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Abstract The study of superoscillations naturally leads to the analysis of a large class of convolution operators
acting on spaces of entire functions. In particular, the key point is often the proof of the continuity of these operators
on appropriate spaces. Most papers in the current literature utilize abstract methods from functional analysis to
establish such continuity. In this paper, on the other hand, we rely on some recent advances in the study of entire
functions, to offer explicit proofs of the continuity of such operators. To demonstrate the applicability and the
flexibility of these explicit methods, we will use them to study the important case of superoscillations associated
with quadratic Hamiltonians. The paper also contains a list of interesting open problems, and we have collected as
well, for the convenience of the reader, some well-known results, and their proofs, on Gamma and Mittag—Leffler
functions that are often used in our computations.

Keywords Superoscillations - Entire functions - Infinite order differential operators

1 Introduction

The notion of superoscillatory behavior first appears in a series of works of Aharonov and Berry, see [1,12,13,18—
20]. In this context, there are good physical reasons for such a behavior, but the discoverers pointed out the
apparently paradoxical nature of such functions, thus opening the way for a more thorough mathematical analysis

T. Aoki
Department of Mathematics, Kindai University, Higashiosaka 577-8502, Japan
e-mail: aoki@math.kindai.ac.jp

F. Colombo - I. Sabadini ()
Politecnico di Milano, Dipartimento di Matematica, Via E. Bonardi, 9, 20133 Milan, Italy
e-mail: irene.sabadini @polimi.it

F. Colombo
e-mail: fabrizio.colombo@polimi.it

D. C. Struppa

Schmid College of Science and Technology, Chapman University, Orange, CA 92866, USA
e-mail: struppa@chapman.edu

@ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s40509-018-0159-9&domain=pdf

464 T. Aoki et al.

of the phenomenon. In the last years, superoscillations have been systematically studied also from the mathematical
point of view, see [2—8,11,22] and the monograph [9].

The classical example of superoscillatory function is the following: let a > 1 be a real number, we define the
sequence of complex valued functions F, (x, a) defined on R by

Fy(x,a) = (cos (%) +iasin (;—C))n = kX:(:)Ck(n, a)et(1=2k/mx )

where

1 n—k 1— k
o () (1527 (52)

and (Z) denotes the binomial coefficients. The first thing one notices is that if we fix x € R, and we let n go to
infinity, we immediately obtain that

lim F,(x,a) = e'%*.
n—od
Moreover, it is not difficult to see that such convergence is uniform on all compact sets in R but it is not uniform on
all of R, see [3]. The representation in terms of el(1=2k/ mx together with the calculation of the limit of F(x, a)
when n goes to infinity, explains why such a sequence is called superoscillatory.

There are several mathematical problems associated with superoscillations and the list, far from being complete,
is as follows:

(I) Since superoscillations arise naturally in the context of quantum mechanics, it is important to study the
evolution of superoscillatory functions under Schrédinger equation with different potential.
(II) The creation of larger classes of superoscillating functions that extend the fundamental example we described
above.
(IIT) The study of superoscillatory functions in several variable.
(IV) The approximation of the Schwartz test functions and distributions by bounded limited functions associated
with superoscillations.
(IV) The approximation of Sato’s hyperfunctions by bounded limited functions associated with superoscillations.
(V) The approximation of fractal functions by superoscillations.

The above problems have been under investigations by several authors so that the theory of superoscillations has
now become also a mathematical theory.

A common denominator of the above-mentioned problems is that their understanding always relies on the study
of the continuity of classes of convolution operators, which appear naturally in connection with the superoscillating
functions. These convolution operators mostly operate on spaces of entire functions with growth conditions, to
which we will dedicate the next section.

To be more precise, the study of the evolution of superoscillations requires to determine the continuity of operators
like

o n
Pt ) =Y %af”,

n=0
where A(¢) is a given bounded function for the parameter ¢ € [0, T'], and p is a natural number. We will consider
these operators as acting on the analytic extension to C of the functions Fj,(x, a).

