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Abstract

We generalize the notion of Ichiishi (Econometrica 49(2):369-377, 1981)’s social
coalitional equilibrium to a multi-layered coalition structure with parameters, in
which agents can incorporate simultaneously multiple coalition structures with mul-
tiple independent coalition-deviation opportunities. For each opportunity, agents play
a social coalitional equilibrium (SCE) game, called a sub-parametric SCE game,
constrained by external environment (parameters and joint decisions of all other
sub-parametric SCE games). The generalized social coalitional equilibrium (GSCE)
concept is, therefore, considered to be a synthesis of the Nash equilibrium concept
and the cooperative solution concept. We provide the definition of GSCE and give the
proof of existence theorem. Through some applications to general equilibrium models,
the GSCE concept provides a conceptual framework for describing coexisting differ-
ent industries having independent investment opportunities and their simultaneously
determined industrial organizations.
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1 Introduction

The social coalitional equilibrium (SCE) by Ichiishi (1981) is a significant concept
that provides us a unified perspective on economic (abstract market equilibrium) set-
tings and cooperative game-theoretic arguments for finding stable coalition structures
in society. He utilized his social coalitional equilibrium concept to characterize the
formation of firms as a hybrid cooperative nature in non-cooperative market settings
(Ichiishi 1993).

From a general equilibrium framework, however, Ichiishi’s hybrid equilibrium con-
cept has a serious restriction: the admissible coalition structure is a partition of the
set of agents. His characterization of firms, therefore, is typically a case where each
agent cannot be an owner of two or more firms, like the labor-owned company in
Ichiishi (1993). Needless to say, in a standard private ownership general equilibrium
setting, it is clearly insufficient to restrict the agents’ coalitional structures to the class
of partitions. Many kinds of coalitions exist for different purposes and benefits, and
an agent is allowed to belong simultaneously to several types with different purposes.
The formation of firms should also be characterized under such settings.

In this paper, we generalize the concept of Ichiishi’s social coalitional framework
as a generalized social coalitional equilibrium (GSCE) model with parameters so
that agents can incorporate multiple admissible coalition structures and take into
consideration their budgetary constraints by cooperating simultaneously in multiple
independent coalition-deviation opportunities. In each opportunity, as in an SCE game,
agents form a coalition and jointly determine a cooperative strategy depending on the
complementary decision of all outside existing coalitions. The agent’s behavior in
each opportunity (sub-parametric SCE game) is thus constrained by the external envi-
ronment (parameters and joint decisions of outside coalitions) and his/her own actions
in other opportunities.! A generalized social coalitional equilibrium is obtained if and
only if no coalition can guarantee higher utility for its members in each opportunity.
This generalized social coalitional equilibrium concept, therefore, formulates a multi-
layered core driven by intertwined multiple sub-parametric SCE games. Sufficient
condition, the balancedness condition parameterized by parameters and complemen-
tary cooperative strategies, is introduced for the GSCE framework to have generalized
social coalitional equilibrium. Accordingly, the main result, the existence of a gener-
alized social coalitional equilibrium, has been proven in this paper.

! The generalized social coalitional equilibrium concept, especially the multi-layered coalition structure,
is intimately involved in the hybrid solution concept introduced by Zhao (1992). In contrast to his con-
cept, however, each agent is allowed to participate simultaneously in multiple sub-parametric SCE games
(coalition-deviation opportunity). The sub-parametric SCE game here means a sub-SCE game in which
the agent’s feasible strategy and utility are parameterized by the strategies of all other sub-SCE games, see
Zhao (1992).

@ Springer



Generalization of the social coalitional... 3

Applying the main result, we address coalition production economies to determine
the formation of firms and their share-holding rates as a result of our equilibrium
multi-layered investment purposes with the coalition deviation possibilities of agents.
We consider technology, a correspondence, that depends on the type of coalition and
investments for it. Two classes of economies are studied in this paper: one is the
called Ichiishi-Quinzii economy, in which consumer’s investments are restricted to the
amounts of his/her initial holdings; the other is called the Arrow-Debreu economy, in
which consumer’s investments beyond the amounts of his/her initial holdings are avail-
able. We also focus on the optimality properties of the equilibria with multi-layered
coalition structures. For every Ichiishi-Quinzii production economy, there exists a gen-
eralized social coalition equilibrium state that is Pareto optimum. In particular, in an
economy with increasing returns under a single-layer coalition structure, the existence
of equilibrium and an optimality property, as stated in Ichiishi and Quinzii (1983), are
considered special consequences of our results. In contrast, we show that every equi-
librium allocation involving its equilibrium multi-layered coalition structure is Pareto
optimum for every Arrow-Debreu production economy with firm formation.

The generalized social coalitional equilibrium framework and its application to a
production economy are also inspired by Boehm (1974), Greenberg (1979), Ichiishi
(1977), and Bonnisseau and Iehle (2007). We present a general framework by inves-
tigating agents’ strategies in multi-layered cooperative opportunities where payoffs
depend on the type of coalition and parameters like prices that can be used to rep-
resent the budgetary constraints of investments. The generalized social coalitional
equilibrium concept is also based on a standard NTU cooperative solution concept,
developed by Aumann and Peleg (1960), Aumann (1961), Scarf (1967), and Scarf
(1971). Our concept generalized the social coalitional equilibrium concept of Ichiishi
(1981) and provides a method for extending NTU games to multi-layered coalition
structures or exogenous environments as well as a mathematical tool for formulating
its core.”

The generalized social coalitional equilibrium concept is applicable to many fields
in the real world. People make homes in sociology and form corporate in labor eco-
nomics. In the international economy, nations participate in international organizations
related to trade, such as the WTO, as well as in economic agreements, such as FTAs and
EPAs. In both cases, the social structure is close to a multi-layered coalition structure,
in which agents are partitioned into groups by the social sector, simultaneously mak-
ing joint decisions according to their behavior elsewhere. Therefore, the generalized
social coalitional equilibrium concept can be assumed to be an appropriate theoretical
model for interpreting real-world situations.

The outline of this paper is organized as follows. In Sect. 2, we generalize Ichiishi’s
social coalitional equilibrium existence lemma to utilize it for describing a society
in which multiple coalition structures are naturally characterized as a hybrid one-
shot equilibrium. Section3 confirms the meaning and validity of our balancedness
condition that plays an essential role in our existence result. The proof of our existence

2 The existence result of the (a-)core was proven in exchange economy with non-ordered preference
(Yannelis 1991; Scalzo 2022) and in NTU games with non-ordered preferences (Kajii 1992; Martins-da
Rocha and Yannelis 2011), with infinite player game (Yang 2017), and with infinite strategies (Yang and
Zhang 2019).
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4 K. Urai et al.

of the equilibrium theorem is treated in Sect. 4. Section5 extends the production
economy formulated by Ichiishi and Quinzii (1983) by applying the generalized social
coalitional equilibrium concept and provides the existence theorem of firm-formation
general equilibrium.

We use R as the set of real numbers. For finite set A, denote by A the number of ele-
ments of A. We write RX to denote the R*X | 1 K -dimensional vector space. The order
relations on RX, > and > are defined respectively as (x;)rex = (Vi )kek iff xi = yi for
all k, and (x)kex > (Vkek iff (kex Z()kek and (X ke # (Vidkek - We also
define relation > as (xx)rex > (Vi)kek iff xp > yi for all k. By Rf and RL_, we
represent sets {x € RX | x >0} and {x € RX | x > 0}. For n-dimensional Euclidean
space R", notation ¢! = (1,0,...,0),¢?> = (0,1,0,...,0),...,¢" =(0,...,0,1)
represents the standard base elements.

