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Abstract We discuss a constitutive law for modeling rate-
dependent granular flows that has been implemented in
smoothed particle hydrodynamics (SPH). We model granular
materials using a viscoplastic constitutive law that produces
a Drucker—Prager-like yield condition in the limit of vanish-
ing flow. A friction law for non-steady flows, incorporating
rate-dependence and dilation, is derived and implemented
within the constitutive law. We compare our SPH simulations
with experimental data, demonstrating that they can capture
both steady and non-steady dynamic flow behavior, notably
including transient column collapse profiles. This technique
may therefore be attractive for modeling the time-dependent
evolution of natural and industrial flows.

Keywords Granular media - Particulate flow - Smoothed
particle hydrodynamics

1 Introduction

Many natural and industrial processes involve flow of gran-
ular media such as soils, sands, powders, and pulverized
brittle materials. Examples of such processes include land-
slides, debris flows, bulk food transport, and ballistic impact
of ceramics. These processes typically involve large defor-
mations from a reference state and flow rates that vary from
quasi-static to dynamic. Numerical models that can accu-
rately simulate these flow features are essential as predictive
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tools. However, the lack of well-established rheological rela-
tions spanning flow-rate regimes has historically limited the
development of such models.

Dry granular materials exhibit solid-like, liquid-like, or
gas-like behavior depending upon their environment and
excitation [1]. Numerical and experimental studies have
established basic constitutive laws for a variety of geome-
tries [2-5] and flow-rate regimes, from quasi-static [6,7] to
rapid [3]. Jop and colleagues [5] proposed a constitutive law
for steady-state granular flows that captures behavior across
these regimes and in a variety of configurations [4, 8]. To date,
this constitutive law provides the most unifying framework
for granular flows and has been adopted for modeling both
steady and non-steady processes such as impact cratering and
granular column collapse [9,10].

Mesh-free methods have recently gained popularity for
modeling granular materials. Several authors [11,12] have
used the material-point-method (MPM) to model granular
flows, demonstrating the ability of this technique, with appro-
priate constitutive laws, to capture a wide range of flow-rate
regimes. Others [13—15] have employed SPH for granular
materials, capturing both quasi-static and dynamic regimes
with models ranging from classical plasticity to fluid-like vis-
coplasticity. Viscoplastic formulations have also been used
with the finite-element method [16] for modeling granular
column collapse.

In this paper, we employ a simple viscoplastic constitu-
tive law to simulate steady-state and non-steady granular flow
behavior in a variety of geometries. We adopt the viscoplas-
tic stress tensor proposed by [5] and use continuum energy
balance to derive a non-steady dilatancy term. We implement
the resulting constitutive law in Smoothed Particle Hydrody-
namics (SPH) and test it in 3D dynamic scenarios to illustrate
that the method captures both steady and non-steady gran-
ular flow behavior. Most notably, the method captures the
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transient profiles of a collapsing 3D granular column as well
as scaling laws for final heights and lengths. Because the
present paper tests the proposed constitutive framework in a
variety of challenging flow environments, the technique may
be attractive for modeling the full time-dependent evolution
of geophysical and industrial flows in the future.

The layout of this paper is as follows. Section 2 outlines
the balance and constitutive laws used to model granular
materials. Section 3 discusses the SPH framework and the
algorithm implemented in simulations. Section 4 presents
three examples that demonstrate the ability of the method
to model rate-dependent flows down inclined planes, capture
column collapse scaling, and predict the non-steady dynamic
structure of flows down inclined planes. Section 5 offers a
discussion of future work and concluding remarks.

2 Balance and constitutive laws

This section details the balance and constitutive laws used to
model granular materials.

2.1 Balance laws

The governing balance law we solve is the equation of
momentum balance given by

V-0 + pb = pa, (D

where o is the Cauchy stress tensor, p is density, b is a body
force, and a is material acceleration.

2.2 Constitutive law

We adopt a viscoplastic stress tensor used in [5] for steady-
state modeling of granular flows

(up +c)D

o pI + D] , 2)
where p is pressure, I is the identity tensor, u is friction, ¢
is cohesion, D = Vv + (Vv)T is the strain rate tensor, and
|D| = (%D : D)2 is the second invariant of the strain rate
tensor. The second term in Eq. (2) can be identified as the
shear stress T. While the effective viscosity, (up + ¢)/|D|
diverges in the quasi-static limit, we avoid singularities by
using |D| + € in numerical calculations, where € is a small
parameter described below. Following the discussion in [5],
a material having this stress tensor only flows in accordance
with a Drucker—Prager-like yield condition when

|T] > usp +c, A3)
where 1, is a coefficient of static yield.
We adopt an equation of state relating the pressure p to

the density p in the granular material. This equation of state
takes the form [17]
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where pg is the loosest packing density of the granular mate-
rial, and « and y are parameters that can be chosen to ensure
an appropriate bulk modulus and scaling of p with p. For
example, we choose y = 3/2 in this paper to ensure a
pressure—density relationship consistent with that found at
the jamming transition for granular solids in [18]. Parameter
k is then constrained by the desired bulk modulus for the
material through the relationship

2 \3/2
K (%) L = o

0 < po.

d

i &)

S v

We note that introducing weak compressibility, in an addi-
tion to being necessary for determining the stress field in the
material, also significantly reduces pressure oscillations that
would otherwise occur near static conditions (e.g., also see
[15D).

