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Abstract

The incompressible smoothed particle hydrodynamics (ISPH) method is a numerical method widely used for accurately and
efficiently solving flow problems with free surface effects. However, to date there has been little mathematical investigation of
properties such as stability or convergence for this method. In this paper, unique solvability and stability are mathematically
analyzed for implicit and semi-implicit schemes in the ISPH method. Three key conditions for unique solvability and stability
are introduced: a connectivity condition with respect to particle distribution and smoothing length, a regularity condition
for particle distribution, and a time step condition. The unique solvability of both the implicit and semi-implicit schemes
in two- and three-dimensional spaces is established with the connectivity condition. The stability of the implicit scheme in
two-dimensional space is established with the connectivity and regularity conditions. Moreover, with the addition of the time
step condition, the stability of the semi-implicit scheme in two-dimensional space is established. As an application of these
results, modified schemes are developed by redefining discrete parameters to automatically satisfy parts of these conditions.

Keywords Incompressible smoothed particle hydrodynamics method - Incompressible Navier—Stokes equations - Unique

solvability - Stability

1 Introduction

The smoothed particle hydrodynamics (SPH) method [6,11]
is a kind of numerical method for solving partial differential
equations and discretizing them in space using a weighted
average of interactions between particles within a neighbor-
hood defined by a smoothing length. For the incompressible
Navier—Stokes equations, the incompressible smoothed par-
ticle hydrodynamics (ISPH) method, by which the equations
are discretized by the SPH method in space and a semi-
implicit projection method [4,7] in time, was developed by
Cummins and Rudman [5]. The ISPH method has been
widely used as a numerical method as it is able to accu-
rately and efficiently solve flow problems with free surface
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effects [1,10,15]. Moreover, in order to simulate problems
with high viscosity, an ISPH method that uses an implicit
projection method has been developed [9].

However, there is almost no mathematical background
on properties such as stability or convergence for the ISPH
method. Although there are a few mathematical analyses for
the SPH method or related particle methods, e.g., error esti-
mates for the SPH method with particle volumes related to
the vortex method [2,3,13] and error estimates for Poisson
and heat equations of a generalized particle method [8], their
results do not directly apply to the ISPH method. Hence,
the identification of discrete parameter conditions necessary
for obtaining stable results has had to rely on experimental
studies [14].

This paper establishes the mathematical properties of
unique solvability and stability for implicit and semi-implicit
schemes in the ISPH method. We introduce three key con-
ditions for unique solvability and stability: a connectivity
condition with respect to the particle distribution and smooth-
ing length, a regularity condition for the particle distribution,
and a time step condition corresponding to viscous diffusion.
Then, we show the unique solvability of both the implicit and
semi-implicit schemes in two- and three-dimensional spaces

@ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s40571-018-0214-7&domain=pdf
http://orcid.org/0000-0003-2574-4471

298

Computational Particle Mechanics (2019) 6:297-309

Fig. 1 Domain £2 and boundaries I and I

with the connectivity condition. We go on to prove the sta-
bility of velocity for the implicit scheme in two-dimensional
space with the connectivity and regularity conditions. Fur-
ther, we show the stability of velocity for the semi-implicit
scheme in two-dimensional space with the addition of the
time step condition. The main advantage of these results in
the engineering sense is to clarify conditions required for sta-
ble computing in the ISPH method. As an application of these
results, we introduce modified schemes with discrete param-
eters redefined to automatically satisfy the semi-regularity
and time step conditions.

2 Incompressible smoothed particle
hydrodynamics method

Let 2 be a bounded domain in RY (d = 2, 3) with smooth
boundary I". The boundary I" is divided into two parts: a
wall boundary I C I" and a free surface boundary s :=
I'\Iw; see Fig. 1.

We consider the incompressible Navier—Stokes equations:
Findu: 2 x (0,T) - Rlandp : 2 x (0, T) — R such
that

%z—le+vAu+f, (x,1) e 2 x(0,7T),

Dt P

V.-u=0, (x,1) e 2 x(0,T), (1)
u=a, xef2, t=0,

u=>0, (x,1) e Iy x (0, T),

where u: 2 x (0,7) > R, p: 2 x (0,T) - R, p > 0,
V>0,f:2x%x(0,T) - R and a : 2 — R? denote
velocity, pressure, density, kinematic viscosity, body force,
and initial velocity of the fluid, respectively. Furthermore,
D/Dt denotes the material derivative defined as D/Dt :=
d/0t+u- V. The unknowns are the velocity u and pressure p.
We assume the uniqueness and existence of a smooth solution
for the incompressible Navier—Stokes equations (1).