2 Generalized social coalitional equilibrium

In this section, we extend the social coalitional equilibrium (Ichiishi 1981) and its
framework so that each agent can cooperate with others by forming coalitions. First,
to treat multiple cooperate opportunities,t = 1, ..., A, we generalize Ichiishi’s single
coalition structure model to the case where multiple coalition structures are formed.
Second, to treat messages as given parameters for each agent, the cooperative game is
parameterized by an element of a set (message space).

2.1 SCE under multiple coalition structures

Let N = {1, 2, ..., n} be a non-empty finite index set of all the agents and let N be
the set of all non-empty subsets of N (or all coalitions). Assume A kinds of cooperate
opportunities (or coalition types) and denote A = {1, 2, ..., A}. For each coalition
type t € A, agents form a coalition, and a coalition structure is identified with a
sequence of A partitions of N, I = (3'1, o iTA), where J7 is a partition of N. Let T
be the set of all the coalition structures, the set of all admissible coalition structures
which consists of all the possible sequences of A coalition partitions, T C %, is fixed
and defined as a non-empty finite set. The finiteness of ‘T, derived from the finiteness
of A = {1, ..., A}, and the independency of XA types of cooperate opportunities are
two important assumptions of our model for describing firm formation.

Each agent i € N has a strategy set, X;, which is a subset of Euclidean space R¥.>
Denote by X s the product [ [; cs Xi foreach § € N. We also denote by x5 = (x;)ies €
Xs. In the following, without any additional notation, we do not distinguish between
x and xy where xy is an element of Xy = ]_[ieN X;.

Suppose that for each social coalition structure I = (iTl, - iT)‘) € T, coalition
type t € A, and coalition S € N, there is a correspondence:

K75 Xy — Xs, (1

3 For example, one can define X; by X; = X ? x X il X o x X l)‘ where X ? is an action directly affecting
agent i’s utility function and X {?, k=1,..., A, represents agent i’s action set in the opportunity k.
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Generalization of the social coalitional... 5

which is a feasible-strategy constraint correspondence of coalition S for coalition
type ¢ under coalition structure J.* Adding to the constraint correspondences, we also
assume that each agent i in coalition S for type ¢ has preference =; on strategy set X
that can be represented by a utility function:

u S Xy x X5 — Ry )
Now a society is described by the following list:

71,8
((Xiens (K75, ] ")ies) (1, 5yeTx AxN )-

A social coalitional equilibrium (SCE) is a pair (x*, I) of strategy profile x}, € Xy

and admissible coalition structure T* = (T1*, ... 7)) e T satisfying the following
two conditions:

(SCEL: Feasibility) Foreachs € A and S € T, x} € KT8 (x%).

(SCE2: Stability) There arenos € A, D € N, and yp € K752 (x*) such that
foralli € D,

fT*,s,SS(i)(x*

J*.s,D
u; (x*, yp) > u; , ngk‘x(,'))a

where S° (i) is the unique coalition in opportunity s such thati € $°(i) € T°*.

In the above, we defined SCE as a concept based on multiple coalition structures,
t = 1,..., A If we assume that for each coalition type ¢ and coalition S, feasible-
strategy constraint correspondences do not depend on the coalition structure, i.e.,
K715 does not depend on J for each t € A, and if we consider special case A = 1,
then our framework coincides with the setting of Ichiishi (198 .S

2.2 Generalized SCE with parameters

In this paper, we further generalize the above SCE framework as a social coalitional
equilibrium model with parameters. Suppose an additional information or message
structure that parametrically defines an SCE setting. Let Xo C R, ¢ > 1, be a
set of the parameters and element xo € Xo parametrically defines an SCE setting

4 1t should be emphasized that the members of coalition S jointly determines cooperative strategies at
the opportunity ¢ giving the complementary decisions of every existing coalition D € K forall k € A
when (x, J) prevails. Such complementary decisions involve existing actions of the members of coalition
S in all other opportunities k # ¢, so that the feasible cooperative strategies of the coalition S will also
be constrained by the joint strategies of the existing coalition in every opportunity k # ¢ in which its
members participate. If we define X; = X? X Xil X o x X l)‘ following footnote 3, then given strate-

gies xy = (x?, X jl e x;‘) jeN. the feasible-strategy constraint correspondence can be considered as
GO, x) L q L aies € KT ().

5 Sucha feasible-strategy dependency on the constraints of the multi-layered coalition structure is essential
for characterizing the correlation of strategies among all cooperate investment opportunities. The problem
of the robustness of such a multi-layered coalition structure cannot be treated as a straightforward extension
of the single-layered SCE argument.
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6 K. Urai et al.

through feasible-strategy constraint correspondence K for each (T, ¢, S), where S is
an arbitrary element of N:

(Constraint for Strategy: K): K755 Xo x Xy = Xs.

Based on these parameterized constraint correspondences, conditions (SCE1) and
(SCE2) are generalized for each parameter xp € Xo:

(GSCE1: Parameterized K Feasibility under xo) Foreacht € A and S € I’ * we
have x§ € K705 (xg, x*).

(GSCE2: Parameterized K Stability under xg) There arenos € A, D € N, and
yp € K750 (xq, x*) such that for all i € D,

T*.5,D T*,5,8%(i)
u; (x*, yp) > u; (X, X553y

where $* (i) is the unique coalition such that i € S$°(i) € T°*.

Itis also assumed that parameters are restricted by a correspondence, Gg : Xox Xy —
Xo. Hence, the generalized sense of society is a list:

(XOs (Xi)iEN» GOv (Kg')t)sv (u?r’t’S)iES)(‘_]”[,S)e‘IXAX:N)'

A generalized social coalitional equilibrium (GSCE) is a triplet, (xf)k, x*, J%), of
parameter x; € Xo, strategy profile x3, € Xy, and admissible coalition structure
T = (T, ..., 7) € T, satistying (GSCE1) under x;}, (GSCE2) under x;, and the
following (GSCE3):

(GSCES3: Fixed Point Parameter) x; € X satisfies xj € Go(xg, x*).

For the generalized social coalitional equilibrium model, we have the following
equilibrium existence theorem, which is an extension of the SCE existence lemma of
Ichiishi and Quinzii (1983). The proof and a rigorous prediction for condition (v) will
be given in Sect. 4.

. . J,t.8
Proposition 1 For society (Xo, (Xi)ien. Go, (K75, (u]"! )iES)(‘.T,t,S)e‘IxAxN)’
generalized social coalitional equilibrium (x§, x*,T*) € Xo x Xy x T exists if the
following conditions are satisfied:

(i) Xo C R®and X; C X, i € N, are non-empty, compact, and convex subsets.
(ii) Foreach S e N, t € A, and T € T, K75 : Xg x Xy — Xg is a continuous
correspondence that is closed and non-empty valued.
(iii) Foreachi € N, S e N,t € Aand T € T, u?’t’s : Xy X Xs > Ryisa
continuous function.
(iv) The societyis balanced. (Correspondence K satisfies the balancedness condition
described in Sect. 3.)
(v) For each x € Xy and ¢ € RY, socially feasible upper-contour set at x for ¢
(described in Sect. 4) is convex.
(vi) Gy is an upper-semicontinuous non-empty convex valued correspondence.
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Generalization of the social coalitional... 7

3 Balancedness condition for GSCE framework

To show the existence of GSCE, we extend the notion of a balanced game. Given
the set of all coalitions, N = {A C N| A # 0}, a finite family, {By}{" |, of elements
of N, is balanced if there are non-negative real numbers, o, a2, ..., &y, such that
foreachi € N, > p ;05 = 1. ® In the literature of cooperative game theory, a

coalitional-form game without side payments, V : N — R¥ is balanced if any utility
allocation (c;)jey € R with a balanced family {B,}iL, such that (c;)jep, € V(B;s)
foreach s = 1, ..., m, satisfies (¢;)jeny € V(N). (A utility allocation attainable for
all coalitions in a certainly balanced sub-family is also attainable in society.) Ichiishi
(1981) generalizes such conditions to the SCE framework. In the following, we further
extend the notion of balancedness to the GSCE structure.

