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Abstract
Particle methods for high-viscous free-surface flows are of great use to capture flow behaviors which are intermediate between 
solid and liquid. In general, it is important for numerical methods to satisfy the fundamental laws of physics such as the 
conservation laws of mass and momentum and the thermodynamic laws. Especially, the angular momentum conservation 
is necessary to calculate rotational motion of high-viscous objects. However, most of the particle methods do not satisfy 
the physical laws in their spatially discretized system. The angular momentum conservation law is broken mostly because 
of the viscosity models, which may result in physically strange behavior when high-viscous free-surface flow is calculated. 
In this study, a physically consistent particle method for high-viscous free-surface flows is developed. The present method 
was verified, and its performance was shown with calculating flow in a rotating circular pipe, high-viscous Taylor–Couette 
flow, and offset collision of a high-viscous object.

Keywords  Particle methods · High-viscous flow · Free surface flow · Weakly compressible · Physical consistency · Angular 
momentum conservation

1  Introduction

Particle methods are the numerical methods which have 
an advantage in handling large deformations of free sur-
face flow. The typical ones are the weakly compressible 
Smoothed Particle Hydrodynamics (SPH) method developed 
by Monaghan [1] and the strictly incompressible Moving 
Particle Semi-implicit (MPS) method developed by Koshi-
zuka and Oka [2]. Particle methods were mainly applied for 
the low viscosity flows such as breaking waves [3]. Besides, 
it is expected that high viscosity fluid calculations will lead 
to the broader application of particle methods. It is because 
a technique for high-viscous calculation can be applied not 
only to the problems with high-viscous fluid [4–8] but also 
to the following ones where solid and liquid coexist:

(1)	 Problems with melting and solidification [9–18].
(2)	 Problems of non-Newtonian fluid flows [19–28] such 

as granular flows [26–28].
(3)	 Problems of plastic material flows [29–31].

Since these solid–liquid coexistences are often expressed by 
the change in viscosity, various expression in such material 
flows will be enabled if the broad range of viscosity can be 
handled in a unified manner.

For high-viscous fluid calculation using particle methods, 
numerical stability against high viscosity and physical con-
sistency such as conservation of angular momentum are 
important. The former is effectively achieved by implicit 
velocity calculation with respect to viscosity term. When the 
particle velocities are updated explicitly, the time step width 
for the numerical stability will be smaller and it results in an 
inefficient calculation. In such cases, it is difficult to calcu-
late very large viscosity equivalent to solid state. In fact, the 
implicit calculations were adopted for high-viscous calcu-
lation in the previous studies [5, 6, 9–16, 20], and recently, 
Monaghan [7] proposed pair by pair implicit calculation 
algorithm which can avoid solving large matrix equations.
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The other thing is physical consistency, which is generally 
important for numerical method. Specializing for particle 
methods, it is called physically consistent when the sys-
tem obtained from the continuum governing equations via 
space discretization satisfies the fundamental laws of physics 
(i.e. mass conservation, momentum conservation, angular 
momentum conservation, and the thermodynamic laws).

To satisfy the thermodynamic laws, analytical mechani-
cal frameworks are helpful. In fact, some particle methods 
were constructed based on the frameworks. For example, the 
general equation for non-equilibrium reversible-irreversible 
coupling (GENERIC) framework [32] was used by Espa-
ñol et al. [33] in developing smoothed dissipative particle 
dynamics (SDPD). The classic analytical mechanics for 
energy conserving system was applied by Ellero et al. [34] 
and Suzuki et al. [35] in developing incompressible particle 
methods. Specifically, they are incompressible smoothed 
particle hydrodynamics (ISPH) and Hamiltonian moving 
particle semi-implicit (HMPS), respectively. The energy 
conserving framework was also used by Price [36] in pro-
posing a particle method with variable smoothing length. 
Besides, the extended Lagrange mechanics for the dissipat-
ing system [37] was adopted by Kondo [38–40] in develop-
ing a physically consistent particle method including dis-
sipation. In this study, the method in the previous studies 
[38–40] is termed moving particle hydrodynamics (MPH) 
method since its formulation is intermediate of the SPH [1] 
and MPS [2] methods.

