.p ||L°0((o T)xR) = B (1 + llue, ||L°°((0 T)xR))-

Arguing as in [10, Lemma 2.1], we get (2.8).
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Finally, we prove (2.9). It follows from (2.8) and (2.13) that
B oty ) 2arg + B [ 10200 505, ) 2n e d
E” )Cué‘,ﬁ( ) .)”LZ(R) :38 o xxue,ﬁ S, - LZ(R) s

t
5 _
+Be /0 103 xtte, (55 |72 gy ds < CoB™,
which gives (2.9).

Lemma 2.3 Fix T > 0. Assume (2.4). Then,

(i) the family {ug gle, g is bounded in L= ((0, T'); L*(R));
(ii) the family {Bd2 ue gle, p is bounded in L ((0, T); L*(R));

. 1 71 1
(iii) the families {,Bezagxxus,ﬂ}a,ﬂ9 {ﬁ4828?xxxu6,ﬁ}£,ﬁ7 {82u£,ﬁ8x”a,ﬁ}s,ﬂ: {B

Ue pd2 e gle. p are bounded in L*((0, T) x R)).
Proof Let0 <t < T. Multiplying (2.2) by

3 2q4
uE,ﬁ + ﬂ axxxxu&ﬂ’

we have
(ugyﬂ + ﬁzaﬁmu&ﬂ)a,u&ﬂ + 3(u2,ﬂ + ﬂzaﬁxmuaﬁ)uiﬂaxusﬁ
+ B2 5+ BP0 st )0 il p
= & (] g + B20% 1o, )00 tep — BReCu]
+ ﬁzajxxxu&ﬁ)aﬁxxxu&ﬂ'
Since

Al
=

&

(2.14)

d (1
3 204 4 2192 2
/R(us,ﬂ +8 axxxxu&ﬁ)afuevﬁdx = dt (Z”ua,ﬁ(ta ')lILA(R)+ﬂ “8)(_xu6,ﬂ(t7 ')”LZ(R)>’

3/R(u§.ﬂ + BP0 e p)UF g0t pdx = 3,32/Rug,ﬂaxus,,gaﬁmug,ﬁdx,

ﬂz/R(ug,ﬂ +ﬂza)?xxxu&ﬁ)a)?xxxxu&ﬁdx = _3132/Rug,ﬂaxussﬁa)‘(‘xxxu&ﬁdx!

3 244 2 _ 2

8/R(u£’ﬂ + B0y xlhe,p) g e pdx = =3ellug g(t, )Oxue g(t, ')”LZ(R)
— B2l atte 5 (1, ) 72y
3 f 3
—ﬂfe‘/R(ug,ﬂ + B2 e p) % tte pdx = 3,326/Rug’ﬂaxus’ﬁaixxu&ﬁdx
T a4 2
- .32 Ellaxxxxue,ﬁ(ta .)”LZ(R)’

from an integration of (2.14) on R, we get

d (1
Z (Z”ua,ﬂ(t’ )||i4(R) + ﬂzna,\%xu&ﬂ(t’ )”iZ(R))
3

+ 38||I/t87ﬂ([, ')axus,ﬂ(ts )”iZ(R) + 528”8xxxu5~13(t’ )”iz(R)

7 3
+ B2l exte s (1 o) :3;328/Rug,ﬂaxug,ﬂagmu&ﬂdx.

(2.15)
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272 G. M. Coclite, L. di Ruvo

Observe that
33e | u2 40cue 533, ue pdx = —682 dytte, p) 202 1o pd
B2e R”g,ﬂ xUe, B0y xxUes,AX = B2e R“s,ﬂ( x”s,ﬂ) xUe,padx
3 2 2
- 3,328”143’/3(1‘, ')axxua,ﬂ(ts .)“LZ(R)

3 3
= 2ﬂfa/R(axus,ﬂ)4dx —3B2ellue,p(t, Vgytte (1, 7o g
Therefore, it follows from (2.15) that

d (1
- (Znug,ﬁ(r, W ey + B 105z p G, -)||12(R))

p’e
1t ) o,

7 3
B0yt p (1. )22 gy + 3B elue p (e, V02 te p (1, ) 122

+ 3ellue,p (1, Vxtte (1, ) o gy +

< 2ﬂ%e/(axug,,3)4dx. (2.16)
R
Coclite and Karlsen [13, Lemma 4.2] says that
/(axuayﬁ)“dx < c1/ ugﬂdx/(afxu&ﬁ)zdx, (2.17)
R R R
for some constant ¢; > 0. Hence, from (2.6), and (2.17), we have
2836 | (dgusp)*dx < Copield? 2
B2e ]R( x“s,ﬁ) x < CoB2e| xx”a,ﬁ(t» ')“LZ(]R)'
Therefore, from (2.16), we gain

d (1
o (Znug,ﬁ(r, Misey + B2 1% cue 0, -)||12(R))

pe
10t ) 2,

7 3
BNyt p (1. )22 gy + 3B el gt D0 ute p (1, )22

+ 3ellue, p (1, )Oette (1 2 gy +

3 152 2
< C0,328||axxu8,ﬂ(l7 .)”Lz(R)'

