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Abstract

This article investigates the finite-time synchronization (FTS) of memristive neural networks (MNNs) with leakage and
mixed delays by using state feedback and adaptive control techniques. The solution of all the systems has been obtained in
the Filippov sense using theories of differential inclusion and set-valued maps. To assure the synchronization of memristive
neural networks, a few sufficient conditions based on the Filippov solution and Lyapunov functional technique rather than the
finite-time stability theorem have been obtained. In order to achieve synchronization within finite time, a discontinuous state
feedback controller has been constructed, and settling time has been determined explicitly. A novel adaptive controller has
been constructed to minimize the control gain. The numerical examples authenticate the efficacy of the theoretic outcomes.
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1 Introduction

The last few decades have witnessed at growing attention
of the researchers toward the study of neural networks. This
is due to its wide range of applications. Nowadays, memris-
tors become quite useful devices in electronic appliances due
to their non-volatile characteristics, i.e., ability to preserve
memory without power. A memristor is a type of electronic
device that regulates or confines the flow of electric current
in a circuit and memorizes the previously flowed current
through it. Basically, memristor is an acronym for mem-
ory resistor having memory effect and firstly perceived by
Chua [1] in 1971. Chua demonstrated the relation between
magnetic flux and electric charge. He also concluded that
memristor would be the fourth essential component of a cir-
cuit. However, due to the nascent nanotechnology at that time
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the physical implementation of it was quite challenging. In
addition, synapses are very essential component of neural
networks, since they may store information and execute com-
putation in a variety of ways. It is necessary to remember
how they have previously operated with respect to presynap-
tic input and postsynaptic actions. In 2008, Stanley Williams
and his team developed the practical memristor [2]. The most
intriguing feature of the memristor is that it remembers the
prior direction of the passage of electric charge in the past.
Thus, the memristor may completely replicate the synaptic
function in artificial neural networks (ANNs) [2].

The human brain is a highly complex, nonlinear, and
self-organized system that effectively exploits complicated
dynamics to carry out its “computations”. The only way
to accurately imitate its extensive capability is to improve
the hardware emulated. The most promising options to cre-
ate bio-realistic neuromorphic systems are artificial neurons
constructed with active memristors, nonlinear memory com-
ponents with programmable resistance.

Since the memristor mimics the forgetting and remem-
bering (memory) processes in human brains, it is widely
recognized and has potential uses in powerful brain-like com-
puters and future computers. There are various biological
reasons that an inductance term should be included in a neu-
rological system. When inductance is added, the membrane
develops electrical tuning and filtering behaviors. In order to
better emulate the artificial neural networks of the human
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brain; the traditional resistor of self-feedback connection
weights are replaced by the memristor. For instance, com-
parable circuits with an inductance can be used to model the
membrane of a hair cell in the semicircular canals of some
animals [3, 4].

The ordinary resistor of self-feedback connection weights
and the connection weights of primitive neural networks
is replaced by the memristor in order to more accurately
mimic the artificial neural networks of the human brain.
Further, memristive neural networks (MNNs) have more
significance in the study of human brain simulation. It is
also observed that MNNs are more sensitive to the initial
states as compared to other neural networks, which leads
to a more complex chaotic path for MNNs. Therefore, the
findings of MNNs synchronization have been substantially
applied in the domain of science and engineering. In 2008,
the Hewlett-Packard research team produced the first mem-
ristor prototype [5, 6]. The stability of the neural network
is an essential condition for application aspect and received
much more attention of the researchers [7, 8]. However, neu-
ron experiences delay during signal transmission due to finite
processing speed of neurons, which may cause the diver-
gence, oscillation, and even instability of neural networks
[9]. Therefore, time delay should be considered when exam-
ining the dynamics of MNNs. Under some conditions, there
could be either a distribution of propagation delay over a
period of time or a dispersion of conduction velocities along
those pathways, which could lead to distributed delays in
neural networks [10]. There are some remarkable outcomes
published in recent year [11-13] related to the stability anal-
ysis of delayed MNNS.

In 2003, Li and Tian [14] developed the continuous state
feedback controller to resolve the issue of synchronization
by the help of a finite-time control method between two
chaotic systems. Mei et al. [15] derived some effective crite-
ria to analyze the FTS of complex neural networks (CNNs)
through impulsive periodically intermittent control technique
with delayed and non-delayed coupling. Yan et al. [16]
discussed the synchronization in finite-time using decompo-
sition method. They have explained some of the complication
associated with it with the help of Mittag-Leffler function and
inequalities.

Time delay is a phenomenon which shows that the future
state of system depends on both its past and current states. It
is frequently used in various fields including biological and
economic systems. In neural networks, the time delay occurs
in the dynamical behavior of the networks and processing
of information storage. Consequently, it makes sense to take
time delay into account while modeling dynamical networks
[17].

Further, the dynamics of delayed MNNs have been exam-
ined by several researchers [18-22]. The FTS of neural
networks (NNs) without settling time was examined by Yang
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[23]. However, finite-time results without a settling time are
inexpedient to the engineers in practical applications.