For historical reasons, the continuity of such convolution operators has been deduced by the theory of the Fourier
transform. It turned out that in several cases it is necessary to study convolution operator with coefficients that
depend also on the variable z € C so we had to study operators of the form

Q(t,2,00) =y _an(t, 237",

n=0
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where {a; (1, z)},en, are entire functions in z depending on the parameter ¢ € [0, T']. In this case, we found useful
to develop a more direct method that avoids the use of the Fourier transform but uses just the theory of holomorphic
functions. This fact has reduced enormously the theoretical tools also for the case of constant coefficients convolution
operators that can now be more accessible to audience of non-specialists. For this reason, we compute explicitly a
couple of examples to show how these techniques work. Precisely, we show explicitly the continuity of the operators
P,.(t, 9;) defined above and of the operator

00 . m
U o) =Y %(r +a)mar
m=0

that appears in the evolution of superoscillations in uniform electric field. We conclude this introduction with some
bibliographical remarks on recent applications of this theory to different potentials: while the historical development
is described in [15], we refer the reader to [22] for the evolution of superoscillations in magnetic field and to [23]
for the case of the centrifugal potential. As far as the relations between superoscillations and theory of distributions
and hyperfunctions is concerned, the most recent progress is obtained in [24,25]. Finally, an historical introduction

to superoscillatory function theory is given in [14].

2 Continuity of the convolution operator P) (¢, d;)

Let f be a non-constant entire function of a complex variable z. We define
My(r) = |m‘ax |f(2)|, forr>0.
zl=r

The non-negative real number p defined by

. Inln M¢(r)
p = lim sup —————

r—00 Inr
is called the order of f. If p is finite then f is said to be of finite order and if p = oo the function f is said to be of
infinite order.

In the case f is of finite order we define the non-negative real number

InMg(r)

o = limsup
rP

r—00

’

which is called the type of f.If o € (0, oo) we call f of normal type, while we say that f is of minimal type if
o = 0 and of maximal type if 0 = oco.

Definition 2.1 Let p be a positive number. We define the class A to be the set of entire functions such that there
exists C > 0 and B > 0 for which

|f(z)] < Cexp(Blz]), VzeC.

To prove our main results we need an important lemma that characterizes the coefficients of entire functions with
growth conditions.

Lemma 2.2 The function
i .

f@ =) fiz/
=0

belongs to Ay if and only if there exists Cy > 0 and b > 0 such that
bi

|fil = Cfm-
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Lemma 2.2 has been proved in [16] and is a crucial fact in what follows.
We now study, for p € N, the following operator:
0.¢]
()"
e, 0y =3 ==l

!
n=0

where A(?) is a complex valued bounded function for t € [0, T] for some T € (0, co) on the space of entire
functions of exponential type. The main result is the following theorem.

Theorem 2.3 Let A(t) be a bounded function fort € [0, T] for some T € (0, 0c0) and let f € Ay. Then, for p € N,
we have Py(t,d;)f € Ay and Py (t, 3;) is continuous on Ay, that is P,(t,9;)f — Oas f — 0.

Proof Let us consider

o0

Pi(t,3)f() =)
n=0
=y g

n=0 ’ j=0

A"
n!

7" f(2)

and now we take the modulus

o]

A" — + k)!
FAGERYIOTED ity iy MU

n:
n=0 k=0

and using Lemma 2.2 on the coefficients f,1, we have the estimate
prntk

"Fpn+k+1)

and using the gamma function estimate, see the Appendix,

(a +Db)! <29tbq1p!

|fpn+k| <C

we also have
(pn + k)l < 27" (pn) k!

so we get

[e¢]

o0
@) prrtk 2Ptk (prylk!
[Pt 0) f (D) <) Yoy |z,

n! ¢ "Dipn+k+1) k!

n=0 k=
We now use the estimate, see the Appendix,
1 _ 1 1
Fa+b+2) " T@+1HIT OB+
to separate the two series, so we have
1 1 1

<
T(pn—3+k—%+2) ~ T(pn+ HTk+ 1)
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and so

(@DPILOD"  (p)!

1Pt 0) f(2)| < C. Z p Z
n=0 : F(pn + 2) )

Now observe that the series in k satisfies the estimate

oo

1
Y 1 (@blz)f = CeP
ST+ 3)

1
2

2b|z))*.

because of the properties of the Mittag—Lefler function, see the Appendix, for some constant C > 0. Now we have
to show that the series in n is convergent. In fact, we have that the series

i (@D)PIA@OD"  (pn)!
n=0 n! (pn +3)
has positive terms, so we study the asymptotic behavior. Set
(@b)YPIA@D"  (pn)!
n! I'(pn + %)

A, =
and recall the duplication formula for the Gamma function

1
C(pmT(pn+ ) = 2172 /7T (2pn)
we set

(@D)YPIr)D"  (pm)!T(pn)
n! 21=2pn /7T (2pn)

Ay, =

from the functional equation of the gamma function zI"(z) = I'(z 4+ 1) we also have

