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Abstract In this paper, we introduce the Bézier variant of the generalized Baskakov
Kantorovich operators. We establish a direct approximation theorem with the aid of the
Ditzian—Totik modulus of smoothness and also study the rate of convergence for the func-
tions having a derivative of bounded variation for these operators.

Keywords Beézier operator - Modulus of continuity - Rate of convergence - Bounded
variation

Mathematics Subject Classification 26A15 - 40A35 - 41A25 - 41A36

1 Introduction

In 1998, Mihesan [1] introduced the generalized Baskakov operators B, , defined as

> k
Br (fix)=)_ W::,k(x>f(m),

k=0

—ax k _
where Wi, (x) = e o R0 - Xo pr(n,a) = Lo ;) (mia*~F and (n)o = 1, (n); =
nn+1)---(m+1i—1),fori > 1. In Agrawal and Goyal [2], considered the Kantorovich
modification of these operators for the function f defined on C, [0, 00) := {f € C[0, c0) :

[f()] <M +1Y),t>0forsome y > 0} as follows:
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n+
. fdt, a=0, (1.1)
n+l

KS(fix)=(n+1) > Wi (x)
k=0

and discussed some direct results in weighted approximation, simultaneous approximation
and statistical convergence for these operators. They also obtained the rate of convergence
for functions having a derivative equivalent with a function of bounded variation. As a special
case, for a = 0, these operators include the well known Baskakov—Kantorovich operators
(see e.g. [3]).

Bojanic and Cheng [4,5] estimated the rate of convergence with derivatives of bounded
variation for Bernstein and Hermite—Fejer polynomials by using different methods. Guo [6]
studied it for the Bernstein—Durrmeyer polynomials by using Berry Esseen theorem. Subse-
quently, due to the pivotal role of the Bezier basis functions in computer aided design and
related fields, the researchers started working on the approximation behaviour of the Bezier
variant of various sequences of linear positive operators. In Zeng and Chen [7], initiated the
study of the rate of convergence for the Beézier variant of Bernstein Durrmeyer operators.
Zeng and Tao [8] also introduced the Bezier type Baskakov—Durrmeyer operators and esti-
mated the rate of convergence. They termed these operators as integral type Lupas—Bezier
operators. Abel and Gupta [9] introduced the Bezier variant of the Baskakov operators and
then Gupta [10] estimated the convergence of Bezier type Baskakov—Kantorovich operators
and studied the rate of convergence. Guo et al. [11] proved the direct, inverse and equivalence
approximation theorems with unified Ditzian-Totik modulus wg:. (f, £)(0 < A < 1). Several
other Bézier variants of summation—integral type operators were studied in [12—-15] etc.

So, it is worthwhile to study the Bezier variant of other sequences of operators. Further-
more, the recent work on different Bezier type operators inspired us to investigate further in
this direction.

The purpose of this paper is to introduce the Bezier variant of the operators (1.1) and
investigate a direct approximation theorem with the aid of the Ditzian—Totik modulus of
smoothness and the rate of convergence for functions with derivatives of bounded variation.

2 Construction of operators

For 6 > 1, we now define the Bezier variant of the operators (1.1) on [0, c0) as:

k+1

Kio(fim) =+ FO,m ", @.1)

k
n+-1

where F%) x) = [J;’k(x)](’ — [J:,k+1(x)]0 and J;‘yk(x) = Zjozk W}f’j(x), when k < n

n,k,a 7
and O otherwise.
Some important properties of J¢, (x) are as follows:

° J,fyk(x) — r?,k+1(x) = W;f’k(x), k=0,1,2,3...;
° J:’O(x) > J:’l(x) > J:’z(x) > o> JT (%) > 0,x € [0, 00).

For every natural number &, J, (x) increases strictly from 0 to 1 on [0, 00).
The operators K, ,(f; x) also admit the integral representation

K% o(fix) = /0 @ e f ), 2.2)
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where M“G(x t) = (n+ 1)Zk 0 (X) xn.k(t), where x,x(¢) is the characteristic

nka

k+1
n+1° n+1

It is easily verified that for & = 1, the operators (2.1) reduce to (1.1), i.e. KZ‘I(f; Xx) =
K5 (f3 x).

function of the interval |: ] with respect to [0, 00).