Cao et al. [24] discussed the problem of synchroniza-
tion for delayed memristive neural networks (MNNs) with
mismatch parameters via event-triggered control. They have
used matrix measure approach to derive the criteria of
quasi-synchronization and generalized Halanay inequality.
Wang et al. [25] considered the problem of MNNs with
multi-directional associative memory of finite-time syn-
chronization and constructed nonlinear chaotic models for
finite-time synchronization. Due to its wide range of possible
applications in the field of information sciences and secure
communication; synchronization is a critical dynamical char-
acteristic of neural networks and has equal importance as
the stability of the system [26-28]. Miaadi and Li [29]
investigated the issue of fixed-time stabilization for uncer-
tain impulsive distributed delay neural networks and derived
some new criteria to deal with the impulsive effect on fixed
time stabilization. The stability criteria of delayed MNNs
have been examined by Li and Cao [30]. Further, event-
triggered sample control was used to stabilize MNNs with
communication delays and achieve global asymptotic stabil-
ity in [31].

Generally, the switching parameters of MNN are state-
dependent and always not same if the initial conditions of
the systems are different. Therefore, it is impossible to syn-
chronize MNNs using typical robust analytical approaches
or classical analytical procedures for robust synchronization
of neural networks with mismatched unknown parameters
[32, 33]. Therefore, many researchers are interested to over-
come the hurdle of mismatched parameters and achieve the
synchronization of MNNS, error stability of the system. It
has also emphasized that the majority of published research
work on synchronization of delayed MNNs are asymptotic
and none of them taken into account the synchronization of
MNNs with mixed and leakage delays in finite-time with
mismatched switching parameters. In general, it is necessary
for designed controllers to be straight forward and to lower
control costs. Designing an appropriate controller to achieve
MNNSs synchronization in finite-time with mixed and leakage
delay is a difficult task.

In Cauchy problem x(¢) = g(x(¥)),Yt > 0, x(0) = xg
the measurability of function g is not enough to guarantee
the existence of solutions. This can be fixed by substitut-
ing the function g with its Filippov regularization G, i.e.,
the differential inclusion x(¢) € G(x(t)), is always solvable.
The set-valued maps are said to be Filippov representable if
they can be obtained from Filippov regularization of a sin-
gle valued measurable function. A single-valued map G is
identical to g if the function g is continuous. For the purpose
of getting solutions to discontinuous differential equations,
the Krasovskii and Filippov regularization approaches were
introduced.
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The above discussion has motivated our work to examine
the finite-time synchronization of memristive neural net-
works with mixed and leakage delays along with mismatched
switching parameters. The main contributions of this paper
are as follows:

(a) Derivation of sufficient conditions to assure the syn-
chronization of MNNs with the help of Filippov solution
and Lyapunov functional technique without utilizing the
finite-time stability theorem.

(b) Design discontinuous state feedback controller to guar-
antee the synchronization of MNNs within finite settling
time, and consideration of an adaptive control technique
to ensure FTS of master—slave MNNs with lower control
gains.

(c) Explicit estimation of the settling time.

Finally, based on the addressed elaborations, the finite-
time synchronization of memristive neural networks with
mixed and leakage delays via state feedback controller and
adaptive controller has been achieved. The mixed and leakage
delays make the manuscript more complex and compre-
hensive than previous works. To the best of the authors’
knowledge, this work has not been done before.

The rest of the manuscript is organized as follows: some
basic concepts, viz. finite-time control technique, synchro-
nization error system and model description, have been incor-
porated in Sect. 2. The required definitions and conventions
are also provided in Sect. 2. The finite-time synchronization
of MNNs with mixed and leakage delays is detailed in Sect. 3.
The theoretical outcomes are authenticated with numerical
simulations in Sect. 4. A brief conclusion has been incorpo-
rated into Sect. 5.

2 Preliminaries

In this article, the solution of the MNNSs has been considered
in Filippov’s sense. Throughout the paper R represents a
set of real numbers, R" stands for a real vector space of
dimension n and R™™ stands for collection of n x m matrices;

D*(-) denotes the positive Dini derivative. c5[C:), (:)] denotes
the closure of the convex hull generated by © and é, where

(:), ® e R. AT represents the transpose matrix of A, and
[l is the representation of standard 1-norm of a vector or a
matrix. Let us consider C), = (C[—y, 0], R")is a Banach
space of continuous functions # : [—y, 0] — R" with norm
|| = SUPg e[y, 0] |A(s)|| and y = max{s, t, o}.

Now, first of all we present some basic concepts regarding
set-valued analysis and functional differential inclusions. Let
us consider the Lebesgue measurable space ([0, w], L) and
an n-dimensional real Euclidean space (R", [|(1)[), (n > 1)

with induced Euclidean norm Il ll. Assume Z C R", initially,
we introduce the following notations:

©0(Z) ={C C Z : Cisnon-empty}, ©(Z)= po(Z)U {P},
$¢()(Z) ={C C Z : C is a non - empty closed convex set},
©x)(Z) ={A C X : Ais a non - empty compact convex set}.

