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Abstract In this paper, we introduce Szasz-Mirakyan Kantorovich type of operators based on
(p, q)-calculus. Using Krovokin’s type theorem, we show that operator converges uniformly.
In second section, we study rate of convergence of operator using modulus of continuity and
Peetre’s K -functional. In last section, we give Voronovskaya type results for operator.
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1 Introduction

In 1987, Lupas [1] introduced the first g-analogue of the classical Bernstein polynomials.
After that, with rapid development of g-calculus, new g-analogue of various positive linear
operators are introduced by many researchers (for details see [2]). For detail study of g-
calculus one can refer to [3,4].

We begin by recalling certain notations of (p, g)-calculus (for detail see [5-7]). Let 0 <
q < p < 1. The (p, q)-integer [n], 4 and (p, q)-factorial [n], ,! are defined by
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[11,4[2]p,q---[n]pg, n>1
[n]p,qlz[lapq Pq P o

For integers 0 < k < n, (p, g)-binomial is defined as

|:n ] _ [n]p,q!
k pag  Klpglln —klpg!
The (p, g)-polynomials expansion is

G+, =G+ (Px+g)NPix+47y) - (" x + 4" y).
Let f : R — R, then the (p, g)-derivative of function f is:

f(px) — flgx)
Dpgf)=——"—"""" x#0, (Dpyg/)0) = f(0)
Pa (p—q)x P
provided that f is differentiable at 0.
Let f : C[0, a] — R, then the (p, g)-integration of a function f is defined by,

a 0 k k
14 14 p
A f(t)dp,qt =(q—p)a z Wf (Wa) , when ’q

k=0

<1,

and
a - q* q* p
/ fOdpgt =(p—q)a) —5f (,T]a) . when H >1. (LD
0 o P 4 q
Two (p, g)-analogues of the exponential function (see [8]) are as:

00 n(n—1)
p 7 X"
epq(x) = Z W,
n=0 Pq:
nn—1) n

o0 mnn=—2)
q 7 x
Epqx) = Z ,

n !
n=0 L ]p,q

which satisfy the equality e, 4(x)E, ;(—x) = 1. For p = 1, all the notations of (p, q)-
calculus are reduced to g-calculus.

Recently, Tuncer Acar [9] introduced a (p, ¢)-analogue of Szdsz-Mirakyan operators as:
ForO<g<p<1l,neNand f :[0,00) - R:

L o (—Kea
Sn,p,q(f’ _x) = kgosn(p, q; x)f (qu[n]p’q) )

where P
1 ki [l 4 ¥

- 4 )
Ep,q([”]p,qx) [k]p,q!
Lemmal [9,Lemma2] Let0 < g < p < 1andn € N. We have
Sn,p,q(];x) =1,
Sn,p,q(t§ X) = gx,

sn(p,q;x) =

2
q°x
Sn.p, (tz;x)=pqx2+ .
" [n]p.q

@ Springer



On (p, g)-generalization of Szdsz-Mirakyan Kantorovich operators 215

2 Construction of (p, q)-Szasz-Mirakyan Kantorovich operators

Motivated by Tuncer Acar, we set (p, g)-Szasz-Mirakyan Kantorovich operators for 0 <
g<p=<Il,neNand f :[0,00) > Ras:

P (IR
[nlp.q

[e.¢]
KPP (f52) = [n)pg D su(p, q; 0)p "2 [FMIM fWdpgt. @1
k=0 Tl

Lemma2 Let0 <g < p <landn €N, we have

a2 11p 4
k—2 [nlp.q t = p
q qik+3[k]p,q p.q° — [

n
[’ﬂp.q ]p,q

qik+2[k+1]p,q

i o PRk + 1 + gl )

q k30, tdp gt = 5 >
e (p+qlnly,
g K2 k411 _
N o 2y Prg XAk + 18, + qlklp gLk + 1154 + q2[k13 )
gy 4 (P> + pq +4>)nl3,

Proof Using the identity [k + 1], 4 = Pk + qlklp.4 and Eq. (1.1), lemma can be proved.