3 Auxiliary results

Let Cp[0, co) denote the space of all bounded and continuous functions on [0, co) endowed
with the norm

IfIl="sup [f(@)I.

x€[0,00)

Lemma 1 [2] For the rth order (r € N U {0}) moment of the operators (1.1), defined as
T, (x) == K;("; x), we have

1 r+1 L ),
nr(x) +1 ( ] )(n+1)r i nJ

where Ugy j(x) is the jth order moment of the operators By ,

Consequently, T,ffo(x) =1, T“l(x) n+1 (nx + 1+x + 2

1 2ax? a’x? 2ax 1
T, (x) = ——— | n%x? 242 = ). and
()= +1)2(nx +n(x+x+ vx) T Tigx T3) @dsor
each x € (0,00) andr € N, nr(x) = x" +n Y (pr(x,a) + o(l)), where pr(x,a) is a

rational function of x depending on the parameters a and r.

Lemma 2 [2] For the rth order central moment of K}, defined as
Uy (x) == K ((t = x)"; %),
we have

(i) ul o) = 1ul | (x) = #(—)ﬁt 24 %)

and ”Z,z(x) =

1 i ) ax a a1 L]
m‘nx(X"l‘ )—x( —.x)+1+ (ﬁ"‘ ( _x)) 3],

(ii) ul .(x) is a rational function of x depending on the parameters a and r;

(iii) for each x € (0, 00), ul .(x) = O(%), asn — oo.
? H[T]
Remark 1 [2] From Lemma 2, for A > 1, x € (0, oo) and n sufficiently large, we have

2
KOt —x)% %) = ul,(x) < Afﬁ), where ¢(x) = V/x(I + ).

Lemma 3 For f € Cg[0, 00), | Kj(f) =l f I .

Proof From (1.1) and Lemma 2, the proof of this lemma is immediate. Hence the details are
omitted. O
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Lemma4 Let f € Cpl0, 00). Then, || Kl () 16011 f I -

Proof Using the well known inequality |a’8 — bﬁ| < Bla—blwith0O <a,b <1, >1and
the definition of F'?) (x), we have, for 6 > 1

n,k,a
0 < I = [ (01 <0000 — I I =0 W (). (D)
Hence, from the definition of the operator K ,’f ¢(f; x) and Lemma 3, we get

I Kpo(fs0) IS0 I KZ(HI=01 f 1.

4 Direct approximation theorem

In this section, first we recall the definitions of the Ditizian—Totik modulus of smoothness
wyt (f, 1) and Peetre’s K—functional [16]. Let ¢ (x) = 4/x(1 + x) and f € C[0, c0). Here,
we use moduli wgyr ( f, t) which unify the classical modulus w(f, t), T = 0 and the Ditzian—
Totik modulus wg (f, t).

For 0 < 7 <1, we define

wgt (f, 1) = sup sup ‘f(HM)_f(x_M)‘

0Sh=1 1 1970 [0, o0) 2 2
and the X—functional

Kgr(f,t) = inf (| f—g |+t 117" I},
geW,

where W; = {g : g € ACjoc; || ¢7¢’ ||< oo} and || . | is the uniform norm on C[0, c0). It
is proved that [16], wgr (f, 1) ~ Kgr (f, 1), i.e. there exists a constant M > 0 such that

M wyr (f, 1) < Kgr (f, 1) < My (f,1). 4.1)

Lemmas For f € Wy, ¢ (x) =V/x(1+x),0<t <landt,x >0, we have

t
/ £ (w)du

Proof By applying Holder’s inequality, we get

<2"(xTPA+DT P47 W) It — x| o7 -

T

" T g " du T g I = ’diu
/xfw)du < ll¢" £l / ey | = 107 1= /m(u) 4.2)
Now,
[ (L)
x ¢(”) Ty \/’/7 V14 x V14t
and
/’ du 20t — x|
— | <
oVl T VX
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On using above estimates in (4.2) and then the inequality |a + b|" < |a|" +|b",0 <r <1,

we obtain
‘/tf’(u)du S P i N N N
X B xt/z V1+X \/1+f

21’
= ”(prf/” It — x|xtﬁ ((1 + t)_r/z + (1 +x)—r/2) .

