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Abstract The purpose of this paper is to present new classes of function systems as part of multiresolution analyses.
Our approach is representation theoretic, and it makes use of generalized multiresolution function systems (MRSs).
It further entails new ideas from measurable endomorphisms dynamics. Our results yield applications that are not
amenable to more traditional techniques used on metric spaces. As the main tool in our approach, we make precise
new classes of generalized MRSs which arise directly from a dynamical theory approach to the study of surjective
endomorphisms on measure spaces. In particular, we give the necessary and sufficient conditions for a family of
functions to define generators of Cuntz relations. We find an explicit description of the set of generalized wavelet
filters. Our results are motivated in part by analyses of sub-band filters in signal/image processing. But our paper
goes further, and it applies to such wider contexts as measurable dynamical systems and complex dynamics. A
unifying theme in our results is a new analysis of endomorphisms in general measure space, and its connection to
multi-resolutions, to representation theory, and generalized wavelet systems.
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1 Introduction

The present paper is focused on relationships between the following objects: surjective endomorphisms of a measure
space (X, B, ), transfer operators in L*(X,B, wu), generalized wavelet filters, Markovian functions, and represen-
tations of the Cuntz relations.

Our analysis of transformations of a measure space, associated transfer operators, and representations of the Cuntz
algebras derive from a new analysis of endomorphisms in general measure space, presented here. While various
special cases of endomorphisms have been studied in earlier work, we call attention here to three new elements:
(1) our context is that of the most general transformations of a measure spaces; (ii) we introduce a new harmonic
analysis into the problem via representations of Cuntz algebras; and (iii) our representations of Cuntz algebras for
the purpose arise directly from the endomorphism at hand, o, and a choice of a quasi-invariant measure . From
this, we then identify a new construction of an infinite-dimensional manifold 90t of generalized wavelet filters, and a
transitive action of a canonical group G, acting on 91, and depending only on the given pair o (endomorphisms), and
 (measure). The representations of the particular Cuntz algebra (depending on o) in turn define endomorphisms
of B(Lz(,u)), the C*-algebra of all bounded operators in L2(,u)), and with each non-commutative endomorphism
extending the initial endomorphism o.

We present a new class of function systems 91 as part of multiresolution analyses (MRAs), motivated in part by
[1,19,50]. Our approach is based on methods of the representation theory, and it makes use of generalized iterated
function systems related to a surjective endomorphism of a measure space. For background on the representation
theory, we refer the readers to [29,42,44].

There are recent papers dealing with the general theme of representation and multilevel filters. We call attention
especially to [4]. Compared to [4], the main new development is our present wider context here of the measurable
category, and its focus on new applications to Borel and measurable dynamics. Our results for these generalized
MRSs further entail new ideas from measurable dynamics, see, e.g., [2,3,5,11]. While our general focus is on
branching systems in the measurable category, our applications are not amenable to more traditional metric tech-
niques such as [33,49,55]. We turn to new classes of generalized iterated function systems which arise directly
from a more general dynamical theory approach via a systematic study of endomorphisms in measure spaces. We
are motivated in part by analyses of sub-band filters in signal/image processing, see, e.g., [3,6,7,25]. But our paper
goes further, and it encompasses such wider contexts as measurable dynamical systems and complex dynamics. The
corresponding literature on wavelet filters, representations of Cuntz algebras, iterated function systems, transfer
operators, and other adjacent areas are very extensive; we mention here the following sources where the reader can
find more details and alternative approaches: [13-16,24-27,27,28,37-40,43,45,46].

As noted in the papers cited above, the traditional approach to iterated function systems, or more generally to
semi-branching function systems, the starting point is typically a fixed system of maps that can be shown to admit
limits in the form of attractors and measures invariant with respect to iterated function systems. These constructions
are typically based on metric considerations, and they play a big role in such diverse applications as (fractal)
harmonic analysis, graph Laplacian, boundaries, and analysis of geometries which are given by classes of self-
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similarity. Cantor and Sierpinski constructions are cases in point. The corresponding IFS can be shown in turn
admit realizations in shift dynamical systems.

Our present approach is the opposite: we begin with a consideration of endomorphisms in measure spaces (see
the definition in Sect. 2.1), and of associated measurable partitions (Sect. 2.2). With this as starting point, we
then introduce several bounded operators which will define representations of a non-abelian C*-algebras given by
generators and relations, called Cuntz algebras, Sects.3 and 4. There are two advantages to this approach, (i) it
allows for a much wider family of (generalized) MRSs, and (ii) it also offers new and direct tools for attacking
the corresponding harmonic analysis questions. Finally, we give an explicit description of the set of generalized
wavelet filters, see Sect. 5.

Measurable transformations of a standard measure space (X, B3, u) is the central concept of the ergodic theory.
Invertible transformations (automorphisms) and their properties have been extensively studied from various points
of view. The study of non-invertible transformations (endomorphisms) has been less popular than that of automor-
phisms although their role in dynamics and adjoint areas is extremely important. In particular, they are used in the
construction of iterated function systems (IFSs), transfer operators, and wavelet filters. We refer here to several
recent books dealing with endomorphisms and their applications in the operator theory [10,18,30,35,41,51,58].

Using an analysis of endomorphisms of a standard measure space, we associate with every endomorphism
several bounded operators acting in L>(X, B, 1). Non-singular endomorphisms o of a measure space (X, BB, )
are naturally divided into two classes: if u = i o ¢!, then o is called measure-preserving; if 1 ~ o o, then
the measure y is called quasi-invariant with respect to o. If additionally, o ¢ ~ w on o ~!(B), then o is called
forward quasi-invariant. In this case, there are Borel functions ¢, called Markovian functions, such that

/(foo)w du=/ £ du. (L)
X X

This relation is the basis for defining isometric operators: the composition operator Sy : f + f oo in the case of
an invariant measure p and the weighted composition operator Sy, . f +— /¢(f o o) for a quasi-invariant measure
u (here ¢ is Markovian). These operators, together with transfer operators, will play key roles in our constructions.

We formulate now our main results and outline the paper’s organization. In Sect.2, we define the main objects
of this paper. They are: a standard measure space, measurable partitions, canonical systems of measures, subjective
endomorphisms, invariant and quasi-invariant measures, and Markovian functions. All these notions are used in
the next sections. Section 2 should be viewed as a brief survey on endomorphisms and related notions. Section 3 is
focusing on the study of linear operators generated by an endomorphism of a measure space. We define abstract
transfer operators acting on bounded Borel functions and consider their properties. If the operator S, is considered in
L%*(X, B, v) where j is o -invariant, then S» is atransfer operator which has interesting properties, see Theorems 3.9,
3.14, 3.15, and 3.16. In particular, the operator S} coincides with a transfer operator R, defined by the measurable
partition into preimages of . We prove also similar results for weighted composition operators. Section4 contains
the principal theorems connecting wavelet filters with representations of the Cuntz relations. We recall that a family
of isometries {T; : i € A} defines the Cuntz relations if ) ;. 7;7; = I and the projections 7;7;* are mutually
orthogonal for different indexes where A is finite or countable. Let ¢ be a Markovian function and m a complex-
valued function such that S:; (ﬁ|m|2) = 1. Define 7,,,(f) = mS,(f). Then, T,, an isometry in L%(w). We prove
the following results (see Theorem 4.11).

Theorem 1.1 Let o be an onto endomorphism of (X, B, u) where [ is quasi-invariant with respect to o. Let
{m; : i € A} be afamily of complex-valued functions. The operators {Ty,,,i € A} generate a representation of the
Cuntz algebra Oy if and only if

) S,(Jemjm;) = 8;1,
Q) D miBy(mif)=f feL*w.

ieA

Here, £, = S, 5 is the orthogonal projection from L?* () onto a subspace Hy.
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90 S. Bezuglyi, P. E. T. Jorgensen

As a corollary, we have the following decomposition of L2(x) in the case of o-invariant measure /i:

L’ =P mL*(X.0"'(B), ).
ieA
In Sect.5, we focus on finding a description of the families of functions m = (m;) € 9M,, satisfying the above
theorem. Let G be the group of Borel functions with values in the unitary operators on £>(A). Then, we prove the
following:

Theorem 1.2 (Theorem 5.5)

(1) The set M, is isomorphic (as a set) to the loop group G.
(2) For every element G = (g;;) of the loop group, there exists a wavelet filter m such that g;; = S;(ﬁ m;im;).