The analytical mechanical frameworks can take the thermo-
dynamic laws into consideration, but it does not always ensure 
satisfying the mechanical conservation laws with respect to 
linear momentum and angular momentum. As Weiler et al. 
[16] pointed out, the angular momentum conservation plays 
an important role for calculating rotational motion of high-
viscous objects with free-surface. However, when the viscos-
ity term was discretized using the difference-based Laplacian 
models [2, 9, 18, 41–43], which are often used in SPH and 
MPS, the rotational motion is unphysically suppressed because 
of the torque against rotation. In some researches, the gradient 
model was applied twice [6, 19, 20, 22–24, 26, 27, 30] instead 
of directly applying the difference-based Laplacian model. 
The velocity gradient tensor was calculated by the first gradi-
ent model, and the divergence of the tensor was calculated by 
the second one. Such models could improve the calculation 
of rotation, and moreover, the angular momentum could be 
conserved when the gradient correction [44, 45] was applied 
to each gradient model [25, 28, 29, 31]. However, the gradi-
ent correction in addition to the nest of the gradient models 
made the formulation complexed, and it hindered the implicit 
velocity calculation with respect to the viscosity term. On the 
other hand, Kondo et al. [15, 46] added a new unknown param-
eter, i.e. angular velocity, to conserve angular momentum 
by subtracting rotational element from the difference-based 

Laplacian model. The formulation was simpler than that with 
the nested gradient models, and it could adopt the implicit 
velocity calculation [15]. However, the additional parameter 
was not favorable because it increased the degree of freedom 
in the implicit calculation.

Compared to the above two methodologies, there is a 
simpler way for angular momentum conservation. It is just 
introducing damping force between each particle pair. This 
pairwise duping was originally used as artificial viscosity [1, 
47], but was diverted to calculate practical viscosity of the 
fluid [48–50] and was also applied in high-viscous calculations 
[4, 7, 16, 17, 21, 25]. Since the formulation of the pairwise 
damping model is simple, it is also suitable for the implicit cal-
culation. In fact, Weiler et al. [16] and Monaghan [7] applied 
the implicit viscosity calculation with the pairwise damping 
model. However, the pairwise damping model was not clearly 
related to the velocity gradient and stress tensor which are 
often used in solid analysis.

From the viewpoint of numerical stability against high vis-
cosity and the physical consistency such as angular momen-
tum conservation, the high viscosity fluid calculation of Weiler 
et al. [16] is currently advantageous. However, their model 
is not clearly related to an analytical mechanical framework. 
Moreover, they iteratively solved the strict incompressible 
condition, but it is not always required for the high viscosity 
calculation. The strict incompressibility is needed when high 
pressure is expected as in molding simulation [4, 20], but the 
weakly compressible approach can save numerical resources, 
for example, in the cases where the force acting on the fluid 
is mainly just gravity. The MPH method [38–40], which is 
physically consistent, has both strictly incompressible version 
(MPH-I) [38] and weakly compressible version (MPH-WC) 
[39, 40], and the latter can be efficient in such cases.

In this study, a physically consistent particle method 
for high-viscous fluid flow is developed by introducing the 
pairwise damping viscosity model [48–50] to the MPH-WC 
method [39, 40]. To avoid the restriction of the time step 
width due to high viscosity, the implicit velocity calculation 
is adopted. Moreover, the stress tensor evaluation procedure 
using the particle interaction force is proposed, and the stress 
tensor corresponding to the pairwise damping model is clari-
fied. To verify the present method and to show its perfor-
mance in low Reynolds number condition, flow in a rotating 
pipe, high-viscous Taylor–Couette flow and offset collision 
of a high-viscous object are calculated, with comparing the 
results to those obtained using the difference-based viscosity 
model, which does not conserve angular momentum.
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2 � Numerical method

2.1 � Discretization of governing equation

Governing equations adopted in this study are Navier–Stokes 
equation

and an equation for pressure calculation

where ρ, u, Ψ, μ, g, λ and κ are density, velocity, pressure, 
shear viscosity, gravity, bulk viscosity and bulk modulus, 
respectively. In this study, the weakly compressible approach 
[39, 40] was adopted, and the incompressible flow was simu-
lated by using large values for bulk viscosity λ and bulk 
modulus κ. In the MPH method [38–40], the governing 
equations are discretized using effective radius and weight 
function in a similar way as in the SPH [1] and MPS [2] 
methods. In this study, the weight function is given as

where re is the effective radius, and rij is the relative position 
vector between particle i and j. Particle interaction models 
for gradient, divergence and Laplacian operators are given as

respectively. The characters ϕ and A are arbitrary scalar and 
vector, whose subscripts i and j indicate that the parameters 
are of particle i and j. The vector eij is a unit vector from 
particle i to particle j, which is given by

