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Abstract We present a simplified proof of the von Neumann’s Quantum Ergodic Theorem. This important result
was initially published in German by von Neumann in 1929. We are interested here in the time evolution v, t > 0
(for large times) under the Schrodinger equation associated with a given fixed Hamiltonian H# : H — H and a
general initial condition . The dimension of the Hilbert space 7 is finite.
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1 Introduction

Consider a fixed Hamiltonian H (a complex self-adjoint operator) acting on a complex Hilbert space H of dimension
D, where D > 3. Then, H can be written as

H=V&..6 Vk,

where each V,, a = 1, 2, ..., K, is the subspace of eigenvectors associated with the eigenvalue A,, and A} < Ay <
< AK.

We fixed an initial condition vy for the dynamic Schrodinger evolution. We consider the time evolution ¥, =
e~ '"H (), t > 0, and we are interested in properties for most of the large times (not all large times).

Now, we consider another decomposition D of ‘H (which has nothing to do with the previous one)

H=H &..0HN, N=2.

We can consider a natural probability on the set A of possible decompositions D and we are interested here in
properties for most of the decompositions D. For small § > 0, we are interested in the concept of a (1 — §) generic
decomposition D (in the probabilistic sense).

For a given fixed subspace H, of H,v =1, ..., N, the observable Py, (the orthogonal projection on ) is such
that the mean value of the state ¥, t > 0, is given by Ey, (Py,) =< Px, (Y1), ¥ >= | Py, (Y1) 2.
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In the first part of the paper, following the basic guidelines of the original work by von Neumann, we present
lower bound conditions (in terms of §, etc) on the dimensions d,,, v = 1, 2, .., N, of the different values of H, of a
(1 — 8)-generic orthogonal decomposition D of the form H = H; @ ... ® Hy, in such way that the dynamic time
evolution v, t > 0, of a given o, for most of the large times ¢, has the property that the expected value Ey, (Py,)
is almost %". In this way, there is an approximately uniform spreading of v; among the different values of H,, of
a generic decomposition D. In this part, the main result is Theorem 15. We point out that these estimates are for a
fixed initial condition .

The von Neumann’s Quantum Ergodic Theorem provides uniform estimates for all . This result is presented
in Theorem 19. This will be done in the second part of the paper which begins in Sect. 4. To get this theorem, it will
be necessary to assume hypothesis on the eigenvalues of the Hamiltonian H (see hypothesis Ot R just after Lemma
16).

Suppose, for instance, that A : H — H is an observable and this self-adjoint operator has spectral decomposition

H = H] @@HN’

where H,,, p = 1, ..., N is the subspace of eigenvectors associated with the eigenvalue 8, and 1 < > < ... < By.
The probability that the measurement of A on the state v, is B, is given by < Py, (Y1), ¥; >. This shows the
relevance of the result. The point of view here is not to look for generic observables but for generic decompositions.

We stress a point raised on [3]. What is proved is a property of the kind: for most D, something is true for all
Y. In addition, not a property of the kind: for all ¥y, something is true for most D.

Of course, the main result can also be stated in terms of limits, when 7" — oo, of means % f Ey, (Py,)dt, which
is a more close expression to the one present in the classical Ergodic Theorem.

We present here a simplified proof (with less hypothesis in some parts) when dim 7 is finite of this important result
which was initially published in German by von Neumann in 1929 (see [6]). The paper [5] presents a translation
from German to English of this work of von Neumann. This 1929 paper also considers the concept of Entropy for
such setting. We will not consider this topic in our note.

Several papers with interesting discussions about this work appeared recently (see, for instance, [1-3,5] and
other papers which mention these four)

Consider a general connected compact Riemannian manifold X and its volume form. When properly normalized,
this procedure defines a natural probability wy over X.

Given a compact Lie group (real) G, one can consider the associated bi-invariant Riemannian metric. If H is a
closed subset of G, this metric can be considered in the quotient space X = % and in this way, we get a probability
on such manifold X. We will denote by r the projection.

When we consider expected values of a function f, this we will be taken with respect to the above-mentioned
probability.

Lemma 1 Given a continuous function f : X — C and w : G — X the canonical projection, then
vol (1~ 1(S))

vol (H)
for every Borel set S C X, and

(b) Ex(f) = Eg(f om).

The first integral is taken with respect to the volume form wy and the second with respect to the volume form
wgeG.

Note that vol (G) = vol (X) vol (H).

The proof is left for the reader.

Suppose ‘H is a complex Hilbert space of finite dimension D with an inner product <, > and a norm | |.

Suppose we fix a decomposition D, that is

D:H=H &..DHN

(a) vol (S) =
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A detailed proof of the von Neumann’s Quantum 265

N > 1, is a orthogonal direct sum, where dim H,, =d, > Oforallv=1,2,..., N.

Denote P, the orthogonal projection of H over H,,.

Moreover, S = {¢ € H||¢¥| = 1} denotes the unitary sphere. S has a Riemannian structure with a metric
induced by the norm in H. In the same way as before, there is an associated probability wyg is S.

Lemma 2 Foranyv =1,2..., N,
d
Es(|Pv(.>|2>=/S 1Py @) P dws(@) = 2.

Proof Suppose v is fixed, then take ¥, Y2, ..., ¥p, and orthogonal basis of H, such that ¥, ¥, ..., ¥g, is an
orthogonal basis of H,.
Given ¢ = Zlexj Y € S, where Z]D:I |x;|* = 1, then

dy
[ 1r@Pduse) = [ S iPdusw.
s s 4

Note that the integral f ¢ lxj 12d ws(x) is independent of j and

D
/ Z lxj1%d ws(x) = vol (S) = 1.
Nt

Therefore, for any j

1
/S i Pd ws () = — .

Therefore, it follows that

d
- d
/§ xjPd ws(x) = =
S = b

Lemma 3 Foranyv =1,2...,N,

dv (D - dv)

2y _ ) dv)? _dD-d)
Vars(|Py (.) | )—[g(|Pv(¢)| D) dws(¢) = DZ(D—F]).