Let functions (m; : i € A) satisfy the property.
Sa(lmil*) =1 (1.2)

and S; (f) = m;(f o o) is an isometry on L?(u).

Theorem 1.3 (Theorem 5.8) Let (m; : i € A) be a set of cyclic vectors for a representation of L (X, o~ 1(B), 7))
on L2(,u) that satisfies (1.2). Then, m = (m;) is a wavelet filter if and only ifZieA S;"S,- = 1. In other words,
m € M if and only if the operators S; are the generators of a representation of the Cuntz algebra O)y).

2 Basics on endomorphisms

In this section, we give basic definitions and facts from the theory of endomorphisms of a standard measure space
(X, B, ). The notion of an endomorphism is one of the central concepts of ergodic theory; the foundations and
more advanced results on endomorphisms can be found in some pioneering papers in ergodic theory and in more
recent papers and books, see, e.g., [8,17,20,34-36,51,54] and the papers cited therein. The study of endomorphisms
is mostly based on the notion of a measurable partition of a measure space and associated subalgebras of Borel sets.
A systematic study of measurable dynamical systems based on applications of measurable partitions was initiated
by Rokhlin in [52-54].

2.1 Endomorphisms of a measure space

We begin with the definitions of the main objects considered in the paper.

Let (X, B) be a standard Borel space, i.e., (X, B) is Borel isomorphic to a Polish space with the sigma-algebra of
Borel sets. If u is a non-atomic Borel positive measure on (X, 3), then (X, B, w) is called a standard Borel space.

By an endomorphism o of (X, B, ) (or (X, B)) we mean a measurable (or Borel) map of X onto itself (o is
subjective). We will discuss various properties of endomorphisms below. In particular, o defines a partition of X
into subsets {o ' (x) : x € X}. Depending on the cardinality of the sets o1 (x), we call ¢ either finite-to-one,
or countable-to-one, or continuum-to-one. Without loss of generality, we can assume that the cardinality |o~! (x)|
is constant. The collection of sets ¢ ~!(A), A € B, forms a o-subalgebra of Borel sets which is denoted o~ 1(B)
(below it will be also denoted by A to shorten formulas). In general, the set o (A) is not Borel for every A € B, but
if o is at most countable-to-one then o (A) is automatically Borel.

Let End (X, B) denote the set (semigroup) of all surjective endomorphisms of a standard Borel space (X, B).
By M (X), we denote the set of all Borel probability non-atomic measures. An element of M1 (X) will be simply
called a measure in the paper. For 0 € End(X,B) and u € M;(X), we define the measure 1 o o~ where
woo Y(A) = u(o~1(A)). Then, the map  — oo~ ! defines an action of End(X, B) on M{(X). We will be
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interested in the following cases: (i) the measure u o o1

we say that an endomorphism o is non-singular, i.e.,
w(A) =0 < u '(A) =0, VAeB. (2.1)

In other words, the measure y is called (backward) o -quasi-invariant, in symbols, oo ~! ~ 1. We use the notation
End(X, B, ) to denote the semigroup of all surjective endomorphisms o such that u is quasi-invariant with respect
to o. For a fixed p, the set End (X, B, ) contains the sub-semigroup End,, which consists of the endomorphisms
preserving u, i.e., u(A) = pno o~L(A). The set End,, can be viewed as the stabilizer of the action of End(X, B)
on M{(X) at .

We will need also the notion of a (forward) quasi-invariant measure (v. This means that for every p-measurable
set A, the set 0 (A) is measurable and u(A) =0 <= u(o(A)) =0.

is equivalent to u, and (ii) @ is o-invariant. In case (i),

Lemma 2.1 Let o be a surjective endomorphism of a standard Borel space (X, B). Then, M1(X) always contains
a o -quasi-invariant measure (L.

Proof Every endomorphism o generates a countable Borel equivalence relation E (o) whose classes are the orbits
of o. By definition, (x, y) € E (o) if there exist m, n € Ny such that 6" (x) = ¢ (y). Quasi-invariant measures for
o coincide with quasi-invariant measures for £ (o). Then, we can use [23, Proposition 3.1] where the existence of
E(0)-quasi-invariant measures was proved. O

Example 2.2 Let (X, B, u) = [[;en(Xi, Bi, i). Define the left shift o on X: o (x1, x2, x3, -+ +) = (x2,x3,--+).
Then, o is an endomorphism. If | X;| = N for all i, then o is N-to-one. Clearly, this construction can give other
types of endomorphisms classified by the cardinality of o~ l(x). If all (X;, BB, ui) = (Y, C, v) are the same and
is the product-measure ®;v, then u is o-invariant. The measure p can be quasi-invariant with respect to the left
shift o if we use different measures ;. More details are in [22,36], and other papers of these authors.

2.2 Measurable partition

We refer to [53] (or [20]) for the definition of a measurable partition.

Let & = {Cy : € I} be a partition of a standard probability measure space (X, I3, u) such that C, € B (the
index set / can be either countable or uncountable; we focus on the case of an uncountable set). A Borel set A of
the form | J,c;r Co, I’ C I, 1s called a &-set. Let B(£) be the sigma-algebra generated by all &-sets.

A partition £ is called measurable if B(£) contains a countable subset {D;} of £-sets that separates any two
elements C, C’ of &. This means that there exists D; such that either C C D; and C' C X\D; or C' C D; and
C C X\D;.Let 7 be the natural projection from X to X /£, i.e., w(x) = C, where Cy is the element of £ containing
x. Using the projection  : X — X /&, one can define a measure space (X/&, B/&, ug) where E € B/£ if and only
if the &-set 7 1 (E) is in B and Mg = o a1

The following result was proved in [53].

Lemma 2.3 A partition & of a standard measure space (X, B, i) is measurable if and only if (X /&, B/&, ug) is a
standard measure space.

It is said that a partition ¢ refines & (in symbols, £ < ¢) if every element C of £ is a ¢-set. It turns out that every
partition ¢ has a measurable hull, that is a measurable partition & such that £ < ¢ and & is a maximal measurable
partition with this property. If &, is a family of measurable partitions, then their product \/, &, is a measurable
partition & which is uniquely determined by the conditions: (i) &, < & for all «, and (ii) if 57 is a measurable partition
such that & < 7, then § < 7. Similarly, one defines the intersection A\, & of measurable partitions. There is a
one-to-one correspondence between the set of measurable partitions of a standard measure space (X, 3, #) and the
set of complete sigma-subalgebras B’ of 5.

The role of measurable partitions becomes clear from Theorem 2.5 given below. This famous result uses the
notion of measure disintegration.
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92 S. Bezuglyi, P. E. T. Jorgensen

Definition 2.4 For a standard probability measure space (X, B, u) and a measurable partition & of X, it is said that
a collection of measures (ic)cex/e 1S a system of conditional measures with respect to (X, B, u) and & if

(1) for each C € X/&, uc is a measure on the sigma-algebra B¢ := B N C such that (C, B¢, uc) is a standard
probability measure space;
(ii) for any B € B, the function C — uc(B N C) is pg-measurable;
(iii) forany B € B,

n(B) =/ pc(BNC) due(C). 2.2)
X/g

Condition (2.2) can be rewritten in the equivalent form:

/mfu>duu>=1/ (/'fQOducod)duacy 23)
X X/& Cc

Measurable partitions are characterized by the following result.

Theorem 2.5 ([53]) For any measurable partition & of a standard probability measure space (X, B, [), there exists
a unique system of conditional measures (juc). Conversely, if (L) cex /e is a system of conditional measures with
respect to (X, B, u), ), then & is a measurable partition.

We apply Theorem 2.5 to the case of an endomorphism o € End(X, B, ). Let & be the measurable partition
of (X, B, 1) into preimages o ! (x) = C, of points x € X. Let (1) be the system of conditional measures defined
by &,. In the case when (X /£, ug) is isomorphic to (X, ) (for example, when o is the left shiftor o : z > 7,

z € T1), we see that relations (2.2) and (2.3) have the form

/f(X) dya(x) 2/ </ VAeY) de(y)> dp(x). 2.4)
X X C

This decomposition is the key fact in our representation of the transfer operator generated by o.

