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Abstract

This paper is concerned with new approaches to the stability analysis of delayed neural networks. By modifying the non-
orthogonal polynomial-based integral inequality (NPII), a new delay-product functional (DPF) is formulated. On the basis of
the proposed DPF, a Lyapunov—Krasovskii functional (LKF) is constructed where a new state introduced in the second-order
Bessel-Legendre integral inequality (BLII) is included in augmented vectors of Lyapunov matrix. On account of this proposed
LKEF, the delay-dependent criterion is introduced in terms of linear matrix inequalities (LMIs) for stability analysis of neural
networks time-varying delay. Two commonly used numerical examples are considered for demonstration purpose to test the
efficacy of the proposed stability criterion.

Keywords Delayed neural network - Improved reciprocally convex lemma - Bessel-Legendre-based inequality - Non-

orthogonal polynomial-based integral inequality

1 Introduction

From past few decades, neural networks (NN) have been
successfully used in many scientific and engineering systems
such as image processing, associative memory, pattern recog-
nition and optimization algorithms [1, 2]. Broadly, the neural
networks are realized by very large-scale integrated elec-
tronic circuits. In view of communicative speed between the
neurons and restricted switching speed of electronic devices,
time delay often exists in the neural networks which degrades
the performance and even destabilizes it. Therefore, delay-
dependent stability analysis of neural network (NN) with
delay becomes a key problem in the past decades, see in
[3-7].

The Lyapunov—Krasovskii (LK) approach for determin-
ing stability in its implementation is the most investigated
method in stability analysis of NN with time delay. A vari-
ety of delay-dependent conditions for stability analysis have
been proposed in the form of LMIs [8—13]. The main focus
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in these works is to develop new stability criteria such that
it provides largest upper bound (LUB) of the delay by estab-
lishing negative definite condition of derivative of the LK
functional (LKF). For obtaining LUB of time-varying delay
for NN, the two crucial issues are construction of appropri-
ate LKF and to find a precise bound of quadratic integral
function obtained in the time derivative of LKF.

In earlier works, Jensen-based integral inequality (JBII)
[14] has been used numerously to bound the integral func-
tion. To get less conservative stability condition, several other
integral inequalities have been used, like Wirtinger-based
integral inequality (WBII) [15], auxiliary function-based
integral inequality (AFII) [16], Bessel-Legendre-based inte-
gral inequality (BLII) [17] and free-matrix-based integral
inequality (FMII) [18], although these inequalities have
potential contribution to get improved stability criterion. A
careful look reveals that these inequality functions introduce
additional quadratic terms and each term includes a new state
vector. It was shown in [19] that LKF must be augmented by
the states involved in the inequality in order to reduce con-
servativeness.

The matrix-refined function in [20] has been formulated
in which slack variables are utilized to refine the Lya-
punov matrix to provide more flexibility. In [21-24], the
LKF proposed in which all the quadratic terms involved
was not necessarily required to be positive definite. It has
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been demonstrated that such a relaxed condition provides
improved results. To exploit the information of delays and
its derivative, a new type of LKF, known as delay-product
(DP) functional [25, 26], has been introduced, which con-
tains time-varying delay as the coefficients in the non-integral
quadratic terms. In similar fashion, new DP functionals have
been proposed by modifying WBII and FMII to exploit the
advantages of single integral state vectors in [22, 27, 28].

Motivated by these types of works to formulate new
form of LKF, this article is mainly based on the creation
of new delay-product LKF by modifying non-orthogonal
polynomial-based integral inequality (NPBI) of [29]. The
NPBI is designed on the basis of a non-orthogonal polyno-
mial sequence. The auxiliary sequel vector {1, g(s), g2(s)}is
non-orthogonal because | ab g2(s) # 0. Hence, an additional
cross-term has been introduced in the NPBI as compared
to orthogonal polynomial type integral inequality. This
additional cross-term has been key to get less conserva-
tive stability condition. Then improved reciprocally convex
lemma of [19] and second-order BLII are jointly utilized to
derive, delay-dependent stability criteria for delayed NN. To
show the efficacy of the proposed stability conditions, two
numerical examples are considered.