It follows from (2.3), (2.6), and an integration on R that
1
e Iy + B2I0T e p (1 ) o e
' 2 2 "3 2
430 [ 5. 00tt p5. s + B2 [ 108t p 5, M s
Z " a4 2 3 ' 2 2
+ ,3 & ”axxxxué‘,ﬁ(sv ')”LZ(R)dS + 3:3 & ”us,ﬂ(sv ')axxus,ﬂ(sy ')“LZ(R)dS
0 0

t
3
< CoB2e / 195 tte,p (s, |7y ds < Co.
0
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Hence,

lue,p(z, )Law) = Co,
/3”33;('45,,3(& ')”LZ(]R) < Co,

t
o [ M. e 5. W s < o
t
e [ 1880t p(5, M s = Co,
L L 2
ple [ 10t p0. MR s = Co,

t
3
Ble [ e 9020505, s = Co,
foreveryO <t < T. o

To prove Theorem 2.1. The following technical lemma is needed [20].

Lemma 2.4 Let Q be a bounded open subset of R?. Suppose that the sequence {L,}nen of
distributions is bounded in W~1°°(Q). Suppose also that

ﬁn = El,n + £2,n7

where {L1 n}nen lies in a compact subset ofH[;C1 (82) and { L2 p}nen lies in a bounded subset
of Mioc(R2). Then {L,}nen lies in a compact subset of Hl;j ().

Moreover, we consider the following definition.
Definition 2.1 A pair of functions (1, ¢) is called an entropy—entropy flux pairif n: R — R
is a C? function and ¢ : R — R is defined by

u
a =3 [ ez,
0
An entropy—entropy flux pair (1, ¢) is called convex/compactly supported if, in addition, n
is convex/compactly supported.
We begin by proving the following result

Lemma 2.5 Assume that (1.16), (2.3) and (2.4) hold. Then for any compactly supported
entropy—entropy flux pair (n, q), there exist two sequences {€, }neN, {Bn}nen, With ey, Bn —
0, and a limit function

u € L0, T); L2R) N L*(R)),

such that
Ue, p, — u in LY ((0,T) xR), foreachl<p <4, (2.18)
u is a distributional solution of (1.17). (2.19)

Proof Let us consider a compactly supported entropy—entropy flux pair (1, ¢). Multiplying
(2.2) by 1’ (ug,p), we have

3
8[7](1/!5,/3) + axCI(Me,ﬂ) = 877/(148,,3)83,\7”8».3_/32Sn,(u&ﬁ)a)?xxxu&ﬂ_ﬁzn,(u&ﬁ)aixxxxu&ﬂ
=leptheptDeptlseptiseptlsesp,
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274 G. M. Coclite, L. di Ruvo

where
I e, p = 0x(en (ug,p)0xie p),
L e g =—en"(ue,p) Oxttc p)°,
By e g = =00 (B3 on (e )0t ),
Iy e p= ,3%877”(us,ﬂ)3xug,ﬁ33”148,,3,
Is.e.p = =0 (B0 (e )3}y e )
Is.e.p = B0 (e, p)dctte g0y Ue.p- (2.20)

Fix T > 0. Arguing as in [11, Lemma 3.2], we have that I . g — O in H_l((O, T) x R),
and {7 ¢, g}e g>0 is bounded in L'((0,T) x R).
We claim that

Lep—>0 inH'((0,T)xR), T >0, asp, e — 0.
Due to (2.4) and Lemma 2.3,

183 en e )0t 32,7y
< B3I L@ 193 cte 6172 0.1y
< Colln'lli=@B*e — .
We have
Iie,p—0 inL'((0,T) xR), T >0, asp — 0.