We introduce the ISPH method. Let T > 0 be the time step.
Let K be K := [T /7], where |T /7] denotes the greatest
integer thatis less thanorequalto 7' /. Fork =0, 1, ..., K,
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Fig.2 Particle distribution

the kth time ¢¥ is defined as t¥ := k7. For N € N, we define
a particle distribution Xy as

Xyv:={xeQUrI|i=12.. N, x#x;(i#)}.
2

We refer to x; € Xy as a particle. Let X ,’§, and xll‘ be a
particle distribution and an ith particle at r*, respectively.
Let Ay = {1,2,..., N}. Let Ag C Ap be the index set
of particles judged to be on the free surface, A’{V C Ap the
index set of particles on the wall boundary, and A’; C AN
the index set of the other particles. We refer to x{‘ (i € A];),
x{‘ (i e A’§), and xf (i e A’\‘,V) as an inner fluid particle, a
surface particle, and a wall particle, respectively; see Fig. 2.
For N € N, we define a particle volume set Vy as

VN = {a),' >0

N
i=12....N Y wo=I2f. @
i=1

Here, |£2| denotes the volume of 2. We refer to w; € Vy
as a particle volume. In the SPH method, by introducing a
particle density p; and particle mass m;, the particle volume
w; is generally given as w; = p; /m;.

For w : [0, 00) — R, we consider the following condi-

tions:
>0, O0<r <ry,

w(r) 4
=0, r=>rp;

. <0, O0<r<ro,

w(r) ©)
=0, r=0o0rr >rp;

/ w(lx))dx = 1; (6)

Rd

w € C2([0, 00)). @)

Here, o and w are a positive constant and the first derivative
of w, respectively. We define a function set WV as

W = {w: [0, 00) - R | w satisfies (4)—(7)} . ®)
We refer to w € W as areference weight function. We define

asmoothing length % as a positive number that satisfies roh >
min{|x{c — x’/?| | i # j}. For the reference weight function
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w € W and the smoothing length %, a weight function wy, : andfork =0,1,..., K — 1,
[0, o0) — R is defined as
=k k+1 k k k
i i ~\ k+ .
1 - — = v{Au); " + fi, i € ApU Aqg, (I-b)
wp(r) == h_dw (ﬁ> ) ﬁi_<+1 —0, i c AI\CV;
. . (Ap)t = 2w a i e Ak,
For example, in the SPH method, the following reference k1l T ' (I-c)
weight functions are often used: the cubic B-spline (rg = 2) pi" =0, i € Ag;
wt =t 1 k+1 k| Ak
1 1 — .
3, 4, Y = p(Vp)l. , 1€ AR U Ay, (I-d)
l—=r4+-=-r’, 0<r<l1, k1 . X
e |1 2 3 u;" =0, i€ Ay.
w(r) = B -2 —r)3, 1<r <2, (10)
g’ 2 <y Semi-implicit scheme: findu* € V(AN (k=0,1,...,K)

and the quintic B-spline (r9 = 3)

B-rP—6Q-rP+151-r)7, 0=<r<l,
wir) i e B=r’-62-r), l<r<2,
(3 —r), 2<r<3,
0, 3<r.
(11)
Here, ﬂCL‘blc and ,Bqumuc are constants dependent on d to sat-

isfy condition (6) and are calculated as

10 7
= d=2, == d=2,
'Bcciubw — 717-[ ﬁgulnnc _ 47{37[
-, d=3 ——, d=3.
T 1207
(12)

Foranindexset A C Ayandk =0,1, ...,
space V,/\‘, (A) is defined as

N, a function

vE(A) == {v ke XkYien > R} . (13)
Fork =0,1,..., K, afunction fk S V]\‘,(AN) is defined as
kK oky oo Ak Ak
), An U AQ,
frky = 00T e ARUAS (14)
0, i€ A

Hereinafter, for a function v* (k =0,1,..., K) defined in
X ]]f,, we denote vF (xf‘) as vf‘ . Now, we consider the following
two schemes in the ISPH method.

Implicit scheme: find u* € VE(An)4 (k=0,1,...,K) and
e vE(AL U A% (k= 1,2, ..., K) such that
wW=a@x)), i=1,2,...,N, (I-a)

and pf € V(AL U AL) (k= 1,2,..., K) such that

u?:a(x?), i=1,2,...,N (SI-a)
and fork=0,1,..., K —1,
Tk
% = V<A”>f'c + fik’ i€ Allg U Aé’ (SI-b)
W =0, ieAX;
P
(Ap)Ft! = ~(v- Wit i e Ak, (SLo)
P =0, i € 4g;
K+l o~k
Wit o bk ak
- == (WPl i€ AR U A, (SI-d)
W =0, i e AX,.

Here, the approximations of the derivatives are defined as

uk ko k_ _k
_ ZZ 1 u- Xl- )Cj
xf = b iaf =2
g J
-V (|xf —x§|) (15)
~k+1 ~k+1 k k
u X
k+1 L J
= 22“)1 k| ik —
T xl X; —xj|
~th(|x- —x-|) (16)

(V- mt = Zw,(“’f“w"“) Vwp(|xf = x5D,

j=1
(17)
(Vo= Y w5 = TV (xf — X)),
jeakuak
(18)
k+1 k+1  _k k
p;i =P X =X
k+1 . R J i J
(Ap)l- =2 Z wj |x{‘ _ 1?| |xk _ xk|
jeAkuak\(i} i ! J
-V (| = ¥ (19)
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In both schemes, the particles are updated by

x{"“—x +ruk+1 i=1,2,...,

N, k=0,1,....K — L.
(20)

Equations (I-b) and (SI-b) are referred to as the prediction
step, Eqs. (I-c) and (SI-c) as the pressure Poisson equation,
and Eqgs. (I-d) and (SI-d) as the correction step. The differ-
ence between these schemes is only the viscous term in the
prediction steps (I-b) and (SI-b). Because (I-b) and (I-c) are
implicit, we refer to the first scheme as the implicit scheme.
In contrast, because only the equation for pressure (SI-c) is
implicit, we refer to the second scheme as the semi-implicit
scheme.

