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Abstract

This paper addresses the evaluation of the bearing capacity of ring and circular
footings that are embedded in non-homogeneous soils. A three-dimensional finite-
difference analysis is employed using FLAC?P with soil modeled as a linear elas-
tic-perfectly plastic material following Tresca criterion. The base of the footing is
attached to the soil through rough interface elements, while smooth and rough inter-
faces were considered along the soil-footing sides. The numerical results are vali-
dated with those available in the literature. The analyses indicated that the undrained
bearing capacity factors N, depend on the ratio of inner to outer radius (R/R,), as
well as the roughness of the vertical sides. In addition, the swipe loading technique
is employed in order to investigate the effect of inclined and eccentric loading on the
failure envelope approach. From the analyses, the failure envelopes were observed
to be influenced by R/R, ratio under vertical and horizontal loading. The non-
dimensioned failure load in the vertical-moment V-M plane indicated that the geom-
etry of the ring footing (R;/R, ratio) reduces the ultimate vertical load capacity and
increases the maximum moment capacity, compared to circular footings. Hence, a
negligible effect was observed for different R;/R, ratios in terms of normalized loads.

Keywords Ring footing - Rough side interface - Heterogeneous cohesive soil -
Failure envelope

1 Introduction

Ring footings are of an economic significance; they are adopted for different
structures such as silos, transmission towers, water storage tanks, and chimneys.
Therefore, it is essential to understand the behavior of ring footings for a safe and
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economical design. The behavior of different types of footings has been addressed
by many researchers. Gourvenec et al. (2006) studied the vertical bearing capacity
of square and rectangular footings resting on a homogeneous soil under undrained
conditions. Mabrouki et al. (2009) used FLAC3D (2006) to calculate the bearing
capacity of rigid circular footings under vertical loading for both smooth and rough
soil-footing interfaces. Hence, the interference effect of strip footings has been
considered by several researchers, namely, Griffiths et al. (2006), Mabrouki et al.
(2010), Shu et al. (2021), and Alzabeebee (2022).

Compared to studies published on strip and circular footings, limited investiga-
tions have been made to address the behavior of ring footings. Saha (1978), Boush-
ehrian and Hataf (2003), Hataf and Razavi (2003), and El Sawwaf and Nazir (2012)
conducted experimental analyses to compute the bearing capacity of ring founda-
tions. Based on the method of characteristics, Kumar and Ghosh (2005) examined
the behavior of cohesionless soil for different conditions pertaining to the base inter-
face of ring footings. Using the finite difference method, Zhao and Wang (2008)
considered frictional soil in order to investigate the bearing capacity factor N, rel-
evant to both smooth and rough ring footings. It was noted that the value of N, is
inversely proportional to the internal to external radius ratio R/R,. Thus, the factor
N, relevant to a rough footing base is remarkably higher than that of a smooth one.

The effect of soil heterogeneity on the bearing capacity of ring footings has been
investigated by Lee et al. (2016). It was found that the undrained bearing capacity
factor N, decreases with the increase of R/R, ratio. In addition, the results showed
that V, increases in value with the raise of soil heterogeneity k. Recently, Kedar and
Deepankar (2021) addressed the effect of the footing geometry on the vertical bear-
ing capacity of a ring foundation under undrained conditions; the thickness of the
foundation was assigned to be 0.6 m in order to take into account the effect of the
lateral side roughness. It was noted that the undrained bearing capacity depends on
the footing geometry, such as the ratio of internal to external radius R/R,, factors of
footing side roughness, embedment depths, and soil heterogeneity.

Using the failure envelope approach, Sadeghi and Bolouri (2020) performed
experimental investigations to study the behavior of ring footings on frictional soil
subjected to inclined and eccentric loading types. The results showed that inclined
and eccentric angles dropped in value with the decrease of their corresponding verti-
cal loads. Also, the analyses indicated that the optimal diameter ratio of ring foot-
ings is D/Dy=0.4, which results in more stability compared to other cases.

It is worth noting that the above-mentioned studies were mainly conducted for
surface ring footings. Thereafter, the estimation of the bearing capacity pertaining
to embedded ring footings in non-homogeneous soils with taking into account the
roughness along the footing side interface did not receive much attention in the liter-
ature, neither did the effect of different loading types on the pertaining failure enve-
lopes. The current study makes use of the finite-difference code FLAC3D (2006)
in order to address the undrained bearing capacity of a rigid circular and ring foot-
ing, subjected to centric vertical loading. The influence of ratios pertaining to the
internal to external radius R/R,, embedment depth D/B, and soil heterogeneity « is
considered. It should be mentioned that various interface conditions of side rough-
ness are taken into account. Furthermore, the so called swipe loading method is
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employed to study the failure envelopes in terms of both vertical-horizontal V-H and
vertical-moment V-M planes, respectively, relevant to inclined and eccentric loading

types.