For convenience, we sometimes denote 2% = g((Z). For
a given C C y(Z), z € Z, the distance function can be
defined as dist(z, C) = inf{||z — ¢|| : ¢ € C}. The Hausdorff
metric on g, (Z) is defined as [34],

dp(C, D) = max{B(C, D), (D, O)},

where B(C, D) = supl{dist(x, D):x € C}, B(B, A) =
sup{dist(y, D) : y € D}.

It is obvious that (pg(Z), dH) is a complete metric space
and a closed subset of it is g4()(Z). Suppose Z C R", if
there exists a non-empty set G(z) C R" foreach z € Z, then
a map z — G(z) is said to be a set valued map Z< R".
An upper semi-continuous (USC) map is a set valued map G
with non-empty values at zg € Z, if 8(G(z), G(z09)) — 0 as
z — z0. G(z) is said to have a closed (compact, convex)
image if for each z € Z, G(2) is closed (compact, con-
vex). We say G : [0, w] — gg(R") a set-valued map
is measurable, if for all z € R", a positive real valued
function ¢ +— G(z(¢)) is measurable, i.e., Graph (G) =
{(#, v) € [0, ] x R", v € G(t)} € L x B(R") is measur-
able,where L[0, w] stands for Lebesgue o-field and B(R")
represents a Borel o-field of R”

3 Model description

Consider a class of MNNs with mixed and leakage delay
defined as

iip() = —apnp(t —8p(0)+ 3" | bpg(np(t))fy g (1)
#2201 Crgp)fglng(t = g()

t
n
+ Y dpg(np(®) / fa(gG)ds +Jp, 1 >0, p=1,2, ., n.
q=1 t—oy (1)

ey

where 7,(t) € R is the state of pth neuron and f,(-) is the
activation function. The time delays §,(¢), 7,(¢) and o4(¢)
represent the leakage delay, time-varying delay and distribu-
tive delay, respectively. The time delays §,(¢), 7,(¢t) and
0,(t) satisfy 0 < 8,(1) < 8, 8,(t) < hs,0 < 7,(t) < T,
Tp(t) < he, 0 < 0p(t) < 0,0,(t) < hy, where 8, hs, T,
h:, o and h, are positive constants, J,, is the external input
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and the synaptic connection weights of memristive neural
network can be expressed as:

b (1’] (t)) = qu Sgnpl] fl7q( 1q (‘ )) .71)(1) =< O,
pq\'lp - )
pg S8 qu.l’tl(”q(t)) 7.],7([) >0

Cpg 58Ny [ (gt — T4(0)) = Hp(t — Tp(1) <0,

7 (l) =3 - . .
a1 O) =1 7 gt iyl — (0 = it = () > O

pa 580 | La (g = £ 014 = 0, 0D] = 1,0 <0,
pa 5800 | £ 004 O) = Fy(1qt = 0,0D} = 70 > 0

d
dpg(np(®) = b

where a, > 0, bpq, bpg. Cpgs Cpgs dpg and dpy are
constant quantities, such that b,, # bpg, Cpg # Cpq and

dpg # dpg p» ¢ = 1, 2, ..., n. The initial condition for
network (1) is given as
np(s) = @p(s), s € [—y, O], p = 1,2, ..., n,
where ¢,(s) € (C[—y, 0], R),y = max{, r, o} and
0<6,)<38,0<1,(t) <7,0<0p(t) <0, p=1,2,
Now, consider the network (1) as a drive system, and the
controlled response of it can be expressed as

ép(f)
= —apép(t —38p(1))

+ Y bpgEp)) fqEgD) + D cpgEp()) faEqt — 74(1))
qg—1 g=1
t

F)ds + Jp +up(t), )

t—oy(t)

+ Y dpgEp(®)
q=1

Here, u,(¢) is the control input, the initial condition of
network (2) is given as.

Ep(s) = Yp(s), sel-y, 0], p=1,2,.,n, where
Yp(s) € (C[—y, 0, R), y = max{$, r, o} and 0 <
3p(t)<8,0<1y(1)<7,0<0,(t) <0, p=1,2, ..,n.

Since a memristive neural network is a state-dependent
nonlinear family of systems and exhibits nonlinear behavior,
coexisting solutions, jumping solutions and transient chaos.
Therefore, systems (1) and (2) become discontinuous, and
the existence of a solution cannot be guaranteed in the tra-
ditional manner. Thus, theories of differential inclusions and
set-valued maps along with Filippov framework have been
used to transform systems (1) and (2) into traditional neural
networks.