In most important cases, the disintegration of a measure is applied to probability (finite) measures. The problem
of measure disintegration is discussed in many books and articles. We refer here to [12,20,31,32,48]. The case of
an infinite sigma-finite measure was considered by several authors, see, e.g., [57].

Theorem 2.6 ([57]) Let (X, B, n) and (Y, A, v) be standard measure spaces with sigma-finite measures, and
suppose that 1 : X — Y is a measurable map. Let (X, B, u) and (Y, A, v) be as above. Suppose that i =
womn~ ' & v. Then, there exists a unique system of conditional measures (vy)yey for p. For v-a.e., vy is a
sigma-finite measure.

2.3 Radon-Nikodym derivatives and Markovian functions

1

Suppose o € End(X, B, ). Recall that 4 o 0~ ~ p in this case. Then, we can define the Radon—Nikodym

derivative p, (x) := du gz_l (x), which is a Borel function such that

[ s an=[ rwpwan rerio. @5)
X X

Setting p,(x) = %(x), we obtain the Radon-Nikodym cocycle satisfying the equation p,4,,(x) =

Pm (0" (X)) o (x).

Remark 2.7 Suppose that o € End(X, B, 1) and v is a measure equivalent to u, i.e., there exists a Borel function
& such that dv(x) = h(x)du(x). Then, o is also non-singular with respect to v, and p,(x) = h(ox)p, ()h~ 1 (x).
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Every o € End(X, B) defines a linear operator S, called a composition operator on the space of bounded Borel
functions:

Se(f) = foo, feFX, B).

This operator is also known by the name of a Koopman operator when it is considered in a L space.
The map A — (o (A)), A € B, defines a measure on the subalgebra o~ Y(B). If w is a forward quasi-invariant

measure, then there exists a unique o ~1(B)-measurable function wy(x) = dﬁ;" (x) such that

| rexouw du= [ o an fetloo. 2.6)
X X
It can be deduced from the uniqueness of the Radon—Nikodym derivative that

wu(x) = pulo(x) !

when these functions are considered as functions measurable with respect to o~ (B).
The following statement is well-known and we omit its proof.

Lemma 2.8 (1) The composition operator S, : L*(X,B, n) — L?(X, 07! (B), ) is an isometry if and only if

—1
noo = L.
(2) The operator Sy on L*(11) is bounded if and only if there exists a constant k > 0 such that
—1
A
pla @A) <k, AebB.
w(A)

(3) If u is a forward quasi-invariant measure, then

To : f— Jo(f oo)
is an isometry from LZ(X, B, 1u) onto L*(X, o~ (B, 0.

2.4 Properties of endomorphisms

In this subsection, we collected the properties of endomorphisms of a measure space for the reader’s convenience.
Here and below, we implicitly use the mod 0-convention which means that a property (formula, relation, etc) holds
almost everywhere with respect to a fixed measure.

Definition 2.9 Let o be a surjective endomorphism of (X, B, n) with quasi-invariant measure 1.
(1) The endomorphism o is called conservative if for any set A of positive measure there exists n > 0 such that
n(@"(A)yNA) > 0.

(ii) The endomorphism o is called ergodic if whenever A is o -invariant, i.e., o ' (A) = A, then either A or X\ A
is of measure zero. Equivalently, o is ergodic if, for a bounded Borel function f, the condition f oo = f
implies that f is a constant mod 0.

(iii) Any endomorphism o € End(X, 3, 1) generates the sequence of subalgebras:

Bo>o 'B) - Do (B)D -
Then, o € End(X, B, u) is called exact if

Boo =)o *(B)=1{4,X} mod 0.
keN

(iv) The surjective endomorphism o of a probability measure space (X, B, ) is called full (or limsup full) if
lim,,—, 0o (¢ (B)) = 1 (or limsup,_, o, (¢ (B)) = 1) forevery B € B, u(B) > 0.
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94 S. Bezuglyi, P. E. T. Jorgensen

(v) Anon-singular endomorphism o of (X, B, ) is said to be p-recurrent if for every non- negative Borel function
f, the function

() =) f" () (x)

n>0

duoo”
s (x).

takes only the values 0 and oo p-a.e. where wy, (x) = 1
n

In the next remark, we include several results illustrating the properties of endomorphisms given in Definition 2.9.
We use some results from [34,36,56].

Remark 2.10 (1) Every exact endomorphism is ergodic. There are examples of ergodic endomorphisms which
are not exact. As it is customary in ergodic theory, we can always assume, without loss of generality, that an
endomorphism is ergodic.

(2) There are examples of one-sided shifts (n-to-one endomorphisms) which are not exact.

(3) We note that there are ergodic endomorphisms that are not conservative.

(4) An endomorphism o is recurrent with respect to a finite measure p if and only if )", ., w,(x) = oc.

(5) A p-recurrent endomorphism is conservative. -

Since every surjective endomorphism defines an isometry S, (or 7, ), see Lemma 2.8, then we can apply Wold’s
theorem to these objects.

Theorem 2.11 (Wold’s theorem) Let S be an isometric operator in a Hilbert space 'H. Define
Hoo =) S"H.
n

and
Hhift = N5+ @ SN« @ - - @ S*Ng» @ - - .
Then, the following statements hold.
(1) The space 'H is decomposed into the orthogonal direct sum

H = Hoo ® Hshi:-
2)

Hoo = {x € H: I(5%)"x|| = |Ix||, Vn € N}.
(3) The operator S restricted on Ho is a unitary operator, and S is a unilateral shift in the space Hgpif;.

For o € End(X, B, i), define

o (B,

DX

Boo =

n=0

and let A, = {A € B: 07'(A) = A} be the subalgebra of o -invariant subsets of X.

Let ¢ be a partition of (X, B, w) into orbits of o (recall that x L y if there are n, m such that 6" (x) = o (y)).

Let 1 be the partition of (X, BB, i) such that x L y if there is n such that 6" (x) = 6" (y). By ¢’ and n’ we denote
the measurable halls of ¢ and 7, respectively.

If € denotes the partition of X into points, then we have the sequence of decreasing measurable partitions
o ()

exol@zo02e) .
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As shown in [54], the following results hold:
¢ =<, = /o

n
and

A(é'/) =A,, A(’]/) = By

In particular, o is ergodic if the partition ¢’ is trivial, and o is exact if the partition n’ is trivial.

Since 7’ is a measurable partition, we can define the quotient measure space (Y, v) = (X/n’, B/n', j1,y) where
B/n" = By

The following result is deduced from Wold’s theorem, see details in [10].

Corollary 2.12 (1) Let w : X — Y be the natural projection. Then, there exists a measure-preserving automor-
phism & : (Y, v) — (Y, v) such that & is an automorphic factor of o, i.e.,

Com=moo.

() Let Sy : f — f oo be the isometry on H = L*(1). Then, in the Wold decomposition H = Heo @ HCJ;O for Sy,
we have

= L(Y,v),
and the restriction of S, 10 Heo corresponds to the unitary operator U defined by &, U(f) = f oo.

It turns out that every non-singular endomorphism is a factor of an invertible dynamical system. It is said that
an automorphism 7" € Aut (Y, C, v) is a natural extension of an endomorphism o € End (X, B, w) if there exists a
map 7 : (Y,C,v) — (X, B, ) such that

(i) C=\oT"(x7'B), modO,
(ii) there exists a measure v' ~ v such that 0,y = w, o 7.

We recall an important fact saying that every non-singular endomorphism o of (X, B, u) admits a natural
extension, see [52,56], [8], and Example 2.13.

Example 2.13 Let o be an onto endomorphism of a standard Borel space (X, 53). Define the set X as follows: X is
asubset of X x X x X x --- such that

T=()iz0€ X <= o(xip1) =x Vi >0.

The set X is often called the solenoid constructed by (X, o) and denoted Sol(x ). Note that X is a closed subset
in the product space X x X x ---. Since X is Borel, it inherits the Borel structure 3 from the product space.
Define the mapo : X — X by setting

G (x0, X1, X2, .. .) = (0 (x0), X0, X1, - . .).
Then, one can easily verify that ¢ is a one-to-one Borel map of X onto itself, and the shift
Tt (X0, X1, X2, ...) > (X1, %2, X3, ...)

is inverse to 6, T = o L.