Remark 1 Although many approximation operators have
been proposed for the ISPH method, the approximation oper-
ators (15)—(19) are chosen because they satisfy mathematical
properties in Sect. 4.2. Analyses of the ISPH method using
other approximation operators are left as future problems.

3 Key conditions for discrete parameters

In order to analyze the unique solvability and the stability for
the implicit and semi-implicit schemes, we introduce three
important conditions for discrete parameters: the connectiv-
ity, semi-regularity, and time step conditions.

Definition 1 (h-connectivity condition) For the smoothing
length h, the particle distribution X}\‘, satisfies the h-
connectivity condition if foralli € Ak , there exist sequences

{ir}_, and {i7}"_, C Ay such that

i1=i,  0<|xf— ”1|<r0h(1<l<§)
e Ak <l<?), i e AL, (21)

it=i, 0< |x§}—x{}l| <roh(1 <1 <¢%),
+

ifeAf(=l<th),  ifoe A, (22)
Definition 2 (semi-regularity condition) A family{({X’ }k 0
VN, h, T)} satisfies the semi-regularity condition if there
exists a positive constant co such that

Zw,x — x5 (|xf — x5
j=l
<d+cor,

i_l
k=1,2,...,K. (23)
Definition 3 (time step condition) A family {({XX1K ), Wy,

h, 7)} satisfies the time step condition if there exists a con-
stant § (0 < § < 1) such that
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Iwh(lx —x5D|

2oi—r—m ||

J# x|
k=1,2,....K. (24)

8
— max

T <
2v | i=12,...

Remark 2 Consider a graph G whose vertex set is particle
distribution X’ 1’\‘, and whose edges are a pair (xf , xj? ) that sat-
isfies 0 < |xl.k — xfl < roh, as shown, for example, in Fig. 3.
By Definition 1, that the particle distribution X 1’{, satisfies the
h-connectivity condition is equivalent to all fluid particles
having a path on G to a surface particle and a wall particle.

Remark 3 Because the approximation

ke k k
_xj||wh(|xi _xj|)|

N
Za)jle
j=1

~ [ lindybidy = a ©3)

holds, the family {({XX}K . Vn,h, 7)) can satisfy the
semi-regularity condition under appropriate settings of dis-
crete parameters. In particular, as the left side of (23)
becomes larger when a cohesion of particles occurs, the semi-
regularity condition partially denotes a regularity of particle
distributions.

Remark 4 The time step condition (24) corresponds to a
constraint of the time step due to viscous diffusion. Experi-
mentally, the constraint is given by

h2
T<o—, (26)

where the coefficient « is usually given as a value on the
order of 0.1 [12,14]. In contrast, the time step condition (24)
becomes

H k k
i (| — k)

k_ &
J#i i = xj
h2
<o—, (27)
v
where @ is defined by
(k= xip1\ ]
1 (| — X
o= —= . (28
@:= 55 | ,_max Zw, w XI (28)

J#i !
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Fig.3 Particle distributions X% .
time: t =t

and their graphs G: the left and ... . ....
right sides show particle O OO
distributions a with and b ‘!“ 4 %‘:“!“..‘
ol B AP BB
without stistying the el ; RS T
h-connectivity condition, S ’v‘\“‘. By v“"‘ 'v"v‘,v‘,v"v‘\‘a
ivel - 0—0-0-0 Seses COCO—0E0— 000
respectively TR Tzezerzee QR ey
IR SO B T I TR IR IS
NS SN SN YN EEHD
LIRS ST D TSI L
S S SN PN Y S YA
X OO0 VOvee. PSP OO O
XL IE L X LT LIS IX I I L

O Inner fluid particle =¥ (ieAf)  @Surface particle 2} (icA¥)  @Wall particle af (i€A%)

Therefore, & corresponds to «. Moreover, because the  Theorem 1 If particle distribution X[]\‘, satisfies the