We next derive a friction law for the evolution of u dur-
ing steady-state and non-steady flow. The derivation mirrors
that of classical stress—dilatancy relationships [6] and friction
laws for non-steady granular shear flows [19]. Considering a
granular material undergoing deformation at arate D, energy
balance requires that

1
pé:EG:D—V-q—i—ps, (6)

where e is specific internal energy, ¢ is heat flux, s is the
rate of energy generation or decay by sources and sinks. The
factor of % in Eq. (6) accounts for the difference between the
definition of D in [5] and the classical definition. The strain
rate tensor can be decomposed into volumetric and deviatoric
components as

_ (D)
T3

D I+ Dy, @)

where Dy = D —tr(D)1 /3. Substituting Egs. (2, 7) into Eq.
(6), noting that D : I = tr(D), and solving for p yields

_pe+V-q oS %tr(D) ®
p|D| r|D| |D|

During steady-state flow, granular materials are observed
to deform at constant volume [5,6] and time-averaged inter-
nal energy, making the first and third term in Eq. (8) equal
to zero. At steady-state, —s is therefore the rate of steady-
state energy dissipation and the term —ps/(p|D]|) can be
interpreted as the steady-state friction coefficient pgs. The
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steady-state friction coefficient depends on strain rate, evolv-
ing from a static value p at low strain rates to a peak value
wp at the highest strain rates. In our model, we therefore
adopt an empirical form for pg, given by [7]

Kp — HKs

DD+ 1 ”

Uss = s +

where D* represents the scale of rate-strengthening. The
steady-state friction can be rate-strengthening or rate-weak-
ening depending upon the values of g and wp, but is
typically observed to be rate-strengthening in dry granular
flows [2,4,5]. The friction law can be seen as a simplifica-
tion of the one proposed in [5], in which D is replaced by
the inertial number / and a pressure term is therefore incor-
porated into the equation. We choose to ignore pressure and
use D since it, or mean velocity, is frequently used in the
granular flow and flash-weakening literature with favorable
results [7,20]. We also find favorable results in the present
paper, suggesting that the variables contained in Eq. (9) are
sufficient for the class of problems that we simulate. We
also use D because, despite smoothing of the pressure field
by the introduction of weak compressibility in Eq. (4), we
still expect some spurious oscillations near quasi-static con-
ditions that may affect the pressure field, and therefore 1.
Indeed, these oscillations in particle motion are responsible
for the creeping flow observed when the material is in an
apparently quasi-static state (noted in Sect. 3.3 and also in
[15] using a similar model). We discuss extensions of classi-
cal SPH that may alleviate these oscillations in Sect. 5.

The third term in Eq. (8) is a form of dilation rate [21]
which we denote 8. We adopt the modified version

1
g 21D IDI (1 _ @) , (10)
ID| 7 n

where 7 represents a scale of dilatancy decay with strain
rate (analogous to the model used in [7], where dilatancy
rate decays with shear strain). This modified form for 8
ensures recovery of © = g at critical state and steady-
state, as expected, and again avoids any effects of spurious
oscillations in the velocity field. We use = 0.35s~! in the
examples throughout this paper and discuss other values in
Sect. 5. We restrict 8 to the range 0 < B < uys. The upper
bound on f is often found when enforcing non-negative plas-
tic dissipation for Drucker—Prager-like plasticity laws. The
lower bound reflects values used by [7] and may be relaxed
to — g5 in the future.

We ignore the first term in Eq. (8) in the present work,
assuming with insight from past work [19] that it is only
relevant for faster flows than those considered here. The full
friction coefficient considered in this work is therefore

M= s + B, (11)

and is consistent with those forms widely used in soil
mechanics and other work [6-8,21]. This form allows us
to capture the rate and dilation-dependent nature of granular
materials across a range of flow rates.

3 Smoothed particle hydrodynamics

This section briefly describes SPH and its use for implement-
ing the constitutive laws presented in this paper.