Definition 1 (Filippov regularization [35]) The Filippov
regularization of a measurable function g() at n € R",
which is allowed to be discontinuous at 7, can be expressed
as:

Gm=n_ n

A>0 w(E)=0 Ca[g(B(iﬁ )\.)\E)],
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where B(n, A) = {z lz—nll =< A}, and p is
Lebesgue measure. Suppose @ = max(ai, az, a3, ...an),
bpg = min{gpq, qu}’ bpg = maxi by, qu},

Cpg = mm{ Cpq> Cpq}’ Cpg = maxicm’ Cpq}’dpq =
minidpg, dpgt anddpy = maxydpg, dpg (-

The concept behind the Filippov regularization is that the
relaxed dynamics should not involve with the sets of mea-
sure zero. The theories of differential inclusion and Filippov
regularization yields:

Np() € —apnp(t —8p(1))

+> CE[I;M’ El)q]fq(nq(f))Jr Y c0lEpgs Epglfalng (t — 7q(0)
g=1 g=1
13

+Xn:05[‘7ﬁq53pq] / fq(ng(s))ds

q=1 t—og (1)

+Jp, YVt =20, p,g=12,...,n

The measurable selection theorem [36, 37] implies that
there exist measurable functions '}y € %[qu, qu],

n2 - ==~ = n3 - =3 7
T'pg €C0[Cpgs Tpg]. Tpg € Co[dpq’ dpq] as

1p(t)
= —apnp(t — 8,(1))

+ DT fyng () + Y TR fy 1t = 14(1)
q=1 9=

t
fag(s)ds + Jp,
t—oy(t)

p,g=12,...,n. 3)

n
no3
+2. T
g=1
vt >0,

Similarly, for network (2) there exist measurable functions
Eioql € 0 [bpg. bpgl.Ty; € €0lEpg. Cpgl. Ty € T0ldpg,
d pq] such that:

Ep(D)
= _ap‘i:p(t - 8p(t))

+ ) T fEg) + > T2 £y (g (t — 74 (1)
j=1

q=1

t

n

+ Z o / f4(Eg(s))ds + T,
g=1 t—oq(t)

vVi>0, p,g=1,2,...,n. “4)
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Now, the synaptic weights of the MNNs (1) and (2) have
been converted into state independent switching parameters
with the help of Filippov regularization” [35] and measur-
able selection theorem [36, 37]. The bounded and Lipchitz
continuous feedback functions of MNNs are commonly used
in electronic applications.

Consider a vector function f € C(R", R"), where
f = (fitn), fa(2), f33), .., fu(na)) and n = (1,

7725 [ERE] ’7n)
(A1): The bounded activation function can be considered

as:

o :={f(): f, € C(R, R), 3P, > 0,
|fpEn)| < Pp. VEpeR, p=12 ..n}

where P,, p =1, 2, ..., n are the saturation constants.
(A2): The Lipchitz type activation function can be con-
sidered as.
o = {g(.) . g, € CR. R). 3, > 0
|gp(77p) - gp(%‘p)| < lp|7)p _EPL Vép €ER, p=12,

. n},where Ly, p=1,2, .., narethe Lipchitz constants.

4 Finite-time synchronization

In our context, synchronization implies the convergence
between the states of the drive and response systems. Gener-
ally, two different kinds of synchronization occur, infinite
time synchronization such as asymptotic or exponential
synchronization, and finite-time synchronization. The trajec-
tories of the drive and response system must remain exactly
the same after a specified amount of time, known as the “set-
tling time” subjected to finite time synchronization, contrary
to asymptotic or exponential synchronization.

Here, we have constructed two different kinds of con-
trollers in such a way that the drive and response networks are
synchronized in finite time. Firstly, a state feedback controller
has been used to handle the finite-time synchronization prob-
lem, and then, an adaptive controller has been constructed to
moderate the control gains. Meanwhile, a few mathemati-
cal arguments have been derived that yield certain adequate
conditions for the synchronization between memristive neu-
ral networks (1) and (2) in finite time.

Definition 2 The network (2) is said to be finite-time syn-
chronized with (1) by designing a suitable controller u ,(t),
p =1, 2, ..., n; there exists a time instant t* (depending
upon the initial conditions) such that lli)ntl*llé(t) —n@®); =0

and [|§(r) — n(@)ll; = 0 forz > ¢ and () = (N1 (1), n2(2),
o O E(1) = (E1(1), £200), ..., En(D)T.
Let us define the error e, (t) = &,(t) — np(t), p =1, 2,
., n yields

ep(t) :*apep( —8p(0)

n

+ Z T80 gy (eq (1)) Z 82 gy (eq(t —

g=1

74(1))

t

+ Z 1"503

t—oq(t)

eq (5))

n

- aqfq (np(t - Sp(t)) + Z (F%ﬂ; - FZ%l)fq (nq(f))

q=1

+ 30 (T =T ) fa ng o = 7 0))
g=1
t

e (5 -mm) [ ) 0, 8
g=1

tfrrq(t)

where g4(eq() = f3(§4() — fu(ng()), ¢ =1,2, ..., n
The networks (1) and (2) are highly sensitive to the ini-

tial conditions due to which I‘E01 =TI, FEOZ =TI')7 and

5% = )% need not be true. Thus, we have to construct an

appropriate controller to overcome the hurdle of mismatched

parameters. Now, define a controller function such as

Up ) =

—7rp(ep(t)) — 8psgn(ep (1)) Q)

Theorem 1 Let us suppose conditions (A1) and (A>) hold,
then the controlled network (2) can be synchronized with
network (1) under controller (6) in finite-time if the control
gains rp and «, satisfy the following conditions:

3 o
rp= l_h8+z<bpq ad )lq, )