As we formalized in Sect. 3, for each T € ¥, € A, parameter xo € Xo,
and arbitrary strategy profile (x) € Xy, coalition S € N defines feasible strat-
egy allocations and utility allocations for deviation as K7"5(xg,x) C Xg and
(@5 (x, ys)ieslys € K75 (xg, x)}. Therefore, for each r € A and (xo,x) €
Xo x Xn, we can define a generalized coalitional-form game without side payments,
Vi N — RN as

X0,X °

VI (8) = {(c)ien|3T € T, 3ys € KT S (x0,x), Vi € S, ¢; Su] "5 (x, ys)} € RV,

3

A generalized SCE game parameterized by elements of X is balanced if the fol-
lowing condition is satisfied:

(Balanced GSCE) Given (xg,x) € Xo x Xy, if for each ¢t € A, a utility
allocation, (c;f )ieN € R , is such that we have a balanced family, {B! }Z"Z(tl),

satisfying that cgr € Vy X(Bt )foralls = 1,..., m(t), then there exist strategy

profile y € Xy and coalition structure 3’* = (iTl*, R T’X*) € ¥ such that
ys € KTk”’S(xo, x) foreach S € T andt € A (y is feasible at (xg, x) under

J*) and ct < ug*’t’s(x ys) foralli € S, S € T andt € A (utility allocation

(¢h)ien attainable for balanced family {Bt}m( )i

te ).

is also attainable under y for all

4 Existence of equilibrium

For parameter xo € Xy, strategy profile x = (x;)ien € Xy, and utility profile
¢ = (¢j)ien € RN, consider the sets of strategy profiles that are feasible and seem as
good as level ¢ = (cj)ien at (xo, x) for all the members of each coalition in a certain
admissible social coalition structure I € . We call set U (xg, x,¢) = {(yi)ieN €

6 In other words, by using #fN — 1 dimensional standard simplex A = colel|i e N}, if we identify each
B C N with barycenter by of its  B; — 1 dimensional face co{e' | i € By}, then the balancedness condition
is equivalent to saying that there is a convex combination among points bs, s = 1,2, ..., m, such that
Y_iv | asbs is the barycenter of A.

@ Springer



8 K. Urai et al.

Xn|3T = (‘.Tl,...,T\) € TVt € A VS € T, (yi)ies € KT"S(xg, x) and Vi €
S, u?"’s(x, vs) = ¢;} the socially feasible upper-contour set at (xq, x) for c. We also
denote by K (xo, x), set {(yi)iey € Xy|3T = (T, ..., T") € T,Vr € A, VS €
T, (V)ies € K715 (x, x)}, which is the socially feasible set at (xg, x). Now we
have a rigorous description of condition (v).

(V') Foreachx € Xy and c € RN, U(xo, x, ¢) is convex.

Theorem 1 Forsociety (X(), (Xiien, Go, (KJ’Z’S, (u?’t’s)[es)(T,t,S)efxA><CN)

eralized social coalitional equilibrium (x()k, x*, T € Xo x Xn X T exists if conditions
(i), (ii), (iii), (iv), (v’), and (vi) are satisfied.

, gen-

Proof Let M be apositive real number greater than u?”‘s(x, ys)foralli € N,x € Xy,
vs € X5, S € N,t € A,and T € . Such number M exists since N, N, A, and ¥ are
finite, all strategy sets are compact, and all utility functions are continuous. Given the
base of RY = R*™ = R", (¢');en, let DV be simplex (—(Mn)e!);cn in non-positive
orthant —Rf . Then for each (xg, x) € Xo x Xy and r € A, we obtain continuous

function rf DN — R, such that for eacha € DV,
rfco‘x(a) =max{r € Rla+re e V] (S5),SeN}, 4)
where e = Y, ve' = (1,1,...,1) € RY. One can assure the continuity of o

by the routine method through Berge’s maximum theorem. Let us define a function,
fl DN — RN foreachs € A as

f;o,x(a) =a+ rfcoyx(a)e, 3)

for each a € DV. Function fiy.x is also continuous.
Foreacht € A, (xp,x) € Xo X Xy, and S € N, define C’S(xo,x) c DV as

C(xo, x) = {b e DV| fl . (b) € VI (S)}. (©6)

Note that for each 7 and S € N, the graph of correspondence C§ : Xo x Xy —
DV is closed since the graph of correspondence V(’,)(S) : Xo X Xy 2 (x0,x) >
V;O,x (S) c RY is closed under the finiteness of . Moreover, for each r € A and

(x0, x) € Xo x Xn, we can verify that class {Cfg (x0, x)| S € N} satisfies the following
KKMS-condition:

VT € N, (T — 1)-dimensional face DT
= (—(Mn)é');er of DY is a subset of U Ci(xo, x). @)
scT

Indeed, class {C%(xo, x)| S € N} clearly covers DV. Soif b = (b;)jen € DT exists
such that b ¢ Cg(xo, x) for all § C T, then since T # N, we can take S’ and
Jj € S such that b € Cg,(xo,x) and j € §'\ T. Since b; = 0, and since at b,
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Generalization of the social coalitional... 9

b+ rfco,x (b)e must be an element of Ri/ = {(¢i)ien|Vi € §’, ¢; 20}, j-th coordinate
of b + ry, . (b)e must be greater than the distance between DT and RY. Hence, j-
th coordinate of b + ri (b)e = fi (b) € V]  (S") must be greater than M, a

contradiction. Therefore, by KKMS-Theorem (Shapley 1973, Theorem 3.1.2), for
eacht € A and (xp,x) € X9 x Xy, balanced family fB;O,X C N exists such that

Npes:  Cplxo. x) # 0.
X(,%
Under the balancedness condition for the society, for A types of elements a’ €
Ngen: Cly(xo, x), 1 € A, there exist a feasible strategy profile, y = (y;)ien € Xn

for an admissible social coalition structure, T = (T, ..., 9") € T, (ie., (yi)ier €
K7 5T (xq, x) for each T in 97 for each 1 € A,) such that for each r € A, (c;.)jeN =

! (a') satisfies VT € T7, (c;)jeT §(u;r’t’T(x, (yi)ier)) jer- It follows that

X0,X
Vi e A,y e Ux,x, fr (@) C K(xo, x), (®)

i.e., feasible strategy profile y belongs to the socially feasible upper contour set at
(xo0, x) for ;O,x(a’ ) for each t € A. This, especially, means that for each (xg, x)
closed set K (xg, x) is non-empty.

