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Abstract

In this paper, a class of multi-input multi-output nonlinearly perturbed Markovian jump systems with partially unknown
transition rates is considered. We assume that this class of systems is characterized only by some structural properties such
as the system is strongly minimum phase, with a strict relative degree one set and positive definite high frequency gain
matrices. For this class of systems, a universal adaptive high gain controller, which is not based on estimation algorithms or
identification of parameters, is designed such that in the presence of certain nonlinear perturbations and external disturbances,
the convergence and the boundedness of the closed-loop system signals in the mean square sense are ensured. A vertical
take-off and landing (VTOL) helicopter example is provided to demonstrate the performance and effectiveness of the obtained

results.
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1 Introduction

In the past few decades, considerable attention has been
devoted to Markovian jump systems (MJSs), due to their
extensive applications in aerospace systems, manufacturing
systems, power systems and networked control systems, etc.
MISs are systems made up of several subsystems or modes
that can switch between them at random. Modeling abrupt
phenomena such as random failures, component repairs, and
sudden environmental changes has been done using such sys-
tems [1-5]. As a result, control researchers have devoted
themselves to studying topics such as stability, stabilization,
passivity analysis, sliding mode control and filtering prob-
lems (see, for instance, [6—13]).

Many MJSs results have been obtained so far based on the
assumption that the transition rates (TRs) are fully known. In
practice, however, we cannot always be sure that we will have
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complete information on the TRs, which means that incom-
plete TRs are common [6], and this is because obtaining
adequate samples of the transitions may be time consuming
or costly. Therefore, it is critical to investigate more general
MJSs with partial information on transition probabilities.

On another research front line, significant improvement
has been made in the field of high-gain adaptive control with-
out identification for deterministic systems (see, for instance
[14—18]). The primary issue under consideration is the con-
struction of nonlinear measurement feedback controllers of
simple structure, which are able to stabilize all systems in
a specified class. The two distinguishing features of the
approach of high-gain adaptive control without identification
compared to other adaptive control approaches (see [15]) are:
first, no attempt is made to identify systems dynamics (i.e.,
despite its efficiency in controlling the system, the controller
remains totally ignorant of it) and second, the considered
class of systems is not described by a specification of system
parameters or state dimension but by a characterization of
the system structure (e.g., minimum phase, known relative
degree, known sign of the high frequency gain matrix).

The first attempt to solve the problem of high-gain adap-
tive stabilization for MJSs was done in [10]. The authors in
[10] have shown that the simple time varying output feed-
back u(r) = —k(t)y(t), adapted by k(t) = E{lly®)|*}
is a universal adaptive stabilizer in the sense that when-
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ever it is applied to any multivariable MJLS with partially
unknown TRs and satisfying the properties: strongly min-
imum phase, strict relative degree one set and positive
definite high frequency gain matrices, the closed-loop non-
linear system obtained will have the properties: finite escape
time does not occur, all states are bounded and in par-
ticular, the state x(r) satisfies: [;° E{[lx(t)[?}dt < oo,
SUPg </ <00 E{lIx(1)?} < 00 and lim,, o E{|lx(1)]?} = 0.
However, the problem of robustness of the universal adaptive
controller with respect to nonlinear perturbations and exter-
nal disturbances has not yet been investigated for this class
of systems, which motivates this work. Furthermore, Many
relevant studies have been conducted on vertical take-off and
landing (VTOL) helicopters, which are capable of taking-off,
landing within limited field, and stable hovering over target
region (see, for instance, [19-21]). It is known that VTOL
systems are characterized by strong nonlinearities compared
to fixed wing designs. Also, due to their lightweight structure
they are relatively sensitive to atmospheric disturbances (e.g.,
wind gusts) (see, [22]) which exist inevitably and can become
strong especially in the case of the rapid flight maneuver.
Thus, they should be considered in describing the system
dynamics in the form of input disturbances and so the design
of arobust stabilizing controller becomes an interesting prob-
lem for such practical systems.