- 1 — hg
and
n — — — —
kp =D |bpg = bpq| +|Cpg = Cpg| +|dpg —dpg|Ipg +5.  (8)
g=1
bpg bpq ’
’qu — Cpql> !qu| = apq - 3,,4 and the settling time can

be estimated as

T = Z]e,,(O)y Z— / lep(s)| ds

—81;(0)
0
8 [ ] as
p=lq=l —rq<0>
" d;
+ZZ ” / /|gq(eq(s))|dsd9 -y,
p=lg=1 —aq(()) o
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where 8,(1) < hs, tp(t) < he, 5p(t) < ho, ¥y =

max{s, T, o},d,(t) <38,7,(t) < 1,0,(t) < 0o, and

ep(s) = @p(s) —Yp(s), se€[-y,0], p,g=12,...,n

Proof Let us consider a Lyapunov functional candidate as:

V(1) = vi(1) + va(t) + v3(2) + va(r), C)
where V(1) = i V2 (1) —
=1

n a t P

> [ lep()]ds, v3() -
p=1 0]

n no t

Z lc_er f |gq(eq(s))|dS, v4(t) =
p=lg=1 - r,,(z)

IDPIE Z f f \gq(eq(s)))| ds df and (Sp(t) < hs,
p=1q=1 7 o, (1) 140

Tp(t) < he, 0p(t) < hy.

The “signum function” is defined as

1, v>0
sgn(v) =10, v=0,
-1, v<0O

sgn (V) =
The upper right Dini derivative of Lyapunov functional

V (¢) can be expressed as

D*(V(1)) = D¥(v1(1)) + v2(t) + 03(t) + Va(t) (10)

Now the upper right Dini derivative of vi(#) can be
expressed as:

D*(v1 (1)) =sgn” (e(t)(é(1))

_ngn (ep) ] —apep(t — 8,())

p=1

Z 1'*503

t—oy(t)

n t
3 (rf;g; - r;?;;;) f Fang()ds — rp(ep(1) — 8psign(e, (1))
g=1

t—oy (1)

Z T3 84

eq(t)

Assumption (Aj) yields:

Fém sen” (eq(1))gq (eq(0) < bpg

Fgozsgn 8q(eq(t — 74(1)) < Cpglgq(eq(t — 4))],
t t

rigsen’ (eq(0) _/ 2q(eq())ds < dpq / |84 (eq(5)];

t—0y(1) t—oy(t)

—apsgn’ (eq()ep (1 = 3p() < aplep(t = 5p0))].
Let us suppose

n

> (Fi(; - FZZ‘)fq (114(1)

q=1

+ (T = T2) £ (1 = 7 )
g=1

Ap =

t

(=) [ Al
qg=1

t—oy(t)
Assumption (Aj) yields:

bpq +|dpg —dpq

+ "'M —Cpg

(r) Py,

sen’ (e, (1A, < 3 (%q
g=1

SgnTep(t){ — rplep(t) — 8 sign (e,,(t))} < —rplep )] = 8,(0).

ZF%}}gq eq(t — 74(0))

galeq@)ds + Y (50 = T9) £ (1 0) Z(rfo2 %) f, (1, (t = (1))
q=1

@ Springer
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Combining the above inequalities with (11), one has

+ZZ(IbW|+ 'C”‘” ‘ ”q| )l [(eq (1)

p=1g=1

+ = _ ~ . ~ .
P (Ul(r))i,;apkp(l %O +ZZ(bﬂq_ ""qu_zpq"" dpg —dpg U)Pqﬂp~
p=1g=1
[ ) : (18)
+ZZ Bpqlaleq®] +Cpqlgq(eq(t — )| +dpq / |84 (eq(s))|ds
p=lg=l 1—04(t)

- Z("p+r1>‘ep(t)|)
p=1

n n

+ZZ(31"1 *;pq +‘qu *qu}Jf 217«/ *‘7176/
p=I1g=1

g) P, (12)
Let us define an indicator function as follows:

- { Lif e,(t) # 0, 1)

0 ife,(t) =0

By combining (12) and (13), D*(v;(¢)) in terms of indi-
cator function can be expressed as

D*(ui(t) <) @plept — 8,(tD|+ Y

p=1 g=1

- Z (kpip +rplep®]) + Z Z ( qu

p=1 p=1g=1

bpglgleq(t)] +pg|gqleq(t —

q ""Cpq _Cpq‘*‘

Letw, = 12+ Z (b + 1"”4 4 duge )lq and apply

the given condition (8) one can express DY (V (1)) as

S Zup (19)

n

DY(V(0) <Y (=rp+wp)|ep®)] —

p=1

If |le(#)|l; # 0 and condition (7) holds, then the inequality
(19) can be expressed as

DYV0)<—¢Y up p=12 .0 (20)
p=1

71| +d g

t—oy (1)

|gq(eq(s))|ds

d[’q - d[’q

U)Pqup. (14)

02 () can be expressed as

n —

20 < ) T

q=1

- leg ()] — @gleq (t — 8,)], (15)

v3(t) can be expressed as

03(1) < ZZ

p=1q=1

’gq (eq )| = cpglgq(t = 7)),
(16)

v4(t) can be expressed as

t

|gq (eq®)| —dpq / |84 (eq(s))]ds,

t—ay(t)