O
Lemma3 Let0O <g < p <landn € N. We have
KIEP,Q)(I; x) =1, 2.2)
(r.q) q
KPP x) = gx 4+ —————, (2.3)
! [n]p,q(p +4q)
2 4 3 3 2.2 4
KD (2 x) = pgx® + (29" +3pg” + p7q7)x q 2.4)

+ .
(P2 +pqg+qHnlpg  (P*+pg+q2Inl,

Proof Using definition of operator, Lemmas 1 and 2, moments can be obtained as follows:

‘I_k+2[k+1]p.q
["]p.q

o
, —k k=2
KD (15x) = [nlpg D su(p.q: 0)pq" /IFM[HM
k=0 T Tnlpg

p.gt

pk
[n]p,q

o0
= [n]p,q an(P, q; X)p_k
k=0

o0
= an(p, q;x) =Sy pq(l;x)=1.

k=0
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And using identity [k + 1], 4 = g* + plklp.q, we get

q’k+2[k+llp,q
[nlp.q

o0
s —k k-2
K\ (1 x) = [n]p.q E sn(p,q;X)p~"q ﬂ,—kﬂmp.q tdp.q!
k=0 [”Jp.q ]

00 k ., —k+2
. xP'q [k + 1p.q +qlklp.q)
= [nlpq k§=05n(P:qvx)P (p+q)[n]2

1
[n]p q(p +q) £

Zs,,(p 4997 (q" + (p+ DIkl )

[]pq

[n]pq(p—i- )an(p q; X)+an(p 40 i
q2

T e (p+q)

q2

- [n]p,q(p +q)

Sn,p,q(l; x) + Sn,p,q(t; X)
+qgx.

Finally,

K (% x)

q’k+2[k+11p,q
["]p.q

o0
. —k k=2 2
=[nlpg D sn(p.q0)p™ g 2 [ " Pyt
k=0 [nlp.q
P4 (k113 + qkDp gk + g + (KT, )

2 2 3
(p~+ pg +q9)nl;, ,

o0
= n]p,q an(Pv q; x)p_k
k=0

g A ((p2 +pq + )k, + 4" Cp + Ikl pg + q2k>
(P*+ pq + Al ,

= [n]p,q an(P, q; x)

k=0
00 2
[k]ﬁq (2p +Q)C]2 [ ]pq

= s.(p.q;x) =— + Sn(ps @3 X) 45—

kZ:: ! q* My, (P pg+qDinlpg ;) ! q"2[nlpq

4
sn(p, q; X)
Tz +pq+q2)[n B kz(‘; !
Q2p+a9)q° q*

= (% x)+ Sn,pq(t; X))+ Sn.p.g (15 x)

Sm.g (P> +pq+qDnlpy "1 P>+ pq+qAHnl, "1

— pax® 4 q°x Q2p+q)g’x N q*

[n]p q (P2 + pg + qz)[n]p,q (P2 + pq + qz)[n]%),q
2, 2q* +3pg® + p2gP)x q*

= pgx° +

(P2 +pqg+qHnlpg  (P*+pg+gHnl3,’
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Corollary 1 Central moments <I>§,f"”(x) = K,S”"”((z —x)"; x) form = 1,2 are:

2
(p.q) q
oY) =(@q—-Dx + —————,
! 1 P+ Dlnlyg
24" +3pq* + p*q? 24>
(p*+ pq+qg9)lnlpy (P+@lnlpy
4
q

+ .
(p? + pg +¢Hnl3,
Proof Using Lemma 3, central moments can be obtained directly. O

Remark 1 Forq € (0, 1) and p € (g, 1], by simple computations lim,, . [n]p.4 = 1/(p —
g). In order to obtain results for order of convergence of the operator, we take g, € (0, 1),
Pn € (qn, 1] such that lim,,_, o p, = 1 and lim,,—,~ g, = 1, so that lim,_, m =0.
Such a sequence can always be constructed for example, we can take g, = 1 — 1/n and
pn =1—1/2n, clearly lim,_.» p), = e 1/2, lim,— 0 q), = e~ and lim,,_, oo W =

Theorem 2 Let (p,), and (qn)n be the sequence as defined in Remark 1. Then for each
f € C[0, 00), K,(lp”’q”)(f; Xx) converges uniformly to f.