Letm, : X — X be the projection from X onto the n-th coordinate: for ¥ = (xn), set 7, (X) = x,, n > 0. Then,
7, can be extended to a map f — f o m, from F(X, B) to F(X, B). It follows from the above definitions that
7110 (X) = 7, (X), and 7y is a factor map from (X, o) to (X, o), i.e.,

00 = 0.
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Proposition 2.14 Let jv be a Borel continuous measure on a standard Borel space (X, B) which is quasi-invariant
with respect to an endomorphism o. Let the measure P on (X, B) be defined by the relation P o my = . Then,
the map

L3 f 25 fom e LXP)
is an isometry. Moreover, the operator U : L*>(P) — L*(PP) defined by the formula
U=VoSe Vg

is an isometry.

2.5 Markovian functions

In this subsection, we consider a class of functions defined by an endomorphism o € End(X, B, i). The following
definition is motivated by relation (2.6).

Definition 2.15 Let o be an onto endomorphism of (X, 3, ). A function ¢ € F (X, B) satisfying
[rompan=[ fau @)
X X

for all f in L'(u) is called a Markovian function. The set of all Markovian functions is denoted by M (o, ). We
denote M» (o, ) = M(o, ) N L%(w).

The Markovian functions were considered in a series of papers [22,34,36], and others.

Remark 2.16 (1) The set M (o, ) is convex.
(2) Suppose that u is a forward quasi-invariant measure foro € End(X, BB, ). Then, the set of Markovian functions
M (o, i) is not empty because w,, € M (o, 1) due to relation (2.6).

(3) For two equivalent measures © and v, we discuss relation between the functions w,, and w, in Theorem 3.15.
dpoc”
S
(4) Let g be a function from L' (w). It was shown in [34] that, for the measure dv = gdpu, the following holds:

/X flox)

This means that the function

As above, the function w, generates a cocycle by setting w, (x) = (x) (where w1 = wy,).

w

8™ (x) duz/ f)du, feL'(w).
go0o X

8wy

is Markovian with respect to (o, ).
goo

Based on the facts from Remark 2.16, we prove the following result.
Proposition 2.17 Let o € End(X, B, t). Suppose a measure v is equivalent to 1 and g = g—;. Then,
M(o,v) =g 'M(o, 1)(g 0 0).

Proof For a function ¢ € M (o, j1), show that h = g~ '¢p(g 0 o) € M(o, v). Forany f € L'(v), we have

/(foo)g_lw(goa) dv=/<fg>ow du
X X

Z/ngdu

:/dev.
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This shows that the function 4 is in M (o, v).
Conversely, let ¢ be a Markovian function from M (o, v). Since dv = gdu,

/fgduzf(foa)wgdu
X X

=/X<foo><goa>[<goo>—1¢g] d.

The latter means that (g o o) " lpg € M(o, p). |

Lemma 2.18 Let ¢y, . .., o be Markovian functions from M (o, i1). Then, the function ¥ = (g o ¥~ 1) .- (g2 o
o)1 belongs to M(c*, Ww.

Proof We compute

/X(fook)w dl/«=/X[(fogk_l)oa(ﬁﬁkogk_z)OU"'(<P200)]§01 du

= /X(foo"”)(wk 0ok ) (p300)p du

3 Operators generated by endomorphisms

This section considers several linear operators naturally defined by surjective endomorphisms of (X, B, i). These
operators act in L?(y1) and other functional spaces.

3.1 Transfer operators and endomorphisms

We define a transfer operator in general settings using only the Borel structure of the space (X, 13). Transfer operators
are extensively studied for various dynamical systems applying the properties of phase spaces.

Definition 3.1 Let F(X, B) be the set of all bounded Borel functions! and let R : F(X, B) — F(X, B) be a linear
operator. Then, R is called a transfer operator if it satisfies the following properties:

(i) f >0 = R(f)>=0q(.e., R is a positive operator);
(ii) for any Borel functions f, g € F (X, B), the pull-out property holds

R((f c0)g) = fR(g). (3.1

To emphasize that a transfer operator R is defined by an onto endomorphism o, we will also write R as (R, o).

Let 1 be a function on (X, B) that takes the only value 1. If R(1)(x) > O for all x € X, then we say that R is a
strict transfer operator. If R(1) = 1, then the transfer operator R is called normalized.
Every transfer operator R defines an action on the set of probability measures M;(X): given u € M7 (X), set

(MR)(f)=/XR(f) du, feF(X, B).

If w = wR, then w is called R-invariant. A measure u € M7(X) is called strongly invariant with respect to a
transfer operator (R, o) if u o-invariant and uR = .
Restrictions of transfer operators on Banach or Hilbert spaces give more possibilities to study their properties.

! n this section, we will consider real-valued functions for definiteness; the case of complex-valued functions can be done similarly.
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Lemma 3.2 Let (X, B, 1) be a probability standard measure space. Suppose that (R, o) is a normalized transfer
operator acting in L*(X, B, 1) where i € M\(X). Then, w is strongly invariant with respect to (R, o) if and only
ifR*(1) = 1.

Proof Here and below, we denote by (-, -),, the inner product in L2(w). Since R is normalized, we can write

(f Dot = (f oo, R" D)y = (R(f 00), L)y = (fR(D), L) = (f, L)y,

that is u is o-invariant if R*(1) = 1.
Similarly, we see that the condition R*(1) = 1 is equivalent to u = uR:

(f Dur = (R(f), Dy = (fs R D)y = ({f, D).

O

Example 3.3 Let o € End(X, B, i), u(X) = 1, and let the partition &, of X be defined by preimages {o ! (x) :
x € X} of 0. We give an example of a transfer operator R, which is determined by the system of conditional
measures {c} (see Sect. 2.2) over the partition &, of X. Define a linear operator R, acting on Borel bounded
functions over the standard probability measure space (X, 3, ) by setting

Ro (f)(x) := fc f)duc, (y) (3.2)
where C, = o1 (x).
Lemma 3.4 The operator R, : F(X, B) — F(X, B) defined by (3.2) is a transfer operator.

Proof Clearly, R, is a positive normalized operator. To see that (3.1) holds, we calculate

Ro((f 0 0)g)(x) = fc (f o)) dpc,

= f) /C g(y) due, ()
= f(*)(Ry8)(x).
Here, we used the fact that f(o(y)) = f(x) fory € C, = o~ ! (x). O

For an onto endomorphism o acting on the space (X, BB, 1), we consider the subalgebra A = {¢~'(B) : B € B}
of B. It is a well-known fact that there exists the conditional expectation E, : L>(X, B, u) — L*(X, o~ (B), ).
To simplify the formulas, we will use also the following notations: A = o~ 1(B), L?(n) = L*(X, B, i), and
L2(,u A) = L*(X,0~1(B), ). Below, we will describe the operator [E, explicitly in terms of the composition
operator Sg .

It turns out that, for every transfer operator R, one can define another operator which is, in some sense, analogous
to the conditional expectation. For this, let (R, o) be a normalized transfer operator. We define

E:F(X,B) —> F(X,07'(B)): f > R(f)oo. (3.3)

We discuss the properties of the operator E in Proposition 3.5. Some of them are proved in [10].

Proposition 3.5 Let R be a normalized transfer operator and E(f) = R(f) o o. Then, the following properties
hold:

1) E is positive and E* = E,
( p

E(F(X,B)) = F(X,o~1(B)),
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Elrx.o-1s) = id,
RoEoR=R?>and Ro E = R.

(2) For S;(f) = f oo, we have

(RSH(f)=Ff,  (SeR(f)=E(f).
(3) A bounded Borel function f belongs to F(X, o~ (B)) if and only if there exists a function g € F(X, B) such
that f = goo.

Proof These properties are proved directly. We only check that R o E o R = R?. Indeed,
RIE(R(f)] = RIR(R(f) o 0] = R*(/)R(L) = R*(f).
O

Corollary 3.6 Let R be the transfer operator defined in (3.2). Then, the conditional expectation E : F (X, B) —
F(X,07'(B)) : f — R(f) oo acts by the formula

E(f)=R(f)°6=/

o~ (o)

: fO) duc,,, ().

3.2 Composition operators and Markovian functions

We recall our notation: o is a surjective endomorphism of a probability measure space (X, B, u), So : f = foo
is the composition operator, and M (o, i) is the set of Markovian functions.