Proof To simplify the notation we take v = 1. Then, we denote d = d; and P = Pj.
Take ¥rq, V2, ..., ¥p, and orthogonal basis of H, such that, ¥, ¥, ..., ¥4 is an orthogonal basis of H.
By last Lemma, we have

d\’> d d\’>
/(|P(¢)|2 ——) dws(¢)=/ P (@) dws(@) —2—/|P(¢)|2dws(¢)+(—>
S D S D K

D
d 2
=/S|P(¢)|4dws(¢) —(5) :

If¢ =" x;¥; €S, then P(¢) = 9_, x; ;.
Therefore

d 2
4 1 1242 _ M
/S|P(¢)| dws(¢) = —Vol(s)fs(; 2 dS0) = S

The last equality follows from a standard computation (see “Appendix 17).
From this follows the claim. m]
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266 A. O. Lopes, M. Sebastiani

2 Changing the decomposition

'H is fixed for the rest of the paper.

Now, we change our point of view. We fix ¢ € H and we consider different decompositions of H in direct sum.
More precisely, we fix D = dim H and N and we consider fixed natural positive numbers d,,, v = 1, 2, ..., N, such
that d; +da + ... +dy = D, and then, all possible choices of orthogonal decompositions with this data.

We denote by A(dy, da, ...,dn, H) = A the set of all possible D, that is, all possible orthogonal direct sum
decompositions:

D:H=H ®..DHN.
For fixedv =1, 2, ..., N, then P, (D) denotes the projection on H,, associated with the decomposition D.

Each choice of orthogonal basis 11, ¥, ..., ¥ p of H defines a possible choice of direct orthogonal sum decom-
position:
H; is generated by {1, ..., ¥q, }, Ho is generated by {Vg,+1, .... Yy +ds )
and so on.

The set of all orthogonal basis is identified with the set of unitary operators U (D) which defines a compact Lie
group and a Haar probability structure.

In this way,
N U(D)

U(d) x U(dp) x ... x U(dy)"

In the same way as before, we get a probability wa over A. Therefore, it has a meaning the probability wa (B) of
a Borel set B C A of decompositions.

Lemma 4 Consider a continuous function f : R — R. Then, for fixedv = 1,2..., N, and fixed ¢ and D
/S fUP,(D) ¢ ) dws(¢) = f f(P,(D)$ ) dwa(D).
A

This constant value is independent of ¢ and D.
Proof If U : ' H — 'H, is unitary, then U D denotes
UHy) @& ... 6 U(Hp).

Then, for fixed ¢ and D, we have

P, (UD)U (¢) = U P,(D)9.

We prove the claim for P;. Suppose 1, V2, ..., ¥p, is an orthogonal basis of H, such that ¥y, ¥, ..., ¥g, is an
orthogonal basis of H;.
D D
We can express ¢ = > _; x; ¥/, and moreover, U(¢) = 3 j_; x; U(¥).
Ur), U(Wn), ..., U(¥p) is an orthogonal basis of H associated with U D and U (Y1), U (¥2), ..., U(Yy,) is
an orthogonal basis of U (H}).
Then,

D dy
PIUD)U (@) =PIUD) | Y xj U | =) x,UW).
j=1 j=1
By the other hand

D di di

UPID¢=UPD) (D xjv; | =U D xjv | =D x, U@,
j=1 j=1 j=1

and this shows the claim.
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A detailed proof of the von Neumann’s Quantum 267

Therefore, we get
| PUDU@) | =|U"PUD)U($)| =|U""'UP,(D)gp| = | P,(D)|.
Finally, for a fixed D and a variable U

fs FUAP(D) o) dws(p) = /S FAP,UDYU (@) ) dws(p) = /S FUAP,UD) (9))dws(),

because wyg is invariant by the action of U.
Then, the above integral on the variable ¢ is constant by the action of U in a given decomposition D.
Now, consider a fixed ¢ and another general ¢» = U (¢1), where U is unitary.
As wp is invariant by the action of U, the integral

/Af(|Pv(D)¢2 I)a'wA(D)Z/A f(IPu(UD)U(q)l)I)de(D)Z/A F(AU Py(D) 1) dwa(D)

=K;ﬂ1ﬂﬂbm0deD)

is constant and independent of ¢.
Remember that wg X wa is a probability.
Consider now

//f(va(D)¢|)dws(¢)de(D)=/ [/f(lPu(D)qﬁI)dws(cﬁ)} dwa (D)

= f [ / FUP,(D)¢|)dwa(D) } d ws(¢),
then by Fubini, we get the claim of the Lemma (since the unitary group acts transitively on S and on A). O

Corollary 5 Consider a fixed ¢ € H, such that |¢p| = 1.
Then, forv = 1,2..., N, we get that

2 dy
EA(IPy ()(@) 7)) = D

and
Var (1P 2y _ do(D—dy)
ara(|Py (L) (@) | —m,

where . denotes integration with respect to D.
Proof This is consequence of Lemmas 2, 3, and 4. O

Definition 6 Given § > 0, a Hilbert space H and natural positive numbers d;, j = 1,2, ..., N, such that d; + dp +
... +dy = D = dim 'H, we say that a property is true for D € A(d, .., dyn, H), in (1 — §) sense, if the property is
not true only for elements D in a set of probability w smaller than §.

Corollary 7 Suppose € > 0and § > 0 are given. Consider natural positive numbers d,,v = 1,2, ..., N, such that
di +dy + ... +dy = D = dim 'H, and moreover, assume that for allv = 1,2..., N
€28D (D + 1)

N2 ’
Consider a fixed ¢ such that |¢| = 1. Then, for decompositions, D € A(d, ..,dy, H) in the (1 — §) sense, and
v=1,2...,N, we have

d, > D —

dy
DN’

| 1P, (D)(@) |* — %U | <e ey
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268 A. O. Lopes, M. Sebastiani

Proof By Corollary 5 and Markov inequality, we have

, dy 2L d, dy(D—d)) DN _ N(D—d,)
wA(['P”(D)(¢)' D} ZeDN)SDz(DJrl) 2d, DD+ 1)

Then, the probability that all N inequalities do not happen is

N (D —d
1— g 1—35
e2D(D+1)
by hypothesis. O

The corollary above means that for a fixed ¢, if the d,, are all not very small, then for a big part of the decompositions
D, we have that

|P, (D)(¢) |
dv

is close by the mean value .

Definition 8 Given a Hilbert space H and a fixed decomposition D (associated with natural positive numbers
di,j=1,2,...,N,suchthatd; +d; + ... + dy = D = dim 'H, we define a semi-norm in such a way that for a
linear operator p : H — H, by
ol =1pI% = sup [Tr(p Py(D)|
1<v<N
The above means that if | p |« is small, then all expected values Ep, (p), v =1, 2, ..., N, are small
| ¢ > < ¢ | will denote the orthogonal projection on the unitary vector ¢ in the Hilbert space H.