Proof By Korovkin theorem, it is sufficient to show that lim,_ oo | K7™ (17 x) —
x"lco,00) =0 form =0,1,2.

Using Eq. 2.2, result for m = 0 is trivial. For m = 1, result can be obtained using Eq.
(2.3), as follows:

2
. (Pnsqn) 1. — i 4n _
nlggo | Kn (t; x) — xllcro,00) = nlgl;o o + 4l +qnx —x
2
< lim |—— | + hm qn — 1|x
n—00 ‘ (pn + qn)[n]p q "
= 0.
Finally, using Eq. (2.4), we get
Tim K7 (0% ) = 6 clo0 = lim 4
n=o0 | (pr + g7 + pagn)nl3
2g7 +3 +
24, +3png; ' Paga)x + pugnx? — x2
(pn + Pndqn + qn)[n]Pn-lIn
< lim n
n—oo

(pn + qn + ann)[n]pn qn
+ lim |pnqn — 1|x

n—oo
+im |2 dp + 3Pnq; + Paqa)X

100 | (pZ + pudn + 42 [n]p,.q,
=0.

[}
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3 Direct results

In this section, we give some local result for the operator. Let C [0, 0o) be the space of all real
valued continuous bounded functions defined on [0, c0). The norm on the space Cp[0, c0)
is the supremum norm || f || = sup,.(9 o) S (x)- Further, Peetre’s K -functional is defined by

Ka(f,8) = inf {|If — gl +38lg"I},
gew?

here W2 = {g € Cg[0,00) : g’, g" € Cg[0, 00)}. By [10, p. 177, Theorem 2.4], there exists
a positive constant C > 0 such that K>(f, §) < Cwa(f, 5%), 8§ > 0, where

o (f.81) =  sup  |f(x+20) —2f(x +h) + fx)]

1
0<h<82,x€[0,00)

is the second order modulus of continuity of function f € Cpg[0, 00). Also, for f € Cp[0, c0)
the usual modulus of continuity is given by

o(f,80) = sup  |[fGxc+h)—FO.

1
0<h<§82,x€[0,00)

Theorem 3 Let (py,), and (qn)n be the sequence as defined in Remark 1. Let f € Cp[0, 00).
Then for all n € N, there exists an absolute constant C > 0 such that

|KSPm) (f:x) = f(0)] < Can(f, 8,(x)) + o (f, 2 (x)),

where :
2

(Sn(x) — [¢§I’m‘]ﬂ)(x) + ((Dgpnaqn)(x))Z}

and 5
qn

nx) = [n]p,,,q,, (pn + qn)

+ (gn — Dx|.

Proof For x € [0, 00), we consider the auxiliary operators K,;(f; x) defined by
* (Pn+qn) a4
K, (f;x) =K (f?x)-i-f(x)—f(wm_i_q”)‘i’%x).
Using above operator and Eq. (2.3), we have

4

K*(l‘ —xix) = K(pnsQn)(t —xix) — (
" " [n]p,,,qn(Pn +qn)

+ gnx — X)

2
— Ky(any[]n)(t; x) _ xKy(leQn)(l; x) _ ( qn ) +L]n)€) 4x

[n]p,,,qn (pn + gn
=0

Let x € [0, 00) and g € W2. Using the Taylor’s formula
t
gt =g(x) + &' () —x) +/ (t —w)g" (wdu.
X
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Applying K ¥ to both sides of the above equation, we have