2 Finite difference model
2.1 Geometry and material parameters

Figures 1-3 represent the problem of a rough ring footing situated on cohesive soil.
For reasons of symmetry, only a quarter of the footing is considered in this part of
the study. Calculations are carried out for R/R,=0, 0.25, 0.50, and 0.75; embed-
ment ratio D/B=0, 0.25, 0.5, 1, and 2; and footing diameter B=2R;=2 m. Prelimi-
nary analyses are performed to ensure that extending the boundaries further from
the footing has no effect on the calculated undrained bearing capacity. The radial
and vertical boundaries are positioned away from the footing at 15R; and 8R,,
respectively. Figure 2 shows that the soil is constrained radially, and the base is fully
constrained in all directions. The effect of the mesh properties on the bearing capac-
ity was discussed earlier by Mabrouki et al. (2009); it was indicated that the bearing
capacity factor is fully dependent on the pertaining mesh size and shape. Figure 3
shows that the mesh is refined gradually underneath the footing until reaching steady
values of the bearing capacity; hence, the rigid footing is discretized by the finite dif-
ference zones using an elastic material with large enough shear and bulk modulus of
G=10.41 GPa and K=13.89 GPa, respectively (equivalent to the Young’s modulus
E=25 GPa and Poisson’s ratio #=0.2). The footing is attached to the soil through
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Fig. 3 Finite difference mesh: a quarter model, b full model

interface elements. The base of the footing is considered to be rough, while both
smooth and rough interfaces are considered along the sides. The normal and shear
stiffnesses of 105 Pa/m are assigned in the cases of rough base and side interfaces,
with an interface cohesion equal to that of the soil. However, negligible shear stiff-
ness and undrained strength are assigned in the case of a smooth side interface, with
a normal stiffness of 105 Pa/m. It should be mentioned that the interface sustains
zero tension; therefore, a footing detachment may be generated. The soil is mod-
eled as a linear elastic-perfectly plastic material following the Tresca criterion, with
@ =0, unit weight y=16 kN/m?, and Poisson’s ratio v=0.49. The linear variation
of the shear strength s, with depth is expressed as S, = S, + kz (Fig. 1), where s,
is the shear strength at the surface, and k=kB/S,, is the shear strength gradient with
depth z (x=0, 3, 6 and 10). Moreover, the soil Young’s modulus E, is increasing
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linearly with depth, with respect to a constant ratio of E, /s, =500, similarly to Gour-
venec and Mana (2011) and Hu et al. (1999).

2.2 Finite difference computations

The software FLAC3D (2006) computes the bearing capacity relevant to circular
and ring footings based on subdividing the soil into a number of zones. The finite
difference zone represents the smallest geometric domain on the basis of which the
change in the stress—strain plots is captured. Thusly, polyhedral zones of different
shapes are employed to model the entire domain.

The ultimate load capacity g, is computed using FISH function. This is done
by dividing the vertical limit load Q by the quarter of the footing area. The ultimate
bearing capacity g,,, of the embedded ring footing is given as follows:

4Q
Quit = —=5 <30
ult B (R% _ Rlz) (1)
where O, R, and R; are, respectively, the ultimate vertical load including the resist-
ance relevant to both of the footing base and vertical sides, outer and inner radiuses.
The expression of the ultimate bearing capacity pertaining to undrained clays is
given also as follows:

Quit = Sudcl\IcSu + 9o = N:Su + Qo (2)

N = q,u/5, (3)

where N, S, d., q,, and NC* are, respectively, the bearing capacity factor, undrained
shear strength, shape factor, depth factor that is defined as the ratio of the bearing
capacity at depth D to that at the soil surface, surcharge (g, = yD), and the net bear-
ing capacity factor relevant to unspecified shape and embedment depth (Eq. 3), with
Gnet = 9y — Yo-