Notations:-R” and R"*" mean n-dimensional Euclidean
space and set of all real matrices with dimension (n x m),
respectively. Col(-) and diag(-) stand for column and diago-
nal matrix, respectively. Q > 0 represents Q be a symmetric
positive definite matrix. Sym{N} = N+NT.0and I are zero
and identity matrix of appropriate dimensions. For a given
function x : [—h, 400] — R”, x;(s) represents x (¢ + s), for
alls € [—h,0]and all ¢ > 0.

2 System description and preliminaries

The NN with its equilibrium point shifted into origin can be
represented as:

X(t) = —Ax(t) + Bf (Wx (1)) + Cf (Wx(t — dy)) (1)

where x(¢t) € R” is the state vector representing n number
of neurons; A = diag{ay, ..., an—1,a,} > 0,B,Cand W €
R™*" are the known interconnecting weight matrices of the
neurons. The time-delay function d, is otherwise expressed
as d(t). As per the real scalars vy, v» and £, time delay d; has
following conditions.

0<d, <h, —vi<d <w 2)

The activation function of neuron is denoted by f(x(t)) =

{(fx1®), ..., f(xp—1(?)), f(x,(2))} and satisfies
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where o;” and ol.+ are real scalars with known values.
For this paper, let ¥y = diag{o, ,...,0,} and X, =
diag{afr , ..., 0, }. The aim of this paper is to construct new
functionals to obtain improved stability criteria for delayed
NN of (1). For this reason, some key lemmas are rewritten
as follows. First, the improved reciprocally convex lemma is
presented.

Lemma 1 [19] For matrices X; > 0 and S;,i = 1, 2, using
positive scalars «, 8 related by a + B = 1, then the following
holds:

Fxl 0 }> [(l+,3)X1—T1 BS) +asS

0 5X> * (1+oz)X2—T2] “)

where T| = ﬂSsz_lSzT and Th = oleTRl_lSl. The following
lemma presents the second-order BLII and JII.

Lemma 2 [14, 17, 30] For any continuously differentiable
Sfunction w € [a, b] — R" with a constant matrix 0 < R,
then the following holds:

(i) Second-order BLII:

JP W (s)Rw(s)ds = - [VT RV, 4 3VIRV,
+SVIRVs] )

(ii) JII:

9¢ RYo (©6)
—da

b 1
/ wl(s)Rw(s)ds > -

where Vi = w(b)—w(a), V2 = w(a)+w(b)— (b%a) o, V3 =
Vit (bEa) fab 82 (s)w(s)ds, ¥ = fab w(s)ds and 8°(s)
—2(52) +1.

The next inequality to be recalled is used as bound of the

quadratic type integral function. It is derived based on a poly-
nomial sequence of non-orthogonal in nature.

Lemma 3 [29] For real scalars a and b having b > a, dif-
ferentiable function w : [a.b] — R", real matrix R > 0
with dimension n x n and matrices Z1, Z, L1, Ly satisfies
Zy Zy Ly
x Z3 Lo
* % R

Z = > 0, the following inequality holds
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1

VIRV, + V(L1 + LT
—da

b
/ wT (s)Rw(s)ds > p

b _
L Z0Va + VINIS(Ly + LT) — 2006 — a) Z3]Vs

+ 20V LoWy (7

b
where V4 = ﬁ fa

w(s)ds — 5 [V [ w(s)dsdo

Remark 1 The right-hand side of NPII in (7) contains four
quadratic terms. The first three quadratic terms are similar
to the BLII. The last cross-term is the additional term uti-
lized in NPII. The cross-term V}szl evolves due to the
non-orthogonal polynomial function. This cross-term con-
tains the states ﬁ fb w(s)ds, ﬁ fab feb w(s)dsdé, w(b)

a
and w(b). The additional interaction among these states in

cross-term improves the conservativeness.