The parameters w′
ij
 and Sw′ are the slop of weight function 

with negative sign defined as

(1)�0
d�

dt
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,

(3)
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{
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(5)�ij =
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and the normalization parameter with respect to w′
ij
 , respec-

tively. The gradient model in Eq. (4) will be consistent to the 
pressure evaluation based on the virial theorem [51] when 
Sw′ is given by

using a well-arranged uniform particle distribution, where 
d is the special dimension. To avoid arbitrariness of particle 
arrangement in calculating Sw′ , analytical integration

was used instead in this study. Specifically, in two dimen-
sional case, Sw′ is given by

The interaction models (Eq. (4)) adopted in the MPH method 
[38–40] are basically equivalent to those in the SPH [1] and 
MPS [2] methods. Although they have zeroth order accuracy 
[38], it is expected that they can approximate the differential 
operators in the governing equations.

The Navier–Stokes equation (Eq.  (1)) is discretized 
with the interaction models (Eq. (4)) as

where uij = uj − ui is the relative velocity from particle i to 
particle j. The second term on the right-hand side in Eq. (10) 
is a discretized version of the shear viscosity term. How-
ever, this type of difference-based Laplacian model [2, 9, 18, 
41–43] does not conserve angular momentum and unphysi-
cally hinders rotational motion. It is because the direct use 
of the relative velocity uij yields the torque against rotation. 
One of the alternatives which conserve angular momentum 
conservation is the pairwise damping model [48–50]. The 
model is originally introduced for artificial viscosity [1, 47] 
in the SPH method, but it is also applied to calculate practi-
cal viscosity [48–50]. Moreover, Hu et al. [50] theoretically 
showed the relation between the difference-based model and 
the pairwise damping model. In this study, the difference-
based model in Eq. (10) was converted to a pairwise damp-
ing model for the angular momentum conservation as

(6)
w�
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,
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based on the relation shown by Hu et al. [50], and the two 
models (Eqs. (10) and (11)) were compared. The other gov-
erning equation (Eq. (2)), which is for pressure calculation, 
is discretized as

In discretizing the second term on the right-hand side of 
Eq. (2), the continuum equation is used as

where ni is particle number density defined as

and n0 is a base value calculated using a well-arranged 
uniform particle distribution. To avoid tensile instability 
[52], the second term on the right-hand side of Eq. (12) was 
ignored when ni < n0 in this study.

2.2 � Stress evaluation based on virial theorem [51]

Since the system in the MPH method [38–40] is physically 
consistent, the pressure in the system can be evaluated via 
the virial theorem [51]. Specifically, the virial pressure PΦ 
in the test region Φ is evaluated using the interaction force 
Fij and the relative position rij as
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Assuming the test region having single particle size ΔV 
around particle i, Eq. (15) can be re-written as

where Pi is the virial pressure at particle i. For evaluating 
stress as well as pressure, Eq. (16) is extended as

where σi is the stress tensor at particle i. This is a natural 
extension of Eq. (16) because its trace divided by the spe-
cial dimension d will get back to Eq. (16). The interaction 
forces with respect to the difference-based viscosity model 
in Eq. (10) and the pairwise damping viscosity model in 
Eq. (11) are

and

respectively. Here, the stress tensor regarding each viscosity 
model is going to be derived by substituting the interaction 
forces (Eqs. (18) and (19)) into Eq. (17), assuming that the 
particle distribution is uniform and the velocity gradient

is constant. The derivation in detail is shown in “Appendix”. 
When the difference-based model is adopted, the relation 
between the stress tensor σ and the velocity gradient L is

On the other hand, when the pairwise damping model is 
adopted, the σ–L relation is

The stress tensor regarding the difference-based model 
(Eq. (21)) is not always symmetric, but that of the pairwise 
damping model (Eq. (22)) is symmetric. This is correspond-
ing to the property of the models with respect to angular 
momentum conservation. Although the stress tensor derived 
with the pairwise damping model has a bulk viscosity term, 
which is the second term on the right-hand side of Eq. (22), 
it is negligible when the fluid is nearly incompressible and 
tr(L) ≈ 0.
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2.3 � Physical consistency and analytical mechanics 
with dissipation [37]