It is of interest to mention that the study also investigates the effect of different
R/R, ratios on the load interaction curves pertaining to both V-H (inclined loading)
and V-M (eccentric loading). The full model is taken into account in the simulation
procedure for this part of the study, as shown in Fig. 3b. Swipe-loading technique
is employed for reasons of dressing the failure envelopes. The interaction of load
components pertaining to V-H loading space is given in two steps; step 1 consists of
applying vertical velocities to the nodes of the footing until the ultimate vertical load
(V0 s reached; thusly, a horizontal velocity is applied with preventing the footing
from moving vertically until reaching the ultimate horizontal load. The second step
begins directly by imposing a horizontal velocity with ignoring all vertical loads
until attaining the ultimate horizontal load (H;,). Moreover, the first step pertaining
to the V-M load space consists of applying vertical velocities to the footing nodes
until reaching the maximum ultimate vertical load V,,,,, beyond which, the moment
loading is applied by assuming equal and opposite vertical velocities at the footing
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max 18 Teached. Hence, step 2 starts directly by
applying the moment loading without taking into account the vertical loads.

edges, until the ultimate moment M

3 Model verification

Computations of N, relevant to a circular shallow footing on a homogeneous soil
are compared with those available in the literature. Figure 4 shows that the present
study results in a factor N, pertaining to the condition of a rough base interface as
high as 6.21. This latter is only 2.64% higher than the exact solution (.= 6.05) pro-
vided by Eason and Shield (1960), Houlsby and Wroth (1983), and Martin (2001).
This result enlightens the reliability of the used finite difference analysis. Figure 5 is
plotted assuming a rough base and smooth side interfaces; N, pertaining to the case
of a vertically loaded circular footing embedded in frictionless soil is computed with
respect to different ranges of D/B=0.25, 0.5, 1, and 2. It should be mentioned that
the bearing capacity factors pertaining to the present study are following an increas-
ing trend with the rise of D/B ratio; hence, N, is noticed to be within the upper and
lower bounds of Salgado et al. (2004). The current plot shows an excellent agree-
ment with that resulting from Edwards et al. (2005).
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Fig.6 Comparison of N,
relevant to the surface circular
footing in a non-homogeneous
soil
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Figure 6 represents the spread out of N, relevant to a shallow circular footing that
is undergoing a central vertical loading with respect to different degrees of soil non-
homogeneity k. Using the method of characteristics, Martin (2001) gave the exact N,
factors for different k; hence, it was reported that for D/B=0 (surface circular foot-
ings), and the results pertaining to both upper and lower bound methods reach simi-
lar values. The resulting bearing capacity factor N, increases with the raise of k, with
values that are slightly above those obtained by Martin (2001) and Gourvenec and
Randolph (2003). For large « values, N, factors provided by Kedar and Deepankar
(2021) are seen to be slightly higher than the obtained in the present study.

4 Results and discussion
The normalized load—settlement curves are plotted in Fig. 7 for surface circu-

lar and ring footings situated on a homogeneous soil; different ranges of inner to
outer radius (R/R;) are considered. It is noted that the applied load increases
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and reaches its ultimate value at a smaller range of normalized settlement (6/B) for
high values of R/R,,.

The results from the finite difference analysis are resumed in Tables 1 and 2 for
both smooth and rough side interfaces, whereas the bearing capacity factor N, is
computed with respect to various ratios of R/R,;, D/B, and k. Hence, Fig. 8a shows
the spread out of N, pertaining to the case of smooth sides of the footing and homo-
geneous soil. It is observed that NV, is following an increasing trend until reaching an
ultimate point corresponding to R/R,=0.25, beyond which it continues dropping.
Figure 8b shows that for k=10, N, decreases with the increase of R/R, pertaining
to the surface footing. It is noticed from Fig. 8c and d that for a rough interface of
the base and sides of the embedded ring footing, N, increases as R/R,, increases.
This rate of increase is more prominent for a higher value of D/B; it is interpreted by
the fact that the shear strength of the sides contributes to the bearing capacity. It is
worthwhile to mention that a negligible effect on the variation of N, is revealed for