In order to obtain the simpler presentation, the notations have
been utilized as follows.

fg=h—d, xqg=x(t—dy), xp=x(t—h), d=1-d,,

1 0
wi(t) = d—/ x(s)ds, wa(r)

t J—d;

1
=— d

1 0
w3(t) = d_/d SO_d,(S)xr(S)ds, w4 (1)
t J—d;

_ L[ d
= a/_h _p (9)x(s)ds
wo(t) - COI[x(t)des dtwl(t)v hde(t)a dl‘w?)(t)v ﬁdw4(t)]v
t
w1 (s) :col[x(s),)'c(s),f(Wx(s)),/ x(s)ds]
¢(t) = col[x(t), xq, xp(t), Xq, w1 (1), wa(t), w3(?),
wa(t), X5(1), f(Wx(1)), f(Wxa), f(Wxp(t)),
t t—d;
/ f(WX(S))ds,/ S (Wx(s))ds],
t—d; t—h

ep = Aey + Bejo + Ceir, e0 = Opxi14n

with eq, ea, ..., e1a € R™ 14 are basic block matrices, for
example e2 = [0yxn, In, Onxi12a].

3 Main Results

In this section, we construct a delay-product functional (DPF)
using the NPII in (7).

Proposition 1 If the matrices 0 < N3, Ny € R™", the sym-
metric matrices Z;, Y;, Lj and M; e R™", i =1,2,3 and
Jj =1, 2 satisfy the following LMIs

Z1 72> Ly Y1 Yo M
¥ Z3 Ly | >0, x Y3 M | > 0; (8)
* % Ny *x % N»p

then, the following function can be a DPF candidate:
t
Vy = / T (s)N1E (5)ds + d ()0 (1) Z94(1)
t—d;
1
= £1dD3 OLMIW) + ha ()05 (OMT)Ds (1))

t—d;
+ f FT () Nak (5)ds + haITOVIsE) ()
t—h

where
(1N 0 10L7
Lh)y=| * Li+L7 0 ,
| x * 15(L, + LY)
[ +N> 0 10Mm7
M@y =| * M +M! 0 ,
| x * 15(M> + MT)

. Y, . Z1
Y = diag ?,20Y3 , Z = diag ?,20Z3 ,

D3(1) = col{x(t) — xq(1), x(t) + xa(t) — 2wy (1), 4w3(1)},
Da(t) = col{x(t) + xa () — 2w (1), 4w3(1)}

V5(t) = col{xq(t) — xp(t), xqa(t) + xp(t) — 2wa(t), 4w4(1)},
U6(1) = col{xq(t) + xp(t) — 2wa (1), 4wa(1)}

Proof By using the non-orthogonal polynomial-based inte-
gral inequality of [29], one can write ftl_ 4 iT(s)N1x(s)ds
> +1di03 (1) L(d)03(1)] —di D] (1) 294(r), and [} &7 (s)
Nok(s)ds = —laO§ OYD6()  +55 a9 (1)

M(ha(2))95(1)]
Since i > d; > 0, it is clear that Vi (¢) > O. O

Remark 2 The new delay-product LKF has been created
of modifying non-orthogonal polynomial-based integral
inequality (NPBI) introduced in [29]. The NPBI is designed
on the basis of a non-orthogonal polynomial sequence. The
auxiliary sequel vector {1, g(s), g2(s)} is non-orthogonal
because fab g%(s) # 0. Hence, an additional cross-term has
been introduced in the NPBI as compared to orthogonal poly-
nomial type integral inequality. This additional cross-term
has been key to get less conservative stability condition.

Remark 3 The DPF (9) consists of integral terms and delay
coefficient-based non-integral terms. These non-integral
terms are non-positive and play the role to provide relaxed
stability condition, and its derivative produces cross-terms
with product of delay and its derivative. Hence, both relaxed
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condition and delay-product properties make the DPF more
effective to reduce conservatism.

By considering DPF (9), we have the following stability cri-
terion.

Theorem 1 For matrices 0 < P € R"x0n o < p, ¢
R¥¥4n 0 < N;, R; € R™™™ diagonal matrices 0 < I,
2;, Aj, any matrices U; € R33" and Ujpn € R™,
i=1,2j =123k =1,2,...,6 with given scalars
h, vi and vy, the delayed NN (1) is asymptotically stable, if
inequalities in (8) and following LMIs hold for dt € [vy, 12].