[m}
Lemma 6 For any s > 0 and each x € [0, 00), there holds the inequality
Kj(14+0)"%x) < C)(1+x)77, 4.3)
where C(s) is a constant dependent on s.
Proof For x = 0, the result holds from (1.1). For x € (0, 00), using (3.1) we have
i |
KO +075x) = (n+1) > We(x) ot
k=0 n+l1
We first observe that
n+1) wH ! d 1+ k B
——dt < .
" oAt ntl
Thus, we get
1 X, T pr(n, a)xk k \°
K1+ x) < 1 . 4.4
S((141) x>_(1+x)s§k!(l+x)n+ks( n+l) (4.4)

On using the ratio test, we note that for each x > 0, the series on the right hand side (4.4) is
convergent. This proves the desired result. O

Let Lp[0, co) denote the space of all bounded and Lebesgue integrable functions on
[0, o0).

Theorem 1 For f € Lp[0, o0), we have

1-t
¢ (x)). (4.5)

vn+1

Proof By the definition of ICy (f, t), for a fixed n, x and 7, we can choose g = g x,; such

|Kit g (f3 ) — f(X)] < Cagr (f,

that
P L, ( ¢>1’(X))
_ 2UC e . 4.
If gll+mll¢glli K f,\/m (4.6)
Applying Lemma 3, we may write
Kyt o(f30) = fO)] < 2IIf = gll + Ky (g3 %) — g0l 4.7

Using the representation g(¢) = g(x) + f ; g'(u)du and Lemma 5, we obtain
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t
K 585 3) — g(x)] = ’Kg,e (/ g’(u)du;x)‘

< 27|¢7 ¢l [«p—f(x)K,f,g(lr — x5 x) +x"/2K,,“,9(

By using Cauchy-Schwarz inequality, (3.1) and Remark 1, we have

Kilgt = x1; %) < (Ki (@ =% 0) < JJ?T(X)

Similarly, from Lemma 6, we get

[t — x| [t — x|
a - . af " "1 .
Loy ((14_,)1/2”‘) < 0K, ((I—H)T/Z’x)

0 (KWt — 0% 0) " (K9 + 0775 x0)?
f¢(X)
< \/;
By combining (4.8)—(4.10), we get

(40

a N )
K2 (g1 ) — s0)] < Calle'g ||‘f/ﬁ

Using (4.1), (4.6)—(4.7) and (4.11), we obtain the required relation (4.5).

5 Rate of convergence

[t — x|

1+ r)f/z;x)] '

(4.8)

(4.9)

(4.10)

(4.11)

Let f € DBV, (0,00), y > 0, be the class of all functions defined on (0, 00), having a
derivative of bounded variation on every finite subinterval of (0, co) and | f ()| < MY,

VY t>0.
We notice that the functions f € DBV, (0, o) possess a representation

Feo) = /O 2(O)d1 + F(O).

where g(¢) is a function of bounded variation on each finite subinterval of (0, 00).

Lemma 7 Let x € (0, 00), then for 0 > 1, A > 2 and sufficiently large n, we have

ea a 0L ¢?(x)
) Sn,g(x,Y) = ny Mn,g(X,t)df = n_i_lm, 0<y<nx,
.. " 0r  *(x)
() 1-§/y(x,2) = f wo (X, Ddt < G )2,x<z<oo.

Proof (i) From (3.1) and Remark 1, we get

. 2
E,‘,’g(x y) = / Q(x t)dt </(§:;) MS’Q(x,t)dt
0

K y((t—x)%x) (x — y) 2 < 0K ((t —x)%: x)(x — y) 72

A Pr()
n+1(x—y?

| /\

@ Springer



Beézier variant of the generalized Baskakov Kantorovich. .. 235

The proof of (ii) is similar hence it is omitted.