Tf:\ble 1 {VC factors for ring‘and B DIB R/R,
circular footings, smooth sides
0.00 0.25 0.50 0.75
0 0 6.21 6.08 5.73 5.55
0.25 7.25 7.75 7.26 7.48
0.5 8.14 8.93 8.19 8.11
1 9.22 10.91 9.49 9.24
2 10.75 13.83 12.20 11.38
1 0 7.17 6.72 6.19 5.81
0.25 8.19 8.27 7.68 7.76
0.5 9.34 9.24 8.48 8.65
1 10.71 10.76 9.56 9.74
2 11.65 12.86 11.66 12.14
3 0 8.51 6.65 6.91 6.23
0.25 8.92 8.74 8.06 8.01
0.5 9.70 9.36 8.67 8.91
1 10.63 10.51 9.55 9.87
2 11.40 12.34 11.42 12.31
6 0 10.08 8.80 7.76 6.77
0.25 9.34 9.00 8.27 8.13
0.5 9.79 9.34 8.71 8.96
1 10.50 10.32 9.57 10.02
2 11.19 12.11 11.42 12.41
10 0 11.86 10.03 8.69 7.36
0.25 9.82 9.12 8.37 8.18
0.5 9.78 9.28 8.67 8.94
1 10.35 10.17 9.51 10.14
2 10.99 11.91 11.40 12.47
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T:z!ble 2 N, f.actors for rin.g and © DIB R/R,
circular footings, rough sides
0.00 0.25 0.50 0.75
0 0 6.21 6.08 5.73 5.55
0.25 8.57 9.32 9.86 11.84
0.5 9.48 11.57 13.33 17.25
1 11.39 15.39 18.52 27.01
2 14.49 21.85 26.21 42.67
1 0 7.17 6.72 6.19 5.81
0.25 9.51 10.07 10.11 11.75
0.5 11.05 12.06 12.86 16.03
1 13.24 14.63 16.91 22.83
2 16.61 18.28 22.33 33.70
3 0 8.51 7.62 6.91 6.23
0.25 10.21 10.48 10.22 11.60
0.5 11.19 11.93 12.30 14.94
1 12.71 13.96 15.66 20.55
2 15.62 17.06 20.85 30.54
6 0 10.08 8.80 7.76 6.77
0.25 10.60 10.63 10.22 11.39
0.5 11.16 11.73 11.89 14.28
1 12.36 13.56 15.01 19.59
2 15.16 16.51 20.20 29.37
10 0 11.86 10.03 8.69 7.36
0.25 10.81 10.66 10.18 11.20
0.5 11.11 11.60 11.63 13.94
1 12.12 13.30 14.63 19.05
2 14.89 16.25 19.81 28.80

the case of a surface footing in homogeneous soil; in addition, NV, continues decreas-
ing for k=10.

The variation of N, in terms of R/R, with respect to different x values is illus-
trated in Fig. 9. For the surface footing in Fig. 9a, N, drops with the increase of
R/Ry; this decreasing trend is more noticeable for higher values of k. Moreover,
Fig. 9c is dressed for an embedded footing with rough sides. It is clear that N,
rises with the rise of R/R,y; this is explained by the positive effect of the side shear
strength on the magnitude of N... For the embedded footing in the heterogeneous soil
with smooth sides (Fig. 9b), it is noted that there is a slight variation in N, values to
be between 11 and 13.

Figure 10 shows the variation of N, as a function of soil heterogeneity x. The
embedment ratio D/B is varied for different roughness conditions and R/R;=0 and
0.75. It is clear that for k>3 in the cases of embedded footing, a negligible effect
of k is observed on the magnitude of .. However, this latter follows an increasing
trend with the raise of « for the case of surface footing.

@ Springer



Transportation Infrastructure Geotechnology (2023) 10:856-870 865
20
25 | Rough base (RB) + smooth sides (SS) 18 Rough base (RB) + smooth sides (SS)
k=0 k=10
—e—DB=0  —@—D/B=025 1% —e—D/B=0 —8—D/B=025
20 - —4—D/B=05 —w—D/B=1 ~4—D/B=05 —#—D/B=1
—#—D/B=2 * 14 —#—D/B=2
* 15 -
2 E/"—\.\k
3
10 5‘/_’(_\-)(—,(
5 3 ¢ * o
0 " : : 4 - r )
0 0.25 0.5 0.75 0 0.25 0.5 0.75
@ R/Ro (b) R/R,
80 - 60
Rough Base (RB) + Rough Sides (RS) Rough Base (RB) + Rough Sides (RS)
k=0 50 k=10
60 ——D/B=0 —8—D/B=025 —e—D/B=0 —@—D/B=025
~4—D/B=05 —#—D/B=1 40 —4—DB=05 —#—D/B=1
—#—D/B=2 * —#—D/B=2
© 30
z
20
10
0+ T T ! 0+ . . )
0 0.25 0.5 0.75 0 0.25 0.5 0.75
© R/R, C) Ri/Rq
Fig.8 N, factor of ring footings for various embedment ratios D/B, with k=0 and 10
16 211" Rough base (RB) + Smooth Sides (SS|
Rough base (RB) ough base (RB) + Smooth Sides (SS)
14 | D/B=0 ——k=0 —W—x=1 19 { D/B=2
/!
——x=0 —W—x=1
17 —h—x=3 —¥—Kk=0
—H¥—x=10