Denote by (DV)* the A-times product of DV. Now, we can define two mappings
on Xo x Xy x (DM)* to itself. Let by be the barycenter of DT for each T € N and
consider mapping F : Xo x Xy x (DV)* = Xo x Xy x (DV)* as follows:

L d") = {(x0, %)} x colbr|a' € Ch(xo, x)}

X +o0o X CO{bT| a)h S C%“(x09 -x)}s (9)

F(xo,x,a

where coA denotes the convex hull of set A. F' is non-empty valued correspondence
having closed graph (since every C ’T has). Furthermore, for each (xg, x) € Xo X Xy
and (a');ep € (DN)*, consider a distance between the set of socially attainable utility

allocations and ! (a"),.... fk (a*)as follows:

V(x0, x, (a")ren) = argmin{|jv]|| 3y € K (xo, x),Vr € A, fy .(a")
v
TO)LTG
—v =(u; WLTO (. YT @)))ieN}, (10)

where J(y) = (T, ..., T%) € T denotes a social coalition structure under which yis
feasible, T (i) denotes the unique coalition in I that includes i, and yray = (Vj)jero)
for y = (y;)ien. Mapping V : (xo, x, (a’);ea) + R has a closed graph since K :
(x0, x) — K (x0, x) has. Define mapping G : Xox Xy x(DV)* — Xox Xy x(DV)*
as

G(xo,x,a) =co | Go(xg, x) x U <m U (xo, x, ;O’X(a’) — v))

veV(xp,x,a) \teA

x{bn} x - x {bn}, (11)
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10 K. Urai et al.

wherea = (a', ..., a") € (DV)* and {by}x- - - x {by} denotes the A times product of
{bn}. Since we define V so as to ensure the non-emptiness for the intersection among
U(xg, x, f;o) x(a’) — v)’s, G is non-empty and convex valued. G has a closed graph
since U and V have. (Correspondence U has a closed graph since K is continuous.)
Remember that Xo x Xy and DV are subsets of vector spaces, Rt x (Rk)” and
R", respectively. Note that for each (xo, x,a) € Xo x Xy x (DV)*, (xo, x,a) +
(G(xg, x,a) — F(xg, x,a)) is a subset of Xo x Xy x (DV)*. Moreover, at each
(x0, x, a) such that 0 ¢ G(xo, x, a) — F(xg, x, a), aclosed hyperplane H (xg, x, a) C
RY x (R*)" x (R™* (a continuous linear form on RY x (R¥)" x (R™)*) exists such
that F(xo, x, a) and G(xg, x, a) are strictly separated by H (xg, x, a). Therefore, if
we define mapping ¢ on Xo x Xy x (DV)* to itself as

@(x0, x, a) = (x0, x,a) + (G (xo, x,a) — F(xo, x, a)), 12)

correspondence ¢ satisfies condition (K1) of fixed-point theorem in Urai (2000, The-
orem 1) (see also Urai (2010, p.36, Theorem 2.1.10)). Hence, ¢ has a fixed point,
(x5, x*,a*), where a* = (al*, . ..,a}‘*), so F and G has a coincidence point,
(x5, x*,a*),in F(xg, x*, a*) N G(xg, x*, a*).

By (9) and (11), family of T C N satisfying a'* € C(x§, x*) is balanced for all
t € A. It follows that as we see at (8), socially feasible strategy profile y and T € ¥
exist such that y € U(xj, x*, f;(,;’x* (a'™)) for each t € A. This especially means,
however, by definitions of V (see (10)), V (x;, x*, a*) = {0}. Therefore, by (9) and
(11), since each U (xg, x, c) is convex by (v), we have

e (VUGG X" fly (@) (13)

teA

This also means under the balancedness condition that x* is socially feasible under a
certain T* = (7', ..., 73*) € T (GSCEI: Feasibility). Furthermore, condition that

Vie AT €T VjeTu] T
of f ;* o+ (a*), means (through definitions (4) and (5)) that no coalition of any type can
0 9

(", (x7) jer) > C; , where c;. is the j-th coordinate

improve the utility allocation under (x;, x*) (GSCE2: Stability). By the fixed point
property, (GSCE3) is automatically satisfied. O

5 Production economy

Sections 2—4 analyzed the existence of the generalized social coalitional equilibrium.
An important application of the generalized social coalitional equilibrium framework
is firm formation or the industrial organization problem for production economies with
multiple investment opportunities compatible with the standard general equilibrium
setting. In this paper, we consider two classes of production economy. One is a gen-
eralization of the production economy provided by Ichiishi and Quinzii (1983, Case
1) in which the market is divided into investment commodities and output commodi-
ties markets, where investment commodities are non-desirable for every consumer
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and investment levels are restricted by endowments. The other is a generalization of
the Arrow-Debreu production economy where consumers’ investment levels are not
restricted by their endowments. Hence, as an extension of the standard general equilib-
rium setting in Debreu (1959) as well as the setting of the Ichiishi-Quinzii production
economy, we obtain existence and strong optimality results for the firm formation
(multi-industrial organization) general equilibrium problem.

Without any particular notation, all the mathematical symbols below are identical
to the settings in Sects. 2—4.

5.1 Ichiishi-Quinzii production economy

Let the commodity space be R‘t* containing ¢ > 1 investment commodities and
ik > 1 output commodities, and denote for each element a € R its investment

commodity coordinates as a; = (a1, ..., a;), and output commodity coordinates as
ap = (a15_+1’ R a@r,z). The consumption set of consumer i, X;, is a compact subset
of Ri*’?. Letr € A = {1, 2,..., A} be the investment opportunities, firm S C N in

opportunity 7 with a compact and convex-valued technology correspondence yhs .
R 57 =E, 00— 5= (0, ygs) € Y"5(z") ¢ R“™ is formed by consumers in
S with a total cooperation investment z*5 = 3", _¢ Z/. Therefore, an admissible multi-
layered coalition structure 9_' = (iTl, - ‘J’A) € ¥ can be regarded as firm structures
for A-types industries. Let A¥~! be the (k—1)-dimensional standard simplex. The price
vectors and the cooperative share-holding rates are denoted by p € P = {(py, po) €
R |pr € A pp € AFlyand 6§ € © = {(0"5) (. s5yeaxnI¥(t, S) € A x
N, 615 = (él.t’s)ies, 05 e A*S—1} Given price vector p and investment level Z, we
denote the supply correspondence of firm S:

VS (p. @) jes) = (70 € YOS (@) jes) |V € argmax ¥ (p, (Z))jes) = p - 7).

Regarding the consumer side, let w; = (wy,;,0) € X; be consumer i ’s endowment.
Consumer i selects consumption vector x; = (X7;,Xp,;) to maximize his utility
function u; : X; — R . Utility function u; is assumed to be continuous and quasi-
concave for every i € N. Then given a multi-layered industrial structure, J € ¥,
and the levels of investments and share-holding rates, (((Zf)ze Aien, 0), consumer i’s
utility optimization problem is specified:

max u; (X;)
Xi

A
subjectto py-x;; < p;- (@1, — Zzt[,i)’
=1

A
— - ’St : e _
Po X0 < Zeit 0 1.8 (l)(p, (Z;)jeS’(i))s (14)

=1
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12 K. Urai et al.

where S7(i) is the unique coalition in opportunity ¢ such thati € S'(i) € I*.