Thanks to Lemmas 2.1, 2.3, and the Holder inequality,
3y 3
I1B2en" (ue,p)0xts, g0%xxthe, Bl L1 ((0,7)xR)
3 T
< Breln e /0 /R (Ot p1103, g tte pldidx

=< ,B%SHYINHLOO(R)||3x“a,ﬂ||L2((o,T)xR) ||3)?xxus,ﬂ||L2((o,T)xR)

< CO”’?N”L“’(R),B% — 0.
We get

Ise.p—0 in H'((0,T) xR), T >0, ase— 0.
Due to (2.4) and Lemma 2.3,

1870 (e )3 ctte 8172 0.7y ¢y
< B oo 193 artte 172 0.1y xm)

Bipic .,

2
”axxxxu&ﬁ ||L2((0,T)><]R)

j— / 00

= 7'l w) -

< Colln'llLomye — 0.
We show that

{I6,¢, }e, p>0 1is bounded in Ll((O, T)xR), T >0, ase — 0.
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Thanks to (2.4), Lemmas 2.1, 2.3 and the Holder inequality,

18>0 (e p)xte p g e pll 11 (0,7 <)

T
< B I~ /0 /R Otte 1102, e pldidx

7
iBig

B
= ||77//||L°°(JR) |0xue p ||L2(]R) ||3;‘xxxus,ﬂ ||L2(]R)

£
< Colln" Lo m)-

Therefore, Eq. (2.18) follows from Lemma 2.4 and the L? compensated compactness of [25].
We prove that u is a distributional solution of (1.17). Let¢ € C 2(R?) be a test function with
compact support. We have to prove that

/ / (udp + udep) drdx +/ uo(x)¢ (0, x)dx = 0. (2.21)
0 JR R
We define

Ug, p, ‘= Up. (2.22)

We have

/00/ (un8,¢+u,3lax¢) dtdx—l—/uo,n(l)(o,x)dx
0 JR R

o
=—g, / / U 3%, pdrdx
0 JR

; o0
+ BZen / / un 3t pdrdx
0 JR

o
- B2 / / upd> . pdtdx.
0 JR

Therefore, (2.21) follows from (2.3) and (2.18). ]

Following [17], we prove the following result.

Lemma 2.6 Assume that (1.16), (2.3) and (2.5) hold. Then for any compactly supported
entropy—entropy flux pair (n, q), there exist two sequences {&, }neN, {Bnlnen, Withe,, B, —
0, and a limit function

u e L¥0, T); L>(R) N L*(R)), (2.23)
such that (2.18) holds and

u is the unique entropy solution of (1.17). (2.24)

Proof Let us consider a compactly supported entropy—entropy flux pair (1, ¢). Multiplying
(2.2) by n'(ue,p), we have

3
3 (e ) +0:q (e p) = e (e )02 tte p — BReN (s p) Oty ilhe,p— B0 (Ue, )3y xxxlhe, p
=l eptheptBeptlseptlIsep+lsesp,

where I, ¢ g, 12,¢,8, 13,¢,8, 14,6, 8, I5,¢, 8, 6, ¢, p are defined in (2.20).
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Fix T > 0. Arguing as in Lemma 2.5, I, g — 0 in H~'((0,T) x R), {2, ¢ gle,p>0is
bounded in L1((0, T) xR), I3,¢, g — 0in H=1((0, T) xR), I3, g — 0in L' ((0, T) x R),
and Is ., p — 0in H~'((0, T) x R).

We claim

Is e, — 0 inLl((O, T)xR), T >0, ase — 0.
By (2.5), Lemmas 2.1, 2.3, and the Holder inequality,

1820 (e, p)dxtte, pdgrxtte sl L1 0.7y xR)

1 7
Bipie T
=" le® i R|axug,ﬁ||a§xxxus,ﬂ|drdx

1 7
Bipie 4
< - 0" Il oo ®) | tee g 1l L2 (0.7 xRy 1 0w e B 1l 20,7 xR)

1

1 ﬁz
=< Colln" L= i 0.
Therefore, Eq. (2.18) follows from Lemma 2.4 and the L? compensated compactness of [25].
‘We conclude by proving that that u is the unique entropy solution of (1.17). Let us consider

a compactly supported entropy—entropy flux pair (1, ¢), and ¢ € Cf.((O, o0) x R) a non-
negative function. Fix 7 > 0. We have to prove that