3.1 Background and kernel function

SPH is a mesh-free numerical method that uses Lagrangian
particles of fixed mass to represent fixed mass regions of a
physical material. In this paper, SPH particles represent fixed
masses of granular media (not individual granular particles).
SPH particles move according to integration of the governing
balance, Eq. (1), and constitutive laws, Eq. (2). They retain
field quantities, such as density and stress, representing those
of the granular material at their location. Field quantities are
computed by a summation interpolant employing a kernel
function W with smoothing length 4 [22]. We use the classic
cubic spline kernel in all summation interpolants [23]

1—%q2+%q3 0<g<1
1
W (r, h):m la-¢)p l<g<2 (12)
0 q>72,

where ¢ = r/h and r = |x, — x| is the distance between
SPH particles labeled a and b, as shown in Fig. 1a. Some alter-
native kernels, including the spiky and double-humped cubic
varieties, have been tested but do not demonstrate superior
results for the examples presented here. Furthermore, Mon-
aghan [22] has noted that no kernel shows significantly better
results than the cubic spline for a wide range of problems.
The smoothing length / is chosen as 1.2 times initial parti-
cle spacing [22], although similar results are found when &
is 1.5 times initial particle spacing. The smoothing length is
held constant during all simulations. Evolving the smooth-
ing length with density is common in SPH simulations but is
only necessary in simulations of highly compressible gases
(e.g., see [24]); the granular materials modeled here do not
undergo significant density changes for p > pg that would
require smoothing length evolution.

Several monographs describe SPH in detail [22,25]. Here,
we merely state that classical SPH has a number of attractive
properties as a numerical method, including zero intrinsic
dissipation, exact conservation of mass, momentum, energy,
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Fig. 1 a Cartoon of SPH cubic

spline and lengths r and 4. b

Illustration of artificial boundary
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and entropy. In the present paper, SPH also allows us to
easily capture large deformation and material fragmentation
without expensive remeshing or mesh-refinement procedures
required in grid-based approaches. All simulations are per-
formed in a modified version of LAMMPS [26] and therefore
benefit from that code’s MPI architecture for parallel com-
puting and periodic boundary conditions.

3.2 Density

Density is computed using the basic SPH equation with a
Shepard filter applied at each time step. For a particle a, we
first compute

pa =D mpW(r,h) (13)

beN

where my, is the mass of SPH particle b and N is the set of
neighbors of particle a. We then apply the Shepard filter [22]
to obtain

Pa

=S W (o

Pa

This filter corrects particle deficiencies near free surfaces and
boundaries. We note that we have also employed the more
common free surface density formulation proposed in [17]
with nearly identical results to those presented in this paper.

3.3 Equation of motion

To update SPH particle locations, we evaluate Eq. (1) using
SPH interpolants for each particle

o o
aa=puZ(_;+_l2’+HabI)'VW(r’h)+b (15)
beN \"@ Pp

where o is given by Eq. (2) and I1, is an artificial viscosity
discussed below. In evaluating o in Eq. (2), the strain rate
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Boundary Particles

tensor D, = Vv, + (Vv,)T must be calculated using

Voo = > 220y —va) ® VW(r, ). (16)
beN

The value of p, used in o, is obtained from applying the
equation of state (4) directly to the density p, computed using
Eq. (14). The value of u used in o, is computed from Eq.
(11), using D,. As noted previously, to avoid a singularity in
Eq. (2), we use |D| + €, where € = 0.01%42 is a small num-
ber, rather than | D| in the denominator. As in [15], we also
observe grain motion once an apparent quasi-static condi-
tion is reached. However, this grain motion is several orders
of magnitude slower than that found during dynamic condi-
tions (e.g., those during column collapse in Sects. 4.2, 4.3).
Future extensions discussed in Sect. 5 may be able to allevi-
ate any spurious oscillations that cause grain motion in the
quasi-static limit.

The artificial viscosity I1,, in Eq. (15) is commonly
adopted to avoid spurious oscillations around shock fronts
in hydrodynamic simulations [27] and is used in other SPH
simulations of granular media [15]. We adopt [15,27]

hCab Vap - Fab

Pab r2

My = —a (17)

where « is a dimensionless parameter set to 0.004 throughout
this paper, ¢, is the average sound speed at particles a and
b, pap 1s the average density of particles a and b, vy, =
v, — Vp, and ry, = r, — rp. The wave speed of a particle
a is computed as ¢, = /0p/dp. We have found the use
of artificial viscosity to have a minimal affect on the results
in this paper, likely because significantly more viscosity is
introduced through the constitutive law in the form of friction.

3.4 Boundary conditions

SPH ghost particles [28] are used to represent solid bound-
aries, as shown in Fig. 1b. The slip condition of interior
particles past boundary particles can be tailored from a no-
slip to a frictional-slip condition. In either case, boundary
particles are given an artificial velocity when interacting
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with interior particles to simulate a smooth velocity gradient
across the boundary [13,28]. In particular, interior particle a
will observe boundary particle b to have a velocity

vy = (1 = x)va + X Vu, (18)

where v,, is an imposed boundary velocity and x =
min(Xmax, 1.0 + dp/d,). The value of ymax is set to 1.5,
consistent with past work [13,28]. The lengths dj, and d, are
shown in Fig. 1b. This fictitious velocity for boundary par-
ticles b is used in all calculations of stress and strain rate at
particle a.