approximation h-connectivity condition for all k = 0,1, ..., K — 1, then
both the implicit and semi-implicit schemes have a unique
R 1 |U')h(|x,k _ x]/?I)I solution.
o=_>| max Z i
2h% | i=1.2,..N = lx; — xj| Proof Because (I-d), (SI-b), and (SI-d) are explicit, these are
1 o (1)) -1 clearly solvable. Therefore, we prove the unique solvability
~ ( / Mdy) of (Ib), (I-c), and (SI-c).
2h R 1y First, we show the unique solvability of the prediction
1 [ (y]] ! step (I-b). We fix k = 0,1,..., K. Let Nf and N§ be the
= - —d 29) . . .
2 \Jre |yl number of inner fluid particles and the number of surface
particles, respectively, at time step £*. We renumber the index
holds, we can estimate the approximate value of a for ref- of particles so that i = 1,2, ..., NIIJC c Ar’lg and i = Nll:c +
erence weight functions in advance. When w is the cubic 1, Nllg +2, Nlls +N§ c A’g. Leta;; (i,j=1,2,...,N)
B-spline (10), the approximate value of @ is calculated as be
7 0, i=j,
o (D] -1 %=0.175, d=2, . bk
a%z —I | dy =17 ajj = _u'Vw (|xk—xk|) P2 (32)
R 1Y g <0167, d=3, Ik — kP2 WX = X5, J:
(30)
We define a matrix A € RVEHNOXNEEND and a vector
and when w is the quintic B-spline (11) as b e RNéJ"Né respectively as
239 N
— ~x0.259, d=2 .
1 i -1 ] o24 ’ ’ L+ov) way, i=j,
RS Y a .,
Z=0.250, d=3. —wjdij, i #Jj;
Bl b=d+off, i=1,2,..., Nf+ NE (34)

Because « is experimentally given as on the order of 0.1, the Then, (I-b) is equivalent to the linear equations
above approximate values of & agree well with the experi-

mental values. Ax = b, (35)
. . . where x; 1= ’ﬁf“ i=12,..., Né + Né‘). Therefore, it is
4 Unique SOIVablllty and Stab"'ty sufficient to show that A is non-singular. From (5), we have
4.1 Unique solvabilit .
9 y F - P wp (|xf = x%1)
2y Ywnl — XD = —2— o
First, we show the unique solvability for the implicit and lx; = x5 i = x;1
semi-implicit schemes. (36)
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Therefore, as a;; is nonnegative and a;; = 0, we have, for
i=1,2,...,Nf+N§

ZlA’J| =1+ thwla,l — Za)jaU
J# J#
N

=1471v Z

I=Nf+N§+1

wia;] > 0. (37)

Hence, A is a strictly diagonally dominant matrix. Thus, A
is non-singular.

Next, we show the unique solvability of the Poisson equa—
tions (I-c) and (SI-c). We define matrices A D e RN XN
and a vector b € RVF respectively as

N¥ »
A= ;Zjaiz, =],
—ajj, i #
D := diag(w;);
bi=2v.w =12, NE (38)

Then, (I-c) and (SI-c) are equivalent to
ADX = b, (39

where X; = pitl (G = 1,2,....Nb). As i > 0(G =
1,2,..., NII;‘), the diagonal matrix D is non-singular. There-
fore, it is sufficient to prove that Ais non-singular. As Ais
symmetric, we will prove that Aisa positive definite matrix.
Forall ¢ € RNS \{0}, we have

NE Ng
Z Ot,‘Ole[j:Z Z Oliole,'j—l—ZolizA
i,j=1 1§i<j§N]]§ i=1
Nk
=-2 ) woja;+ Z“ Z —dik
1<i<j<Nk -1 k=1
<i<j<
(“)Jo‘l wio‘j)
= Z ij
v ww;j
1<i<j<Nk
k k
NF NS Wk
2
+ Zai Z —ajf. 40)
: wi
i=1 k=Nk+1

As a;j is nonnegative and w; is positive, (40) is nonnegative.
Fora € RN}’:(\{O}, we set i such that «; # 0. Because of the
particle distribution X 1]\‘, with h-connectivity, we can take a
sequence {ik},{: | such that the conditions given in (21) hold.

@ Springer

As all terms of the last equation in (40) are nonnegative, we
have

Nk —1 2
F ¢
—~ Wi, 0, — W, O
Z OéiOl]AlJ Z ( k+1 k k k+1) aikik+1
ij=1 k=1 Wit Pig1
wj
¢
=+ - az;ai(—lig' 41)
Wi,
As |xi —xl]jml < roh,the value of a; ., (k =1,2,...,¢0—

1) is positive. Thus, if the right side of (41) equals zero,
theneo;, =0(k =1,2,...,¢). As this is inconsistent with
o = a;, # 0, the right side of (41) is positive. Therefore,
the matrix A is a positive definite matrix. Consequently, the
matrix A is non-singular. O

4.2 Discrete Sobolev norms and their mathematical
properties

Next, we introduce some notation and show certain lemmas.
For A ¢ Ay, m = 1,2,...,d,and k = 0,1,..., N,
we define a discrete inner product (-, -)a V/\‘,(A)m X
V& (A)™ — Randdiscrete L2 norm [|-[lo, o : V(A" — R
as

@.9)a =) widi- o 42)

ieA
12
Ipllo.a = @.¢)}* = <Zw, ) , (43)
ieA

respectively. Moreover, we define a discrete HO1 semi-norm

|14k : V/\‘,(A)’” — R and discrete HO_1 semi-norm | -
[—1.Ak: V,]f,(A)m — Ras
1/2
gi — ;1
pliak:=|> o Y, w,-ﬁmmx 21/
ieA  jeA\li} X
(44
Gloiac=  sp ¥ (45)
(pEVk(A)m\{O I(pll A, k
respectively. Then, we obtain the following lemmas:
Lemmal Forg,¢ € V(A (AC Ay, k=0,1,...,K),
we have
(@.9)a = lollo,allello,a- (46)