04(1) < Z Z

p=lg=1
(I7)

Combining inequalities (13)—(17), we obtain

D*V@) <Y (rp + 1|ap}|w>|ep(z)| — Kplp

p=1

From above inequality (20) and (9), there exists a non-
negative constant V* as follows:
tlim Viey=V*and V(@)= V*, Vi>0 21
—00

The integration of Eq. (21) from 0 to oo yields

n
VO - VO < =g ) upt—1) (22)
p=1

Now, two possibilities may arise, either [le(?)||; = O or

lle®lly # 0.
n
Case I when Jle(t)]l; = Y |ep(t)| = 0, ¥t > 0, there
p=1

is nothing to prove and the finite-time synchronization has
been established between networks (1) and (2).

n
Case Il when |le(®)|; = > |e,,(t)| = 0, there exist pg €
p=1
{1, 2, ...
n
that —¢ )" wu, <Oand lim V(1) = —oco
[721 —>0o0

, n} such that |e, ()| > 0V > 0, which implies
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This is a contradiction of Eq. (21), so there exist t* € (0,
00) such that

lim V) = V*and V() = V*, Vi >t* (23)
t—>t*

Now, we have to prove that ||e(¢)||; = 0, V¢ > t*. Firstly,
we claim that ||e(#*)||; = 0. Since norm- ||(-)||; is a positive
continuous function, if ||e(t)||; # 0, then there exists a con-
stant A > O such that |le(r)||; > O, ¢t € [t*, t* + A] which
implies that there exist at least one pg; € {1, 2, ..., n}such
that |ep01 (t)| >0,V e[t*, t*+A]. We can conclude from
the previous analysis that the derivative of Lyapunov func-
tion is negative definite, i.e., V() < 0,V ¢t € [t*, *+2Al,
which contradicts Eq. (21). Hence |e(t*)||; = 0.

Now, it is required to prove |le(f)||; = 0, Vit > t*. If
possible suppose that |le(?)||; # 0, for some #; > *. Let
us define t, = sup{t € [t*, f1]: |le(t)||; = 0}, then there
existaty € (ty, t1]suchthat ||e(?)||; is monotonic increasing
VYt € (ty, 12]. This also implies that the Lyapunov function
is also monotonic increasing, i.e., V(t) > 0. On the other
side |le(t)|l; > O,Yt € (ty, 2] then for some pgy € {1, 2,
s n'}, epoz(t)| > 0,Vt € (ty, 2]. This again implies
that V(t) < 0, V¢t € (ty, 1], which is a contradiction.
Therefore, finite-time synchronization has been established
between networks (1) and (2) through the controller (6) and
condition (23) holds.

5 Settling time

For the settling time, we have to show that V* = 0. Now
suppose if V* > 0, then vg(t*) > 0, for some k, k € {1, 2,
3, 4}.If vy (t*) > 0, thenthereexist pg3 € {1, 2, ..., n}such
that |ep03(t)| > 0 and V(¢) < 0, which is a contradiction of
Eq. (21).

n *
If vy (r* ie. —£_
va(t*) > 0, i.e., pgl s ,t,sfq(z*)
exist t4 € [t* — &, t*] and a constant 8; > O, such
that |le(t)l; > 0, V¢t € [t4 — B1, t4 + B1], which con-
tradicts the Eq. (21), hence vp(t*) = 0. If v3(t*) > 0,
n n - r*
e, X3 )
p=1g=1 ¥ =1, (1%)
ts € [t* — t, t*] and a constant 8, > O, such that
lgle@) Iy > 0,V t € [t4— P2, ta+P2]. Now the assumption
(Ap) yields [le(®) ]|y > 0,V t € [ta — B2, ta+ B2], which
contradicts the Eq. (21), hence v3(t*) = 0. If v4(z*) > O,

) nonog 0 t*

e, 2 X - [ J |gqleq(s))|dsd® > 0, apply
p=1g=1 —oq(t*) t*+6

the assumption (Al) to the above inequality, there exist

atg € [t" — o, t*] and a constant 83 > 0 such that

|ep(s)|ds > 0, there

|gq(eq(s))|ds > 0, there exist

@ Springer

le(t)|l; > 0,V ¢t € [te — B3, te + B3]. This is the viola-
tion of Eq. (21). Hence, V* = 0.

From the above discussion, we can conclude that if
e —y)l; = 0, then [[e(z*)[l; = 0, where y =
max{é, T, o}.

In order to estimate the settling time, suppose that when
lle(t) I, # O, then

V() < —¢ (24)

The integration of the above inequality (24) from O to ¢*
yields

V(0

Vit = V) < —or*, 1+ < X (25)
S

Therefore, |e(T)l; = 0 and [e(t)[l; = OV ¢ >

T.where T = (* —y), T < @ —vy,and y =
max{$, T, o}.

Note I It can be observed that the controlled MNN (2) is
synchronized with MNN (1) with in the estimated settling
time through a discontinuous state feedback controller. The
settling time T = (t* — y) < t* is more applicable and
efficient for practical perspective.