For the reliability of the numerical method, it is impor-
tant to satisfy the fundamental laws of physics also in its 
discrete system. The analytical mechanical frameworks 
are useful in satisfying the mass conservation law and the 
thermodynamic laws in a discrete calculation of particle 
methods. Since the method in this study includes energy 
dissipation term, the extended Lagrange mechanics for the 
system with dissipation [37] is applied. In the framework, 
the Lagrange equation is given as

where L is the Lagrangian defined by the difference of 
kinetic energy T  and potential energy V as

and D is the Rayleigh dissipation function [37]. When the 
Lagrangian L and the dissipation function D are given as

and

respectively, the Lagrange equation (Eq. (23)) agrees with the 
discrete governing equations (Eqs. (11) and (12)). Therefore, it 
is assured that the mechanical energy in this method monotoni-
cally decreases following the second law of thermodynamics.

2.4 � Time integration

To calculate motion of the particles following the space-
discretized governing equations (Eqs. (11) and (12)), time 
integration is to be considered. In this study, after explic-
itly calculating the pressure based on the weakly com-
pressible approach [39, 40] as

the velocity was implicitly calculated to handle large shear 
viscosity as
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Then, the position was updated as

where upper index k indicates the time steps, and Δt is the 
time step width. Although the velocity in the shear viscosity 
term (the second term on the right-hand side of Eq. (28)) 
was implicitly calculated, the velocity in the bulk viscosity 
term (the first term on the right-hand side of Eq. (27)) was 
explicitly calculated. This is because the large pressure load 
is not expected in this study and the explicit calculation is 
numerically efficient in such cases.

3 � Calculation Examples

3.1 � Flow in a rotating circular pipe

Flow in a rotating circular pipe is calculated with the dif-
ference-based viscosity model (Eq. (10)) and the pairwise 
damping viscosity model (Eq. (11)), and the results in the 
steady state are compared. The calculation geometry is 
shown in Fig. 1, and the calculation condition is shown in 
Table 1. The angular velocity around the pipe center with 
the two model is shown in Fig. 2. Since there was almost no 
velocity in radial direction, the angular velocity was evalu-
ated using the position from the pipe center xi and the veloc-
ity ui as

(28)
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Fig. 1   Geometry for calculating flow in a rotating pipe
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Theoretically, the angular velocity of the fluid agrees with 
that of the pipe. However, it spuriously exceeded the theoret-
ical value in the region close to the inner free surface when 
the difference-based model was adopted (Fig. 2a). On the 
other hand, when the pairwise damping model was adopted, 
the theoretical value appeared in the whole domain (Fig. 2b). 
With each model, the circumferential stress acting on the 
surface with radial normal σrθ, and the radial stress acting on 
the surface with circumferential normal σθr were evaluated. 
The stresses σrθ, and σθr at particle i were calculated with the 
stress tensor (Eq. (17)) as

and

respectively, where er and eθ are the unit vectors in radial and 
circumferential directions. The stresses σrθ, and σθr in the 
case with the difference-based viscosity model were shown 
in Fig. 3a. Theoretically, the two stresses, σrθ, and σθr, are 
the same due to angular momentum conservation law, and 
there is no stress in this case where the fluid is to rotate 
like a rigid body following the pipe rotation. However, σrθ 

(30)�i =
||�i||
|�i| .

(31)
(
�r�

)
i
= �r ⋅ �i ⋅ ��

(32)
(
��r

)
i
= �� ⋅ �i ⋅ �r,

had positive distribution and σθr had negative distribution 
(Fig. 3a). These non-zero different distributions indicate that 
unphysical stress against the angular momentum conserva-
tion law may emerge when the difference-based viscosity 
model is adopted. On the other hand, with the pairwise 
damping model, the stresses σrθ, and σθr were almost zero 
in the whole calculation domain (Fig. 3b), which indicates 
that the fluid just rotated like a rigid body as in the theory.