—¥—Kk =10

8 + T T |

0.25 0.5 0.75

Ri/Rq

4 . r )
(a) 0 0.25 Ri/Ro 0.5 0.75 (b) 0 0.25 Ri/Ru 0.5 0.75
68
Rough base (RB) + Rough Sides (RS)
58 D/B=2
—o—Kk=0 —;—K=1
48 —h—K=3 ——K=6

Fig.9 N. factor of ring footings for various degrees of non-homogeneity k, with D/B=0 and 2
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Fig. 10 N. factor of ring footings for various embedment ratios D/B, with R/R,=0 and 0.75

5 Failure envelopes

As shown in Figs. 11-13 for shallow footings in homogeneous soil, the finite dif-
ference method is conducted to dress failure envelopes in terms of the dimension-
less and normalized loads in two-dimensional loading plane. The interaction of load
components is given in terms of vertical-horizontal loading V-H (M =0) and verti-
cal-moment loading V-M (H=0).

Fig. 11 Comparison of failure
envelopes in V-H loading space,
for a circular footing

— — — Vesi¢ (1975)

Bolton (1579)

Gourvenec and Randolph (2003)
0.4 | —4—Taiebat and Carter {2010}

—— Present Study
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Fig. 12 Failure envelopes in V-H loading space, for ring and circular footings: a dimensionless load
space, b normalized load space
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Fig. 13 Failure envelopes in V-M loading space, for ring and circular footings: a dimensionless load
space, b normalized load space

5.1 Combined vertical-horizontal (V-H) loading plan

Figure 11 furnishes a comparison between the current plots of V-H (M =0) with
those published in the literature. It is noted that the current plot of circular footing
is close to that obtained from the finite element analysis conducted by Taiebat and
Carter (2010). Subsequently, the size of failure envelope is noticed to be slightly
smaller than those predicted by Gourvenec and Randolph (2003) and Bolton (1979).

Figure 12 represents the size of failure envelopes in terms of the combination
of vertical and horizontal loads for R/R;,=0, 0.25, 0.5 and 0.75. It is noted from
Fig. 12a that the size is increasing with the increase of R/R, for V/AS ,<5; how-
ever, a decreasing trend is observed for higher vertical loads. In terms of normalized
loads (Fig. 12b), it is clear that the shape increases proportionally with the ratio of
R/R,,.
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5.2 Combined vertical-moment (V-M) loading plane

Figure 13 shows failure envelopes for different R/R, ratios, with H=0 plane. The
size of failure envelopes and the maximum moment capacity in Fig. 13a are seen to
be increasing with the increase of R/R,. However, the maximum vertical load drops
with the raise of R/R,,. Figure 13b shows that for normalized loads, an almost identi-
cal shape of failure envelopes is obtained regardless of the ratio R/R,,.

6 Conclusion

The finite difference code FLAC3D (2006) was employed in order to examine the
behavior of ring and circular footings in clay. Elasto-plastic investigations have been
conducted for different ring footing geometries, embedment depth ratios D/B, soil
heterogeneities x, and different soil-footing interface conditions. It is important to
mention that the current solutions for circular footing have been verified with those
available in the literature for the cases of embedded footings and heterogeneous soils.

The results show that the factor N, depends remarkably on the ratio of inner to
outer radius (R/R,), as well as the roughness of the vertical sides. For the case of
a homogeneous soil and smooth side interface, N, relevant to D/B>0.25 decreases
with the increase of R/R,, while for the case of a rough side interface, the increase
of R/R, leads to higher values of N_. Moreover, the bearing capacity factor relevant
to surface footings results in higher values for an increasing trend of k. For embed-
ded footings, a negligible variation of N, factors is observed when x> 3.

It is of interest to mention that under the vertical-horizontal loading space, both
absolute and relative sizes of failure envelopes are observed to be significantly influ-
enced by the ratio R/R,. Nevertheless, the dimensionless failure load space under
vertical-moment loading indicates that the geometry of ring footings (R/R,) reduces
the ultimate vertical load capacity and increases the maximum moment capacity,
compared to the case of circular footings. Hence, all normalized failure loads in the
V-M plane fall into a quite tight band independently of R/R,,.
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