@l pm S
ne n! 21-2pn [ F(2pn+1)
o @PROD (pn)! M
e n! Jr F(an+1)
pn
o (BDPIOD” (pm)! T(pn + 1)
" n! J7T TQ@pn+1)
and so
o (BDPROD" (! (o)

n! J7T 2pn)!
and using the Stirling formula m! ~ ~/2wm(m/e)™ we get

(BLYPIA@)D" (pn)! (pn)!
n! J7T 2pn)!
L@@ [V2rpn(pn/e)’ 1
JT n! J2r2pn(2pn/e)pn
L @Pmh” prn
JT n! 4pn

2b)P|r "
o GOV o

Ay ~

@ Springer



468 T. Aoki et al.

so the series is convergent. So we set

e ¢]

@D)PIAOD"  (pn)!
G, (@) :=
’ 2 n T(pn+ b

and we obtain the estimate
|Py(1,8:) f ()] < CrGa(t)Ce? .

This tells that Py (7, 9,) takes Ay into Ay and the continuity follows from the fact that for Cy — 0 we have
| P.(1,9;) f(2)| — 0. 0

2.1 Some applications

(D In the case of the harmonic oscillator we have to study the continuity of the operator

(i "o
U(t,SZ):Zr? Esmtcost E)zﬂ’ 3)

n=0 "

so the above results apply for p =2 and A(¢) = IZ sinf cost.
(IT) Another example with time-depending coefficients is the following Cauchy problem:

im_laillf(x, 1) = A’(I)ﬂlﬂ(x, 1), Y(x,0)=Fy(x,a)
t axm

where A(0) = 0 and A € C', using the Fourier transform method we can find the solution that is given by
n
1//n(x7 t) — Z Ck(n, a)eix(l—Zk/n)eiA(t)(1—2k/n)_
k=0
The solution can be written as

Yn(z,t) = U, 0,)Fy(z, a)

where
o . ¢
)" e
U, o)=Yy TR
=0

3 The case of the operator of the electric field

In the paper [10], we have considered the evolution of superoscillations and as a corollary of Theorem 3.6 in [10]
we have the following known result:

Corollary 3.1 Let a > 1. Then the solution of the Cauchy problem

_ 1 - el
() = =203y (6, 2) =2y (t,x), Y(0,x) =) C(n, aye™ (T, )
k=0
is given by
n
Un(t, x) = Z Ce(n, a)e—it3/6e—i(l—2k/n)t((1—2k/n)+t)/26i((l—2k/n)+t)x. (5)
k=0
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Moreover,

lim ¥, (7, x) = e—it3/6 e—iat(a+1)/2 i(a+0)x
n—0oo

To show the last part of the above theorem, that is, to compute the limit

lim Y, (1, x) = efit3/6 e—iat(a+)/2gi(a+nx
— 00

one has to write the solution (5) in terms of convolution operators. Indeed, considering the series expansion

oo
. 1
e—l(I—Zk/n)l((l—Zk/nH't)/Z — E _’(_l(l _ 2k/n)t((1 _ Zk/n) + t)/Z)m,
m:.
m=0

we observe that the functions

n
wn (t, X) — e—il3/6 eitx Z Ck(n, a)e—i(l—Zk/n)t((l—2k/n)+t)/2eix(l—2k/n) (6)
k=0

can be written in the following way:

Ut o)=Y %2)?"(; + o )mam

m=0
(when passing to the complex variable z). Thus, the solution becomes
Un(t,2) = e O (1, 0) Fy(z, a).
The aim of this section is to give a direct proof of the continuity of the operator U.

Theorem 3.2 The operator

Uta) =Y _Zm/ " aymam

m=0
acts continuously from A into itself.

Proof We have

oo

Ut,d,) f(2) = Z ”/2) —(t+ 0, )'"8’”Zf,zf
m=0 j=0
and
v =Y T, S fye
m=0 j=0
— (—it/2)" & =gt
=ZTZ<4) o Z“]
m=0 =0 =0
— —lt/Z) (m=t gi—t=m
Z Z( ) Z hG=e=mi*

(=0 Jj=t+m

—zt/2) m\ ,_¢ (m+L+k)!
_z z(g) gfmw—k! :
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With similar computations, as we did in Theorem 2.3, we get

|t|/2)m zm:( ) pmtitk 2m+€+k(m+£)!k!| |k
Z
Z_

3

|U(ta)f(1)|<cfz ||mezr(m+e+k+1) k!