So far, we have extended the Ichiishi-Quinzii production framework to a multi-
layered industrial structure. The next concern is the existence of a generalized social
coalitional equilibrium for such a production economy,’

Proposition 2 For Ichiishi-Quinzii production economy & = ((X'i,ui,wi)ie;v,

VS, 51enxn: T), let (Xo, Xiien, Go, (KT, ] )ies) 7, sexxnxn) b
a society representing the Ichiishi-Quinzii production economy E. Suppose that this
society satisfies conditions (iv), (v) in Proposition 1, then there exists a generalized
social coalitional equilibrium state (p*, (X}, (Z*)ien)ien, 6%, T*) such that the fol-
lowing conditions are satisfied:

(Budget Feasibility) (X}, (Zﬁ*),eA)ieN is budgetary feasible under J*, p* and 0*
such that for everyi € N,

A

% =% * =t*

Py X =ppo\@ni — E 27
=1

A
_ - ’SY : 1 -
R = D S AN Co PRI
=1

where S'(i) is the unique coalition in opportunity t such thati € S'(i) € J'*.
(Market Feasibility)

n n A
=%k =t*x
le,i € Z w1 — ZZL:‘
=1

i=1 i=l1

n A
Z%,i € Z Z W’S(p*,(Z;*)jes).

i=i t=1 §eg1*

(Price Stability) Forall p € P,t € A and S € T*, 35 € ¢S (p*, (Z'j*)jes),
we have

n n A n n A
(s e~ 50) < pi (L~ Yo - )
=1 =1

i=1 i=1 i=1 i=1

n A n A
ro- (L0~ X 5) < vp (Lro- X T )
i=1 i=1

t=1 §eJ'* t=1 §eJ'*

A

(Market Stability) There are no investment type s € A, coalition D € N, con-
sumption (X;)iep, investment (Ef)iep, and share-holding rates 05D such that

7 The detailed definition of a society (X(), (Xi)ienGo, (Kfr’t*s, (u?r’t’s),-es)(jrt S)e‘IxAxN) will be
given in Appendix A.
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ui(X;) > u;(x) for all i € D satisfying the following condition:

* A ~
p;-x1iSp <w1, Zz z},»),

tF£s

~ 51,8 (i (i - As,D ~
P R0 00T D SO (@) esy) + 67 PP (p*L (B jen)-
t#s

Proof Appendix A. O

The existence theorem was proven in Proposition 2. The question of the optimality
of a generalized social coalitional equilibrium arises.

Definition 2 A Pareto optimumis alist ((X;, (Z})ie)ien, (5" ((Zj)]ES))([ SeaxT> )
for which there exists no other list ((X;, (z Veen)ien, O Szt )JeS))(z S)EAXT!» 9)
such that u; (X;) > u;(%;) foralli € N and u;(X;) > u;(x;) forat least one j € N.

Unfortunately, under the Ichiishi-Quinzii economy with a multi-layered industrial
structure, a competitive equilibrium allocation involving its equilibrium multi-layered
industrial structure may not be Pareto optimal.® However, the following result shows
that the set of Pareto optimum equilibria is not empty:

Proposition 3 Suppose that generalized social coalitional equilibrium exists for pro-
duction economy E. Then

(1) if #A = 1, every generalized social coalitional equilibrium is Pareto optimum;
(i) if #A > 2, there exists an equilibrium list ((xl , (z Nreadien, G S
((th*)jES))(t,S)eAxiT’*’ T*) that is Pareto optimum.

Proof Appendix B. O

Remark We provided a generalization of Ichiishi and Quinzii (1983)’s result. In par-
ticular, if #A = 1, the existence of a general equilibrium and its optimality stated
in Ichiishi and Quinzii (1983) are the consequences of our results even by defining a
production set with increasing returns.® Our equilibrium concept is also suitable for
a general environment where consumers simultaneously incorporate investments for
several different firms based on their budgetary constraints. Such generalized solu-
tions were not explored in Boehm (1974) or Greenberg (1979) who considered such
environments where a consumer may work in multiple firms.

8 Society maximizes profit under investment set ]_[;-1=1 Zf((Zx £t 2;) jeN) associated with multi-layered

coalition structure 'Tt*_in everyt € A, althoughit may not generate the largest total profit through admissible
investment set [[/_; Z; and J; see the proof of Lemma I.

9 By the definition of Y-S, the compactness of consumption set X; implies that ¥’ S ((wj)ies) is bounded
even with the property of increasing returns, so, 7 (p™*, z*) = 7 (p™*,z*); see the proof of Lemma 2.
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14 K. Urai et al.

5.2 Arrow-Debreu production economy

In this subsection, we further extend the Ichiishi-Quinzii framework to the Arrow-
Debreu production economy. The major difference between the Ichiishi-Quinzii and
Arrow-Debreu production economies is whether consumers can purchase investment
commodities through the market using the profit distribution from the firms they joined.
Similarly, we address the existence of social coalitional equilibrium and its optimality
property, and follow the notation for the Ichiishi-Quinzii production economy defined
in the previous subsection, although we assume that price p € P is a vector in simplex
AH<=1 10We also generalize technology Y5 to a compact, convex-valued correspon-
dece Y5 . R 37 = (7,,2) > 5 = (37°, 75°) € Y15 (Z)) R, Given
investments and share-holding rates (((Zl’.) teA)ieN, 6), consumer i’s utility optimiza-
tion problem under a multi-layered industrial structure I € ¥ is then specified:

max u;(X;)
Xi

A
- e .
subjectto p % < p-(w; —Z) + Y00 VSO (p @) sy, (15)

t=1

where S’ (i) is the unique coalition in opportunity ¢ such thati € §’(i) € J7.
We present the existence result!!:

Proposition 4 For an Arrow-Debreu production economy, € = (()_(i, Uj, ®j)ieN,

VS 51enxn: T), let (Xo, (Xiiens Go, (KT, )ies) 7, sexxnxn) b
a society representing the Arrow-Debreu production economy E. Suppose that this
society satisfies conditions (iv), (v) in Proposition 1, then there exists a generalized
social coalitional equilibrium state (p*, (X, (Z*)ren)ien, 0%, T*) such that the fol-
lowing conditions are satisfied:

(Budget Feasibility) (X, (Z*)ien)ien is budgetary feasible under T, p* and 0*
such that for everyi € N,

A
_ - =18 (i 1 -
prE < pt (0 — TN+ } :91{ (D% 1.8 (l)(p*, (Z;’*)jeS’(i))v
=1

where S' (i) is the unique coalition in opportunity t such thati € S'(i) € T**.

10 One can extend the share-holding rates defined in the Ichiishi-Quinzii production economy to 6’ S =

(9_;’5) ieN € A" for every (¢, S) € A x N, which is the share-holding rates defined in the Arrow-Debreu
general equilibrium economy. However, it is easy to verify that the GSCE state in Proposition 4 is still a
GSCE state under such an extended framework because no cooperator in any S € T can benefit from the
deviation.

' The detailed definition of a society representing the Arrow-Debreu production economy & will be given
in Appendix C.
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(Market Feasibility)

n n A A
Soaed @ ->79+Y Y vt @ies).

i=l1 i=1 =1 =1 gegt*

(Price Stability) Forall p € P,t € A and S € T, 35 € ¢S (p*, @) jes),
we have

n n A A
p(EF-Ye-Yi-3 ¥ )
i=1

i=1 =1 =1 SeJ’*
n n A A
_ -t =t,S
s (XF-Te-YE-2 i)
i=1 i=1 t=1 t=1 SeJt*

(Market Stability) There are no investment type s € A, coalition D € N, con-
sumption (£;)iep, investment (23);cp, and share-holding rates 0% such that
u; (X;) > u; ()El?“)for all i € D satisfying the following condition:

A _ A =1, St (i i _
prxi S pt(w — ZZf* -z + Z@if @1, @ (p*, (Z;*)jesf(i))
t#s t#s

+07 PP (p*, (33) jen).
Proof Appendix C. O

In contrast to the Ichiishi-Quinzii production economy, the extension to the com-
plete investment commodity markets can be regarded as markets for capitalists. The
following result shows that every generalized competitive equilibrium allocation
involving the equilibrium multi-layered industrial structure is Pareto optimum.