/ / (M), + q(u)dx¢) dtdx > 0. (2.25)
0 JR

Due to (2.22), we have
o0
—/ /(n(un)8r¢+q(un)8x¢)dtdx
0 JR
o0 o0
= &n / / e (0 (un)dyun) pdx — ey / / 1" (un) (Bxun)* pdtdx
0 JR 0 JR
3 o 3 3 o " 4
_/gnzgn/ /3)( (n/(”n)afgxxun) ¢dtdx+,3nz‘9n/ /77 (“n)axunaxxxxund)d[dx
0 JR 0 JR
o0 o0
- B2 / / e (1 )Y\ g oun) Gdtdx + B} / / 0" ()1, 2 undtdx
0 JR 0 JR
o0 é o0
< _Sn/ /n/(un)ax“nax¢dtdx+ﬁrzzen/ /n/(un)ai)(xunaxd)dtdx
0 JR 0 JR
3 0 00
+ B en / / 0" (Un)dxtnd; s Unpdtdx + B} / / 0 (Un) 3y xttndxpdsdx
0 JR 0 JR

o0
+ B, / / 0" ()35t tnpdrdx
0 JR
= 5n||77/||L°0(]R+><]R)”axun”Lz(supp (3x)) ”ax¢”L2(supp (3x9))
3
2 3
+ B &n ||77/||L°°(]R+ xR) 105 x Un ||L2(supp (0¢9)) ||8X¢||L2(supp(3)(¢))

3
2 3

+ B enlln” | Loo @+ xm) |1l oo @+ xRy 1051 D55 x|l 11 (supp (4))
2 4

+ Bl oo e x®) 19 x| L2 supp 3,0 192 B L2 supp (39))

+ Brln” | oo et xr) 101l Lo e sy 194 1 1 supp (60
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< enllnl oo @+ xry 18xtn ll 120,17y xR 19x @l 20, 7 xR)

3
2 3

+ B &n ||77/||L°°(1R+ xR) 105 x Un ||L2((0,T)><]R) ||3x¢||L2((0,T)xR)
3

+ Bt enlln” | Loo ®+ xr) 19 | Loo R+ xR) ||8xunagxxun||L1((O,T)><R)
2 4

+ ﬂn ||77/||L°°(]R+ xR) ||8xxxxu,, ||L2((0,T)><]R) ||3x¢||L2((0,T)><]R)
2 4

+ Bl oo et x ) 11l Loo et x) 10x i Oy hn | L1 0.7y xR)

Equation (2.25) follows from (2.5), (2.18), and Lemmas 2.1 and 2.3. m]

Proof of Theorem 2.1 Theorem 2.1 follows from Lemmas 2.5 and 2.6. O

3 The case f(u) = —u?

In section, we consider (1.15), and assume (1.16) on the initial datum. Observe thatif 8 — 0,
we have (1.18).

We study the dispersion-diffusion limit for (1.15). Therefore, following [8], we fix two
small numbers ¢, 8 and consider the following fifth order approximation

Dtte = Oxtt] g + 707y xnlle p = E05ylte g — BED] yylep, 1 >0, x €R, a.0)
us,ﬁ(o» X) = us,ﬁ,O(xL x €R,
where u, g o is a C° approximation of uq such that
Ug g0 —> Uy in Llpoc(]R), l<p<4dase, g—0,
e, p.0ll 72 + luepollsg < Co, &8 >0,
1
Belloxue .ol > g, + B 13 uep0ll 72 < Coo €8>0, (3.2)
and C is a constant independent on ¢ and .
The main result of this section is the following theorem.
Theorem 3.1 Assume that (1.16) and (2.3) hold. Fix T > 0, if
B =0(), (3.3)

holds, then, there exist two sequences {€, }neN, {Bn}nen, withey,, B — 0, and a limit function
e L0, T); L*(R) N L*(R),
such that

(i) Equation (2.18) holds,
(ii) u is the unique entropy solution of (1.18).

Let us prove some a priori estimates on u,, g, denoting with Cq the constants which depend
only on the initial data.

Lemma 3.1 Foreacht > 0,

t t
”ué‘.ﬂ(tv )I|i2(R) + 25A ”axus,ﬁ(ta )”iZ(R) + 2138/0 ”a,%xu&ﬂ(t’ )“iZ(R)dS =< CO-
(3.4)
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Proof We begin by observing that
2 4 _ 3 _ 2 2
— /38/ Ug Oy xxlle pdX = 2,36‘/ Oxte g0y, cUe pdx = —2Be|| 05 us (2, -)||L2(R).
R R
Therefore, arguing as in Lemma 2.1, we have (3.4). O

Lemma 3.2 Fix T > 0. We have that

11
llue gllLoo,1)xr) < CoB~ 3 2. (3.5)