To enforce a no-slip boundary condition, artificial stresses
can be applied to boundary particles as described in [13,27]
and used in [15]. In this case, an interior particle a will
observe boundary particle b to have stress 0, = o, when
the particles interact. To enforce a frictional-slip boundary
condition, as is done throughout this paper unless otherwise
noted, o, is merely computed using Eq. (2) with a bound-
ary friction coefficient uj in the place of Eq. (11). In this
way, interior particle a will observe boundary particle b to
have a shear stress lower than that in the case of a no-slip
boundary, thereby facilitating slip. In practice, this boundary
friction coefficient may also be rate-dependent as illustrated
in the examples below. To enforce a slip condition interme-
diate between no-slip and frictional-slip, o5 can be set to a
weighted average of o, and the value computed using Eq.
(2).

The pg value for boundary particles is often set to a value
of approximately 1 % below the that of interior particles
to avoid penetration of interior particles into the boundary.
An alternative approach, adopted in so-called XSPH, is to
use a modified particle velocity [29]. However, the approach
used here achieves the same objective without unnecessar-
ily smoothing particle dynamics. In problems with higher
relative velocities of two materials, XSPH may be necessary.

3.5 Time integration

We use a Velocity Verlet time integration scheme. This sym-
plectic integrator has been shown to conserve momenta and
energy, making it particularly attractive with SPH [22]. The
basic approach involves computing an intermediate velocity

n

a
wit2 = 4 SAr (19)

where a’; is evaluated using D” and ¢ computed with parti-
cle positions x7, where all superscripts represent time steps.
SPH particle positions are updated by

X0 = T2 A (20)

a

The final updated velocity at time step n + 1 is computed by

n+1
+12 @
vt = ug T A @1)
where a*! is evaluated using quantities D"*! and o/*!

computed with particle positions xZ“.

The time step At is chosen to satisfy a Courant condition,
a limit imposed by maximal forces, and a viscous diffusion
condition as discussed in [28,30]. These conditions amount
to

h2
P ) (22)
HaPa + Ca

where the last condition emerges from the viscous condition
discussed in [28,30]. Some trial-and-error may be necessary
to ensure satisfaction of the second condition of Eq. (22).

At < min (O.ZSE, 0.25 h ,0.125
1

a |fa|

4 Examples

This section illustrates three examples of the constitutive law
and numerical method described above. The first example
demonstrates the ability of the rate-dependent friction coef-
ficient to produce non-zero flow profiles at various inclination
angles. The second example illustrates that the constitutive
law and numerical method produce column collapse runout
and height scaling consistent with experiments. The third
example demonstrates that the constitutive law and numeri-
cal method accurately capture the transient profiles of column
collapses down inclined planes. This range of problems
involves a variety of flow rates, highlighting the versatility
of the proposed modeling framework and suggests its via-
bility for modeling the full evolution of geophysical flows.
All simulations are performed twice, once with dilation, 8,
included in the friction coefficient (4 = ugs + B) and once
with dilation excluded (i = pgs), illustrating how this term
influences our results.

4.1 Example 1: infinite inclined plane flow

Inclined plane flows are a classical test of granular media’s
flow rheology. Experiments in this flow configuration have
been used to derive rate-dependent frictional parameters [5],
study Bagnold-type velocity profiles, investigate boundary
slip, and examine non-local and finite-size effects [4,31].
An essential feature of dry granular materials flowing down
inclined planes is their ability to reach a steady-state velocity
profile for a range of inclination angles. This characteristic
is the signature of rate-dependent steady-state friction and
distinguishes the liquid-like flow regime of granular media
from Newtonian rate-independent fluids. In this example,
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Fig. 2 a Initial geometry of the (@)
infinite inclined plane flow

simulations showing SPH

particles representing the

granular material overlaying

SPH boundary particles. b

Steady-state profiles for

inclination angles 6 = 15°

through 6 = 27°. ¢ Mean Y
velocities illustrating the
approach to steady-state. d
Mean velocities at the onset of
flow. e Pressure as a function of
depth at 7 = 30s

Dashed lines - w= usjs
Symbols - i = pgs + 8

O 0 =15°
O6g=18°
v 0 =21°

A §=24°

15 cm S
Interior

we test the ability of our constitutive framework to pro-
duce a steady-state velocity profile for a range of inclination
angles.