Note 2 It should be observed that the parameter 1, of
the controller (6) has been used to eradicate the mismatch
parameters of the networks and the length of the settling
time can be scaled via parameter ¢ [see (25)]. Finally, we
can conclude that larger the value of scaling factor ¢, faster
will be the synchronization (as shown in Fig. 2).

Generally, the adaptive control technique diminishes con-
trol gains through adaptive law as compared to state feedback
control. Therefore, some criteria have been suggested to
construct adaptive controllers to ensure the synchronization
between MNNs (1) and (2). Design adaptive controller as
follows

up(t) = —rpept) — kp(t)sgn(e, (1)),
Fp(t) =vp|ep(t)
k(1) =810y, (26)

>

Here, 1, is an indicator function defined in the previous
theorem k.8, are positive constants and sgn (e, (f)) stands
for signum function for p =1, 2, ..., n.

Theorem 2 The synchronization between memristive neural
networks (1) and (2) can be achieved through adaptive con-
troller (26) within a finite-time provided assumptions (A1)
and (A») hold.

Proof Consider a Lyapunov—Krasovskii functional as.

V() =vi(t)+ Y vp(t)
p=2
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Nt )2
where vi(t) = Z;:l |ep(t)| + ZZZI (rp(2)up§p) +

(kp(t)—Fp)? a t
e w = ) Yt T2 Jis lep(®)]ds.
() = XD 11% fzt—z(z)|gq(€q(s))|ds and

d 0
i) = 35 Y 155 Sy Sl 8aleq(9)))] ds db
TheX, and ¢, for p = 1, 2, ..., n are the unknown con-
stants to be determined. After few mathematical steps, the
upper right Dini’s derivative of V(¢) can be given as

Finite-time synchronization has more application in our
daily lives, but from our perspective, the adaptive control
technique is quite useful and easily applicable. In short, we
have a variety of synchronization techniques, and we can
choose them as per our requirements.

Note 3 Itis observed that the control gain has been reduced
by the adaptive controller (26) as compared to controller (6).
Theorems 1 and 2 have been derived without using any pub-
lished theorems.

n —_ n — 7
— a — c dpg -0
D+(V(t)) < Z _<1 —pha +rp> +Z (bpq + ﬁ + pj i )lp |ep(t)|
p=1 g=1
n n = - . -
+ ZZ ( bpg = bpg|+|Cpg — Cpq‘ +|dpg —dpglo — 771?>Pqﬂp
p=1g=1
n n
+ () =Ephp + Y (rpt) = &p)]ep()]. 27)
p=1 p=1
- a; c dpg.0
P 7 rq Pq-
= — + bpg + + ly — t
2| h Z(”‘f 1= 1-%)‘1 < |lep®]
p=1 q=1
n n = - = - n
+ Z Z ( bpg —bpg|+ ’Cpq - Cpq‘ +|dpg —dpq U)Pqﬂp - prﬂp- (28)

p=1

Let us suppose

— n — i
ap — Cpq dpg -0
= — b I a— l,
e 1—h5+2<”q+1—h,+1—ha>q

and

n

xp:Z<A

bl’q
g=1

bpq dpq —dpq

a)pq - 1.

Substituting the values of £, and A, in Eq. (28) yields:

[ — 2]

DY V() <= np,<—L

p=1

The remaining proof of this theorem is the same as the
previous theorem.

Note 4 The settling time of the adaptive controller depends
on the system parameter initial values, the adaptive law
parameters, and the synchronization error. On the other hand,
the settling time cannot be clearly estimated since it is dif-
ficult to quantify the time interval of growing adaptive law
parameters from initial values to theoretical values.

6 Numerical results and discussion

This section authenticates the efficiency of the theoretic
results through the numerical simulation technique. The
numeric values of the parameters used in MNNs (1) and
(2) are as follows: a; = 3.5, ap = 5.1, 61(t) = 8(t) =
0.2 — 0.1 cos(t), t1(t) = 72(t) = 0.5 — 0.1 sin(z), § = 0.2,
T =0 =0.5,01() = o2(t) = 0.5 — 0.1 sin(z), y = 0.5,
hs = hy =hs = 0.1, J1 = exp(—t) + 0.7cos(?), J» =
0.5exp(—1t) — 0.3sin(?), fp(xp) = tanh(x,), p =1, 2.
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Fig. 1 The phase portrait of the MNNs for different initial conditions, a 5(t) = (—0.8, 0.6)" ;b n(¢) = (2.0, —1.1)T; e n(r) = (0.6, 1)T;d n(r) = (1,
)T
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_ | 13 senp i) — i@ <0 °
PO = 08 senyy fim ) @) > 0 o R\
_ |t seppma) - <o
P12 = 0.6 senpa falmate — 1) > 0 *NVY]
R . \
bt (na()) = 1 05 SEmML/1m(©) = (1) <0 MRl
s 03 sgnyy i (1 (1) = () > 0 S
. . = l 4
_ ] 0-5 sgny; fo(ma () — () < 0 » L
P22 =103 senga fatna0) — o) > 0 Sl
el mey = | 736 s AT — @) =G —11@) <0 2]
e 2.2 sgmyy fi(m (@ = T @) — e~ T1(0) > 0 s0/— —
12 (010 — | 03 58220t = () = it = 11(1) <0 . — s
12t 0.2 sgnlzfz(nz(t — 1) —nm@—7110) >0 0 1 2 3 4 5 6 7 8 9 10