1
Ki(g;x) —gx) = Ki((t —x)g' (x); x) + K (/ (t —u)g” (wdu; x)

t
=g%ﬂKﬁ«r—xxxy+KY“%)(/(r—@g%@dmx)

2
n
[n1pn .qn (Pn n)+q"x 2
_/ pnsgn (Pn+a (q—”—l—qnx—u)g//(u)du
x [n]p,,,q,, (Pn + qn)

t
= Klpman) (/ (t —u)g" (w)du; x)
X

2
‘Iin_;,_qnx 2
[n] on s n( n+qn)
_/ P (PreEd ( I 4 ogx— u) g wdu.
x [(n1p,.qn (Pn + qn)

On the other hand,

t t t
/ (t —u)g"(wydu| < / |t —ullg” (wldu < IIg/’II/ |t —uldu < (t = 0)*llg" I,
X X X

and

2

q7n+qnx 2

[n] Pn s y[( n+qn)

/ pn-qn (Pntaq (q—n + gnx — u) g”(u)du
x [”]pn,qn (Pn + qn)

2

q2
\e5—"——+a x—x) "l
([”]pn,qn (Pn + qn) "

Therefore, we can conclude that

t
|K,y (g5 x) — g(x)| = ‘Kr(lp"’q") (/ (t —u)g" (wydu; x)‘

2
Tt g, 2
[T qn (PnFam)
+ / proan (—qn + gnx — u) g"(u)du
X [n]pn,qn (Pn +qn)

2

2
q
. +qnx—X) Ig”I

(Pnqn) 2.
< lg"IIK ((t —x) ,x)—l—(—
" [n]pn,q,, (Pn +qn)

= 8;@)g"].
Also, we have

KX 0 < 1K (0l + 201 F1 < 31
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Therefore,

|KSP 9 (f x) = f (o)

2
* qn
K*(f —g1x)— (f — S ! . .
SIK(f—gx)—(f =)+ ‘f([n]pn,qn(pn T +4q x) fx)
+K (g x) — g(x)]
2
* qn
K*(f — g: - S | .
<IK,(f =gl +I(f -9+ 'f ([n]p,,,q,,(pn Fan +4q x) fx)

+K; (g5 x) — g(x)]
<4lf -zl +w(f§

i
[n]pmlb, (Pn +qn)

+ (gn — Dx

) +8200llg” -

Hence, taking the infimum on the right-hand side over all g € W2, we get

|KSPmm (f: x) = f(0)] < 4Ka(f, 82(x)) + o (f, ap(x)).

By using property of K -functional, we get

|Kr(lpnx‘In)(f; X) _ f(x)| < Ca)z(f’ Bn(x)) =+ Cl)(f, an(x)).

Hence the theorem. ]

We consider following class of functions: H,2[0,00) = {f : [0,00) — R : [f(x)| <
M1+ x2) here M r is constant depending on the function f},
C,2[0,00) = {f € H2[0, 00) : f is continuous}

C;Z[O, ) = [f € C2[0, 00) : lim|y| =00 % is ﬁnite} . The norm on the space

f(x)

€510, 00) is defined as || fll,2 = SUp,ef0,00) 7357

of f on closed interval [0, a],a > 0 as:

We denote the modulus of continuity

wa(f8) = sup Lf (@) = fOI.

|[t—x|<§, x,t€[0,a]

Theorem 4 Let (p,), and (qn)n be the sequence as defined in Remark 1. Then for f €
C2[0, 00), wa+1(f;8) be its modulus of continuity on the interval [0,a + 1] C [0, 00),
a > 0 and for everyn > 1,

LK™ (f3 %) = flico.a) < 6M (1 +a*hn + 20451 (f5 /2n),

here,

1 6a 1
An = (1 = pugn)a® + ( + ) .
" i (1 p.q0(Pn 4 @n) (P2 + Pudn +42) \Pn+an  [1lp,.q,

Proof For x € [0,a] and t > 0, we have (see [11, Equation 3.3])
Lf(6) = )] < 6Ms(1+a®)(t — x)?