Proposition 5 Every generalized social coalitional equilibrium state obtained in
Proposition 4 is Pareto optimum.

Proof Appendix D. O

6 Conclusion

This paper generalizes the social coalitional structures by Ichiishi (1981) and his
framework where agents cooperate under multi-layered coalition structures. We intro-
duce the notion of generalized social coalitional equilibrium and provide an existence
theorem under the balancedness condition. Applications to the generalized social
coalitional equilibrium framework are both the Ichiishi-Quinzii and Arrow-Debreu
production economies with a multi-layered industrial structure. Using the balanced-
ness condition, we prove the existence of a generalized social coalitional equilibrium
under each production economy and argue that in the Ichiishi-Quinzii production
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16 K. Urai et al.

economy, there always exists an equilibrium that is Pareto optimum. In contrast, every
equilibrium allocation involving its equilibrium multi-layered coalition structure is
Pareto optimum in the Arrow-Debreu production economy. This generalized social
coalitional equilibrium concept elucidates the issues of firm formations and industrial
structures through general equilibrium analyses.

Data Availability This manuscript does not contain any data, so there should be no need for a data availability
statement.

Appendix A: Proof of Proposition 2

We follow the proof of Theorem in Ichiishi and Quinzii (1983) (p. 406 ~ 412). We
first reduce the Ichiishi-Quinzii production economy to an n-person cooperative game.
Then the existence of general equilibrium results from the generalized social coali-
tional equilibrium theorem is presented in this paper. For this purpose, we define
consumer i’s cooperative strategy set as a product of the consumption set, the set of
investment amounts, and the set of share-holding rates:

X, = )_(,' X Z,' X @,’ C RZ_Hz X (RQ_'Z))L X @,‘,

where (Z/)ep € Z; € (R )* and 6; € ©; = {(9_,?’5[(1))@,3%1'))61\leV(l, S'(i)) €
AxN,ieS ), 005D = pratS' O e A¥S=1) Ttis clearly that ® = []/_, ©;. By
definition, the strategy set X; is non-empty, compact, and convex. For each S € N, we
denote by [ ;¢ X; the product of the strategy sets for consumers i € S. The feasible-
strategy correspondences are specified as K755 : Xog x Xy — Xg.Let Xg = P be
the parameter set. Taking any J = (‘J’l, e, TA) € T,t € A,and S € N, for each
parameter p € X¢ and any (%;, Z;, 0;)ieny € Xn, let K75 (p, (%i, Zi, 0;)ien) be the
set of all (x;, Z;, éi),-es € X such that the following conditions are satisfied:

(EDsendies € Zs = [ [ 2.2} = 2] exceptfors =1,
ieS
As.D =  As.D s, D* (i
(6 Py, preaxdies € Os, 070 = 77 exceptfor (5, D) = ¢, 9),

A
pr-xri < pr-(ori — fo’i),
s=1

N ~s D (i 5 (i N
po-f0i =Y 677 Va0 (p (2) jepsi)
S#t

. )
+6,° 75 (p, (2)) jes),

where D* (i) is the unique coalition in the opportunity s such that i € D*(i) € J°.
Given such correspondences, consumer i ’s utility function in n-person cooperative

game representing his own preference is now defined as follows: for each I € T,

t € A,andi € N, suchthati € S € I, we take a continuous function ul S

i
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Xn x Xs — R; representing the utility function u; as
T,1,8 TS, 0= = A\ a A A
u; 7 (x, (xj)jes) = u; U((x, Z,0), (X7, 25, 05) jes)-

Finally, we define the parameter restriction correspondence, Go : Xo X Xy >
(p, x) = Go(p,x) C P, as follows:

(Deﬁnition of Go) Given z = ((Z)ien)ien, let ¥ T (%) be the union of sets,
Ugez Y7 (2).Define 7t (p, 2) asm(p, 2) = max{po-y|y € Y* (D)}, and ¢ (p, 2)
as ¥ (p,2) ={y € Y| po -y = n(p.,2)}. Then, Go(p. (% Zi: Bi)ien) s
the set argmax eP{Pl(lelxl,l - > (o — thl z“ ) and po - y|y €
v(p, 2}

With the notation of the generalized social coalitional equilibrium framework, we
then show that there exists a generalized social coalitional equilibrium under the
Ichiishi-Quinzii production economy. To do so, we first define consumer i’s gain
at opportunity ¢ in a multi-layered coalition structure T € ¥ as a real-valued function
such that given a parameter xo = p,

S
T p.2 0 =000 Ont SO (p @) jesiin)

where ((zl, l)tEA)leN € Hz—l(Z x ©;). Therefore, every consumer i plays his
strategy (p-z;i, gi) in cooperative game. Let x; (p, w;, (zl, ; "Y;ea) be asolution of (14),
We denote consumer i’s indirect utility fuction as v; (x;(p, w;, (Zl, z)tE A)). Using

g7, we write v; (p, i, (g7 (p, 2, ,))teA)tostandforvl(x,(p,wl,(z,, 0)ien)).1?

By the definition of utility, v; (p, w;, (& " D, zl, ; "Y)sen) is also continuous and non-
decreasing. Using (p - z;, gi) and v;, we then prove the following existence lemma:

. T,1,8

Lemma 1 For society (Xo, (Xi)ien, Go, (KT”’S (u; " )lES)(th S)erAxw) repre-
senting the Ichiishi-Quinzii production economy &, there exists a generalized social
coalitional equilibrium (xj, x*, T*) € Xo x Xy x %.

Proof We will prove this lemma using the logic similar to the proof of Theorem in
Ichiishi and Quinzii (1983). We need to check that there is a list (xj, x*, %) that
satisfies all the conditions described in Proposition 1. By definition, it is easy to verify
that the conditions (i) , (ii) , (iii) , and (vi) are satisfied. To establish the condition
(iv) , we denote the non-side-payment game by:

VI (S) = {(cdien C RV 3T € T, 3ys € K75 (xo, ). Vi € S, ¢ Sul ™S (x, ys)).
(16)

12 Letéi = p-(w; —2z), 'Ii,E giand (p, q) = (pr, po), each consumer i’ feasible strategy ol = (Si, ni)
and his utility v; (p, g, &', ") defined in Ichiishi and Quinzii (1983) can be represented by (p - z;, g;) and

T, = 5 .
vi(p.wi, (g7 (p, 2, 6))1e ). respectively.
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18 K. Urai et al.

From the assumption in Proposition 2, this non-side-payment game is balanced. Con-
sequently, all the conditions of Proposition 1 are fulfilled, and there exists a generalized
social coalitional equilibrium (xj, x*, 7*) by Theorem 1. O

As far as there exists a generalized social coalitional equilibrium in the Ichiishi-
Quinzii production economy &, the result cannot directly extend to prove the existence
of general equilibrium since the price manipulation will lose its sense for a coalition
structure T* € T such that 77" (p, 7) # 7(p, Z), where 7 (p, Z) is a proper subset
of ¥ (p, z) by the definition of Go. However, the following lemma can be proved and
completes the proof of Proposition 2.