Lemma 9 Considera¢ € H ="H| & ... ® Hy, such that |¢| = 1. Denote py,c = %IH.
Then

d,
[1p><¢| — Pmeloo = sup ||PU<D><¢>|2—5|.

1<v<N

Proof Suppose Y1, Y2, ..., ¥p is orthogonal basis of H, such that ¥y, ¥, ..., ¥4, is an orthogonal basis of H.
If¢p =Y xj¢j thenfori =12, ..d

D
16 ><olIPid) >=|¢p><o|lpi >=) Xix;¢,

j=1
and
l¢ ><@||P1(¢i) >=0
fori > dj.
Therefore

d
Trllgp><¢lIPL()>1=) Ix*= [P
j=1

In an analogous way, we have that for any v

Trll¢><¢lIP () >]= [P@).

From this follows the claim. |
From the above, it follows:

Corollary 10 Under the hypothesis of Corollary 7, we get that for decompositions D € A(dy, ..,dy,H) in the
(1 — 8) sense

d,
> < — < su € .
| |& ¢ | Pme loo = 1§v£N ND
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A detailed proof of the von Neumann’s Quantum 269

3 Estimations on time

Definition 11 Given § > 0, we say that a property for the parameters r € R is true for (1 — §)-most of the large
times, if

1
liminf —u(A 1-36,
fminf puan) >
where Ar is the set of ¢ € [0, T'], where the property is verified and u is the Lebesge measure on R.

Lemma 12 Suppose f : R — R is continuous and non- negative. Consider a certain y > 0.
Suppose p is such that

1 T
lim sup T f(@) dt < p.

T—00 0

Then, f(t) <y for1 — g-most of the large times.

Proof

T T
/ f(t)dtZ/ f@Odr =y u({rel[0, T (@) =vD.
0 f=y
Therefore
lim sup l,u({t el0,TIf(H =y} < Bv
Tooo T 14

and finally
o1 0
liminf —u({t [0, T]f() <y} > 1——.
T—oo T 14
O

Suppose H is Hilbert space, and dj, j = 1,2, ..., N are such that d| + d> + ... + dy = D = dim H, and
H : H — 'H aself-adjoint operator. Consider a fixed ¢g € H, with || = 1, and /; = e~ ' # ¢, t > 0, a solution
of the associated Schrodinger equation.

Lemma 13 Forfixed T andv = 1, 2, ..., N, consider the function
fl),T : A(d17d27 ey st H) X S - R,

given by

D _ L P,(D 2d”2dt
for(D.¢) = 7/0 <| (D) ¥ | —3> .

Then, f, 1 converges uniformly on (D, ¢) € A(dy, da, ...,dn, H) x S when T — oo, foranyv = 1,2, ..., N.

Proof Suppose ¢1, ¢z, ..., ¢p is a set of eigenvectors of H which is an orthonormal basis of H.
Assume that ¢y = ZJ-DZI xj¢;. Then

D
V=) xjeEig;,
j=1
where £, j = 1,2, .., D are the corresponding eigenvalues.

@ Springer



270

A. O. Lopes, M. Sebastiani

Then, for a given v

|Py(D) ¥t I> =< 1, Pu(D) (Y1) >= Y _ xaXpe " Fa™E0 G < o, Po(D) (9p) > -

a.p

Therefore

dv 2 M '
<|PU(D) wl‘ |2 - B) = Z Lw’U(D’ ¢) e' th’
w=1

where M € N, uy, .., up are real constants and | Ly, (D, ¢) | < 2.
Then

M 1 M itn T 1
fr (D, ¢) = Z Ly, (D, ¢)+? Z Ly, (D, ¢)< — —>

iu iu
1y =0 1y 70 v v

Finally, we get

M
1 a4M
[ for(D.@) = 3 LuwD )| < — —

0 1y #0 1729
=

As M is fixed, the claim follows from this.

Corollary 14

T , dy)? d, (D —d,)
A(Tlgnooffo (|PU(D)1/f,| —5> dt) awa®) =y

foranyv =1,2,..,N.

Proof By Lemma 13 and Corollary 5, we have that

= 1m / WA( ) / <| U( )Iﬂtl D) t

1T , A d, (D —d,)
Tllmoo?/o dt/A <|Pv(D)Wz| —B> dwa (D) = DD+

O

Theorem 15 Suppose € > 0, § > 0 and 8’ > 0 are given. Consider natural positive numbers d,,,v = 1,2, ..., N,
such that dy + dr + ... + dy = D = dim 'H, and, moreover, assume that, for allv =1,2..., N,

€288’ D(D+1)

d, > D — N3

Suppose H : H — H is self-adjoint, the unitary vector v € H is fixed, and v, = e~ " H (y9), t > 0.
Then, for (1 — §)-most of the decompositions D € A(dy, da, ..., dn, H), the inequalities

dy
ND

d d
| |Ey, (Py,) — 5” | =1 |Py(D) Y |* — 5” | <e v=12,..,N)

are true for (1 — 8')-most of the large times.
The estimates depend on the initial condition Y.
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A detailed proof of the von Neumann’s Quantum 271

Proof We denote

D)= tm [ P,(D DY) g
o) = im 7 [ ()W—B) :

From Corollary 14, for each v

257 2 2
€“48'd, dy(D—-d,) DN N (D —d,)
DeA: D) > < — _
A({ f@) = D N? })_ D2(D+1) €28’d, D(D+1)e2s’

Therefore, there exists a set S C A, such that

N3(D —d,)

§)>1— — o)
wa®) == ineas ”

1-3,

and, at the same time f, (D) < £ 26/ dy forall D € Sandallv =1, 2...

DN?
Now, taking in Lemma 12 p = < 8N’21”, and y = ‘11\,,we getforallD € Sandallv=1,2,..., N
dy d
[PD P =Sl <ey|p V=127,

for (1 — Sﬁ/)—most of the large times.
Therefore, the above inequalities for all v = 1, 2, .., N are true for (1 — §’) most of the large times. O

Note that the mean value f,,(D) depends of the Hamiltonian H but the bounds of last theorem does not depend
on H.

4 Uniform estimates

In this section, we will refine the last result considering uniform estimates which are independent of the initial
condition ¥ (for the time evolution associated with the fixed Hamiltonian H : H — H).

Suppose € > 0,8 > 0, and 8’ > 0 are given. Consider natural positive numbers d,,, v = 1,2, ..., N, such that
di+dr+..+dy =D =dmH

We denote for each ¥y € H, where |Yo| = 1,and D € A = Ay, ...,dn; H)

D) = lim 4 ' P, (D) Y, |? dvzd
N N (T
where ¥, = e~ H () (see Lemma 13).