Theorem 2 Let f € DBV, (0,00),6 > 1 and let \/f(f)é) be the total variation of f] on
[c,d] C (0, 00). Then, for every x € (0, 0c0) and sufficiently large n, we have

ol [ax(1
KS,(f:x) — f)] < 9+1,/M|f( ) +0f (o)
032 [ x(1
+9+1,/M|f( = o)

A1+ x) .
+0= 1 Z \/ (fx)+7 Vo o)
k=1 x—(x/k) x—(x//n)
[Vl x+(x/k) X/ /)

k(l +x) ,
o Z \/ (f)+f \/ (f),
where A > 2, and the auxiliary function f is defined by

f'@)— fx=), 0<t<x
fi@) = 0, t=x
@) — f/(x+), x <t <00

Proof From the definition of the function f (), for any f € DBV, (0, c0), we may write

@)= m(f (x+) +0f (x— )) + £ (0)
+ E(f/(x+) - f/(x—)) (Sgn(t —x)+ %)
1
+3x (1) (f’(X) — E(f’(JH—) + f’(x—))), (5.1
where
1 x=1t
dx() = {0 XAt

From (2.2) and the fact that [ M o o(x, ndt = K7l 4 (eo; x) = 1, we get
o0 t
K, (f5x) — f(x) = / ( / f’(u)du) MYy (x. 1), (5.2)
0 X
It is clear that

/ M,i‘,g(x,t)/ [f’(x) - %(f’(x+) +f’(x—))]5x(u)dudt =0.
0

Thus, from (5.1), (5.2) and the Schwarz inequality for sufficiently large n, we have

o /ot
/0 (/x Gj—l(f () +0f (x— ))d”) My o (x, t)dt

P AS (5.3)
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and by applying Cauchy—Schwarz inequality, we obtain

/Ooo (/xt %(f/(x—k) — f/(x—)) (sgn(u —x)+ %)d“)Mﬁ,g(X, ndt

‘f(x+) flxe— )’K,‘,’g(lt x| )

fa+H) - f (X—)‘\/mdﬂ)c)- (5.4)

By using Lemma 2, Remark 1 and considering (5.2)—(5.4) we obtain the following estimate

Ko (fs ) — FO)| < |UL o (flox) + VE(fr.x)]

0
+L £l +9f’(x—>‘,/i¢<x>
9+1|f(x+) £l )|,/ o, 69

X t

Uiorion = [ [ s g,
0 X
o0 t

Vg (f, %) =/ (/ fx(u)du)M“Q(x 1ydt.

Now, let us estimate the terms U,/ P (f},x)and V“G (f{, x). Since f d,.frf g(x, 1) <1, for
all [c, d] C (0, 00), using integration by parts and applying Lemma 7 with y = x — (x/4/n),

we have
U e(fx»x)|—‘//(fx(u)du)d, g(x, 1)

- ‘ | etownriwar

)\¢2(x) y X , _2 x X ,
Sy /0 Ve =n dr+/y \/ (£

t

_9+l
93/2

<
T o0+1

where

and

X

A (x) /y o o x )
0——— -7t + —= .
S n + 1 0 \Z‘/(fX)(x t) t ﬁ X—(y\/ﬁ)(fX)

By the substitution of # = x/(x — t), we obtain

2 x—(x//m)
1o (-0 2\/(f"x)m—em”)/ \ (du

n+l x—(x/u)
A1 k+1 x
<6 (Il") / \V (Fodu
n x—(x/u)
PYe +x)[ r
=051 2 Vo

k=1 x—(x/k)
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Hence we reach the following result

Va1l «x x
[Uno(fi-0)| <0 MIH)Z V ( )+7 \/ D (5.6)

k=1 x—(x/k) x—(x//n)

Again, using integration by parts and applying Lemma 7 with z = x + (x/+/n), we have

e} t
(/ f;(u)du) di(1 =&/ p(x, l))‘

/ VOIS ,‘f,g(x,t))dﬂr/ i1 =&y (x, 0)dt

)»
¢ (x)/ \/(f)(t—x) 2dr+/ \/(f )t

x+(x/y/n)

Ae? (x) S
0 —x) 7t + — ). (5.7
o +Wﬂ\x/m (t —x)~2dt f \/ (f. 5.7

Vo (fy, ) =

By the substitution of u = x /(¢ — x) as in the estimate of U/ e(f)é’ x), we get

1) [ gy = g M@ /f RV
- d d
o +(x/f)\x/(fx)(t V=0T 0 \/ (x)du

Vi 1x+(x/k)
A+
0=~ Z \/ f. (53

Now, combining (5.7)—(5.8), we obtain

k(l + x) [V 1x+(x/k) x+(x//n)
Vs (. x)] <6 >V (fx)+f VoD (5.9)
k=1 x X

By collecting the estimates (5.5), (5.6) and (5.9), we get the required result. This completes
the proof of theorem. O
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