Lemma2 Let us consider an Ichiishi-Qienzii production economy and let (p*, (x7,
(Z*)ien, 0)ien, T*) be a GSCE, then condition 7(p*,7¥) = 7 (p*, 7%) is sat-
isfied, and we have (Market-Stability) condition together with the following (Price
Stability) condition. Moreover, in such a case, we have (Market-Feasibility) condition
and hence, (p*, (X', (Z*)ie)ien, 0%, T*) with an defined 6"5* = Ch s (’)*)lesl(,)
for each S'(i) = S € T™ and t € A, forms an equilibrium ofproductlon economy.
Proof By the proof of Lemma 1, it is easy to verify that the definition of G assures the
(Price Stability) as long as w (p*, 7*) = 77 (p*, 7%).13 Condition (Budget Feasibility)
follows from (GSCEL1). Itis also straightforward that from condition (GSCE1) together
with the definitions of Z; and X y, we have (Investment Feasibility). Since the budget
feasibility is satisfied for every S € T, ¢t = 1,2,..., A, we have p - )E;‘l <pj-

S? t
(@1 — Yy 27 and ply - Ty, < S0 605 O* gt (’)(p (%) jest(i))- Moreover,
since the 1nvestment commodities are non- desnable for all the consumers the above
< must hold as = and x xl ; = (0,---,0) forall i € N. Also, it assures that p*

strictly positive. Then for every p; € Az_l,

n n A n n A
=t ot
pre( S -2 3 ) =i ((Len - L 2%)
i=1 i=1 t=1 i=1 i=1 t=1
n A
* Stk
= ZP] : (wl,i - Zzl,z)
i=1 t=1
<0
The above inequality implies that ) 7 _,Z;; < > !, o ;. Besides, since for each

ieN,te€A,andS € T, there has y"5 € y"S(p*, (@) jes), soforall po € AR
the following inequalities are hold:

0.(2);3[_% ) ygS)sz-(f%, >y "S)

t=1 SeJ'* i=1 t=1 SeJt*
n s
i PR nt.S* -t,§
—ZPO‘xo,i_Z Z Zel. Po Yo
i=1 1=1 SeT* ieS

13 One can check that under the condition of Balancedness Condition, for all Z, Ugex ¥ T =T @).
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n A
- 51,80 -1,8'(i
- Z (P?) X0, ~ Zei Py - 35 (l))

t=1

where for each (¢, S) andi € S = S'(i), 0_,.”5* = Q_l.[’sl(i)*. Consequently, p}, € R% |

and Y/ X5 ; < S ZS@T’* 5% are held from Y’S is compact- and convex-
value. The above inequality ensures that the price stability condition together with
p*e Rﬁ_ 4 % RY | implies the condition (Market Feasibility). O

Appendix B: Proof of Proposition 3

The proof is divided into two parts, one is #A = 1, and the other is #A > 2

(#A = 1) Suppose not. Then there exists one equilibrium allocation involv-
ing its equilibrium industrial structure that is Pareto dominated by an allocation
(X, ZDrer)iens ()A’I’S((zz')jES))(z,S)eAx:}) with its industrial structure J". Since
A = {1}, then we simplify the symbols (Z})ea, ()A)”S)(I,S)GAX& and (g})ren as Zi,
(j}S )ses and g; forall i, j € N and § C N, respectively. Given the price vector
p*, Definition 2 together with indirect utility function v; defined i in Appendlx A

implies that there must exists D € T such as foreveryi € D, g; T(p*, 2.6 =
(p Zi,0;) and atleastone j € D, gj T(p*, 2.6, > 8&; T(p*, zj,é‘ ). Also, since
((x,, Z)ien, " S )JES))(t S)eAfo') is an admissible allocation under industrial

structure 3’, we have

* o) *
Pr- Zzl,i =pr: Zwl,i-

ieD ieD

That is, (Z;);ep is also admissible under every equilibrium structure J* since
)E;*,i =0 foreveryi € N 14 Combine the above facts, all the consumers, i € D,
will deviate cooperatively from J* by submitting the investments (Z;);<p, which
is contradiction to the Market Stability.

(#A > 2) Suppose not. Then for every equilibria defined in Proposition 2, there
exists an admissble list (X7, (Zi)ren)ien, ()A/t’D((ﬁj)jeD))(tﬁD)EAXﬁ,z, J) such that
for every i € N, u;(X;) > u;(x}) and there exists at least one j € N that
ui(X;) > u; (xj). Since every equilibrium p* is non-negative, by definition 2, for

everyi € N,and D € ‘j'f, we have

n n
ZP?'fl,i =ZP7'(0)11 ZZI,

i=1 i=1

14 The investment commodities are non-desirable for every consumer.
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n A
~ ~t,D A
Y ophFoi=Y. > po-3 () jes).
i=1 =1 Deﬁ’t
Recall the definition of Balancedness Condition, by adjusting investments and
share holdings rates, there always exists an equilibrium price p* and an equilibrium

investments ((Z;*) reA)ien attainable under the equilibrium multi-layered coalition
structure J* such that the following condition holds:

A A
b 3 Y =3 Y A e 2 33 P o)

=1 §eJ'* t=1 geJ'* t=1 peJ’

for any investments (((z})rea)ien, (y”D((z})jel)))(,,D)eAxy) attainable under
J € ¥. Since the preference of each consumer is local nonsatiated, the list which
is Pareto optimum must satisfy the following conditions:

n A n n
OZZPT.(G)IJ_ZZ?;)SZPT'XAI,I':ZPT'(Q)IZ ZZ[,
i=1 =1 i=1 i=1
zn z}\ i i )
Y orhdoi=3 3 o 95P(Ee) =D Y ph - 5(E jes)-

i=1 =1 p g t=1 §eJ™*
That is, the list is Pareto optimal only if the following conditions hold:

n n A
0= pi-fri=Y p; (wl,i - Zfﬁ)v

i=1 i=1

n n
3" ph - fou _Z > ph 3@ e =Y P T

i=1 t=1 SeJ'* i=1

From the above condistions, we have that the Pareto optimal allocation (X;);cn is
also attainable under the equilibrium multi-layered coalition structure J™* asso-
ciated with the equilibrium investments ((z;k),E A)ien- And hence, we get a
contradiction.

Appendix C: Proof of Proposition 4

We follow the logic in Appendix A to show the existence theorem. We reduce an Arrow-
Debreu production economy to an n-person cooperative game by defining consumer

@ Springer



Generalization of the social coalitional... 21

i’s strategy as the set
X; = )_(,' X Z[ X éi C RZ-Hz X (R_{:Hz))\ X @,’.

The feasible-strategy correspondence K75 : Xo x Xy — Xg therefore are
denoted as follows:
Let Xo = P be the parameter set, taking any J = (3’1, ...,fT)‘) € X, t € A,
and S € N, for each parameter p € X and any ()Ei,Zi,G_i)ieN € Xy, let
K75 (p, (%, Zi, 0;)ien) be the set of all (£, 2;, 0;)ies € X such that the following
conditions are satisfied:

((B)sen)ies € Zs = H Z;, % =7 exceptfors =t,

ieS
As,D = As,D ~s,D% (i
(652 5. pyenxNies € Og, 650 = 65P°D except for (s, D) = (1, S),
A
P S =Y g+ Y 60 On PO (p (25) jepsiy)

s=1 s#t

+01 575 (p, @) jes),

where D’ (i) is the unique coalition in the opportunity s such thati € D*(i) € J°.
Given such correspondences, consumer i ’s utility function in n-person cooperative
game is now defined as a continuous function u?’t’s : Xy X Xs — R4 such that for

eachT e X, re A,andi € N,suchthati € S € T,
TS TS, = = 5\ ;a A A
u; " (x, (x))jes) = u; (R, 2,0), (R, 25.6)) jes)-

Finally, defining the parameter restriction correspondence, Gy : Xo x Xy >
(p,x) — Go(p, x) C P as follows:

(Definition of Go) Given Z = ((Z})ren)ien, let Y¥(Z) be the union of sets,
Uges Y7 (2). Define 7 (p, 2) as w(p,2) = max{p-y|y € Y*(2)}, and ¥ (p, 2)
as Y (p.2) ={y € Y@@\ p-y = n(p.2)}. Then, Go(p, (Xi, Zi, 6)ien) is the
set argmax s p (P - ( X1y % — Yoy (@ — Yhoy 2 — 5)1 5 € ¥(p. D).