Lemma 16 Suppose are given ¢ > 0 and §' > 0. Assume that there exists non-negative continuous functions
s :A—>Rv=12,.,N,and K > 0, such that

(a) fu(Yo, D) < gy, forall D e A and forall Yo € H with |Yo| =1, 2)

(b)/ g(D)dwa(D) < K. 3)
A
Suppose 8 is such that

K DN?3
l>8>— v=1,2,..,N. 4)
€28 d,
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272 A. O. Lopes, M. Sebastiani

Then, for (1 — §)-most of the D € A, we have

v

ND

d
||PV(D)1ﬁ,|2—3U|§e ,v=1,2,.,N, 5)

for (1 — 8")-most of the large times and for any oy € H with |yo| = 1.

Proof Note that

d N2D 8
. ’.2 v —
U)A({DEA . g,,(A)zS € ]\/Q_D} <Km < N, v—1,2,..,N.

Therefore, there exists a subset E C A, such that wa(E) < 1 —§ and g, (A) < & €2 N%”D, for all A € E and all
v=1,2...,N.
The conclusion is: if A € E, then f, (Y9, D) < 8'e? b forallv = 1,2..., N, and all ¥y with norm 1.

NZD’
The proof of the claim now follows from the reasoning of Theorem 15 and Lemma 12. O

Note that to have § in expression (4) small, it is necessary that all d,, are large.

We assume now several hypothesis on H. Consider a certain orthogonal basis of eigenvectors ¢1, ¢2, ..., ¢p of
H.We denote by Ej, j = 1,2, .., D the corresponding eigenvalues.

We assume hypothesis 2t R which says

a) H is not degenerate, that is, E, # Eg, fora # B,
and
b) H has no resonances, thatis, E, — Eg # Eo — Eg/,unlessa =o' and B = ', or, = fand o’ = p'.

Lemma 17

v

d 2
2 _
HWo,D) < lfgalfé(iD| < ¢a, PV(D)¢ﬁ > |7+ IISI}XaSXD << G, Pv(D) ¢po > D) s

for all Vo € H, such that |Wo| = 1, and for all D € A(dy, ...,dn; H) and allv = 1,2..., N.

Proof Suppose o = Zé):] Cq o Then

D

Y = Z Co e_”Ead’out >0,

a=1

and
| PuDYYi > =< Y, P(D)Yy >= Y cqpe " FED < gy, P(D)gp > .
1<a,=D
Therefore
dy\? D
% — —_ —i — — —
(| P, (D) |? —5) = Y catpoyiseNETEDTETED) g P (D)py > < ¢y, Py(D)gs >
I=a,B,y.6<D
dy — —it(Eq—Ep) df
22 Y cacpe T EED) < gy P(D)gp > + 55
1<a,B<D

Using the above expression in the computation of integral f, (¥, D) will remain just the terms, where the coefficient
of ¢ is zero. By hypothesis, this will happen just when« = § and 8 = y, or,a = B and y = 6.
Note that the case « = § = y = § is counted twice in the estimation.
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A detailed proof of the von Neumann’s Quantum 273

Therefore
H@o. D)= > leallesl® | < ¢u. Pu(D)pp > |

I<a,B<D

+ Y lealley P < a. Po(D)gy > < ¢y, Py(D)y >
l<a,y=D

= Y leal*l < bu. Po(D)a > P > leal® < $ur Pu(D)py > L

o o v o D o (02 % o D27

l<a<D I<a<D

because < ¢, P,(D)¢s > = < ¢s5, P,(D)¢p), >.
Finally, putting together the first and third terms:

L@ DY = Y lcal’lepl’ | < u PiD)gp > P+ | Y lcal® < s Pu(D)go > —%”

1<a#Bp<D 1<a<D
By the other hand
Do leallepl® | < g PD)gp > P < max | <u P(D)p > P Y leal’lepl’
1=a£B=D =a7h= 1<a,<D

2

max | < ¢o, LD)pp > | D lcal

1< <D
<a#Ep< l<a=D

_ 2
= 1§<5r;1&aﬂfo | < @u, PU(D)¢ﬂ > |5

because || = 1.
By the same reason

d, dy
| D ol < (D) > — S 1=| Y leal’ <<¢Q,PV(D)¢Q> ——)

D
1<a<D 1<a<D

Vv

d
< ¢o, Py(D)o > _B .

IA

max
1<a<D

O

Now, we define for each v = 1, 2, ..., N, the continuous function g, (D) : A(dy, ...,dy; H) = A — R given by

2

v

d
< ¢o, Py(D)y > _B (6)

— 2
gD = max | <o P(D)p > [* + max

1<a#p

We point out that for each D, the expression g, (D) depends just on H because as E, are all different, the eigenvector
basis is unique up to a changing in order and multiplication by scalar of modulus one.
Now, we need a fundamental technical Lemma.

Lemma 18 There exist a constant C; > 0, such that

10log D

,v=1,2,...N,
D

/gv(D)U)A(D) <
A
if, CilogDh < d, < C%.
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274 A. O. Lopes, M. Sebastiani

Note that if D is large, there is a lot of room for the values d,, to be able to satisfy last inequality. We will prove
this fundamental lemma in the next sections.
If we assume the Lemma is true, then:

Theorem 19 Given €,8 > 0 and §' > 0, take di, da, ..., dy, such that, if D = dy + ... + dy, N > 0, then the
following inequalities are true

(« ]ON3)1 D<d <2 1.2...N
ma , ——) 10 < < -, = 1,4 .., )
XL e 8 v

where C comes from Lemma 18.
Assume that 'H is a Hilbert space of dimension D and H : H — 'H is a self-adjoint Hamiltonian without

resonances and degeneracies, then for (1 — §) most of the decompositions D € A(dy, ..., dn; H) the system of
inequalities
| | Py(D)yr |2—d—” ce 1o N

v t D N D 5 — Ly Ly eeey

are true for most of the (1 — §') large times and for any initial condition, Yo € H, || = 1.

Proof By hypothesis and Lemma 18, we get

10log D

/ eDywa(DP) < ———, v=1,2,..,N.
A D

The claim follows from Lemma 16 by taking K = 101%[).

Main conclusion:
As we said before, for a given fixed subspace H, of H, the observable Py, (the orthogonal projection on H,) is
such that the mean value Ey, (Pyy,) of the state Y, is < Py, (Y1), ¥ >= | Py, (Y1) 2.