and, therefore,

(b|t|)m " (m) met e MO N (2bl2])F
Ul(t,d C 2b .
U@ /@) = fz ZG‘ o Ji )F(m+z+%),§r(k+%)

Now we observe thanks to the duplication formula

(m+£)! :4m+z(m+€)! '(m+¢)
Pm+L0+3) 2ym TQ@m+ 1)
and the functional equation of the gamma function zI'(z) = I'(z + 1)

L (m+4+1

M+ 0! e+ 0 Llontorl)

N T Qm+6)+1
Cm+£€+53) 27 %
which gives

(m+0)! _ g m+0! (m+20)!
Tm+€+3) VT (20m+0)!
but since

n2
|
@2n)! —
we get

(m + ¢)! < gmte
Com+e+13) ~
So the estimate of the operator becomes

bl b2k
U, 0.) @) <cfZ( ) Z( )mm £y 4m+ez_< k)
=0 (k+ )

and since, see the Appendix,

o0 k
Z (2b|z]) < Ce2bll

o=
im0 Tk +3)
we have
4b|t])" —
! V4

m=0 =0
but
i m
> (e)ltl’”(Sb)e = (|t| + 8b)",
=0
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we finally get
[U(t,0,)f(2)| < CCy e4b111(11+8b) 20z

and so we get the statement. O

The above proof can be adapted to more general problems like the case when we have the fourth-order operator as
in the following example, already considered in [10].
Let a > 1, then the solution of the Cauchy problem

iy (1, x) = —%aiw, x) - gaivf(r, X) =Xy, %), ¥(0,x) = Cr(n,a)e™ =24/,
k=0

is given by
n 3 3 5_,45
Wn(tax) — ZCk(n,a)e_” /6e—t(l—2k/n)t((l—2k/n)+t)/Zet((l—2k/n)+t)x etm[(t—i-a) —a‘]. (7)
k=0

Moreover, we have

lim Y, (t, x) = efit3/6 efiat(a+t)/26i(u+t)xei%[(Hra)sfus].
n—oo

4 Some open problems on superoscillations
4.1 Approximations of the Weierstrass function

This problem is suggested by a paper of Berry and Morly-Short [17], where they propose to study the representation
of fractal function by band-limited sequences of superoscillatory functions. We consider the Weierstrass fractal
function

> cos(y™x)
W Do) =) ahy
m=0
where y > 1and D € (1, 2) is the fractal dimension of the graph of the function W. We will use the superoscillatory
function F,(x, a)n to approximate the function W. We recall that uniformly on the compact sets of R we have

lim F,(x,a) = e'*.
n—oo

By the Euler identity we have that

>\ Re(e"™)
so we consider the following problem.

Problem 4.1 Fory > 1 and D € (1, 2), approximate uniformly on the compact sets of R the function
0 iy™x
e
w(-x9 Da V) = Z ym(sz)
m=0

by the band-limited sequence.
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We observe that

2, el > 1
J— —_ M m
w(x, D, y) = Z =D Z ma=D) nlggo Fu(x,y™)
m=0 m=0

but as we will show in the next few lines, one cannot directly exchange the series and the limit. Indeed observe that

o0
_ . 1
wx,D,y) = nlggo Z oDy Fn(x, y™)

m=0
N v
w(x,D,y)=n1LHgoZmZCj(na)’ e

m=0 j=0

and also

; e 1 my ik (1-%2)
W(x,D,y) = lim Y% — o Cin, y™e :
Jj=0m=0

So we obtain

- ix(l—ﬂ)
w(x, D, y) :nli)H;OZKj(n,y, D)e "

j=0
where we set
> 1
Kj(n,y,D) = Z ==y Civ™),
m=0 14

so we have to compute

o
1
m=0y
Since
n\ [ 1+ y™ n=J = ym\J
Cin,y™) =
iy <J>( 2 ) 2
we have
o e .
n 1 14 y™ T /1 —ymN/
o= (1) 50 (1) |
J j mz%)yme—D) 2 2

and one immediately sees that the series

o0

1 Ty \" 7 (1—ym\/
Z m(2—D) 2 )

m=0 Y

diverges. But we observe that with the new representation

n
P P m? P g,
lim . /myait(1=2j/n)™" _ ity
lim > Cin,y'/™e e
j=0
the series

00 1m\"n—J _ o mNJ
) 1 14y 1—y
= $ (LY 1oy

m=0 Y

converges. The problem is to see if it converges to the Weierstrass fractal function.
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4.2 The case of continuous F; (x, a)

Another interesting problem is to replace the discrete sequence F, (x,a) by its continuous counterpart that is
obtained by replacing the index n with a continuous variable u. In this case, the expression for F,, becomes

Fulx a):/u “ L+a\™ I—_a yeiX(l—(2y)/u)dy
’ 0\ 2 2

where

(u)_ F'u+1)
y] Tu—y+DI(y+1)’

and one would want to study the properties of this family of functions in the same spirit as what has been done so
far.