[Y(0,dy) ETU, el,Us

* —R; 0 |<o0 (10
| * ¥  —Ry
(Y (h,dy) EJUT el,U3

x —-R; 0 |<o0 (11)
| * * —R>

where, Y(d;,d;) = Po(dy,dy) + D1(dy) + P4
+ ®a(d;, dy) + ®3(d;) (12)

@) (ds, di) = Sym{G{(d)PG1(dy)} — di G P1G3
+Sym(G1 (dy) P\ G7} + d;G3 P,G3 — GL P,Gs
+Sym{G¢ (di) PrG7} + G} PG (13)

®1(d) = Sym{l(e1o — 1 We) 1T
H(ZWey —e10) T MWe),
+lds(e1) — Z1Wep) T3
+di (2 Wey — e11) 4] Wes
+l(er2 — Z1We3) ' 1Ts
+H(ZaWes — e12) Mg Weg) (14)
®y(dr.di) =e,Niep +diey (Ny — Nidey

—ed Nyeg — d—ﬁ’EST L(W)E3 + d—h’EST/\A(ﬁ)E5

—Sym{ET LGN D3y + Do)

+d,E} ZE4 + Sym{E} Z(d; D41 + D40))

— 2 Sym{ET M) () Ds; + Dso))

—di Eg VE6 + Sym{E§ Y(lig(t) De1 + Deo)}  (15)
®3(d;) =1 (epRiep +elgRaero)

—(1+ B)E[RIE| + e[3Rze13)

—(1 + Q) (EJR1Ea + €], Rye1s)

—2ET[BU| + alUlEy — 2e55[BU3 + aUslers (16)
3
Dy =) Sym{(eosi — Z1We)) 2;(ZrWe; — e9y)

i=1
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+ Z Sym{[(eg+; — e104i) — Z1W(e; — e14)]" 4;

i=1
X[ZoW(ej — e14i) — (e9+i — e10+i)1}
+Sym{[(e10 — e12)
— X1 W(ep —e3)] A3
x[ZrW(er —e3) — (e10 — e12)]}

T T T T T T4T
GO - [e] ) 62, dtes N ﬁd(t)e6, dt€7, ﬁd(t)es] B
T 7 T T 3. 17T 57 T T
Gl = [Ep, dte47 € — dtez, thZ —e3,
—e] —de) + (1 +dp)el —dsel,

— c?,eg — eg + 1+ Jt)eg + c'lteg]T

A7)

T T T T4T T T T T4T
G2:[epve1aeloseo] ,G3=[E4,62,611,(81—62) 1,

Gy =[(e1 —ex)", djel, el5, di(er — es)T]"

T T T T4T
Gs =leg,e3,e15,(e1 —e3) ],

Go = [(e2 — e3)T, ha(t)eg, €1y, ha(t)(er — ee) 1T,

T T )T T{T
G7:[eo,e0,€0,€p]

E|1 = Col{e) — ey, e1 + €3 — 2es5,e1 — e + ey}

Ey = Col{ey — e3, e + e3 — 2¢6, e — e3 + Geg}

Ez=[(e1 —ex)", (e1 +ex—2es) 471", Ey4
=[(e1 + €2 — 2¢5)", 4e] 1",
Es=[(ex—e3)", (ex+e3—2e6) . 4eg]. Eo
=[(e2 +e3 —2e6)", deg 1",
D3 = [eg, —2(e1 — der — dres)™, 4(—ey — dyrea
+ (1 +dy)es — 2dren)"]",
D31 = [(ep — dres)", (ep + dres)" e 1",

D4y = [~2(e1 — dres — dyes) ', 4(—e1 — dyea

+ (1+d)es —2dien)" 1" Dy = [(ep + drea) ", 51",

Dsy = [eg, ~2(diez — e3 — dyree)", 4(—dyer — e
+ (1 +dy)eg + 2dreg)"1". Ds
= [(dres — e9)", (dres + e0)T, 1T,

Deo = [—2(dres — e3 + dres) ", 4(—drer — e3

+ (1 +dpeg +2dres)' 1", De1 = [(drea + eo)T, g 1"