The geometry of the inclined plane flow simulations is
shown in Fig. 2a. A bulk of granular material measuring
10cm in the x dimension, 15c¢m in the z dimension, and
Scmin the y dimension is modeled with periodic boundaries
in the x and y dimensions. The total number of SPH particles
is 750 in the interior of the flow and 250 in the boundary. We
have found this number sufficient to provide smooth contin-
uum fields. Despite being small, this number does not reduce
the number of particles in the support domain of a single
particle below that which is typical for evaluating functions
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Dashed lines - p1 = fus5
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Table 1 Model parameters used in infinite inclined plane flow simula-
tion

po(kg/m*) ;. pwn D*(s7') c(Pa) wp k (Pa) ¥y Ax (m)

1550 0.268 0.557 15 0 w10 1.5 0.01

and their derivatives [22]. The material and boundary are
rate-dependent with u; = 0.268 (¢ = 15°), up = 0.557
(¢ = 30°), and D* = 155~ 1. Other parameters are listed in
Table 1. Inclination angles from 6 = 12° through & = 33° in
increments of 3° are simulated by rotating the gravity field
with respect to the global coordinate frame at time ¢ = 0s.
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Steady-state flow velocities, obtained by averaging SPH
particle velocities binned at various heights and extrapolating
as necessary to z = 0, are shown in Fig. 2b for simulations
using 8 = 15° through 6 = 27°. Solid lines represent sim-
ulations with 4 = s and symbols represent simulations
with u = s + B. These two types of simulation give nearly
identical results at steady-state, as expected. Only inclina-
tion angles 15° < 6 < 30° result in non-zero steady-state
flow profiles. Results for & = 15° are shown to illustrate that
there is no flow (to machine precision) unless 6 > tan~! (Ws).
Results for 8 = 30° approach a steady-state but over very
long times and are therefore not shown. Results for 6 > 30°
do not approach a steady-state but experience unbounded par-
ticle acceleration with time. It is clear that the constitutive law
and numerical method capture the ability of rate-dependent
granular materials to reach a steady-state velocity profile for
arange of inclination angles.

Flow profiles in Fig. 2b appear to be nearly linear except
for slight deviations at the boundary and at the free surface.
The non-zero velocity gradient at the free surface is consistent
with experimental findings (see [4] and references therein).
We do not expect Bagnold velocity profile in the current work
since Eq. (9) relates g4 to | D| rather than the inertial number
I [4]. Extending Eq. (9) to relate ugys to I and examining
of how this changes the precise shape of the flow profile is
reserved for future work. Flow profiles also notably display
boundary slip. We have verified that boundary slip is nearly
eliminated by using a no-slip, rather than a frictional-slip,
condition, as described in Sect. 3.4.

Figure 2c illustrates the mean velocity v, of all SPH par-
ticles in the flow direction as a function of time. All results
for & < 30° approach a constant mean velocity. Figure 2d
illustrates the same results at the beginning of the simula-
tion. It can be observed that simulations employing dilation
in the friction coefficient (4 = w5 + B) exhibit lower veloc-
ities at the onset of flow. This partial suppression of initial
particle acceleration is expected: any volumetric expansion
caused by initial motion will increase p, thus decreasing the
flow rate. At later times, simulations both with and without
dilation are in excellent agreement. The time at which sim-
ulations come into excellent agreement is a function of both
inclination angle and the parameter n in Eq. (10).

Figure 2e illustrates the vertical pressure o, at steady-
state (t = 30s) compared with the analytical curve o, =
pog(h — 7). For clarity, only simulations with u = uss + B
are shown in symbols. Simulations with = g exhibit
nearly identical results. The simulations show a monotonic
vertical pressure increase with depth in close agreement with
the analytical curve. The observed deviations are expected:
overburden pressure will cause p > pg and the rotated grav-
ity field will cause lower g as inclination angle is increased.

4.2 Example 2: column collapse scaling
4.2.1 Scaling laws

An important test geometry for the flow of granular materials
is the collapse of a granular column on a flat surface. This test
establishes the relationship between the initial aspect ratio
of the column, a = Hy/Lo, and final runout and slumped
height, usually in the form of scaling laws such as

H L—L
=0 . A1a®! and 0
H 0

~ Aa®?, (23)

where A1, A2, o1, and a» are constants [10,11,32-38]. To
accurately predict the dynamics of processes such as land-
slides, granular avalanches, and dam-break scenarios, any
model for granular materials should, as a first test, be able
to produce scaling laws that are consistent with experimen-
tal findings. In this example, we test our model’s ability to
accurately produce such scaling laws by modeling column
collapses on flat surfaces and comparing the scaling laws
with experimental findings from [32].

The geometries of column collapse simulations are shown
in Fig. 3. We use two geometries, reflecting the grit (sand)
and glass bead experiments reported in [32]. The grit, shown
in Fig. 3a, is confined to a 9cm by 10cm (into the page)
chamber. Initial heights Hy vary and employ anywhere
from 400 to 12,000 interior SPH particles. These condi-
tions reflect the “wide slot” experiments on grit reported
in [32], except that our simulations use half their width
and instead employs periodic boundary conditions (into the
page) to capture the quasi-two-dimensionality of the test.
The glass bead specimen is confined to a 2.5cm by 10cm

Fig. 3 Initial geometry of a (a) (b)
grit (sand) and b glass bead I I
simulations. These geometries — Grit simulation o e Glass simulation

reflect those of [32] for the
compared results

Hy

e |nterior
e Boundary

e |nterior
e Boundary
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Table 2 Model parameters used