In particular,

B utte p(t, I oaggy + 28363 [ 1020000 (5. I gy s
X S,ﬂ ) Lz(R) 0 XX S,ﬁ ) LZ(R)
t
2% [ 108t 0. ey s < Co. (3.6)
Proof Let0 <t < T. Multiplying (3.1) by —25%88§xu5,ﬂ, an integration on R gives
1 d 2 1 2
:3285 ||axu8,ﬂ (tv .)”LZ(R) = _2ﬂ28 R axxué‘,ﬁalu&ﬁdx
— 6By 2 2 3 2 5
= —6f2¢ Rus’ﬂ8xu5,ﬁ8xxu5,5dx+2ﬂ2s Ra”us,ﬂa”mu&ﬁdx
1 3
=222 |02 1e (1, 2oy + 2876 /]R 05 lte,pOyyle, pdx
_ 1 2 2 3 3 4
= —6f2¢ ; ug’ﬂE)xug,ﬂBxxus,ﬁdx—Zﬂw ; O yxUe, B0,y e pdx
1 3
=222 |02 te p (1, M2y — 28762103t p (1 ) ]2
1 1
= —6;378/Ruﬁyﬁaxu&ﬂafxus,ﬂdx — 2826?02 ue p(t, -)||iz(R)
3 2143 2
_2ﬁ28 ||8xxxu5,ﬂ(t7')”L2(R)'

Hence,

1 d 3
ﬁzeanaxus,ﬂ(tv )”iZ(R) + 2/382”8)%xu57/5(t’ )”iZ(R) + 2/3282”33)””5,;307 )”iz(]R)

= —6ﬁ%e/ U2 gDyt 502tz pdx. 3.7)
R
Due to the Young inequality,
687 | u? 400 92 up gldx = 68 | u2 409 292 u, g|d
ug gloxue gl|0y s, gldx = 6¢ Rug,,gl cite, pl1B2 05 Ue,pldx
R

1
< 6¢llute g1 7o 0.7y xR) /]R |Oxtte p11B2 07 ute pldx

< 3ellue,p (0, 1< 19xtte, 6 (2, 172 g

+3Belue,pl1 70,1y 1952 tte,p (5 172 -
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Therefore, from (3.7), we gain
1 d 2 20192 2 3 2143 2
IBZ‘E\E ”axue,ﬁ(ta .)”Lz(R) + 258 ||3XXM£’/5([, .)“LZ(R) + 2:32 & ”axxxus,ﬂ(ly .)”L2(R)
< Bsllute, pll7 00 (0, 7)<y 10,5 (15 V2 gy + 3BElte 1700 (0, 7y xm) 1055 e, 72y
Integrating on (0, t), from (3.2) and (3.4), we have
t
1 2 2 2 2 32 3 2
B2elloxue p(t, )72 ) +28¢ /0 103 xue.p (s, M2 gyds +2B2¢ /R 1055 xte.p(s, -)Ile(R)dS
t
< Co + 3ellue pll 7 0.1y xR) /0 19xtte, (5, 17 2y ds

2 2 2
+ 3ﬂ£|lu£,ﬁl|L°0((0’T)><]R) /(; 105 ctte,p (s, ')”LZ(R)dS
< Co(l + lue.pll 7o 0.7y xR))- (3.8)

We prove (3.5). Due to (3.4), (3.8), and the Holder inequality,

X
ul gt x) = 2/ Ue gyt pdx < 2/ e p||8xtte, gldx
00 R

< llue,p(t, ')”LZ(R)”axus,ﬂ(tv ')”LZ(R)

< ﬁfzé O+ e gl 0.1y )
Hence,
it o0,y < ;’gu e e 0.1y (3.9)
Introducing the notation
¥ = lueplliecomsm. pie=Ss. (3.10)
Then, Eq. (3.9) reads
y“s%(lﬂz). G.11)
Arguing as in [10, Lemma 2.3], we have
y < Cos 2. (3.12)

Equation (3.5) follows (3.10), and (3.11).
Finally, we prove (3.6). It follows from (3.5), and (3.8) that

t
1
B2elldxucp(t, 7o, + 286 /0 195 1te, (5, 172y ds

32 3 2 -1
28362 [ 10305, M e s = CopHe,
which gives (3.6). O

Following [9, Lemma 2.2], we prove the following result.
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Lemma 3.3 Fix T > 0, and assume (3.3). Then,
(i) the family {u. g}e, p is bounded in L*°((0, T); L*(R));
(ii) the family {Bd2 ue g)e. g is bounded in L>°((0, T); L*(R));

. 1 3 1 1 11
(iii) the families {Be2d}, uc gle. p, (B2e20%.  ue ple. pr (62Ue pdxte ple p (B2E7Uep

foug,ﬂ}g, g are bounded in L?((0, T) x R)).