0.3 sgnyp 20t — 12(6) — M1t — 72(1) < 0

2RO =005 ony St — ta(t) — it — T2(0) > 0

=3.3 sgnyy ot = 1a(1) — it — 12(1) < 0
—2.8 sgnyy fa(ma(t — (1)) — Mot — 72(t)) > 0

—0.4 sgnyy { A1 (1)) = filni(t — o1 ()] —71(1) <0
Fiam@) = fi(n(t — o1 (1)

22 (m(1) =

dip (m(@) =

—0.2 sgny; —m@® >0

0.4 sgnjy | () — frlm(t — o)} — i (1) <0
dip (m@)) =

0.3 sgnjy | (1) — fo(ma(t — o2(t)) | — i1 (1) > 0

0.9 sgnyy | A @) — fim(t — o1} — i) <0
dy1 (m (1)) = . i

0.2 sgnyy 1 fi(m (@) — fi(m (@ —o1(@); —n2(t) > 0

—0.3 sgnyy { f(12(1) = fr(ma(t — o2} — () < 0
dy (2 (1)) = i . .

—0.5 sgnyy 1 fo(m2 (@) — fa(ma(t —o2())t — n2() > 0

It can be noted that the assumptions (A) - (A,) are satis-
fied with P = P, = [; = I, = 1. The numerical simulations
have been carried out via the forward Euler’s method using
MATLAB.

The phase portrait of MNNSs for different initial conditions
is revealed in Fig. 1, which shows that the nature of the tra-
jectories are different for different initial conditions. Hence,
Fig. 1 validates the sensitive dependency of the MNNs on
initial conditions.

Example 1 Here, our goal is to authenticate the findings
of Theorem 1. Few mathematical calculations yields gain
rr=22,rmn=415and k; = 2.7+ ¢, kp = 2.2 + ¢ for all
¢ > 0 and MNNs (1) and (2) can be synchronized in finite-
time using controller (6) for initial conditions 1(¢) = (—0.8,
0.6)7 and £(r) = (=2.0, 2.2)7, respectively. The graph-
ical presentation of drive and response systems has been
incorporated through (a) and (b) of Fig. 1. The trajectory of
synchronization error || e(¢) ||, subjected to the controller (6)
for different particular values of ¢ is shown in Fig. 2, which
validates the discussions of Note: 2, i.e., larger the value of
¢ faster will be synchronization. Since the synchronization
between the drive and response MNNs has been obtained

Fig. 2 The phase portrait of synchronization error || e(¢) ||; subjected to
the controller (6) for ¢ = 1.0 (blue) and ¢ = 1.5 (red)

0.8 i

0.6

0.4 H

e,

0.2 H

-0.2 7

0.4

-0.6

Fig. 3 The phase portrait of synchronization error || e(¢) ||; subjected to
the adaptive controller (26)

within estimated time, if we choose ¢ = 1.5, then the esti-
mated settling time is 7 = 2.8534. It can be observed from
Fig. 2 that the MNNs synchronized at time instant t = 2.21,
i.e., synchronization achieved prior to the estimated settling
time, which reveals the legitimacy of the theoretic outcomes.

Example 2 This example is concerned with the adaptive
control mechanism for the validation of Theorem 2. In order
to synchronize the MNNSs via adaptive control technique, the
numeric values of parameters are taken as v = (0.1, 0.15)7,
§=1(0.12, 0.7 along with the initial values of () = (0.3,
0.3)7, k(t) = (0.2, 0.2)T, and the remaining parameters are
the same as previous one. The trajectories of synchronization
error are depicted in Fig. 3.

The trajectories of the control gains r,(t) and k() for
p = 1, 2 are illustrated in Fig. 4. Note that the obtained
control gains are reduced using the adaptive control tech-
nique and the synchronization time increased as compared
to Fig. 2. This verifies the earlier discussion incorporated in
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Fig. 4 The trajectories of control gains of the adaptive controller (26): a r1(¢) and r2(¢) b k1 (¢) and k2(t)

note 3. The graphical presentation of trajectories of reduced
control gain is shown in Fig. 4.

7 Conclusion

This article deals with the finite-time synchronization of
MNNs with mixed and leakage delays. Three important
goals have been achieved. Firstly, in order to achieve finite-
time synchronization, a state feedback controller has been
derived. Moreover, to minimize the control gains, an adaptive
controller has been constructed. Secondly, some sufficient
conditions are derived to assure the synchronization of
MNNs with the help of Filippov solution and Lyapunov
functional technique without utilizing the finite-time stability
theorem. The third one is the explicit estimation of settling
time, which is dependent on the initial condition. Finally,
the effectiveness of the proposed approach is authenticated
by numerical simulation. Synchronization between MMNs
has been achieved prior to the estimated settling time. In our
future endeavors, we will study the impact of impulses on the
stability and synchronization of mixed and leakage-delayed
MNNs along with the settling time independent of initial
conditions.
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