For a fixed Hamiltonian H acting on a Hilbert space H of dimension D, the main theorem gives lower bound
conditions on the dimensions d,, v = 1,2, .., N, of the different H, values of a (1 — §)-generic orthogonal
decomposition D of the form H = H; & ... ® Hy, in such a way that the dynamic time evolution ¥, obtained
from any fixed initial condition v, for most of the large times ¢, has the property that the projected component
P,(D) (Y1) = Py, () is almost uniformly distributed (in terms of expected value) with respect to the relative
dimension size d—D” of H, . In this way, there is an approximately uniform spreading of v, among the different values
of H, of the decomposition D.

5 Proof of Lemma 18

The Lemmas 22 and 23 will permit to reduce the integration problem from the unitary group to a problem in the
real line.

We will need first an auxiliary lemma. We denote by S* the unitary sphere in R*! and Sf the sphere of radius
r > 0in R¥T!. We consider the usual metric on them.

The next lemma is a classical result on Integral Geometry (see [4]). We will provide a simple proof in
“Appendix 2”.

Lemma 20 Suppose X is a Riemannian compact manifold, f : X — R a C*®-function and g : R — R a
continuous function. We define

ow=[ wenn
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where A is the volume form on X. Suppose that a € R is a regular value of f. Then, G is differentiable at v = a
and

e
x, | grad |’

where X is the level manifold f = a and A, is the induced volume form in X,,.

G
T @ = 8@

Corollary 21 Given positive integers d, D, where 1 < d < D — 1, denote by S the unitary sphere on R*P with
the usual metric. Define

fx) = x12 + ...+ x%d, wherex € S and g : R — R is a continuous function.

Suppose
ow=[ wena

then G is of class C' and

9 ) = 2
T d=—DI(D—d—-1)!

and%—g(v) =0,ifv<0orv>1

g vt A —v)PT o <v <1,

Proof For x12 + ...+ x%d = v, we have

grad f(x) = 2((1 —v)xy, ..., (1 = V)x24, =V X2041, ..., =V X2 D).
Then, |grad f(x)| = 2 +/v (v — 1), which is constant over S, = {f = v}. Note that
S, = s%*‘ x 53%‘”*1, 0<v<l.

27" 2n—1)

From last Lemma and from the above expression, it follows that (remember that vol (S,zn_l) = Gep1”

dG 1 274 ()24 2 P=d (ST = )2 (P~ ~1
W TV =S T a— (D—d—1!
27D pd=1 (1 — y)P—d-1
T d-D! D—d-D!’
In the case v < O or v > 1, we have that G is constant. Finally, as So and S are submanifolds of S, we have that
G is continuous forv =0and v = 1. |

0<v<l.

From now on, we fix v, where 1 < v < N, and we define
eOl,ﬁ(D) =< ¢D(’ PU(D)¢5 >, D € A5 1 §a7 ﬁ S D7 eO{,,B : A i C7
where ¢y, ..., ¢p is the orthonormal basis for H which were fixed in Sect. 4.
Lemma 22 Suppose | <d, < D — 1. Let a > 0 be such \Ja < dﬁ” and \Ja + %” < 1. Then, the probability, such
that (eq,p — %)2 > s
(D—-1)!

/ ub1 (1— l,t)[FdW1 du.
(dy = DD —=dy =D Jjo, & — jajuis +va, 1)

Lemma 23 Suppose 1 <d, < D —1. Leta # pand 0 < a < 1/4. Then, the probability such that | ey g 12 >ais

(D—l)' /\1/2-1-«/1/4—(1 (w(l—w)—a)D’z
@~ DD —dy =1 1o yrams wP=o=T (1 —wyd=T"
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Proof of Lemma 22 We just have to consider the case v = 1. We write d = d; and denote by P the orthogonal
projection of H over C¢p + ... + Coy.

We denote by p : U — A the projection defined in the beginning of Sect. 2, where U denotes the group of
unitary transformations of H.

If U € U, then

ea.a(p(U)) =< ¢y, orthogonal projection of ¢, in CU (¢1) + ... + CU(¢py) >=

<U (@), PU$a) > .

Denote g : U — S, where q(U) = U(¢y), U €Uando : S — R, where o (¢p) =< ¢, P(¢) >, ¢ € S, and
where S is the unitary sphere of H.

Then, we get the following commutative diagram:

inverse
U — U
pi Xl
A S

Caa "\ v o
R

As the inverse preserves the metric, it follows from Lemma 1 a) that the probability of e, < b is equal to the
probability that o < b. Note that the metric on S as quotient of U is the same as the induced by H, because U acts
transitively on S.

It will be more easy to make the computations via the right hand side of the diagram.

We identify H with CP = R??, via ¢1, ¢2, ..., ¢p. Then, S is identified with the unitary sphere in R*>?, also
denoted by S, and

0:8S—>R, o(x)=x{+..4+x3,, x€S.

Therefore, by Corollary 21 with g = 1, we get

d (Vol (o <v)) 27D B o
dv Z(d—1)z(p_d_1),vdl(l—v)Dd1, if0<v<l,
and
d (Vol (o0 < v)) _o
dv -

ifv<QOorv>1.
JTD

Now, we normalize dividing by vol S = 0 Dz_l)! and we get
d (prob (o < v)) _ (D—-1!
dv T d-D!'(D—=-d-1)!

v — )Pl ifo<v < 1.

As (eq.0 — %)2 > a is equivalent to

d d
Co,a ZB +\/Ea or €y .« SB _\/E’

we get that the probability of (eq,q — %)2 > a is equal to the probability of o > % +aoro < % — J/a. From
this follows that the probability of (ey,o — %)2 > a is equal to

1 1 4—Ja
(D—-1)! / p=1 (1 — ) P=d=1q, +/D w1 (1 — p)P=d-1qy | .
d-1D!'(D—-d-1)! 4y ja 0

Observe that ¢ = constant is an analytic subset of S, and therefore, the associated probability is zero. The case
a = 0 is trivial. m|
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Proof of Lemma 23 We just have to consider the case v = 1. Take d = d; and as before, we denote by P the
orthogonal projection of H over C¢; + ... + C¢y. Once more we denote by p : U — A the projection defined in
the beginning of Sect. 2.

If U € U, then

eq,8(p(U)) =< ¢q, orthogonal projection of ¢pg in CU (¢1) + ... + CU(¢g) >=

< U™ (¢a), PU ' pp) > .