Proof The Cauchy-Schwarz inequality (see Appendix A)
immediately yields inequality (46). O

Lemma 2 Assume the particle distribution X]]f, k = 0,1,
, K) satisfies the h-connectivity condition and ¢ €
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VEANT (k = 0,1,..., K) satisfies ¢; = 0 fori € AY,.
Then, we have, for ¢ € V& (An)Y (k=0,1,...,K),

(@9 atuak = (@ P ay = 1Dl-1 4y k111 Ay k- 47
Proof We first show the norm property: ¢ =0 < |@|1, Ay .k
= 0. From the definition of discrete H'! semi-norm (44), it is
obvious that ¢ =0 = |¢|1,ay.k = 0. Assume ||| Ay k =
0. As the particle distribution X’ 1]\‘, satisfies the #-connectivity
condition, for any i € AII‘: U Alg, we can take a sequence

:
{i};_, such that

it=i, 0<|xh—xk |<roh(1<1<¢,
1 I+1
; k
i e Ay (48)
Therefore, we have, fori € A’lé U A’§,
2
21T, Ay &
@)
=Y o Y o ln(xf — x5
ieAy  jeAn\{i} | Xi xj'
*
-1
>{ i — i -0
> Y o Oty T ok e — %7 DI = 0.
=1 i i
(49)

Then, because |¢[1,4y.x = 0 and Wiz Wi, llx* - xl* |~!
I+1
k

|wh(|xi[* — xi7+1 — <p,l+1| =0forl =
1,2,...,¢*
@i = ¢;; = 0. Because i € A{é U A’§ is arbitrary, we obtain
¢ =0.

Next, we show (47). As ¢; = 0 fori € A'{,V, we have
G A= (@, ©)ay- When |@l1 Ay k = 0, the norm
property, =0 & [¢l1,ay.k =0, yields

Dl > 0, we have |(pi7

— 1. Moreover, because Pipx = 0, we obtain

(P, @) Ay (50)

= |pl-1,ay.kl®l1, Ay = 0.

When |¢|1,4y.k # 0, from the definition of discrete H -1
semi-norm (45), we obtain

(9. 9)a _ (9.9)a

[Pl-1,44k = sup . (51
QDEVk(A)m\{O} |(p|1 Ak |§0|1,A,k

Therefore, we conclude (47). O

Lemma3 For¢ € V(A andy € Vi(A) (A C Ay, k=
0,1,..., K), we have

(52)
(53)

W, (V- )4 = —(VY)K,
—(W AP A = 1 4pe

D) a,

Here, these approximations of derivatives are defined as

(V- )k Zw, b + i) - Vuw (1xF — X; D, (54)
jeA
=Y wj (¥ — ¥i) Vun(xf — D, (55)
JjeA
—2 Z Vf} i f
P e e
-V (|xF —le). (56)
Proof First, we prove (52). As th(|x§<—x(;|) = —th(|x(;
—xf|), we have
W (V- 9))a
=Y wivi Y wj (b + i) - Vwr(lxf — x5
ieA jeA
= Z Zwiwﬂﬂi (¢j + ¢i) - Vwy (|xF — XfD
i€ jeA
1
=32 2 @i (Ui —¥)) (&) + i) - Vun(lxf — xj1)
ieA jeA
=Y wigi- Y o — ) Vw(lxf — x5
ieA jeA
= —((V)*. 9)a. (57)
Next, we prove (53). Let
0, l = ja
Jij=1 xf = L (58)
|x1k k|2 th(|x _x |) 14 7&‘]
Because J;; = —Jj;, we obtain
—(, (AYIA =2 i Y (Vi — ;) Jij
ieA jeA
= ZZ Z wiwjyi (i = vj) Jij
i€A jeA
= Z Z wiwj (¥i %)2 Jij
i€ jeA
= V1] ax- (59)
O

Lemma 4 Assume that a family {({X;{,}f:l, VN, h, T)} sat-
isfies the semi-regularity condition with cqo. Then, for €
V(A (A C Ay, k=0,1,...,K), we have

VYRI5 4 < (d + oD Y13 44 (60)
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Here, (V1) is defined as in (55). | ¢]|
<4y o | Y w2 (xf — Xk

Proof From Py jeavti) |x; — xj|

k _ Lk . k k

P X lwp (|x; — x5 DI
Vwp(lxf = xj1) = ———ba(af — xj) (61) | 3w

lx; — x%] ) . |xk—x]?|
i J JjeA\li} ! J

and the Cauchy—Schwarz inequality (see Appendix A), we
have

k2
V) ¥ 15 4
2

=Y o [ Y wj (¥ — i) Vu(xf — x5

ieA jeA

2
xlk S I

=D o [ =D w0 (W — i) ——— ln(xf = 25D

icA jeA Ix; '|

< Zwi ijwfj

2
— Yl (| x] —x,’;|>|)

ieA jeA
2
|¢j _wil . k k
<Y o | Y oj =l (lxf — x5
ieA jeA lx; _le

N
x (anx{‘—x§?||wh(|x{‘—xj?|>|). (62)
j=1

As the family {({Xll\‘,}le, VN, h, T)} satisfies the semi-
regularity condition (23), we obtain (60). O

Lemma5 Assume that a family {({XN}K |, Vy, h, 7))} sat-
isfies the time step condition with §. Then, for ¢ €
VA (A C Ay, k=0,1,...,K), we have

k2 28 2
”(Ad)) ”O’A_;|¢|1’A,k’ k:O’ls"'aK' (63)
Here, the definition of (A¢)¥ is analogous to that given for
(AY)X in (56), with the vector function  replaced by the
scalar function ¢.