Let t = #(x) be a bounded Borel function, and p a o-invariant probability measure on (X, ). We define the
operator P; on L?(u) by setting

P(f)=t(foo), felL*w.

We call the operator P, a weighted composition operator. Clearly, P; is a bounded operator in L ().

Theorem 3.7 (1) For o € End(X, B, i) as above, consider the composition operator S, in the Hilbert space
L%(1). Then, the adjoint operator Sk acts by the formula:

(gdpw) oo ™!
du

(2) The adjoint operator S} is a transfer operator
Se(g(fo0)) = fS;(8).

The transfer operator S} is normalized if and only if | is o -invariant.
(3) For a functiont € F(X, B), the adjoint operator P} is a non-normalized transfer operator.

Si(g) = , geL*(ua). (3.4)

Proof (1) For functions f, g € L?(u), we have

(So f, 8)p = /X (f 00)g dit
- / f (gdwy oo™

° -1
:/f%’dﬂ%du
nw

=(f, 558
which proves (3.4).
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(2) To prove the pull-out property, we compute, for arbitrary functions f, g, h € L?(u),
/XhSZi((foa)g) du Z/XSa(h)(fOG)g du
— [ oo g
X

= / hfSy(g) du.
X

Finally, we see that
/fduoa_lzf(foo)lduzf FSE(1) dp,
X X X

and S¥(1) =1 < oo = p.
(3) The same proof as in (1) gives the formula

(rgdp) oo ™!
du

This shows that P;* is not normalized.
To prove that P;* satisfies the pull-out property, we write

(h, P (g(f ooN)u = (Pi(h), 8(f o0))u
=(t(hoo),g(foo))y
= (Pi(hf). &)u
= (h, P (®))u-

Pr(g) = . g€ L ().

O

Corollary 3.8 (1) Let 0 € End(X, B, i) be such that @ = p o o=\, Then, the conditional expectation E, :
L*(X, B, ) — L*(X, A, u4) can be represented as S Sx.

(2) If n is forward quasi-invariant, then the conditional expectation E, coincides with T, T where the isometry
T5(f) = Jou(f o o) is defined in Lemma 2.8.

Proof The fact that (S, Sj;)2 = S, S} follows from the identity S} S, = L.
Next, we verify that (f, Sy S¥(h)),, = (f, h), for h € L*(u4). Recall that if f € L?(14), then there exists
g € L*(11) such that f = g o 0. Then, using the fact that S¥ is a normalized transfer operator (Theorem 3.7), we
have
(g00,Se8;(M)u = (Sy(g00), Sg(h)u
885 (1), Sy (M)
g, So (M)
g oo, h>ﬂ
filu

The orthogonality of the projection S, S is obtained from the relation

<SJS:fvg°U>u = (S:fvg>u =(f,goo).

It proves that E, = S, S».

(2) The case of a quasi-invariant measure p is considered similarly. We note that w,, is a Borel function measurable
with respect to o~ 1(B). Hence, every function f € L*(u A) there exists a function g € L?(w) such that f =
V@ (g o o). Then, we repeat the above calculations. We leave the details to the reader. |

=
=
=
=
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We associated with every endomorphism o € End(X, 3, ) two transfer operators R and S. It turns out that
they coincide in L2(,u).

Theorem 3.9 Let 0 € End(X, B, ). Then, the transfer operators R, and S} coincide in L2(/L), where Ry is
defined in (3.2) and S} satisfies (3.4).

Proof We compute Sy ( f) using the disintegration of .« with respect to the conditional measures 1y on Cy = o -1 (x):

(S(2), fin =/X(goa)f du

:/ (/ glayf(y) dux(y)> du(x)

X Cy

=f g(x) </ ) de()’)) du(x)
X Cy

= (8. S5 (N

From the latter, we see that

Sy(f) = /C F ) dux(y) = R (f).
O

Remark 3.10 (1) It follows from Lemma 3.2 and Theorem 3.9 that, for the transfer operator S in L?(w), the
measure p is strong invariant if and only if it is o -invariant.
(2) Theorem 3.9 implies that E(f) = R(f) o o coincides with E, for R = S}.

We now consider weighted composition operators where the weight function is Markovian; for consistency, we
will write P, for such a weighted composition operator. We will continue discussing the properties of weighted
composition operators in the next section.

Leto € End(X, B, n) be a surjective endomorphism, and  is a forward quasi-invariant measure. Consider the
operator

Py: f— @(foo) (3.5
which is formally defined in F (X, BB). It can be also written as
Py(f) =MpSs(f), feF(X, B

where M,, is the multiplication operator.

Lemma 3.11 Let 0, ¢, and Py, be as above. Then, ¢ is a Markovian function (¢ € M (o, 1)) if and only if u is
Py-invariant, i.e., w Py = p where

WP (f) = f P,(f) dp.
X
In particular, 1 = uPy,.

Proof Indeed, if ¢ is Markovian, then

fpw(f)dM:/(f00)¢dM:/fdM
X X X

which means that p is Py-invariant. The converse statement also follows from the relation above. m|

Lemma 3.12 Let ¢ € M(o, ) and Py, a weighted composition operator. Then, P, : L'(w) — L'(u A) and
P\/@ : LZ(/L) — LZ(/LA) are isometric operators.
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Proof Straightforward. O

Proposition 3.13 Let o € End(X, B, jv) and ¢ is a function from L*> (). Then, ¢ is a Markovian function if and
only if S¥(p) = 1.

Proof Let f € L?(w). Then, the result follows from the following relations:

/fdu=f(foc7)<pdu
X X
‘ =/Sa(f)<pdu

= / Sy () du.
X

Theorem 3.14 Let P, be defined in L?(w) according to (3.5) where ¢ > 0.
(1) The following statements are equivalent:
(i) Py is an isometry in L2(w);

(ii) the composition operator Sy is an isometry in L*(gu);

(i) S5(p) =1;

(iv)

(pdp) oo™
du

=1 a.e.

(2) If ¢ is a positive Borel function from L*>(i), then the adjoint operator P(;'j is a transfer operator and P(;‘ is
normalized if and only if ¢ is Markovian.

Proof (1) The proof of the first statement uses the arguments given in the proofs of Theorems 3.13 and 3.7. We
leave the details for the reader.
(2) Itis clear that P is positive because we have the following formula for P;:

(pgdp) oo™
PH(g) = 127
0 (8) o

Show that it satisfies the pull-out property. Since P, = M, S, and S} is a transfer operator, we obtain
PX((fo0)g) = SEMEI(f 0 0)g]

= S;lpg(f o0l

= fS5(99)

=[Sy My(3)

= [P, ().

To finish the proof, we note that

/(foa)wll dMZ/ Py(f)1 du
X X

= / fP;f(ﬂ) du.
X
Hence,
[ rompan=[ s
X X
if and only if P;(]L) =1. O
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3.3 Radon-Nikodym derivatives and conditional expectations

As above, 0 € End(X, B, ) is an onto endomorphism with quasi-invariant measure p. Equation (2.6) defines a
uniquely determined Radon-Nikodym derivative w,, which is o ~!(B)-measurable function.

Let E; denote the conditional expectation from L?(w) onto L%(n A), where 4 = o~ (B) and A is the
projection of w onto the sigma-algebra .A. We recall that E, = S, S} for o-invariant measure p and E; = T, T}
for o -quasi-invariant measure i, see Corollary 3.8.

Suppose that v is another measure on (X, B) which is equivalent to the measure . In the next theorem, we show
how Markovian functions with respect to the measures p and v are related (see also Remark 2.7).

Theorem 3.15 Let 0 € End(X, B, ) and dv(x) = h(x)du(x) where h(x) > 0 u-a.e. Let v € M(o,v) and
¢ € M(o, ). Then,

Eq (MY =¢(hoo). (3.6)

Hence, relation (3.6) establishes a one-to-one correspondence between the sets of Markovian functions M (o, ()
and M (o, v).