3.2 � High‑viscous Taylor–Couette flow

The Taylor–Couette flow problem is a flow between two 
rotating pipes that share a center. Since the angular velocity 
distribution and stress distribution are theoretically given 
when laminar flow is assumed, it can be used to verify the 
viscosity model related to rotation. Specifically, when the 
radii and angular velocities of the outer and inner circles are 
denoted by r1, ω1, r2, ω2, respectively, the analytical solution 
for the distribution of angular velocity and stress are given as

and

respectively. The geometry for the Taylor–Couette flow cal-
culation is shown in Fig. 4, and the calculation condition is 
shown in Table 2. With this condition, the Reynolds number 
is low enough to be laminar. The difference-based viscosity 
model (Eq. (10)) and the pairwise damping viscosity model 
(Eq. (11)) are compared. The radial distribution of the angu-
lar velocity obtained by the two model are shown in Fig. 5. 
Regarding the angular velocity distribution, the calculated 
solution was close to the theory with both viscosity mod-
els. Besides, the radial distribution of the stresses σrθ, and 
σθr obtained with the two viscosity models are shown in 
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Table 1   Parameters for calculating flow in a rotating pipe

Parameters Values

viscosity μ 1000.0 (Pa s)
density ρ 1000.0 (kg/m3)
particle size l 0.04 (m)
effective radius re 0.10 (m)
bulk viscosity λ 2.0 × 103 (Pa s)
bulk modulus κ 1.0 × 106 (Pa)
time step width Δt 2.0 × 10−3 (s)

Fig. 2   Angular velocity 
distribution in a rotating pipe 
obtained with each viscosity 
model
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Fig. 6. With the difference-based viscosity model (Fig. 6a), 
the distributions of stresses σrθ, and σθr were different from 
each other and they were apart from the theoretical solu-
tion. On the other hand, with the pairwise damping model 
(Fig. 6b), the distribution of the stresses σrθ, and σθr were the 
same and mostly followed the theory. However, the deviation 
remained even in the case with the smaller particle size. This 
is possibly because of the non-uniform particle distribution 
in a practical calculation. In deriving the σ–L relation of 
Eq. (22), it is assumed that the particle distribution is uni-
form, but the radial distribution is not uniform especially 
when the particle distance r is smaller than the particle size 
l because particles do not get very close to each other. Since 
the region having non-uniform distribution will be relatively 
smaller with the larger effective radius, the deviation due to 

Fig. 3   Stress distribution in a 
rotating pipe obtained with each 
viscosity model
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Fig. 4   Geometry for calculating high-viscous Taylor–Couette flow

Table 2   Parameters for 
calculating Taylor–Couette flow

Parameters Case 1 Case 2 Case 3

Viscosity μ 1000.0 (Pa s)
Density ρ 1000.0 (kg/m3)
Re = ρ(r1 − r2)(ω1r1 + ω2r2)/2μ 0.75
Particle size l 0.04 (m) 0.02 (m) 0.01 (m)
Effective radius re 0.10 (m) 0.05 (m) 0.025 (m)
Bulk viscosity λ 2.0 × 103 (Pa s) 1.0 × 103 (Pa s) 0.5 × 103 (Pa s)
Bulk modulus κ 1.0 × 106 (Pa)
Time step width Δt 2.0 × 10–3 (s) 1.0 × 10–3 (s) 0.5 × 10–3 (s)
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the radial distribution becomes the smaller with the larger 
radius. The stress distribution with varying the effective 
radius, re = 0.025, 0.035, 0.045 m, is shown in Fig. 7, where 
the particle size l = 0.01 m is applied. It is confirmed that the 
closer results to the theoretical solution was obtained with 
the larger radius.

3.3 � Offset collision of a high‑viscous object

When an object having large viscosity collides with an 
offset, it usually rotates due to the inertial force. This 

example is for investigating the ability of the numerical 
method to capture such rotational behavior. The initial 
state and calculation condition are shown in Fig. 8 and 
Table 3, respectively. For the comparison, the calculation 
is conducted using both the difference-based (Eq. (10)) 
and pairwise damping (Eq. (11)) viscosity models. The 
results using the two models are shown in Fig. 9, respec-
tively. In the figures, the color contour shows the Mises 
stress calculated by
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where σxx, σxy, σyx and σyy, are the elements of the stress 
tensor (Eq. (17)). Since the calculation is two dimensional, 
the z element is assumed zero. When the difference-based 
viscosity model is applied, the rotation after colliding the 
obstacle was unphysically suppressed (Fig. 9a). It is because 
the torque against rotation emerged in the model. On the 
other hand, the natural rotation was observed with the pair-
wise damping model (Fig. 9b).