: 3 * (o—1
in the column collapse Material ~ po (kg/m”) M D*(s™)  cPa) k(Pa) y Ax (m)
simulations Grit 1404 074 074 - 0335  10° 15 001
Glass 1450 0.456 0.456 - 0.263 10° 1.5 0.005
Fig. 4 Simulated column (a) (b)
collapse scaling and best-fit 12 7 30 - S ig
lines to Eq. (23) for simulations v SPH Gr1t ﬁ‘ v SPH Grit 1 ¥++’F .
excluding B in 4 (a, b) and 8! + SPH Glass | 150+ SPHGlass 071 3" ¢
simulations including 8 in u (c, -~ Best-fit 0. 64|7 — - Best-fit _F_P+’ V’V,
d) c 8 4
s A
s ¢ = s
3 ZOM | =
2! = o2
Ll v
R v
w7 1 v
1 VVV M= Hss v = [ss
L L L L L Z L L L L L L
0.3 1 2 3 5 8 15 30 0.3 1 2 3 5 8 15 30
GZH()/LO a:HO/LO
c d
p© ; NC)
v SPH Grit ¥ v SPH Gr1t
8 + SPH Glass 0. 63|7 # ] 15t + SPH Glass 0-75 ;
- - Best-fit 7’ gl Best-fit
f=] r ;P
o 4 ,,f*‘ 2 e y,V’ 0.84
S, e o 4]0 56 S 4 S 1
] ’ | V',
2 VX,VV =22 Rl
K4
4 1 >
1l vov W
v p=pss + 0] o . A=+ P
0.3 1 2 3 5 8 15 30 0.3 1 2 3 5 8 15 30
a—H()/L() a—H()/L()

chamber and also has variable initial heights Hy employing
anywhere from 800 to 1600 interior SPH particles. These
conditions also reflect the “wide slot” experiments on glass
beads reported in [32]. All other material properties are
described in Table 2. The grit and glass possess distinct loose-
packed densities, internal friction coefficients, and basal
friction coefficients, further challenging our constitutive law
with a variety of materials and substrates. We model the glass
with a finer particle spacing Ax = 0.005 m since these
materials are confined to an initially thinner slot than the
grit.

Figure 4a, b illustrates slumping and runout scaling,
respectively, for simulations using u = ug and Fig. 4c,
d illustrates the scaling for simulations using . = g + B.
All scaling exponents are found by a least-squares fit of a
linear line to the data in logarithmic space. Only data with
a > 1 are used for fitting for comparison with [32] (see Fig.
11 of that reference). Table 3 further compares the scaling
exponents o1 and oy (values of A1 and A, are not reported by
[32] but are said to be material-dependent).

@ Springer

Table 3 Scaling parameters found in column collapse simulations

Source o o)

SPH grit (1 = pys) 0.54 0.75
SPH glass (1 = ftss) 0.64 0.71
SPH grit (. = pss + B) 0.56 0.84
SPH glass (i1 = s + B) 0.63 0.75

[32] Grit 0.6 0.9+ 0.1
[32] Glass 0.6 0.9 +0.1

The scaling laws found in all simulations closely agree
with experimental results of [32]. The observed deviation
is expected since boundary and initial conditions may not
be perfectly reproduced in the simulations. All simulations
including B in u agree slightly better with experimental find-
ings than those excluding it. This agreement demonstrates
that the current modeling framework accurately captures the
scaling behavior of granular column collapses, thus mak-
ing it attractive for modeling the evolution of geophysical
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Fig. 5 a Column collapse (a) b
profiles with resolution 14 . . 14 (b)
refinement. b Column collapse - - Exp. 9
profiles using a bulk modulus 127 _v_ﬁz - (1) ;m 1 124 7 ——r = 10° (Pa) 1
varied over two orders of : Ai _ 0:250211 RS ——r = 10° (Pa)
magnitude. The reduced bulk 10} 1 10} X —o—k =107 (Pa) 1
modulus matches experimental — gl .
results as well as the largest bulk E g 8
modulus = 6l ~ 6l

4t 41

2+ 21

1= pss + B 5 0 1= pss + 0
0 ‘ ‘ ’ B : : A S
0 10 20 30 40 50 0 10 20 30 40 50
z (cm) z (cm)

processes such as landslides and granular avalanches. In Sec.
4.3 we explore this claim further by comparing non-steady
dynamics of a collapse process with experimental results.