Proof From the Cauchy—Schwarz
Appendix A), we have

inequality  (see

k2
1{AS)" 115, 2

kK k

b —¢; Xi —X;

=Z“’i Z wj|xk_xk||xk_xk|

ieA jeA\(i) i JU J

2

Yy, (|xf = x§])

=4) | ) “’/

k - faby (| — 3K )|
ieA jeA\{i} Xi |
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fn (xk — 24|
..... N o x"
= jeAi} i = 1

P17 Ak

(64)
As the family {({Xll\‘,}le, VN, h, T)} satisfies the time step
condition (24), we obtain (63). O

4.3 Stability for the implicit scheme

From the lemmas in the previous section, we obtain the fol-
lowing stability of velocity in two-dimensional space for the
implicit scheme in the ISPH method.

Theorem2 Let d = 2. Let ("', p**1) be the solution of
the implicit scheme in the ISPH method. Assume a family
{({XII\‘, }le , VN, h, ©)} that satisfies the semi-regularity con-
dition with co and whose particle distribution X ,ﬁ, satisfies
the h-connectivity condition. Then, there exists a positive
constant ¢ dependent only on T, v, and cq such that

k+1,2
B 4 <€ (||au0AN+Zr|f| IANZ)

k=0,1,...,K — 1. (65)

Proof From (I-d) and Lemma 4, we have

k112
[l

— k+1 k+1  k+1
—||M ||0AkUAk —(M s u )A{‘:UAé

~ ~ T
— <uk+l _ —<Vp>k+l, Mk-l—l _ —<Vp)k+l>
P p

Akuak
k—+1 2 k+1
= 174G pxone + 2||<Vp> UG skt
T
- 2;<<Vp>"+‘, T kot (66)

From (I-c¢) and Lemmas 3—4, we have
k+1
VPG

= C+eonlP™ ] L

= @+ D)@ (AP yu

o ~
==+ en) (L (VB g
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-2+ Cof)g((vp)kﬂ, ﬂk+1)A’I§UA’§' (67)  Hence, by utilizing
k ~k+1
From (66)—(67) and Lemma 1, we have e g, atsat 1 o, Aku Ak
1
1 ~k+1
”uk+1”2 2”” ”0 AkUAk + = ”M ”O AkUAk
~t1 4 1~k 1 ~k1 2
< |l ||0AkUA§ ot (VLT = SNG4y + Enu R 4 (74)
~k+1 k k+1
<t ”o,A’;.U/xg L5100 akuak I 1 Ak U Ak &
v k+1 ~k+1 < L k2 ~k+1)2
+ ot IOV o aguag 7 o, aguag =LA GRVVIR o FVV (75)
~+1 12 T k+1 ~k+1
= @75,y + cor=I(VP)*T llo, akua I o, ay-
o we have
(68)
~k+1 Lok ~k+1
Moreover, from (67) and Lemma 1, we have [l HO,AN = 5”” 6.4y + —||u HO,AN
T
k2
+ = koak 1 (76)
k+1 4y —1,AkuAk k
ORIy ae R4S
< @+ con) 21V g ko gl g atnt- (69)
= 0TI INVP 0,AkuAk 0, AkuAk- Thus, we have
Therefore, we have ~t1
TG 0 = 1518+ 551742 atont
~k
I[(Vp)<+ IIO Akuak = (2+Cof)—llu H llo, Ak A < |lu* ||o,AN + Elf |—1,AN,k' )

=2+ Cof)— 17+ o, 4, - (70)
By combining (68) and (70), we obtain
I TG 4, < {1+ o+ con)THEFT G 4, - (71)

From (I-b) and Lemmas 1-3, we have

~k+12
@2 4
~k+1 k1 ok+1
= ITHD g0 = @ )AkUAk
k+1
= W + TV {AU) +rf )AkUAk

~k+1 k
= ", 7" )A§UA/§+r(f M) g

+ TU((A’IZ)IC_'_I , ’L‘l’k-f‘l)All(:UAé

k ~k+1
< ||lu u
< 10 N, kot 17 o agat
k ~k+1
T u
T Ak oAb kI AUk &
— Tu[FF . (72)

k k
1,AkuAk k

For o, f € R and s > 0, the following inequality holds:

af < goﬂ + B2 (73)

From (71) and (77), we have

k+1
1, < 16513 4, + 0@ + cor)T b llo,ay

+ U+ @+ DD Ry (78)