Denote gy, : U — § x S, where g4 g(U) = (U(¢), U(¢p)), U € U, and S is the unitary sphere of H.

Denote by M = qq,5(U) = {(¢, ) € S x §| ¢ is orthogonal to ¥ }.

Let Hy g C U the closed subgroup of the U, such that U (¢y) = ¢¢ and U (¢g) = ¢pg.

Then, M = U/H, g and g4, : U — M is the canonical projection.

The quotient metric on M is the induced by S x S, because U acts transitively on M.

Let f : M — C givenby f(¢, V) =< ¢, P(¥) > . Then, we get the following commutative diagram:

inverse
U — U

P 2 qa.p
A M

€a,B N v f
C

As the inverse preserves the metric of U, it follows that the probability of |eq,« |> < a is equal to the probability that
| fI> < a by Lemma I a).
Now, consider ¢ : M — S, such that ¢ (¢, ¥) = 1. This defines a C* locally trivial fiber bundle with fiber
§2D=3 Indeed, Ey = ¢~ () is the unitary sphere of the subspace H,, which is the orthogonal set to ¥ in H.
Given u € R denote:

Fu(y)=Ey N {If><u}, ¥ €S.
Then

Vol ({| fI? < u}) = fs volg, (Fu(¥)) dS (¥).

For each v, we get ¥’ € H via

P(y) = cyr + ', where ¢ € C and v is orthogonal to .

Note that v’ € Hy . Then

f@ V) =<, P(Y) >=< ¢, ¢ >,

and it follows that

FW)=1{peEy: | <¢.¥' > <ul ueck, yes.

There exist an isomorphism identifying Hy = CP~1 = R2P~=2 between Hilbert spaces which transform ¢ in
(1¥'], 0, ..., 0). This isomorphism identifies Ey, with the unitary sphere E on R2P-2 3nd F, (1) with the set:

(x € E : [Y/ )P} 4 x3) < u).

Now, applying Corollary 21 with D — 1 instead of D,d =1, g = 1, and v = IIIIL’IZ’ we get

dVOleFu(I//)_ 2Pl a u = 1 27071 (| )> —u)P3
du - (D-3)! /2 W2~ (D—3)! W02
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forall y € Sand 0 < u < | '|%, and
d Volg, F,(¥)
du

if|[y/|><u<1,forany ¢ € S.
dVolg, Fu(¥) .

=0

Then, we get that ——1—— is a continuous function of (u, ¥) forO < u < 1and ¢ € §. As § is compact, we

can take derivative inside the integral and we get
dVol(| f1> < u) d Volg, F, (%)
du - /S du
forany 0 < u < 1.
By the definition of v/, it is easy to see that [y '|* = |P(y)|*> (1 — |P(¥/)[).
Now, we consider g, : R — R, where
(w (1 —w) —u)P~?
(w (1 —w))P=2
ifu <w(l—w),and g,(w) = 0 in the other case.

gu(w) is a continuous function of u and w when 0 <u < 1,0 <w < 1.
From this follows that

d Vol(| f|? < u _ 27‘[D 1
du —3)!

forany 0 < u < 1.

dS(y)

gu(w) =

f(gu |P(¥)*) dS(¥)

Now, we normalize dividing by Vol (M) = (251 Dz)l, 0 5 1 and we get

dProb(|fP <u) (D—1)!(D—2)
du B 2nD)

/S (gu o |P()P) dS(W)

forany 0 < u < 1.
Denote

Al w) = f (gu 0 PP dSW).
[P(Y)|2<w

foranyO <u <1,0<w < 1.
By Corollary 21, we get

19A
/(gu o [P(Y)IHAS(Y) = Au, 1) = A(u, 1) — A(u, 0) =f 3—(u, w) dw,
S 0 w

forany 0 < u < 1.
Estlmatlng by Corollary 21 and substituting in (7), we finally get

dProb(|fI*<u)  (D—-1)!1(D-2) (w (1 —w) —u)P3
du T d=DID=d—=1D! Jycwqow wPI(1 —w)d-!
forany0 <u < 1.

Ifu > 1/4, w(l —w) < u for all w and the integral is zero.
f0<u<1/4,u <w(l —w)is equivalent to

12-J1/d—u<w=<1/2+/1/4—u.

Then
dProb(|f|*<u)  (D—1!(D-2) f1/2+v1/4—“ (w1 —w)—u)P3
du S d-DID—-d-D! Jip_yam wPd (1= w)d!
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if0 <u <1/4,and

d Prob(| f|* < u)
du -
if1/4<u <1.
Finally, for0 <a < 1/4

0

(D—1)!1(D —2) 1/4 1/24-/1/4—u (w1 —w)— M)D_3
Prob(| f|> > a) = / du / S — dw.
d-n!'Db-d-1"J, 1/2—T/5—u wP—d=1(1 — w)d-1

Considering the double integral in the regiona < u < w (1 — w), we get

Prob(|f[? = a) = — 2D (D=2 /lmm duw /w“_w) wd-w -2,
@=DID—d=D! )ipyimm Ja wD= =T (1 —wyd-1
(D—1)! V2VT/A=a () (1 — w) — a)P~2
T Wd-D'(D—d-1)! A/z_m wD=d=T (1 — ypyd—1 "
The case a = 0 is trivial. O

Remark Note that if g : A — R is a continuous function such that 0 < g(D) < r, forall D € A, then we get the
estimate

/AS(D) wa (D) =/ 8(MD)wa(D) +/ 8(M)wa(D) <r Prob (g = a) + a,
gza g<a

forO0<a<1.
Given positive integer numbers d, D and a € R, such that
l<d<D-1 O<a<d—2 and i+¢5<1
) S4= 13 D <
we define
(D—-1)!
@d-DID—-d=-D! /[o, 4—JaluLg +va. 1]

In the following, we will use the estimate 6 = 11/12.

Id,D,a) = w11 —w)P 1 qu.

Lemma 24 There exists a constant C > 4, such thatifa > 0,d > 1C logD <d < % and % < JJa < %, then
D _ba D?
I(d,D,a) < —e 24 .

Vd
Proof Note that our hypothesis implies that 1 <d < D — 1, a” < g—zz and % +4a < 1.

a) By Stirling formula, when D — 0o, d — oo, D/d — oo, we get that
(D—1)! 1 [d [d\“ 4 d=b
d-D!'(D—-d-1)! eV2r \D D ’
As ,/% < 1, there exists a constant A such thatif D > A,d > Aand D/d > A, we get

(D—1)! vd (d\7¢ 4 d=b
(d—l)!(D—d—l)!<7(5> (_5> '

If we take C > A+ 1, itfollows from the hypothesis of the Lemmathat D > dC > d A,d > ClogD > C > A
andD —d>dC—-—d=d(C—-1)>dA > A.