4.2.2 Parametric study

Here, we briefly examine the sensitivity of the results of a
typical column collapse simulation to changes in bulk mod-
ulus and SPH resolution. The purpose of these simulations is
to establish (1) the accuracy (for certain problems) of using
areduced bulk modulus to reduce computation time; (2) the
influence of resolution refinement on convergence of sim-
ulation results. We choose to test model sensitivity with a
column collapse simulation because column collapse has

Interior Hy= 14 em

f@:?m/s

W =10 cm
-

Horizontal plane

Fig. 6 Initial geometry of column collapses down inclined planes.
Sidewalls from [39] are modeled but not shown

been established above as a challenging test of the granular
flow rheology. All simulations use the grit properties reported
in Table 2 to model a column collapse with initial geometry
of 20cm in the x dimension, initial height of 13 cm in the z
direction, and a width of 18cm in the y direction (modeled
with periodic boundaries). We choose these particular inputs
because experimental results for collapsed column profiles
are available in [32] (see Fig. 12 of that publication; their Hy
is 12.7 cm rather than 13 cm).

Figure 5a illustrates results for varying initial particle
spacing (and mass accordingly to ensure initial conditions
of p = pp) while holding other parameters from Table 2
fixed. The finest resolution uses 299,520 interior SPH par-
ticles and the coarsest resolution uses 4680 interior SPH
particles. Since resolution is a function of particle mass in
SPH simulations of continua, this is equivalent to a mesh con-
vergence test. Fig. Sa illustrates that progressive refinements
inresolution yield collapse profiles agreeing with experimen-
tal results from [32]. The coarsest resolution uses the same
particle spacing employed in other examples in this paper
and provides nearly identical results to the finest resolution.

Figure 5b illustrates results for varying the bulk mod-
ulus in simulations. The bulk modulus used for examples
throughout this paper employs k = 10° (see Eq. 4), making it
artificially low with the benefit of permitting larger time steps
and faster computation time. As shown in Fig. 5b, decreasing
the bulk modulus two orders of magnitude from this artifi-
cially low value does not improve or significantly change
results in this simulation, validating this choice. Similar tests
have been applied to the other examples presented in this
paper. We therefore believe that using an artificially low bulk

Table 4 Model parameters used

in the study of flow dynamics Simulation  pg (kg/m?) 1y h D*(s™)  c(Pa) s k (Pa) y Ax (m)
down inclined planes S1 1550 0435 - 0 0.18 10 15 001

) 1550 0435 1 - 0.18 10° 15 001

S3 1550 0435 068 15 0 0.18 10° 15 001
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modulus can improve computation time without sacrificing
accuracy in problems where neither wave speed nor quasi-
static stiffness dominates the results. More research is needed
to determine a rigorous criterion for artificially reducing the
bulk modulus, which may benefit many numerical methods
beyond those discussed in this paper.

4.3 Example 3: dynamics of flow down inclined planes

Granular flows down inclined planes reach higher veloci-
ties and strain rates than those on flat surfaces [20] and
are therefore a more challenging test of a modeling frame-
work’s ability to capture a wide range of flow-rate regimes.

Fig. 7 A comparison of the (a) s1 (b) s2
dynamic profiles of column 16 ‘ ‘ ‘ ‘ 16 ‘ ‘ ‘ ‘
collapses between SPH 12 0 = 23 5 H=Hes ] 12 9?23 s 1= pes+ 3]
simulations (symbols) and g sl Hss = 43. o ti0.18s | g 8l Hss = 43. o ti0.18s |
experimental results of [39] i~y o= 0'598 = o= 0'50,5
. . 4t vV t=1.06s | Ryl vV t=1.06s |
(lines). For clarity, three .
symbols, spaced 0.01 cm apart, (_) oy : : : ; 0 - g, ‘ : : ‘
are plotted at z = Ocm beyond 1620 0 29 49 69 89 190 1?0 140 1é20 0 29 49 69 89 190 1?0 140
the farthest extent of SPH 12 6 =10° W= flss 120 0 =10° w=piss + B
particles. a Results for SPH /E\ L s = 43.5° o t=018s | = fss = 43.5° 0 ¢=0.18s |
simulations S1 excluding S 8F 0t =0.54s | \5/ 87 0 t=0.54s ]
from p with rate-independent Nogt vV 1=1.32s ®ogl vV t=1.32s |
Wss- b Results for SPH 0 > e 0 0 Semons,
simulations S2 including g in 20 0 20 40 60 80 100 120 140 20 0 20 40 60 80 100 120 140
with rate-independent /4. € 16 ‘ ‘ (9‘_ 16‘; ; — 16 : = : : ‘
Results for SPH simulations S3 _12¢ p - 1550 w= /4‘55‘ 12 . N 1550 H= fhss +3 |
including 8 in p with g g * g : B (fig: J g gl Ss ; : - (l)fgz |
rate-strengthening fss W o4 v f— 169 | B v - 1628
1é20 0 20 40 60 80 100 120 140 20 0 20 40 60 80 100 120 140
12! 0 =22° W= fhss | 121 0 =22° W= piss + 5 |
/g 1ss = 43.5° o t=0.32% /8\ pss = 43.5° o t=0.32s
o 8f ot=112s 1 g 8 ot=112s 1
R Vv t=230s | D v =230s |
0 ‘ ; 7 st i’ i 0 o " . ’:' e % 7
20 0 20 40 60 80 100 120 140 20 0 20 40 60 80 100 120 140
z (cm) z (cm)
(c) 53
16 : . ; ;
121 0=0° N:N‘ss‘k/@’
= i =43.5% un = 0.68 o ¢+=0.18s
S 8+ 0 ¢t =0.50s 1
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O ot=1125 |
N gl vV t=1.62 |
0 M= . . .
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Numerical methods such as DEM can typically reproduce
scaling laws like those discussed in Sec. 4.2 but overestimate
the non-steady slumping rate and final runout of individual
collapse experiments [36]. To illustrate that our proposed
method accurately models these challenging flow environ-
ments, this example compares non-steady granular column
collapse profiles with those reported in [39].