By replacing the index k with / in (78) and summing it over
| = 0to k, we have

k
k412 2 !
164G, 4y < Nlallg ay +co@+cot) Y Tlullo,ay

=0
k
1+ co2+co1)T
+ TZ 1117 Ayt (9
=0
Because T < T, we have
k
1G4y < llaliG ay +co@+coT) Yl llo,ay
=0
k
14+co2+4+coT)T
+ - D Tl P Ay (80)
=0
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Consequently, Gronwall’s inequality (see Appendix A)
yields
[

= exp(co2+coT)T)

k
1402+ coT)T
x (||a||%,AN+ 5 Dot R

=1

(81)
Taking ¢ as
1 2+ ¢oT)T
c=-exp(co(2+coT)T) max {1’ + 00(2+ coT) } ’
v
(82)
we conclude (65). a

4.4 Stability for the semi-implicit scheme

In addition to the stability for the implicit scheme, we obtain
the following stability of velocity in two-dimensional space
for the semi-implicit scheme in the ISPH method.

Theorem 3 Let d = 2. Let ("', p**1) be the solution of
the semi-implicit scheme in the ISPH method. Assume a fam-
ily {({XK,}EZI, VN, h, 1)} that satisfies the semi-regularity
condition with co and time step condition with § and whose
particle distribution X,’f, (k = 1,2,..., K) satisfies the h-
connectivity condition. Then, there exists a positive constant
¢ dependent only on T, v, co, and § such that

141G 4,
k k
<c (nauaAN +1 Y TIN5 4y + Zﬂfﬂ%l,AN,l) :
=0 =0
k=0,1,...,K — 1. (83)
k+1

Proof By the same procedure as for the estimation of u
in the proof of Theorem 2, we obtain

I TG A, < {1+ o+ con)THEFF 4, - (84)

From (I-b) and Lemmas 1-2, we have

~k+1/,2
[
k12 _ k1 ~k+1
= |lu HO,AIIEUAé = (I/“ s u )AIEUAé
k k k k k k
=W +wvAu) +tfu +v(Au) + T f )A’;UA’g

k2
= ||U
1

2

2,2 k
uak +rvrl{Au) ||0,A’,§UA§

2 k2
+ T f ”O,A’IE-UA’g
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k k 2 k k
+2tv(u, (Au) )All‘;UAlé +2tv({Auw)", f )AIEUAg
k k
+2t(f" u )A];UAlg

k2 2.2 k2 2 k2
S W S [ VRV A O

2
k k
1,4kuA% k

2 k k
+ 2201 (AW g, g0t 1P Nl ko at

— 27v|uF|

k k
+ 27| f |—1,A{§UA’§,k|u |1,A’1§UA'§,I<' (85)

From (73), for § (0 < § < 1), we have

k k
1AW g, a8 11, atat
_v(i—9)
-4

+

k2
1AW I 4o, 00

k(2
mﬂf o, akuat (86)

k k
u
L1y akuak 141 akuak x

- k(2
~ 20l —5)|f 1 atuak e

(1 —5)|uk

2
+ 2 |1,A{;UA’§,k' (87)

Hence, we have
~k+12
@2 4

146
k2 2 k2
< +
<|lu HO,AN T 1 5||f ”O,A{;uA’;

k2
+ v(l — 5)|f |—1,A’§UA’§,I<
v k2 k2
+1u(l +6) (Enmm 17 atoat =l |1,A’l§UA’§,k>'
(88)
By Lemma 5, we have
v k2 k2
— (A — ' <0. 89
s [I{Au) ||0’A§UA§ |u |1‘AAFUA/§’,< =< (89)
Hence, we obtain
1436
~k+1/2 k2 2 k2
W0, 4 = 171G ko ax + 7775 1/ o akuat
k2
3a —5)|f 1 atuat e
1436
S R e LA P
12 k2
+m|f =1 Ak (90
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From (84) and (90), we have Taking c as
k12 c=-exp(co(2+coT)T)
™15, 4, 1456
< 113 4, + co@ + cor)Tllb o, 4 X max {" (+c@+al)T) 5
+{1 + co(2 + co7)7} 14+ co2+coT)T
21468 ko T ) v(l —8) ’ ©3)
XT m”f ||0’AN+m|f Iy Avk (-
91) we conclude (83). O

By replacing the index k with / in (91) and summing it over
| = 0to k, we have

I MG A
k
< llallg sy +co@+cor) Tl llo,ay
=0
14+ co2+coT)T
1-96
k 1 k
x 171 +8) Y Tl 154, + - STl Py -
=0 =0
(92)
From t < T, we have
115 4,
k
< llallg_ay +co@+coT) Dl fo,ay
=0
14+ co2+coT)T
1-56
k 1 k
12 12
x {r(l +8) DT Iy + 5 DT 4 | -
=0 [=0
93)

Consequently, Gronwall’s inequality (see Appendix A)
yields

k+1)2
1113 4,

<exp(co(2+coT)T) {nané,AN

14+co2+coT)T

=5
k 1 k

x <r(l +8) > Tl 13 4y + . Zrlf’lﬂ,AN,,) }
=0 =0

(94)

4.5 Extension for modified schemes

We consider improving the implicit and semi-implicit
schemes by utilizing our results. As the time step T and parti-
cle volume set Vy = {w;} are fixed in the previous sections,
we consider the introduction of modified schemes with vari-
able time step 7% and particle volume set VX, = {a)f.‘} defined
so as to satisfy some key conditions.