+wu+1<f;6n)(”;x' +1).

n
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By using above inequality and Cauchy-Schwarz inequality, we have

LK (f (1) x) — F@lcto.a < KA f@) = £l x)
< 6M (1 +a?) K™ ((t = x)% x)

1 1/2
+ a1 (f3 82) (1 + 8—2&5”"*"")(@ -0 x)) :
n

For x € [0, a], using Corollary 1,

Ky(lpnvqn)((t _ X)Z; x)

= (PnGn — 240 + Dx* + ( 24, +3pugs + Paay 292 )
(P,% + Pndn + q2)[n]p,,,q,, (pn + qn)[n]pn,qn
4
+ n
(p’% + Pndn + q'%)[n]%nﬂn
6a 1
< (gn(pn — 1) — gn + Da* + +
o ' (p% F Pndn + qz)[n]p"vqn (przz + Pndn + q}%)[n]%nan
< (gn(1 = pn) + a® + ! ( 6a_ 1 )
- - a
= Un Pn 4n (P% + Pnqn + ‘Iz)[”]pn,qn Pn +qn (7).

< ya® + : ( ba_, | ) A
= — Pn{4n)a = .
i (p% + Pngn + qz)[n]p,,,q,, Pn+an [n]pn,qn "

Taking §,, = /1., we will get the theorem. O

4 Voronovskaya type theorem

Theorem 5 Let 0 < g, < p, < 1, such that p, — 1, p, = 1, pj — aand q,, — b as
n — oo. Forany f € C%[0, 00), such that f', f" € C%,[0, 00), we have

Tim [1],.q, KA (F:0) = F0O] = @x + 1/2) /() + x(vx + D ()2

uniformly on [0, A] for any A > 0. Here a = lim,[nlp, ¢.(gn — 1) and y =
(7] p,.gn liMn— 00 (Pngn — 2Gn + 1)

Proof By the Taylor’s formula, we have

1
FO =fE+ @ =0+ 200 =0 + 70 —x)7,
here r (¢, x) is reminder term and lim;_, , (¢, x) = 0. Therefore,

(110 (KAP" T (f ) = £()) = [np, g0 £ O K (2 = x); x)
+ (1l py.gn %Kﬁ""*"“«t — )% x)

+ [n]Pnaqn Kr(lpn’qn)(r(tv X)([ - x)Z; X).

By the Cauchy-Schwartz inequality, we have

K (1,0 = 0% ) =y KPP 0200507 KPP (0= 0%,
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222 H. Sharma, C. Gupta

Asr(t,x) € C;“z [0, 00), therefore by Theorem 2 and fact that lim,_, 7 (¢, x) = 0, we get
lim K,(lp”’q")(rz(t, X);x) = rz(x, x) =0,
n—oo

uniformly forany x € [0, A]. Hence, by using above equality and positivity of linear operator,
we have
fim [, q, Ki" " (r(2, 2)(t = x)%; x) =0,
n—oQ

Therefore,
lim [1],.q, (K" ™ (f30) = () = Tim [n], 4, f )K" (¢ = x); %)
n—oo n—0o0
3 f//(x) (Pnsqn) 2.
R
4.1
Consider,
M ( ns ’l) . - ( ns VI)
HE)IIgO[n]plz»CIn K”p 1 ((t - x)’ .X) = nlingo[n]l’nq%q)]p e (.X)
= nli{lgo[n]p,,,qn (qn — Dx + 1/2
=ax +1/2, 4.2)
and
1 ( ns ’1) 2. 1 ( ns Vl)
Jim 2], q, Ka" (0 = 2)% ) = lim (11,4, @5 ()
= lim [nlp, g, (Padn — 2qn + Dx? +x
=x(yx +1). 4.3)
Hence, by using Eqgs. (4.1), (4.2) and (4.3), we get the theorem. O
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