In contrast to Ichiishi-Quinzii production economy, since consumers can purchase
by using the distribution from the firms they join, so that we will prove the existence
lemma through the consumer i’s net-gain real-valued function g? "' in a multi-layered
coalition structure T € ¥ such that given a parameter xo = p,

T, =t ; ;1,8 (i (i -
g (p. 20 =6/ Vrt SO (p, @) jesi) — p -2l
where ((Z!,00)en)ien € [[/-1(Zi x ©;). Similar to the definition of indirect

utility in Appendix A, the consumer i’s indirect utility is denoted as a con-

tinuous, non-decreasing, and real-valued function v;(x;(p, w;, (ZI’- , é{)te A)) where
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Xi(p, wi, (2, Q_i’ )rea) solves (15). Using the net-gain function gT” defined above,
we also write v; (p, w;, (gl “(p. zl, z))tGA) to stand for v; (X; (p, w;, (zl, l)teA))

Lemma 3 Given an parameter xo = p, there always existT € T, and((zl, ,)teA)zeN
€ 1_[1 1(Z x ©;) such that for every t € A, for every T e T and for every
((Zl, ,)teA)zeN € 1_[, 1(Z X @ ),

n

=

T (p, 30 = T (p, 300,
i=1 i=1

Furthermore, for every s € A and for every admissible coalition sturcture 5 #
T if Yo gij—’s(p, 5,09 > Y, gl (p, 2 9 ), then there always exists S €
T together with ((Z, 0)en)ien such that for every i € S gl (p. 2,00 >
‘Aj’s(p z, OA‘Y) and at least one j € S, g “(p, zj,@js) > g] “(p, zj,@})for any
((Z,, ,)teA)zeN € H, ](Z x ;).

Proof The statement of first part that, there always existT € T, and((z,,é? )tcA)ieN €
[T 1(Z x ©;) such that for every t € A, for every T € T and for every
((Z,a ,)teA)zEN € 1_[, 1(Z x O; )s

n

T (p. 2 l)>2g “(p. 21, 0),

i=1

is always holding by the definition of g? !
So itis sufficient to verify the last part. Supposing not. Defining a set A as follows:

A=(SeT 1Y ¢ (260 = Y T (0. 2.0,

ieS zeS

By the hypothesis, it is easy to see that the complement set AC = . Then, A = T
and

S ez < 30N (.26

SeAieS seg’ i€S

for every ((z}, l)teA)leN e [T 1(Z x ©;). Hence we get a contradiction to the
statement of the first part except for the case such that

n n

75 (p, 75,60 =
i=1 i=1

‘.AT,‘ a5 s
i A(P, Z;, 0,'?)~
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Lemma 3 together with K75 shows that once the price p prevail, consumers’
coalition-deviation strategies in opportunity ¢ are independent of those in any other
opportunity s # ¢, and only the multi-layered coalition structure J, that realizes the
maximum of the total net-profits in each t € A, may be a stable (non-deviation)
one. Those facts imply that for the Arrow-Debreu economy &€, GSCE exists only if
its equilibrium multi-layered coalition structure J* satisfies Lemma 3, i.e., T* = T
However, T may not be an element of ¥, so we use the condition of Balancedness
Condition defined in subsection 5.1 to have the next existence lemma.

i Y T8y T0Sy.
Lemma4 For society (Xo, (Xi)ien. Go. (K75, (u; ),es)(,,t’s)dmw)
senting the Arrow-Debreu production economy &, there exists a generalized social
coalitional equilibrium (xj, x*, T*) € Xo x Xy x %.

repre-

Proof The logic of this proof follows the argument in Lemma 1. By definition, the
conditions (i), (ii) , (iii) , and (vi) defined in Proposition 1 are always satisfied. Also,
we denote the non-side-payment game by:

Vi (8) = {(e)ien C R¥13T € T, 3ys € K75 (xo. 0). Vi € S, i Sul "5 (x, yo)).

a7)

and this game is balanced by the assumption in Proposition 4. Consequently, all the
conditions of Proposition 1 are fulfilled, and there exists a generalized social coalitional
equilibrium (x§, x*, 7*) by Theorem 1. O

We have shown that there exists GSCE in the Arrow-Debreu production framework.
The next lemma shows that the GSCE list satisfies all the conditions in Proposition 4.

Lemma5 Let us consider an Arrow-Debreu production economy and let (p*, (X7,
() ren, Q_i*)ieN, T*) be a GSCE, then condition w(p*,7*) = JTTk(p*, %) is sat-
isfied, and we have (Market-Stability) condition together with the following (Price
Stability) condition. Moreover, in such a case, we have (Market-Feasibility) condition

and hence, (p*, (¥}, (Z*)ien)ien. 0%, T*) with an defined 6"5* = (ét’St(i)*)ieS’(i)

foreach S'(i) = S € T and t € A, forms an equilibrium ofproductioln economy.
Proof The proof also follows Lemma 2 in Appendix A. We need to check two con-
ditions: one is w(p*, z*) = nTk(p*, z*), and the other is (Market Feasibility) in
Proposition 4.

The first condition is always holding by Lemma 3. To verify the second condition,
let p € A" =1 we have:

n n no A A
- (Zf;* —D =Y D> =Y S, (zjf),-es)>
i=1 i=1 i=1 t=1 t=1 SeJ'*
n n n oA A
=r (fo DICEDY fo*) =Pty D0 9 @jes)
i=1 i=1 i=1 =1 =1 §eJ'*
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n n A
. (Zi;“ - oi- ZZ"*) =2 > AT E)jes)

i=1 i=1 i=1t=1 t=1 SecJ*

n n n A
- (fo Y-y ) =220 TP, @) jes)

i=1 i=1 i=1t=1 i=1t=1

n A A .
ST (i =
( 3% )‘Zé’! DT 050 (28)jesin)

i=1 t=1

<0.
Therefore,
n n A A
Y el (a-Ra) e X v @i
i=1 i=1 t=1 t=1 §egt*
Hence, the proof is completed. O

Appendix D: Proof of Proposition 5

Suppose not. Then there exists one equilibrium allocation with its certain equilib-
rium multi-layered industrial structure J* is Pareto dominated by some allocation
((x;, (z Veen)ien, (" S )165))0 S)eAXg.) with its multi-layered industrial struc-

ture . Given the equilibrium price vector p*, Definition 2 together with Lemma 3 in
Appendix C implies that:

n n
Pty EH <t Y E

i=1 i=1

.. (Z(wl Zz )+ Z PR (e )]es>>

i=1 t=1 t= ISEUJ

n no A
<Pty ey y gl (Pt A A

i=1 i=1 t=1

Budget Fea31b111ty implies that the above condition holds only if p* - >/ X =
p* - ', X which contradicts to the fact that there exists at least one j € N such
that u ; (x ]) <uj (x 7). The proof is completed.
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