Fork =0,1,...,K — 1, let ¥ > 0 be a variable time
step satisfying

K—1
d b= (96)
k=0

Then, the kth time ¥ is defined as t* = 0(k = 0), and
=k 4 Kk =0,1,..., K — 1). We set the particle
volume set V,k\, = {a)llf} by a solution of the linear equation

AR = b¥, (97)
where A € RV*N ok ¢ RV and b* € RV are

k . | k
Al-j = |x

k_
o = (culf, a)é, ..

xS lin (1 = X511, (98)
L o), (99)
b=, d,....,d)", (100)

respectively. Then, because the condition

N
Y olaf =l —xfDl=d.  i=1.2,....N,
j=1

(101)

is satisfied, the semi-regularity condition (23) is automat-
ically satisfied at t*. Therefore, we obtain the following
corollary:

Corollary 4 Letd = 2. Let (u*™", p**1) be the solution of the
modified implicit scheme, which is the implicit scheme whose
time step T and particle volume set Vy are replaced with
variable time step T and particle volume set Vlli,. Assume for
a family {({ Xk, Vlli,}le, h, T} that its particle distribution
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X 1’\‘, satisfies the h-connectivity condition and particle volume
set Vlli, = {a)f-c > 0} exists fork = 0,1, ..., K. Then, there
exists a positive constant ¢ dependent only on T, v, and ¢y
such that

k+1)2
G4, < (||a||0AN+Zr Fa=. l)

k=0,1,....,K — 1. (102)

Moreover, for fixed constant § (0 < § < 1), we give T as

k 8
T = — max
2v | i=1,2,...N

~1
Z k|wh<|x — )|
k| ’

l
k=1,2,...,K (103)
Then, the time step condition (24) is automatically satisfied at
each time step. Therefore, we obtain the following corollary:

Corollary 5 Let d = 2. Let (u**!, p**t1) be the solution of
the modified semi-implicit scheme, which is the semi-implicit
scheme whose time step T and particle volume set Vy are
replaced with variable time step t° and particle volume
set Vlli,. Assume for a family {({Xk, Vzlf,},le, h, T} that its
particle distribution X 1{‘] satisfies the h-connectivity condi-
tion and particle volume set V,li, = {a){c > 0} exists for
k = 0,1,..., K. Then, there exists a positive constant ¢

dependent only on T, v, cq, and § such that

(i
k k
<c (uaué,AN Y @ NG ay + D rl|fl|2_,,AN,z) :
=0 =0
k=0,1,...,K — 1. (104)

5 Concluding remarks

We have analyzed the unique solvability and stability
of the implicit and semi-implicit schemes in the incom-
pressible smoothed particle hydrodynamics (ISPH) method.
Three key conditions were introduced for our analysis,
the three conditions on discrete parameters, which are
the h-connectivity, semi-regularity, and time step condi-
tions. With h-connectivity, the unique solvability of the
implicit and semi-implicit schemes was obtained in two- and
three-dimensional space. With the #-connectivity and semi-
regularity conditions, the stability of velocity for the implicit
scheme was established in two-dimensional space. More-
over, with the addition of the time step condition, the stability
of velocity for the semi-implicit scheme was established in
two-dimensional space. Thanks to these results, the condi-

@ Springer

tions on discrete parameters sufficient for obtaining stable
computing with the ISPH method are clarified.

As an application of these results, we introduced modified
implicit and semi-implicit schemes by redefining discrete
parameters. By introducing the modified particle volume set,
which imposes an additional constraint condition at each
step, the modified implicit scheme becomes stable without
the semi-regularity condition. Moreover, by introducing the
variable time step, which is updated according to the particle
distribution and particle volume set, the modified semi-
implicit scheme becomes stable without the semi-regularity
and time step conditions.

As future work, we will extend the stability to that in
three-dimensional space and with boundary conditions such
as Neumann boundary conditions in the pressure Poisson
equation. Moreover, we will investigate convergence for the
ISPH method mathematically.
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Appendix A Mathematical tools
Cauchy-Schwarz inequality

Let M e N.Foralla;,b; e R(i =1,2,..., M), the fol-
lowing, called the Cauchy—Schwarz inequality, holds:

w o 12,y 12
> aibi < (Z a?) (Z bl?) (105)
i=l1 i=l1

i=1
Gronwall’s inequality

Let M € N. Assume that q¢;,b; > 0 (i = 0,1, ...
¢ > 0 satisfy the inequality

. M),

k—1
ar < ao—i—c—i-Zajbj,
j=0

k=1,2,...., M. (106)

Then, the following, called Gronwall’s inequality, holds:

k—1 k—1
ac < @+ [[a+b) < @+cexp | > b |,
j=0 Jj=0
k=1,2,...,M. (107)
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