@ Springer



280 A. O. Lopes, M. Sebastiani

b) The derivative of ud=1 (1 —uwP —d=1 with respect to u in (0, 1) is zero only on the point u = % which is
smaller than d/D.
Moreover

1 d—1 d—1
5V <5 5= 5 <poT

Then, 4= e( ﬁ,ﬁ)c(%—ﬁ,%+ﬁ).

From th1s 1t follows that u9=1 (1 — u)P~9-! takes its maximal values on the set [0, % —Jal] U [% + 4/a, 1]
on the point % — J/a or on the point % + J/a.

Under our hypothesis, if C > A 4 1, we get that fore = 1 or —1:

a0 < L () (1) (L) 0= e
VA A+ e yay (1 — ey JaP™d
2 Gredn (- foeva)

c) fe=1withC >4,C > A+ 1, we get

d d d d? d
& +ev <1_ B—eﬁ)=5+ﬁ— R LN

ddzzdfddzzdzdeZdlsd d
—— = -2=-Va> = 5 -2—=—=— —>—|1l-—) > —.
D D? D D D? 8 D2 D 4D? D 4D 2D
Ife =1withC > 4,C > A + 1, one can show in the same way that
d d
(5+4) (- -0) 45
In this way, we finally get that fore = 1 ore = —1
2D D \*
1d,D,a) < é_d O+eg 0 a—eD_dJaﬂﬂ
D D d D D—d
=—|1 — 1-— .
7i(1+e7va) (1-52549)
Note that
D D D D=d
iy | ZJ4 1=
¢3(+6dvg)< ‘D—d “)
D D D
:Eexp|:dlog(l—i—ezﬁ)—i—(D—d)log(l—eD_d\/E>:|
D D 1D* €D’ D
= 7 32 _ _
<ﬁexp|:d<eg\/5 2d2a+3d3a )—l—(D d)< ED_d\/E):|.

This is so because log(1 + x) = x — "72 + %3 + ..., for |x| < 1, % a < 1/8, and % a< ﬁ.
Therefore, if C > 4and C > A + 1, then

D 1 D? e D3
I(d,D,a) < —ex [ ——a+ - — a3/2j|,
Jar

fore =1lore =—1.

Notethat

3/2

|’; d2 a / |
1 D?

-2l

2
3
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281

Therefore, if C > 4 and C > A + 1, we finally get

DZ
d

S5

a

D _
I(d,D,a) < —e

vd

Motivated by the Remark before Lemma 24, we will choose a convenient choice of a.

Corollary 25 There exist Co > 4, such that if d and D are such that Colog D < d <

1
1(d,D,a) < ,
D3d

8d log D

where a = 98%

Proof Take Cy > C (of Lemma 24) and Cy > 242. Then

4L
Co

\/7«/7dlogD 3d 3d  d
D DJ_ D24 8D’
because % <.
/d log D 1
Moreover, /a > ¥*55= > 5.
By Lemma 24, we get that
D 89D 8 dlogD D 1
I(d,D,a)<—e 2d 0 p2 _ef4logD .
Vd Vd D3J/d

D
Co then

Lemma 26 Suppose Cy is the constant of Corollary 25. Given 1 < v < N, suppose that Colog D < d, < C%,

then
dy\? 9d, log D
.\ 12515)(0 << ¢a, Py(D) ¢po > —B> wa(D) < D
Proof Suppose a = 8d, log D d; ][;’ng

By Corollary 25 and Lemma 22 (see also the beginning of the proof of Lemma 24), we get that the probability

of the above integrand to be great or equal to a is smaller than D ———

D3Jd, «/dv DZ«/E'

As we point out in the Remark before Lemma 24, the integral is smaller than

1 8 d, log D
D%./d, D2
Note that
1
D Jd, 1 -9 8 3
d,logD 32 B ERETE
% / log D 6 11
because d, >/ log D > CS/2 (log D)*? > C3/2 8 > %
Therefore
1 8 d, logD 8 d, logD 8 d, logD 9d, log D
3 + = 3 <9 - _) = 2 = B :
D-\/d, 6 D 0 D D

O

@ Springer



282 A. O. Lopes, M. Sebastiani

In Lemma 18, the function g, is defined as the sum of two terms (see expression (6). The Lemma 26 takes care of
the upper bound of the integral of the second term. Now, we will estimate the upper bound for the first term (using
the Remark done before Lemma 24). First, we need two lemmas.

Lemma 27 Suppose ¢ and y are orthonormal and E C 'H is a subspace. Denote by P the orthogonal projection
of H over E.
Then, | < ¢, P(y) > |* < 1/4.

Proof If ¢ is orthogonal to E or ¢ € E, we have that < ¢, P(y) >= 0.

Suppose ¥ is not on E and is also not orthogonal to E. Suppose ¥ = 1 + ¥», where v is orthogonal to E
and Y, € E.

Let A = |Y1| and u = |yrz|, then | = Aeq, ¥ = ez, where ey and e, are orthonormal.

Denote by 6 the orthogonal projection of ¢ over Cej + Ce,. Then

0] <1 and 0 =< ¢, P(Y) >=< ¢, Yo >=< 6,y > .

Now, < ¢, ¥ >= 0 implies that

O=<¢, Y1 >+ <, V2>=<0,Y1 >4+ <0,y >.

Suppose 0 = a e; + b ea, then |a|?> + |b|? < 1. By the other hand, 1 = || = |¢1 + V2| = |A|* + |u|? and
a=<60,Yr>=bu, <0,y >= ar, ar=—-bu=—a.