The main contributions of the present paper are: first, to
show that the high-gain universal adaptive controller pre-
sented in [10] is robust in the sense that the control objectives
(bounded signals and convergence of the state of the system)
are still met if the controller is applied to any MJS subjected
to certain disturbances and satisfying the structural assump-
tions (strict relative degree one set, strongly minimum phase
and positive definite high-frequency gain matrices). It will
be shown that the designed stabilizer can cope with non-
linear time-varying perturbations, provided they are linearly
bounded. Also, some arbitrary additive input disturbances
d(-) which are bounded and square integrable are tolerated.
And, second, to show that the desired closed-loop objectives
are achieved by our control strategy for a VTOL helicopter
system and that the effect of the perturbations and the external
disturbances can be eliminated.

The rest of this paper is organized as follows: We describe
our system and give some preliminaries in Sect. 2. In Sect. 3
some structural properties characterizing the considered class
of perturbed systems are discussed. The design of a universal
adaptive stabilizer for the class of strongly minimum phase
nonlinearly perturbed MJSs is studied in Sect. 4 such that
the effect of the perturbations is eliminated and the control
objectives are guaranteed. A practical example which shows
the applicability and the feasibility of our methods is given
in Sect. 5. Finally, concluding remarks and future research
directions are presented in Sect. 6.
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2 Preliminaries

Fix the complete probability space (€2, F, P) and consider
the m-input m-output MJS subjected to perturbations of the
form:

x(1) = A(ro)x(t) + B(ro)lu(?) + g(x(1), 1) + d(@)],
y(#) = Cr)x(1),
x(0)=xp, roe Y,

ey

where x(t) € R", u(t) € R™ and y(r) € R" denote the
state vector, control input and measured output, respectively.
{r;, t > 0} is a time-homogeneous Markov process with right
continuous trajectories which takes values in a finite space
T = {1,2,..., N} and has the following mode transition
probabilities:

. . mijh + o(h), i # ],
Plrign = j/r =i} = Y . .
1+ miih+o(h), i =],

where & > 0, lim,—0 22 = O0and7;; > 0(i, j € Y, j #
i) denotes the TR from mode i at time ¢ to mode j at time
t+hwithm; = — Z;v:l’j#i m;j foreachi € T. Hence, the
TR matrix IT is given by: IT = {m;;}n xn.

The external disturbance vector d(z) € R™ is an unknown
bounded function which is assumed to be square-integrable,
i.e.,

Oo A~
f ld(®)|dt < d,
0

where d is an unknown positive constant. The nonlinear
perturbation g(x, t) € R™ is assumed to be locally Lipschitz
function for each fixed t € R, and # — g(x, t) is measurable
for each fixed x. In addition, this nonlinear function satisfies
the following condition:

lgCx, DIl < glixll,

where g is an unknown constant. For each possible value r, =
i,i € Y, the system matrices of the ith mode are denoted by
A;, B; and C;, which are real valued constant matrices with
appropriate dimensions. These matrices and the state space
dimension n € N need not to be known precisely.

In this paper, the TR matrix IT is assumed to be partially
unknown. This means that some elements in this matrix are
unknown. Furthermore, we assume that a lower bound 7; for
the unknown diagonal elements of IT is known. For example,
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if N = 4, the TR matrix IT can be considered as:

T 12 13 T4
o1 22 M3 724
31 32 W33 T34
T4 42 M43 Ta4

where each unknown element is labeled with a hat “”. For
the sake of notational clarity, we denote the set Y = T,’C U
TZi{IC (Vi € Y), with T,"C X 7ij is known} and TIi{IC e
{j : m;j is unknown}. Also, the notation ”IlC £ ZjeTfC i
is used. The following definition is necessary in this paper.