Proof Since the both sides of (3.6) are measurable with respect to o~ 1(B), it suffices to prove that, for every function
g € F(X, B),

/X(gOO)Eo(h) wdu=/x(g00)(h06)§0dﬂ- (3.7)

We compute the left-hand side and the right-hand side in (3.7) separately using the definition of Markovian functions
and the properties of conditional expectations. For the RHS:

f(goo)(hoo)wdu=/(gh)oowdu
X X

=/ghdu

X

:[gdv.
X

For the LHS, we use the fact that [E,; is the conditional expectation and the function (go o)y is o ~1(B)-measurable:

/(goo)Ea(h)wdu=/(gocf)hwdu
X X

:/(goo)lﬂdv
X

=/gdv.
X

Let R = (R, o) be a transfer operator where o is an onto endomorphism of (X, 3, u). Recall that we have
defined in (3.3) the operator E = R(f) oo : F(X,B) — F(X, o~ 1(B)) which is an analog of the conditional
expectation [E, . In the following statement, we find out under what conditions on the measure p and the transfer
operator R the operator E coincides with the genuine conditional expectation E .

O

Theorem 3.16 In the setting formulated above, the operator E = R(f) o o coincides with By = S, S* in L (1)
if and only if
duoo™!  (fdu)oo™!
R(f) = . feLlw. (3.8)
du du
Relation (3.8) can be also written as p, R(f) = Sk (f).
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Proof Tt was shown in Proposition 3.5 that E> = E. It remains to find out under what conditions the relation
E = E* hold. Clearly, it is equivalent to the property

/;(gE(f) du=/ng du, Vge F(X,o0~'(B)). (3.9

Representing g as h o o (h € F(X, B)), we obtain that (3.9) is equivalent to

/(hoa)R(f)oa du:/(hoa)fdu
X X

or
/hR(f)dMoa”th(fdM)oa*‘.
X X

This means that

(fdp)oo™!
R(f) = “dioo
Hoo
which is equivalent to (3.8). This proves that E = [E, if and only if S; (f) = p, R(f).

We note that if y is a o -invariant measure, then

(fdu)oo™!
R(f) = T an
u
which coincides with S¥(f) by (3.4). It follows then that E, = E = R(f) o o in the case of o-invariant measure
w. Moreover, it is obvious that the condition R(f) = S (f) implies the invariance of n with respect to o. |

Corollary 3.17 In notation given above, the operator E,, = (puR) o o coincides with E,.

Proof We noted that p, R is a transfer operator coinciding with S;, and therefore we can define E,, = Sy R, . By
Corollary 3.8, we obtain that S, R ou = So Sk = E, which proves the statement. m]

Remark 3.18 The results of Proposition 2.17 and Theorem 3.15 can be interpreted as follows.
Let G denote the group F (X, B) of Borel bounded strictly positive functions. Then, G acts on the set {M (o, v) :
v ~ u}. This action @ = {af : f € G} is defined by the rule:

aplp) = f%“so, ¢ € Mo, ).

Clearly,
af(M(o, pn)) = M(o,v),

wheredv = fdu,anda oy = ayg. The action « is free in the sense thatit satisfies the property M (o, u)NM (o, v) =
@ if v ~ u. Moreover, « is transitive.

4 Cuntz relations for invariant and quasi-invariant measures

Starting with the measurable category, and disintegration of the appropriate measures, we showed above that careful
choice of Hilbert spaces allows for a powerful tool in the analysis of endomorphisms and branching systems (in
the measurable setting). In more detail, the steps from transformations in measure space to L2 spaces and operators
are often called “passing to the Koopman operators”. In our context, the non-commutativity for the operators under
consideration is captured well with the Cuntz relations, or rather their representations; see [9,21,47]. Recall that,
following J. Cuntz, for every n, one introduces a C*-algebra O|,| defined by a system of |A| generators 7;. These
generators may be realized as operators in Hilbert space, say H as follows: The relations (Cuntz relations) state
that the 7; system is represented by isometries with orthogonal ranges in H such that the sum of these ranges is H.
(Think of the subspaces as sub-bands.) In other words, via the isometries, H arises as an orthogonal sum of copies
of itself. As a C*-algebra, O}, is simple. Its representations are important, and they play a crucial role in the study
of self-similar dynamics and self-similar geometries.
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4.1 Quasi-invariant measure

Let o € End(X, B, n) where u is a forward and backward quasi-invariant measure. We recall that, in this case,
the corresponding Radon—-Nikodym derivatives w,, and p,, are well-defined functions satisfying (2.6) and (2.5). In
the remaining sections of this paper, we will consider L>-spaces of complex-valued functions.

Let ¢ be a positive Markovian function, ¢ € M (o, n). Then, we define a weighted composition operator S,
acting on L?(u) by

Se(f) =e(fo0) (4.1)

Equivalently, S, = M /55, where M s; denotes the operator of multiplication, and S, is the composition operator.
‘We mention two important particular cases of (4.1) when (a) ¢ = w;, and (b) ¢ = 1. Case (b) occurs if and only
ifuoo™ =dpu.

Lemma 4.1 (1) Let ¢ be a Markovian function from My(o, u) = M(o, u) N Lz(u), and Sy the composition
operator. Then, S} (¢) = 1.
(2) The function ¢ is Markovian with respect to o and v if and only if (pdp) o 0~ = p.

Proof The first statement follows from the definition of a Markovian function:
/ fdp = / (foo)pdu =/ So (fg du = / 85 (p) du.
1% X X v
The second statement is a reformulation of relation (2.7). O

Lemma 4.2 The operator S, is an isometry in L2(w).

Proof 1t follows from (2.7) that the function ,/@(f o 0o) € L%(w) if f € L?(w). Since ¢ is Markovian, we have
(Sp(f), Sp(@))p = /X Vo(foo)Jo(goo)du
= f (fgoo)pdu
X
zﬂjidw frge L ().
O

Theorem 4.3 (1) Foro € End(X, B, i) as above and the operator S, the adjoint operator S} acts by the formula:

(g/@dp) oo™}

5 , ge L. (4.2)
yus

* j—
Si(g) =
(2) The adjoint operator S; is a transfer operator satisfying the pull-out property:

SEg(foo)) = FSE(8). (4.3)

The operator S; is normalized if and only if u is o -invariant.

Proof (1) For functions f, g € L?(u), we have

A oo
/xﬂ(f”)g d":/f(\/@gdu)oa" =/f% dp

which proves (4.2).
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(2) The operator S; is obviously positive. To prove the pull-out property, we compute, for arbitrary functions
fr8.h e L),

[ nsps o diu= [ s,00f 00 an

=/ Vo(hf)oo gdu
X
- / S,(hf)g dpt
X
= / hfS,(g) du.
X
This proves that (4.3) holds.
We see that
d —1
S:(1) = edwoo
du
Hence, S:; is normalized if and only if 4 = 1 0 0! and ¢ = 1. This can be proved as follows:
/ fdpoo™! = / (foo)ldu= / fSE) dp,
X X X
and S¥(1) =1 <= poo ' =pu. O
Remark 4.4 One can easily check that, for ¢ = w,,,
S* L, _
w”'(\/(,()_l_t) = Pu-

We recall that A denotes the subalgebra o ~!(13) and w4 denotes the restriction of 1 onto A. It is an important
observation that a function f is 4-measurable if and only if there exists a B-measurable function g such that

f=goo.
For a fixed Markovian function ¢, consider the subspace H, of function spanned by ,/¢ and .A-measurable
functions:

Hy ={Jo(foo): f € L*(w)
Proposition 4.5 Let o, ¢, and Sy, be as above. Then,

(1) Ep:= Sy S:; is an orthogonal projection from L* (1) onto Hy;
(2) Eo((fo0)g) = (fo0)Ey(g)
(3) S3(fEy(8)) = S3(&)S3(f /).

Proof (1) Let f, g € L*(11). Then, we write
(SpSyfo Vo(g o)) = (SpSy f. Sp8)
= (S5 8)u
= (/. Sp&)u
=(f,.Vo(g °0))p-

Hence, (f — SpS;f) L Hyp.
For (2), we first note that S, (fg) = \/@(g 0 0)(f 0 0) = Sy(g)Ss(f), and then

Ey((f 00)g) = SpSy((f 00)8)
= Sy (S,(8) 1)
= (SpS,)(8)Se (f)
= (f 0 0)Ey(g).
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For (3), we use the pull-out property of S:;:
SE(SEG(9)) = SE(f5,55(8)
= S5(fVP(SE(g) 0 0))

= SHQSLH(f D)
O

Let {m; : i € A} be a collection of complex-valued functions from L?(w). We fix a Markovian function ¢. For
every i € A, we define

T (f) =miJo(f 00) = Mp,;Se(f) 4.4)

where M,,,; is the multiplication operator. Then, 7,,, is an operator acting from L2(,u) onto m; H,.
Lemma 4.6 The operator T,,(f) = m./o(f o o) is bounded on L?(w) if and only if [m|> € L*(uw).