— laPpP 1

.. —a 2 a2 _ . 2
From this, it .follows that [=*| + [5|° = 1, that is, |a|* = P
Note thatif ab = 0, then ¢ = 0. O

Lemma 28 Given positive integers d, D, where 1 < d and D > 2d + 2 denote
fO=0-""L a4 4 Q4 +nT=P 1 —nld

then, f(t) is increasing on the interval (0, 1).
Proof Forany t € (0, 1), we have

1-d d+1-D
141t 1—1¢

f/(t) — (1 _[)d+l—D (1+t)1_d [

i|+(l+t)d+1_D(1—t)1_d [dH_D 1_’1]

1+t 11—t

Taking z = > 1, we get

A+0P @) =P (D —d - Dz —d - D]+ (@ =Dz —(D—d - 1] >
ZD*d*l [(D—d_l)_ (d_1)]—|—Zd71[(d—1)_(D—d_1)] =

(P4 — 4= (D = 24d) > 0,
because z > 1, O

Suppose 0 < a < 1/4 and d, D positive integers, such that | < d < D — 1. Define

Jd,D,a) =

(D-1)! 1/24-/1/4—a (wd —w)— a)D—Z
(d—UMD—d—U!ﬁpxmualﬂ’dwl—wﬂ'
Lemma 29 Suppose d, D are positive integers | < d, 2d +2 < D. Then
0<J(d,D,a) <e P32 \yhere 0 <a < 1/4.
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Proof Note that J(d, D, a) is positive.
In the integration, we divide the integral in two parts: [1/2 — \/1/4 —a, 1/2] and [1/2, 1/2 + /1/4 — a].
We make a change of variable w = 1/2 — /1/4 — x on the first interval and w = 1/2 + /1/4 — x on the
second interval. On both cases, we get x = w (1 — w) anda < x < 1/4.
From this, it follows

(D—1)! 1/4 N S e e SR =
J(d’D’“)Z(d—n!(D—d—l)!/a @ 2 Vit 2tya

d+1-D 1-d
N 1 L
2 Vs 2 Vg 2 /TE—=x

20-2(p —1)! 1/4 o s y
:(d—l)‘(D_d_l),/ (x —a) [(l—m)Jr “‘FM)

+(1+VT—d0)H=P 1T —4x)'] ;dx.

V1 —4x
Now, we consider y = 1"/4;_““. In this case (1 — 4x) = (1 —4a)(1 — y).
Then
J(d,D,a)=

2D((d—éll;'(D(—d—)Du/0 yYP7H (= VT —4a /1= y)dt1=P

(1 +VT—da/T= )™ 4+ (1 + VT —4a /T— y)d*1=P

1
_ — — 1—d
(1 —=+~1—-4a/1—y) ]m

Note that just the expression under [ ] depends on a. For each y € (0, 1), we have /1 —4a /T —y € (0, 1) is an

decreasing function of a. It follows from Lemma 28 that for each y € (0, 1), the integrand is a decreasing function

of a.
Therefore

dy.

J(d.D.a)

s 4D is a decreasing function of a. As J(d, D, 0) = 1 (see Lemma 23), it follows that

J(d’ Daa)§(1_4a)D_3/2, 0§a<4
Finally, note that (1 — 4a)P=3/2 < ¢=#a(D=3/2) O

Corollary 30 If1 <d, D > 2d+2and]°gTD < %, then

9 log D 3 log D
Jd,D,a) < D 3e py2 , where a = — £ .
4 D
3 log D 1
Proof 1Tt follows from Lemma 29, because 0 < i <1 O
Lemma 31 Suppose 1 <v <N,3 <dy, D> 2d, +2,and 82 < 1.
Then
log D

/ max | <@g, Po(D)pp > >wa(D) < (8)
A

I<a#B=D

where ¢1, .., ¢p is an orthonormal basis of eigenvectors for H (without resonances).
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Proof By Lemma 23 and Corollary 30, the probability that the integrand is bigger than a is smaller than
D(D—-1) D_3e91201g>D 0= 3logD

2 4D
because as ey, g = €g , We just have to take a < B.
By the Remark before Lemma 24, the integral is smaller than

glogD D(D—I)D_3€%7
4 D 8
because by Lemma 27 ey g| < 1/4.

As D — 1 < D, we have

’

9 log D
WD_3€ 2/% 1 9 log D D 9 log D 1
< —e 2D = e 2D .
l"%D 8D log D 8 log D

Now, as D > 9,log D > 2, we get

: 691201%0 < Le9/lo < £ < 1/4.
8 log D 16 16

Now, we put the two estimates together % IO%D + }‘ logDD and we get the claim of the Lemma.

O

The Lemma 18 follows from Lemmas 26 and 31. In this way, we get the claim of the Quantum Ergodic Theorem

of von Neumann.

Appendix 1

In this Appendix, we will show that

2

1 G, d>+d
vol(S)/S ;m' SO =50

First, we will show that when S is the unitary sphere in R”, m > 1, and n > m, then

2

/ S | aseo) = vol ()2
X X) = VO Ee—
s \io / n(n+2)

It is easy to see that (9) follows from (10).

1) ijzdS(x) = @ for j = 1,2, ..., n, because the integral does not depend of ;.

2) Suppose B is the unitary ball in R”. Consider in polar coordinates
T:8x%x][0,1] - B,

where T (x, p) = p x.
Then, T*(dx| A ... Adx,) = p"'dS(x) A dp.
Therefore

f(x%+..+x,§)dx1...dxn =/ T*((x7 4 .. + x2)dx; A ... Adx,) =
B Sx[0,1]

vol(S)
n+2°

1
/ " T1dS(x) A dp = vol(S) / 0" ldp =
Sx[0,1] 0

vol(S)

. 2
Finally, [, xidxy..dxn = 200

because it is independent of j = 1, 2..., n.
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(€)]

(10)
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3) For j =1,2...,n, we have

3vol(S)
4 2

'dS(x) =3 “dxy..dx, = ————
/sxf 0 /Bx’ A = i+ 2)

by the divergent theorem and by 2) above.

4) If <i < j <n,then

2 2 _ 2 _vol($)
/;xl- X5 dS(x) = /ij dxy...dx, = m

by the divergent theorem and by 2) above.

The integral

d 2

/ > Ik ] dS)
S

j=1

is a sum of terms of the kind [ x7 x7 dS(x), i # j, and [gx dS(x), j =1,2, ..
Just collecting the different terms and using the estimates above, we get the initial claim (10).

Appendix 2: Proof of Lemma 20

Suppose € > 0 is small enough, consider

Fl1a—e ate) f_l(a —€,a+¢€)— (a—¢€,a+e).
Given h € R, 0 < |h| < €, then integrating (g o f) A, we get

Aa—&-t

h
G(a—i—h)—G(a):/o g(a+t)dt /;(a+t W

(where A, is the volume form on X, = f_1 (v) forv € (a — €, a +€)), because d f(gradf) = | grad f |2. From

this follows that for some 0 < 6 < 1, we have

A
G(a—i—h)—G(a):hg(a—i-Gh)/ fatOh
Xa+oh | grad f |
Now, we divide the above expression by / and we take the limit when 7 — 0 O
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