(35)

�mises =

√√√√1

2

[
(�xx − �yy)

2 + �2
xx
+ �2

yy
+ 6

(
�xy + �yx

2

)2
]
,

The calculation results in Sects. 3.1, 3.2 and 3.3 indicate 
that the angular momentum conservation is of importance 
in capturing rotational behaviors of high-viscous material. 
In this study, the pairwise damping model was adopted 
representing the models conserving angular momentum, 
but there are other viscosity models with such property. 
For example, the models which approximate strain rate 
tensor and divergence of stress tensor with using nested 
gradient models [6, 19, 20, 22–24, 26, 27, 30] can con-
serve angular momentum when gradient correction [44, 
45] is properly applied [25, 28, 29, 31]. Another example 
is an extension of the difference-based model [15, 46], 
where the rotational element is subtracted using an addi-
tional parameter, i.e. angular velocity. It is expected that 
these alternative models conserving angular momentum 
also perform well in calculating the rotation of high-vis-
cous flows. However, they would need more calculation 
cost than the simple pairwise damping model especially 
in the implicit velocity calculation to cope with very high 
viscosity.

4 � Conclusion

In this study, a physically consistent particle method for 
high-viscous fluid flow was developed by introducing the 
pairwise damping viscosity model [48–50] to the MPH-
WC method [39, 40]. To avoid the restriction of the time 
step width due to high viscosity, the implicit velocity cal-
culation was adopted. Moreover, the stress tensor evalua-
tion equation using the particle interaction force was pro-
posed. With the equation, the relation between stress and 
velocity gradient were derived. The stress tensor derived 
with the difference-based viscosity model was not sym-
metric, but the one derived with the pairwise damping 
model was symmetric, reflecting the property of each 
model with respect to angular momentum conservation.

To verify the present method and show its performance 
in low Reynolds number condition, flow in a rotating pipe, 
high-viscous Taylor–Couette flow and offset collision of 
a high-viscous object were calculated, with comparing to 
the difference-based viscosity model which does not con-
serve angular momentum. In the calculation of flow in a 
rotating pipe, the difference-based model suffered spurious 
velocity and unphysical stress, but the pairwise damping 
model could calculate the fluid rotation following the pipe 
as in the theory. In the Taylor–Couette calculation, the 
velocity distribution agreed with the theory using both 
models. However, the stress distribution was apart from 
the theory with the difference-based model, while it agreed 
well with the theory with the pairwise damping model. In 
the calculation of offset collision of a high-viscous object, 
the rotational behavior was unphysically hindered by the 
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Fig. 8   Geometry for calculating offset collision of a high-viscous 
object

Table 3   Parameters for calculating offset collision of a high-viscous 
object

Parameters Values

Viscosity μ 1000.0 (Pa s)
Density ρ 1000.0 (kg/m3)
Particle size l 0.01 (m)
Effective radius re 0.025 (m)
Bulk viscosity λ 0.5 × 103 (Pa s)
Bulk modulus κ 1.0 × 106 (Pa)
Time step width Δt 0.5 × 10−3 (s)
Gravity g 1.0 (m/s2)
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difference-based model, but the rotation could be captured 
by the pairwise damping model. These results indicate that 
the present model could reproduce the theoretical solution 
and performed well in capturing the rotational motion of 
high-viscous free-surface fluid.

Appendix: Relation between stress tensor 
and velocity gradient

Here, the relation between the stress tensor σ and the veloc-
ity gradient L is to be derived based on the stress evaluation 
equation (Eq. (17)). The derivation is shown in two dimen-
sions, but the derived relations (Eqs. (21) and (22)) will be 
the same in three dimensions. When the velocity gradient L 
is assumed constant, the relative velocity uij is related to the 
relative position rij as

Substituting the interaction force with respect to the dif-
ference-based model (Eq. (18)) into Eq. (17) and applying 
Eq. (36),

is obtained, where eijx and eijy are the x and y elements of eij. 
Assuming the uniform particle distribution, the summation 
in Eq. (37) can be replaced with the integration as

(36)�ij = �� ij

(37)
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L10eijxeijx + L11eijxeijy L10eijxeijy + L11eijyeijy

]

Substituting the normalization parameter Sw′ in Eq. (9) for 
Eq. (38), the σ–L relation (Eq. (21))

is obtained. The similar derivation can be done with respect 
to the pairwise damping model. Replacing the interaction 
force in Eqs. (17) to (19), and using Eq. (36), the stress is 
expressed as

With assuming the uniform particle distribution, the expres-
sion can be replaced with the form with integral as

(38)
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Fig. 9   Behavior in the offset 
collision obtained with each 
viscosity model
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Finally, by substituting Eq. (9) into Eq. (41), the σ–L rela-
tion (Eq. (22))

is derived.
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