Proof For f € L2(,u), we have
1T (I = /X (B (f 00N FG(F o0 0) du
=f mP(f 1 o 0)g dpe
X

< sup ImIZ/(Iflzoo)w du
X

= sup [m|*|| f1I*.

O
Lemma 4.7 The operator Ty, is an isometry in L () if and only if
SE(J/plm|?) = 1.
Proof We note that 7,7(f) = Sg Mz (f). Using the pull-out property for S7, we can write
TrTu(f) = SiMy(mi Jo(f 00)) = £Si(Im|* /@)
where f € L?(u). This proves the lemma. O
Remark 4.8 1t follows from Lemma 4.7 that 7}, is an isometry if and only if
Ey(Volm®) = /o.
Lemma 4.9 The operators Ty, S,, and I, satisfy the properties:
T T (f) = £SE(/@ am). (4.5)
Ty T, (f) = miEg(ma f). (4.6)
Proof Indeed, we have
T3 Ty (f) = T, (@ ma(f 00)
= S5 M, (V@ ma(f 00))
= S, (Ve mimy),
and
Ty Ty (f) = Min, Sy S My (f) = myEy (2 ).
O
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Remark 4.10 Let g be a bounded positive Borel function. Take a Markovian function ¢ € M (o, i) and consider
¥ = (g o 0)pg~'. By Proposition 2.17 we see that ¥ € M (o, v) where dv = gdu. Then,

Sy =M ;zS,M sz

Then, a direct computatlon shows that Sy is an isometry in L?(v) where dv = g du
Denote by T, the operator acting on LZ(v): f > mSy (f). By Lemma 4.7, T is an isometry in L?(v) if and
only if Svj W W |m|?) = 1. It follows from the definition of the operators T, and T that

T -1
Ty = MﬁTmMﬁ.

Theorem 4.11 Let o be an onto endomorphism of (X, B, u) where w is quasi-invariant with respect to o. Let
{m; :i € A} be a family of complex-valued functions. The operators {Ty,;,i € A} generate a representation of the
Cuntz algebra Oy if and only if

(i) Sy(Jomjm;) =8;1,

Gi) > miB,mif)=f feL*uw.

ieA

Proof We first note that condition (i) of the theorem implies that the operators 7,,,, are isometries because of Lemma
4.7. The Cuntz relations for isometries {7, };ca mean that

Z T, T;;lk, =
ieA
and the projections 7, T,;’;i are mutually orthogonal.
We will show that, for f, g € L?>(u) and i # j, the vectors T}, T (f) and T,,,T;* (g) are orthogonal if and

mi “m; mj<m;
only if condition (i) of the theorem holds. In the following computation, we use (4.5).

(T T (), Tony T (@) = (T3 T Tt (D), T (@)
= (Sy (Vo mjm;)(€), n)y
where £ = T,;;i (f)and n = T,;jj (g). Since f, g are arbitrary functions, the left-hand side is zero if and only if
S;(ﬁ mjm,') = Bij]l-
Next, we use (4.6) to see when the identity operator is decomposed in the sum of orthogonal projections Ty, T, .
It follows from Lemma 4.9 that, for any f € L3(w),

D T T () =Y miBy(m; f)

ieA ieA
Hence, the property » ;s Tm; T,;, = L is equivalent to condition (ii) of the theorem. o

Corollary 4.12 It follows from Theorem 4.11 that
L*(w) = P miH,.

ieA
In other words, {m; : i € A} isan orthogonal module basis for L*>(1) over Hy =/ L2(,uA) where A = o~V (B).
4.2 Invariant measure

In what follows, we will consider the case of a o -invariant measure jt.

Lemma 4.13 Let 0 € End(X, B, i) be an onto endomorphism. Then, if u is o-invariant probability measure,
then the only o~ (B)-measurable Markovian function is the constant function 1.
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Proof Indeed, let ¢ be a Markovian function. Then, we have

/(foa>¢du=f fdu=/ fd(uoa)‘l=/(foo)du-
X X X X

Since f is arbitrary, we get ¢ = 1 on o~ (). O

We will apply the constructions of Sect. 4.1 to the case when ¢ = 1. Because the results of Sect. 4.1 are proved
in more general settings, we will just formulate the corresponding facts without proof.
Letm = {m; : i € A} be a collection of complex-valued bounded functions, and let

Sm (f) =mi(f o), feL*n
be the corresponding weighted composition operators.

In this lemma, we collect the properties of Sy, .

Lemma 4.14 Let f, g € L*(uw).

(1) S} is an isometry on L%(w) if and only ifS;"(|m|2) =1

(2) Ey := S5 S} is the conditional expectation from L2(w) onto L*(u A)-
(3) Es((f o0)g) = (f o0)Eqs(g).

4) S5 (fEq(8)) = S;()S5 ().

(5) Sp, Smy (f) = Sg(mima) f.

(6) Smy Spp, (f) = miE(ma f).

Here is the modified version of Theorem 4.11.

Theorem 4.15 Let o be a surjective endomorphism of (X, B, i) with o -invariant measure . Let {m; : i € A} be
a family of bounded complex-valued functions. The operators {Sp;,i € A} generate a representation of the Cuntz
algebra O\, if and only if

i) S, (mjm;) =8;;1,

Gi) Y mE,mif)=f feL*w.

ieA
It follows from Theorem 4.15 that the Hilbert space L2(w) admits the decomposition
L*(w) = @D miL*(ua)
ieA

if and only if the operators S, are the generators of a representation of the Cuntz algebra. In other words, {m; : i € A}
is an orthogonal module basis for L2(,u) over L2(MA) where A = o~ (B).

We finish this section with a discussion of the relations between the operators S,, S, and E, E, where ¢ is a
Markovian function.

Proposition 4.16 The following formulas hold: for g € L*(u)
(1) Sy =S;(Veg), (2) Eu(g) =VoE:(Jp 8-
Proof For (1), take any functions f, g € L?(u) and compute

(f S5 = (S5 &)
= (V& (fo0). 8
= (Se (/). VB &)1
= (/. 559 ).
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To see that (2) is true, we recall that Sy, (f) = /¢ So(f), and then we can write

Ey(f) = SpS,(f) = SpSe (Ve ) = Ve SoSe (Vo ) = Vo Ea (Vo f).
The results of Proposition 4.16 will be used in the next section.

5 The set of wavelet filters

In this section, we answer the question about the structure of the set of wavelet filters, i.e., we describe the set of
functions satisfying the conditions of Theorem 4.11. We consider two different approaches: (i) it will be shown that
there the set 901 is isomorphic to the so called loop group G; (ii) using the decomposition into cyclic representations,
we describe elements m € 9 as the collection of cyclic vectors for the representation of L°°(A) in L*(X,B, Ww.

5.1 Actions of loop groups on wavelet filters

Consider bounded operators B(I*(A)) in the Hilbert space [%(A) where A is a countably mﬁmte set. If {¢; : i € A}
is the canonical orthonormal basis in /?>(A), then we define the infinite |A| x |A| matrix A= (a;j) by setting
a;j = (e;, Aej). This observation will allow us to work with matrix notation in the computations below.

Let I{ be the group of all unitary operators in B(I*(A)). Denote by G the group of Borel functions on (X, B) with
values in U/ (we recall that I/ is a Polish group). We use the notation G = (g;;(x)) for elements of G. Then, every
entry g;;(x) is a Borel complex-valued matrix. The group § is called the loop group. We remark that for G € G,

G*G = I where the matrix G* = ET. We will use the relation
D By =8 (5.1)
leA
where G = (gij) € G.