We simulate glass beads in the initial geometry shown
in Fig. 6 for four inclination angles: & = 0°, 10°, 16°, and
22°. The granular material is initially confined in an area
measuring 20cm in the x dimension and 10cm in the y
dimension, with an initial height of 14cm. A total of 2800
interior SPH particles are included in each simulation. The
sidewalls present in experiments are also explicitly modeled
but are omitted from the rendering for clarity. The simulated
material has g = tan(23.5°), where 23.5° is the internal
friction angle reported in [39]. Three simulations are per-
formed to underscore how dilation rate and rate-dependent
friction affect the results: (1) simulations S1 (see Table 4)
using 4 = [gs With rate-independent friction; (2) simula-
tions S2 using u = wugs + B with rate-independent friction;
(3) simulations S3 using u© = s + B with rate-dependent
friction. Other model inputs are the same for all tests, as
reported in Table 4. All simulations use 2800 interior SPH
particles. The friction parameters used in simulations S3 for
the granular material reflect the average of those reported
in [5,16] for the same material. Simulations S3 also employ
rate-strengthening parameters for the basal friction coeffi-
cient (ups = 0.18, upn = 43, and D* = 15s~1). For each
simulation, the wall restraining particle motion is moved
upward at 2m/s starting at + = Os to mimic experimental
conditions of [39].

Column collapse profiles are obtained by examining the
spatial extent of SPH particles in the x — z plane at vari-
ous times. Figure 7 compares profiles obtained from SPH
simulations (symbols) with those reported in [39] (lines) at
three times during each collapse. For S1 (Fig. 7a) where dila-
tion and rate-dependence are omitted, simulations agree with
experiments reasonably well at low inclination angles but
fail to match experiments at higher inclination angles. Most
notably, simulations S1 exhibit excessive slumping at the left
wall and over-predict runout. These deficiencies are the same
as those found by [16] using a similar viscoplastic constitu-
tive law in a finite-element framework.

Simulations S2 correct the excessive slumping problem,
particularly at early times, and reduce runout predictions,
suggesting that including § in the calculation of © improves
early-time predictions of dynamics. However, at the high-
est inclination angles, simulations S2 continue to exhibit
excessive slumping and runout. Simulations S3 illustrate an
excellent agreement for slumping and runout in all simu-
lations. This remarkable agreement suggests that including
dilatancy and rate-dependence in the constitutive law is

necessary for modeling flow-rate regimes experienced by
columns collapsing down inclined planes. The close agree-
ment with experimental results also suggests that the method,
when properly calibrated, may be able to predict the full time-
dependent dynamics of geophysical events such as landslides
and avalanches, as well as similar industrial flows.

In light of these results, we suggest that the proposed
framework may also be used in the future to investigate the
3D pressure and velocity fields responsible for the observed
behaviors of granular flows. For instance, the framework
may shed light on the dynamics of avalanches over realistic
terrains, the basal pressures exerted by landslides on under-
lying soils (and their frequency spectrum), and the pressures
exerted within containing vessels during filling or transport.
We leave a thorough investigation of such phenomena for
future work.

5 Discussion and conclusion

To conclude, we have presented a constitutive law and mod-
eling framework for simulating the rate-dependent behavior
of granular flows. The proposed constitutive law captures
the steady-state and transient behavior of granular flows by
linking friction to strain rate and dilation. We have notably
demonstrated the ability of the constitutive law to capture
the transient profiles of a collapsing 3D granular column as
well as scaling laws for final heights and lengths. The SPH
implementation makes modeling arbitrarily large deforma-
tions simple and efficient. The framework may be used in
the future to study three-dimensional continuum fields in
geophysical and industrial granular flows.

Future work may address possible shortcomings of the
proposed constitutive law and numerical method. In partic-
ular, a more reliable approach for achieving oscillation-free
pressure fields can be explored [27]. This will enable Eq. (9)
toemploy [/ rather than D for consistency with a broader class
of problems. Future work can also provide a more systematic
calibration of parameters, such as 1 in Eq. (10) or D* in Eq.
(9), to numerical or experimental results. This will enable
accurate modeling of geophysical and industrial events with
a variety of materials and substrates.
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