Proof Consider the following LKF as:

3
V()= VN + Y Vi),

i=1

where Vy(¢) is defined in Proposition 1 and

(13)

Vi)

@y () Pwo(t) + frt—az @l (s) Pi (s)ds +ftt__hd’ ol

(s)
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Py ()ds, Va(t) = 2 0, fo i £ )+ £ ()]
ds +2 30 [0 Ol 7 () + ma £ () 1ds+ +2 Y7
Jo P Otrs; £ ()i £ (9))ds, Vo) =k [0, [, #T(s)
Rix(s)dsdu + ﬁfi)h fttﬂ FT(Wx(s)) Ry f (Wx (s))dsdu.
With the derivative of (18) along the solution of delayed NN
(1), one can write

3
V(t)= VNt + Y Vi) (19)
i=1
where

Vi(t) = ¢ T ()®o(d;, dr)E (1) (20)
Va(r) = ¢ T(0) @1 (d)¢ (1) 1)

Vn(t) = ¢T () ®a(d,, d)E (1) (22)
Va(t) = ") (W (e} Riep + ey Rae10)¢ ()
t
- ﬁ/ T (s)R % (s)ds
t—h
t
— f FH(Wx($)) Ry f (Wx(s))ds (23)
t—h

where @ (d;, d;), ®1d;) and P>(d;, d;) are defined in (13),
(14) and (15), respectively. Now, one can approximate the
integral functions involving R and R; in (23) by utilizing
Lemmas 1 and 2. Apply integral inequality (5) of Lemma 2;
on these integrals we have the following inequalities.

t
- ﬁ/ #T(s)R1x(s)ds
t—h

c(r>( ETRIE; + EZTRIEz);(r) (24)

h
fiq (1)
where R| = diag{R,3R,5R;} and E, E, are defined
above. Similarly using (6), we have

—h / l FT(Wx(s))Ra f (Wx(s))ds
t—h

—cn)’ (—enRzew + elT4R2€14> ¢(t) (25)

h
ha(t)

Now, one can estimate the right-hand side (RHS) of (24) and

(25) using Lemma 1 with d—h’ = «, hjzr) = f, and finally,
substituting in (23) we have
Va(t) < ¢TO[P3(dy) + T(d)]g (1) (26)

where @3(d;) is defined in (16) and

T(d) = BETURT'US Ey + « EJUT R UV E>
+ ,BelT3U4R2_1U4Tel3 + ae1T4U3TR2_1U3e14, 27

Now, from (3) with 2 =
A = diag{r1, Ap, ...,
hold for s, 51, 52 € R:

diag{wi, w2, ..., 0y} > 0 and
An} = 0, the following inequalities

O, 82)>0, W¥(s1,5,4)>0 (28)

where

O(s, 2) = 2[ f(Wx(s)) — D, Wx(s)]"
x QL1 Wx(s) — f(Wx(s))]
W (si, 52, A) = 2[f (Wx(s1)) — f(Wx(52))
— D W(x(s1) — x(s2)]"
x AL W(x(s1) — x(52))
— fF(Wx(s1)) + f(Wx(s2)]

Therefore, it follows from (27) that

O, 821) 20,0t —d;, §22) 20,0 — h, §23) = 0,
w(tat_dfaAl) EO,W(t_dt,t_h,A2) 20
U, t—h,A3) >0

SO, one can write

T Pac(r) = 0 (29)

where @4 is defined in (17). Using (20), (21), (22), (26), and
(29), the time derivative of V () along the solution of (1) as
V() < T (dy, di) + e () (30)
where T(dt, dy) and I' are defined in (30) and (27), respec-
tively. The matrix Y (d;, dt) + I' is linear in d; and d;.
Therefore, if the matrix Y (d;, d;) + T is negative definite for
alld, € [0, A] andd, € [v1, v2], then V(t) < 0. Fmally, using

Schur complement one can transform matrix Y(d,,d;) +T
into LMIs (10) and (11). O

4 Numerical examples

In this section, we perform a comparison between the
proposed theorems and the existing ones in literature by con-
sidering two numerical examples.