Let ¢ be a Markovian function. We recall that, in this case, the operator S, is isometric. We denote the set of
generalized wavelet filters by

M, = {m = (m)ica : Sp(/o mimj) =81, Y miBy(m; f) = f}. (5.2)
ieA

We consider simultaneously the case of o-invariant measure p and the corresponding operators S, and E,, see

Sect. 4 for properties of these operators. In this case, we use the set

My = {m = (m;)ien : Sy(mim;) = 8;;1, Zmi]Ea(mjf) = f} (5.3)
ieA
It turns out that the group G acts on the sets 91, and 1, . Indeed, for a fixed m € My, (orm € My)and G € G,
we define m (mG(x) i € A) by the formula

my (x) = Z@ﬁ 0 0)(x)m,j(x) (5.4)
JEA
or m% = (G* o o)m in a short form.
In the next statements, we will study the properties of this action of G on the sets of wavelet filters. For definiteness,
we formulate these results for the set 9t,. The same proofs work for the action of G on M,, we will omit them.

We will show in the next lemmas that: (i) the set 21, is invariant with respect to the action of group G; (ii) formula
(5.4) defines a group action on M,; (iii) this action of G is free and transitive.

Lemma 5.1 Ifm € 9, then mC e M.
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Proof We will verify that the family of functions m’ G = (ml.G (x) :i € A) satisfies conditions (i) and (ii) of Theorem
4.11. For (i), we use (5.1) and the fact that S;f is a transfer operator satisfying the pull-out property:

Si(Jo mfm§) = S} (ﬂ > Grioomi- Y (@0 G)mz)

keA leA

=3 Buigy Si(Jemmy)

kel leA

=YY gugdu

kel leA

= ZEkigkj

keA
= 5,‘/'.

For (ii), let f € L?(u), then

ZmlGIE(p(mle) = Z Z(Eki o U)mkE(p (Z(gli o O’)ﬁ[f)

ieA ieN ke leA

= (8ri 0 0)(g1i 0o o)mylEy (my f)
IS

ieN ke leN

=Y "3 (@uign) o o)ymiEy (i f)

ieN ke leA

=D SumiBy G f)

ieN ke

=Y mE,m f)

keA
= f
We used here the equality GG* =T or Zi 84i8li = Okl- O
In the next lemma, we show that (5.4) defines an action of the group G on 1.
Lemma 5.2 For every m € M, and every G, H € G,
G)H GH I

=m®", m =m. (-3

Proof Indeed, if T is the identity matrix, then m' = m for every m € M.
Let G, H € 9M,. Show that (5.5) holds:

mHf = "(hjiooym§

JeEA
= Z(Eﬁ 00) Z(gkj o o)my
JeEA keA
=YD (@ihjp) ooymy
ke jeA
= Z(?ik oo)my
ke
= ml.GH,
where the entries of G H are denoted by (fix)- |
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Lemma 5.3 Let ¢ be a positive Markovian function.

(1) The map ® : m — /@ m defines an isomorphism between the sets M, and M.
(2) The map ® implements the conjugation of actions of G on the sets M, and M.

Proof (1) We will show that if m satisfies (5.2), then ,/@m belongs to M, , i.e., (5.3) holds. For this, we check that
Se (Vomi Jom ;) = S,(Jo mim;) = 8ij, i,j €A,
and, using Proposition 4.16,
Y VemiBo (Jomi f) =Y JomiSs Sy (Jom; f)
ieA ieA
=) miS, S, (m; f)
ieA
= f.
(2) It can be checked directly that, for every G € G and m € 9,
om® = (dm)°.
O

Lemma 5.4 Let ¢ be a positive Markovian function. The action of G on M, defined in (5.4) is free and transitive.

Proof It follows from Lemma 5.3 that it suffices to show that the action of G on 91, is free and transitive.
Let m = (m;) and n = (n;) be two elements of the set 9, . Define an infinite matrix G by setting
gij = S,(minj), i,j€A.
We show that m© = n to prove that the action is transitive. Indeed,
m{ = Z(gk,i o a)my
keA

=D (S5 @gn;) 0 0)my

keA

=) So S5 (mpnymy
keA

=Y By (mni)my

keA

=n;.

We used here relation (5.3).
To see that this action is free, we assume that m© = m for some m € M, and G € G. Then,

Z@ki oo)my =mj, i€A.
keA
Multiply both sides by 7z; and apply the operator S}
D So (@i 0 0)myditj) = Sy (mifi )
keA
Use the pull-out property and (5.3):

Z i Sy (myin ) = §;j.
keA
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Hence,

> 2tk = 8ij

keA

and g;; = &;;. This proves that G = I and the action is free. ]

The following theorem gives a complete description of the set 9,. This result immediately follows from the
proven Lemmas 5.1-5.4.

Theorem 5.5 (1) The set M, is isomorphic (as a set) to the loop group G.
(2) For every element G = (g;;) of the loop group, there exists a wavelet filter m such that g;; = S(j(ﬂ mim;).

5.2 Endomorphisms, wavelet filters and cyclic representations

In this subsection, we will use another approach to describe the set 9t of wavelet filters associated with an endo-
morphism o of (X, B, ). We will assume here that o is measure-preserving.

Let A = o~!(B) and 114 is the restriction of x onto the sigma-subalgebra .A. Denote by 2 the set L (1 4)
of bounded o ~! (B)-measurable functions. The s-algebra 2 acts on L?(u) by multiplication operators: for every
fel?*(wandy e

fr—=rf=M.

This formula defines a representation 7 of 2 in L (11). Using the theorem about the decomposition of non-degenerate
representations into orthogonal cyclic representations, we can write

Lw=PH. =P (5.6)

ieA ieA
where 7; is a cyclic representation and H; is the closure of {w; (y)h; : y € R4}. The vectors h;,i € A, are called

cyclic. The set of indexes A is countably infinite.

We will use the cyclic vectors (h;) to construct a wavelet filter m = (m;) satisfying the conditions of Theorem
4.15.

Lemma 5.6 There are functions (g;) such that the cyclic vectors (m; = h;(g; o o)) for representations of A have
the property

Sx(Imi ) = 1. (5.7)

Proof We note that for every function y € 2l there exists a function g € L°(u) such that y = g o 0. Hence, if &;
is a cyclic vector for a representation of 2, then m; is cyclic, too.

We will determine the function g; such that m; = h;(g; o o) satisfies the statement of the lemma. For this, we
compute

Sy (Imil*) = S3(1hi(gi 0 0)*) = lgi >S5 (1hi ),

and take g; such that the above expression equals 1 a.e. O
For functions f € L2(,u), we define the operators

Si(f) =mi(f oo) = MpSs(f). (5.8)

Lemma 5.7 Let the functions (m;) satisfy (5.7). Then, the operators S;, i € A, are isometries satisfying the property

S(f(m,-mj) = 8,']', i,j e A. 5.9
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Proof We first note that S* = S M, and
SiSi=1 < Si(mil>) =1,

Next, we use the fact that cyclic representations, which are defined by the distinct vectors m; and m ;, are mutually
orthogonal. Applying the fact that the transfer operator S has the pull-out property, we compute, forany y1, y» € 2,

(yimi, yamj), = ((g100) mi, (g2 00) mj),
(groo)mimj, S;(g2))u
Sy ((g100)mim;), g2)u
= gIS:(mimj)’gZ>/L~

(
(
(
(

Hence, the inner product is zero if and only if (5.9) holds. O

Theorem 5.8 Let (m; : i € A) be a set of cyclic vectors satisfying (5.7). Then, m = (m;) is a wavelet filter if and
only if ) n S¥S; = I In other words, m € M if and only if the operators S; are the generators of a representation
of the Cuntz algebra O ).

Proof To prove the theorem, we use the result of Theorem 4.15. For this, we should check that {S; : i € A} are the
operators satisfying conditions (i) and (ii) of Theorem 4.15. Condition (i) is proved in Lemma 5.7. To verify (ii),
we observe that, for any f € L*(w)andi € A,

Es (fmiym; = S;S;(f).
Indeed,
Eq (fmiym; = Si S (f) = So Sk (fmi)m; = SiSF(f)
= i (S5 M, ()
= SiS7(f).
It follows that ) ;. S/S; = [if and only if condition (ii) holds. This proves the theorem. O

Corollary 5.9 Leto € End(X, BB, u) where i is a probability measure. Let (m; : i € A) be a set of cyclic vectors
satisfying (5.6) and (5.7). Then, for a.e. x € X,

D Imi)l* < oo

ieA

Proof The result follows from the fact that
> lmilly, = 1.

ieA

Indeed, this relation is obtained when the function 1(x) is substituted into the cyclic decomposition (5.6). |
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