Proof Let 0 < t < T. Let A be a positive constant that which will be specified later.

Multiplying (3.1) by u;ﬁ + Aﬂzf);‘”xuayﬁ, we have

2 g+ AB* 3y cxte, )0
—3(u} g+ AB*05, e p)U7 4 Oxlic
+ B g+ ABPOY it ) e
= e(ud g+ AB2O}, e p) 02 e g
- ﬂe?(ui,/s + Aﬂzsaﬁxm”s,ﬂ)a?xxx“s,ﬁ-

Since

/R(ugﬁ + ABPOL e p)dyue pdx
= % (%llus,ﬁ(t, M + ATﬁznafxug,ﬂ(t, ->||22(R)) :
_ 3/R(u3’ﬂ + Aﬂzaﬁmxua,/g)ugyﬂaxug,ﬁdx
= —3A,32/Ruiﬂaxus,ﬁaﬁmxuayﬁdx,
B [ 0+ AB Dt )8t

:_3ﬁ2/ug’ﬂaxua,ﬂaj}”xug,ﬁdx,
R
P /R (ug,f, + AP e p)02 e pdx
_ 2 2 3 2
= —3ellue,p(t, )oxute p(1, 2y — AB N5 tte p (1, )72 Ry

- IBS/JR(MS‘,/B + AIB2£a?xxx”é‘yﬁ)ajctxxxu&ﬂdx

=3 [ 0 0t 0t el = AB el 1)
an integration of (3.13) on R gives

d (1 AB?
ar (Z”Ua,ﬂ(f, ')”14(]1@) + T”aﬁ%xus’ﬁ(t’ ')”iz(R))

+ 38””8,,307 ')axus,ﬂ(tv )”iZ(R) + Aﬁzgllaj:c;xxu&ﬂ(t’ )”%,Z(R)
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+ AB N0 ctte 5 (1, 1
:3Aﬂ2/ uiﬁaxu‘gﬁaﬁx”ue,ﬂdx+352/ug’ﬁaxus,ﬂa;‘xxxug,ﬁdx
R R
+3,35/ Ul gOtte g7, e pdx. (3.14)
R
Observe that
2 3
3ﬂs/u6’ﬂ8xua,ﬂ3xxxu5,ﬁdx
R
=—6B¢ | upp(d 292 u, pdx — 3 92 2
= ; e.p(Oxtte p) 0y ue pdx — 3Belluc p(t, )05 ue (7, )72

=2/38/(8 e p) dx — 3Be e p(t, )02 e p (1. ) 122 -

Therefore, from (3.14), we gain

ﬂ
193 5tte 5t 72 g

+ 3eluep(t, ~)axu5,ﬁ(z, Wiagy + ABell03 e 1 ) o)
+ ABY 107 tte 5 (1, 172y + 3Bellute, (1, V05 tte 1 )2

=3A,32/Rugﬁaxug,ﬁaﬁmuwdx+352/Rug,ﬂaxug,ﬂaﬁmu&ﬁdx

d
E (7”u£ ﬂ(t )||L4(]R) + —

+2B¢ / (Dyute p)*dx. (3.15)
R
From (3.3),
B < D*°, (3.16)

where D is a positive constant which will specified later. Due to (3.5), (3.3), and the Young
inequality,

3v2u? ;3 u? 15194
3Aﬁ2/ u?,,slaxus,ﬁla?mus,,sldx:Aﬂ"‘/ ﬁs’g || \/"E”ﬁ dx
252
9A/3 /3
/ uf @t ) + 8t 1) 2
_ 9A/3 ). ,3 )
=< 7”“5 ﬂ“LOC((o T)xR) llug, g (t, ) Oxue p(t, )”L2(R) + —I Xxxxus,ﬂ(t, ')||L2(R)
CoAB? Aﬁ
< ke, p(t, YDxtte, p(t, 32 + —— 105y xate,s(t, I
o2 L%(R) L~(R)
A,33 5
< CoDAellug g(t, )xue p(t, 3> 0 tte (T 2
L (R) L=(R)
ps 3 1
2 2 4 _ 3\/5’32145;/38)‘”&5 ﬂﬁisiaﬁxxxu&ﬁ
38 u83|3xu8,5||8””u8,ﬁ|dx = ; dx
R R JAgz V2
98 AB’e
< g,s(a Us,p)’dx + —namue,,s(t, Mgy