Example 1 Consider a delayed NN (1) having delay function
d;, activation function f(x(z)) satisfying (2) and (3), respec-
tively, and W = I with

A = diag(1.2769, 0.6231, 0.9230, 0.4480),
21 =0, X =diag(0.1137,0.1279, 0.7994, 0.2368)
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Table 1 LUB of delay # for various values of v

Methods V= —v =) NLVs
0.1 0.5 0.9
Tm 3 [8] 3.9337 33507 32627 42n%+27n
Tm 3 [11] 44167 3.5986  3.3755 79n% + 15n
Tm 2 [28] 45072 3.8984  3.4437  75n% +21n
Tm 1 [31] 45086  3.8091 3.2895  153n% 4 22n
Pr1[29] 45382 39313 34763 60n%+22n
Tm I(N = 1)[32] 4.5426 3.9438 3.4688  83.5n2 4 26.5n
Pr 3 [33] 45432 39754 3.5791  131n2 +24n
Tm 1 45441 39245 34273 60n? 4+ 26n
Tm — Theorem, Pr — Proposition
Table2 LUB of delay # for various values of v
Methods V=—v =1 NLVs
0.1 0.5 0.9
Tm 3 [11] 1.1135 04922  0.4701  79n% + 15n
Tm 1 [35] 1.1240 05689  0.4737 792 +15n
Pr1[29] 1.1488  0.5864  0.4899  60n% + 22n
Pr3(N =2)[33] 11511 05835 - 13102 4 24n
Tm 1(N =1)[34] 1.1521 0.5961 — 83.5n% +26.5n
Tm 1 1.1551  0.5891  0.4906  60n? + 26n
Tm — Theorem, Pr — Proposition
[—0.0373 0.4852 —0.3351 0.2336 ]
B — —1.6033 0.5988 —0.3224 1.2352
| 0.3394 —0.0860 —0.3824 —0.5785 |’
| —0.1311 0.3253 —0.9534 —0.5015 |
[ 0.8674 —1.2405 —-0.5325 0.0220 ]|
C— 0.0474 —0.9164  0.0360 0.9816
- 1.8495 2.6117 —0.3788 0.8428
| —2.0413 0.5179 1.1734 —0.2775 |

The LUB of time delay A for different v = (0.1, 0.5, 0.9)
using the criteria proposed in this paper is listed in Table 1
along with the existing ones. Comparing proposed Theorem 1
and the criteria listed in Table 1, one can find that this method
is less conservative in comparison with all the approaches
listed in Table 1 for slow-varying delay (v = 0.1). But for
fast-varying delay (v = 0.5, 0.9), Theorem 1 is more con-
servative than Theorem 1 of [34], Proposition 1 of [29], and
Proposition 1 of [33]. However, the proposed criteria in Tm
1 contain less number of decision variables and it decreases
the complexity.

Example 2 Consider another delayed NN in the form of (1),
where

A = diag(7.3458,6.9987,5.5949), B =0,C =1

@ Springer

13.6014 —2.9616 —0.6936
W= | 74736 21.6810 3.2100
0.7920 —2.6334 —20.1300

with ¥ = 0, X = diag(0.368, 0.1795, 0.2876). Also, the
time-varying delay and the activation function satisfy (2) and
(3), respectively.

The LUB of the time-varying delay # for various v =
—v1 = vy using the proposed criteria and existing ones is
listed in Table 2. The obtained results in Theorem 2 provide
better results as compared to all works listed in Table 2 except
Theorem 1(N=1) of [34] for v = 0.5. It may be noted that the
proposed methods involve lesser number of LMI variables.
Therefore, the criteria introduced in this article reduce the
computational burden and complexity.

5 Conclusion

In this paper, stability analysis of generalized DNN is studied
utilizing LKF method. First a delay-product type functional
(DPF) is proposed using the cross-terms of NPIIL. In sec-
ond part, a LKF is introduced using newly developed DPF.
Finally, a stability criterion based on LMI is derived in which
the information on delay and its time derivative are consid-
erably utilized to get improved results. The effectiveness of
the developed stability criteria is demonstrated by consider-
ing two numerical examples.
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