Appendix

We state in this section some well-known results on the gamma function and the Mittag—Leffler functions that we
have used in the proofs.

Lemma 5.1 Let j, k € N, then we have
G+ k)l <27t ik

Proof Let (’J’ ) be the binomial coefficients, then it is well known that from the Newton binomial formula, we have

P P
p P!
=3 (") =%
. Y
o\ e =t
)
!
Jp = D!
and setting p — j = k we get the statement. O

Lemma 5.2 Letn, k € N, then we have
Fn+DI'k+1) <T'(n+k+2).

Proof Let

1
B(p.q) :=/ 71— i
0

be the beta function B. Its relation with the gamma function I" is given by

_ C'(prg)
L'(p+q)

This can be shown in two steps. First, with the change of variable t = cos2(¥9) the beta function can be written as

B(p,q)

/2
B(p,q) = 2[ cos?? 7L (®) sin®? " (9) do
0
Second, we observe that

o o
r(p)r(q)=/0 e"t”_ldt/() e *s? 1 ds
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and with the change of variables
t=r? cosz(ﬁ), s =r? sinz(z‘/‘)

the previous formula becomes
/2 poo )
T(p)l(g) =4 f / PP 20171 cos?P 1 (19) sin® (1) do dr.
0 0

By setting 2 = u in the above relation we obtain

L'(p)l'(g) =T(p+q)B(p,q).

Finally, we observe that

TF'n+ DKk + 1) /1 . /1
=Bn+1,k+1) < "1 =0)fdt < dr =1;
T(n+k+2) (n )= f, rd=n 0

since, for ¢t € [0, 1] itis (1 — t)k < 1, and this ends the proof. m]

We conclude with a useful estimate that we have not used in this paper, but it enters into several problems in
convolution operators associated with superoscillations.

Lemma 5.3 Let g € [1, 00). Then we have
1“(E + 1) < (),

q
Proof It is a direct consequence of Holder inequality. Consider p and g such that 1 /p 4 1/q = 1, observe that

o

1“(E + 1) = / e 14 dr

q 0

_ / e )l g
0

SO we obtain

n o0
r (— + 1) = / e /a9 e71/P dy
q 0
00 1/q 00 1/p
< </ e 1" dz) (/ et dt)
0 0
e’} 1/q
= </ e 1" dt)
0

= (/4.

On the Mittag—Leffler function

The Mittag—Leffler function is defined by its power series

o0 k
Z
E, = _ C, R 0.
() kEZO NCTEE) o€ e(a) >

The series converges in the whole complex plane for all « € C, Re(a) > 0. For all Re(o) < 0 it diverges
everywhere on C\ {0}. For Re(«) = 0 the radius of convergence is R = " IIm(@)1/2 The most interesting fact is that
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Continuity of some operators arising in the theory of superoscillations 475

for Re(o) > 0 the Mittag—Leffler function is an entire function of finite order. Indeed using Stirling’s asymptotic
formula

T(ak + 1) = V27 (k)12 (1 + 0(1)), fork — oo,

so that for
1

= ———

I'(ak + 1)
for @ > 0 we have
. kInk . kInk 1
lim sup T = limsup ———— = —
k—oo In o ksoo I[Tak+ 1) «
and

1

lim sup (kl/"’\k/|ck|) =limsup (kP Y ——— | = (¢/a)*.
k—00 k—00 IT" (ak 4 1)|

This means that:

for each a € C such that Re(«) > 0 the Mittag—Leffler function is an entire function of order p = 1/Re () and of
typeo = 1.

This function provides a generalization of the exponential function because we replace k! = I'(k + 1) by (ak)! =
I'(ak + 1) in the denominator of the power terms of the exponential series. A useful generalization that we have
used in the computations of this paper is the two-parametric Mittag—Leffler function

0 k
Z
Eqyp(z) = kgzo F(T—F,B)’ o, BeC, Re(x)>0.

The function E4 g(z) for a, B € C and Re(a) > 0 is an entire function of p = 1/Re(a) and of type o = 1 for
every 8 € C.
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