~ As
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98 Aﬁ

f ||”s ﬂ”LOO((() T)xR)”uS p(t, )oyue p(t, )”L2(R) + — ||8xxxxu£,ﬁ(t, ')||i2(]R)
Coﬂf /33

= oz e gt 0ete 0 gy + == 10ctte o, )2 gy
C() Aﬁ3

< 207 e g1, Ve p 1, Moy + = 188cxxtte s 0 2 g)-

Therefore, from (3.15), we get

Aﬂ
e LRI )||L2(R))

COD 2
+ (3 CoDA = Z55 ) el p D0t p )

’33
+ ABEN197 e p (1, 12y + 5 10 ctte s (1, DI )

d (1 .
E Z”u&ﬂ(t3 .)||L4(R)

+3Belluc, g1, )05 ue (1, -)||L2(R) <2p¢ / (Byue p) dx.
R
We search A, D such that
CoD
3—CoDA— 2= >0,
A
that is
CoDA%> —3A+ CyD < 0.
A does exist if and only if
9 —4C3D? > 0.

Choosing,

it follows from (3.18), and (3.20) that, there exist 0 < A; < Aj such that for every
Al < A< Ay,

Equation (3.18) holds. Hence, from (3.17), and (3.21), we get
d (1 ,32
di (7”"[8,/305 )”14(]1{) + — ”axxué‘ /3([ )”L2(R))
+ Kiellug (8, )y ua,s(r Moy + AB2EN e 50 ) 122z
Aﬂ3
0t s (1 I 2 gy + 3Belue (2, )7 tte (2, ) 172y
<28e / (Oxue p)dx,
R

where K is a positive constant. Thanks to (2.17), and (3.4),

2B¢ / (e, p) dx < CoBellg tte,p(t, 7o)
R
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Thus, from (3.22), we gain

d {1 AB?
o (fuua,,s(z, Misg + 5 10%ues(, -)||";2(R))

+ Kiellug g(t, )ocue p(t, )IILZ(R) + AB*elld; cue p(t, -)Iliz(R)
A53

198 xatte,p (8, 7oy + 3Bellue (8, Vogcute st 7o)
< coﬂsnaxxug,ﬁ(r, M-

Equations (3.2), (3.4), and an integration on (0, ) give
ﬂ
- “uS ﬂ(t )||L4(]R) + — “ ué‘.ﬂ(tv )”%,Q(R)
2 2 ! 3 2
+ KlS/ ”'/la,ﬂ(s’ ')axus,ﬁ(sa ')”LZ(R)dS + Aﬂ 8‘/0 ||8xxxu£,/3(ss ')”LZ(R)dS
ﬂ i 3 2, ods +3 t 92 2, od
” xxxxu&‘,ﬁ(S’ .)”LQ(R) s+ ,38 0 ”uS,ﬂ(sa ) xxué‘,ﬂ(sa ')“LZ(R) N

< Cope /O ||a§xue,,3(s, M2 zyds < Co.

Hence,
e, (2, L4y < Cos
Blloz et )2y < Co,
t
8/ ”ué‘,ﬁ(sa ’)axus,ﬂ(& )I|iZ(R)dS S CO,
B2 / 102yt (5, )22 s = Co,
pe /0 102 it (5, 22y < Con,
t
/38/(; ”u&ﬁ(sv ')a)%xué‘,ﬁ(sv )”iZ(R)d'S = COa
forevery0 <t < T. O

Lemma 3.4 We have that
1 2 1o [ 2
:328”8)6148,/30’ .)”L2(R) +2:328 0 “axxu&‘alg(s’ ')||L2(R)ds

+2pte / 1030t (5, )22 gy s = Co (3.23)
foreveryO <t <T.
Proof Let0 <t < T. Multiplying (3.1) by 2/3258”148 g» we have
apl a2 L) 2 _p3.q2 5
2B2e0; ug gorue g + 6ﬂ28u8’l33xu5 BOcylle g — B2V Ue 07 1 cxlhe,p

= 2826202 p)* + 282202 up 0% s p. (3.24)
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Since

1 1 d
~2p%e [ 0 e plvnepdx = B0 (4
3 2 5 _
_2ﬂ28/ axxu&ﬂaxxxxxufaﬁd'x =0,
R

3 3
267’ /]R 02t 0 xtte pdx = 278293 ctte p (1, )
an integration of (3.24) on R gives
1 d 1 3
/3285 ”axus,ﬁ(tv )H%Z(R) + 2ﬁ282”a)%xu8,,3(t7 )”iZ(R) + 2ﬁ282”a;xxu5,ﬁ(t’ )H%Z(R)

:6;3%8/ W2 gdtte, 502 s pelx. (3.25)
R

Due to the Young inequality,

1 1
6,328/ ug,ﬂ|8xu5,ﬂ||8)%xu&ﬁ|dx:68/ |ts, pdrite, gl ‘ﬁzu&ﬁaﬁxu&ﬁ dx
R R

< Bellue,p(t, Voxtte (1, 72z + 3B Nue,pt, )05 ue p (1, I3 -
Hence, from (3.25), we get

1d 2 LTI 2 3 a3 2
ﬂzsa ”aqu,ﬂ(ta .)”LZ(R) + 2/82 & “axxus,ﬂ(ta .)”LZ(R) + 2ﬂ2 8||axxxu3a/3(t7 ')”LZ(R)
< 3ellue g1, Voette, g (1, o gy + 3Bellue st )3 tte (1 ) o -
Integrating on (0, t), from (3.2), and Lemma 3.3, we get (3.23). O

To prove Theorem 3.1 and Lemma 2.4 is needed. Moreover, we use the following definition

Definition 3.1 A pair of functions (7, ¢) is called an entropy—entropy flux pair if
n: R — Risa C? function and ¢ : R — R is defined by

a0 = =3 [ e
An entropy—entropy flux pair (n, ¢) is called convex/compactly supported if, in addition, n
is convex/compactly supported.
Proof Theorem 3.1 Let us consider a compactly supported entropy—entropy flux pair (1, q).
Multiplying (3.1) by n’(u g), we have
an(ue.p) — 0xque ) = &' (e g5 tte p — Ben (e p)tycthe p — B0 (e, )07 gy ille p
=N ept+heptBeptlacptIsepstlses,

where

I, e, p = Ox(en(ue,p)dxue p),

D.e.p = —en" (e,p) Bste, p)°

B,e,p = —0x (Ber (te,p)uxtte.p) -

Ia.e.p = Ben (te,p)dette g5y e

Is e, p = —0x (B0 (e, )3 e, ),

Io s, p = B0 (e p)dxtte gyl p- (3.26)
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Fix T > 0. Arguing as in Lemma 2.5, we have that I ; g — 0 in HY((0,T) x R), and
{I2,¢, g}e,p>0 is bounded in L'((0, T) x R). We claim

Lep—>0 inH'((0,T)xR), T >0, asfp, e— 0.
Due to Lemma 3.3,
||.35'7/(us,ﬁ)83xx”5,5||iz((0,T)X]R)

3
< :3282 ||Tl/||L°°(R) ”axxxué‘,ﬁ ”iz((o,T)X]R)

< Colln'llLo®)e — 0.
We have
Lyep—0 inL'((0,7) xR), T >0, asp— 0.
Due to (3.3), (3.4), (3.23), and the Holder inequality,
1Ben” (e, p)dxtte, 63 ctte pl L1 (0.7 <)
= pipieln Lo /OT/R (it 1102, e, pld1dx
< B4In"ll L@ Co — 0.
We get
Is.e.p—0 in H'((0,T) xR), T >0, ase— 0.
Due to (3.3), and Lemma 3.3,

187 (e )3t 81720, 7y xm)

/3,338 4

Il 2

= ||77/||L°O(]R) xxxxub"aﬁ”Lz((O,T)xR)

e
< Colln'l>me’ — 0.
We show that
I, e,p — 0 inLl((O, T)xR), T >0, ase— 0.
Thanks to (2.4), (2.6), Lemma 3.3, and the Holder inequality,
||132n”(u€~ﬁ)axu€~ﬂa?xxxu&ﬁ”Ll((O,T)X]R)

T
< B2 L) /0 / Oxtte 1105y tte pldtdx
R

3,1
B2e

B2
= ||77U||L°°(R) ||8xu6,,3 ||L2(]R) ||3?x“us,/3 ||L2(R)

&
< Colln” lL=®)e* — 0.

Therefore, Eq. (2.18) follows from Lemma 2.4 and the L? compensated compactness of [25].
Arguing as in Lemmas 2.5, and 2.6, we obtain that « is a distributional solution of (1.18),
and u is the entropy solution of (1.18). Therefore, the proof is concluded. O
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