Definition 1 [1] The stochastic system (1) with u(t) = 0 is
said to be stochastically stable, if for any initial condition
xo € R" and ry € Y, the following holds:

/OOE{Hx(t)HZ}dt < .
0

3 Properties of the system class

The concepts of the relative degree set, (stochastically stable)
zero dynamics and switched Byrnes-Isidori forms [23] play a
key role in this paper. These concepts will be introduced and
discussed in this section. The definition of the strict relative
degree one set for the MJS (1) is given. Then, for this set
of relative degrees and based on a change of coordinates,
an equivalent MJS described by a set of switched Byrnes-
Isidori forms is obtained. This new system will allow us to
characterize the zero dynamics of system (1).

Definition 2 The perturbed MJS (1) is said to have strict rela-
tive degree one set, if the system corresponding to each mode
i € Y is with a strict relative degree one. i.e.,

det(C;B;) 0, VieT.

C; B; is the high frequency gain matrix corresponding to the
modei € Y.

Remark 1 Note that Definition 2 can be regarded as a gen-
eralization of the definition of the strict relative degree one
present in the deterministic case for time invariant linear sys-
tems (see, for example, [16]).

Assume from now on that system (1) has strict relative
degree one set. In the following lemma, a state space trans-
formation is used to produce a representation convenient for
the analysis in this paper. Indeed, if det(C; B;) # 0,Vi € T,
then, we can decompose the state space, for eachi € T, into
the direct sum: R" = I'mB; ® ker C;, (see [14]) which leads
to the following state space description of the MJS (1).

Lemma 1 Consider the perturbed MJS (1) and suppose that
det(C;B;) #0,Vi € Y. Vi € Y, let:

S; € R>0=m) cuch that ImS; = ker C; ,
—1 —
R 2 (S78)" ST [L, —Bi (CiB)™' Ci].

Then, Yi € Y, T; £ [Cl—r Rl.T]T, has the inverse Tl._l =
[B,- (C; B,‘)*1 S,-], andwhenr; = i, the following state space
transformation

SO ROR @

takes (1) into the form

{é“‘)(z) = AitD@ + Bilu() + g (1), 1) +d(®)], )
y(0) = Cit V),

where

A =TiAT [2; Z‘Z] B =T.B = [C,-OB,}

Ci=CT ' =1, 0],

Al 2 CiAB (CiB)™' € R™™ Ay 2 CiAS; €
RO, Ay £ RiAiB; (CiB)~! € ROT™XM, Ay 2
RiAiSi c R(n—m)x(n—m).

Remark 2 Note that the set of the nonsingular matrices 7;,
Vi € T in Lemma 1 is constructed by following the same
line as for linear time-invariant deterministic systems, which

leads to a set of Byrnes-Isidori forms for the N-modes of
system (1) (see [15,23]).

Remark 3 By using the following notation:

y(t) = C(ro)x(r) = y(1),

we can write, when r; =i :
. @)
;(l)(t) — |:y ) (t)] ’

with n®(r) £ R;x(t) € R". Hence, Lemma 1 shows
that the MJSs in (1) are transferred to the following switched
Byrnes—Isidori forms:

YO ) = A(r)y " @) + Ax(r)n (1)
+C(r)Bro)[u(t) + g(x(1), 1) + d ()],

0 (t) = Az(r)y (1) + As(ron 0 (),

y"0(0) = C(ro)xo, n7(0) = R(ro)xo.

“)
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Remark 4 Vi, j € Y we have :
C(j) =Tjx = TjTi_lé'(i),

then, for every i, j € T, it follows that

{y(j) =CjB; (C;B)~' y© + C;Sin®, )

n' = R;B; (C;iB)~' y ¥ + R;Sin®.
The second equation in (4) represents the internal dynam-
ics of system (1). If y(-) is equal to zero, then these dynamics

are called zero dynamics. The latter are therefore described
by the zero output system:

() = Ag(ron'(1). (©6)

In the following, we shall provide a characterization of the
zero dynamics based on two important concepts which are the
minimum phase and the strongly minimum phase properties.

Definition 3 The MJS (1) is said to be minimum phase, if the
zero output system (6) is stochastically stable.

Definition 4 [10] The MJS (1) with partially unknown TRs
is said to be strongly minimum phase, if for the zero output
system (6) there exists a set of matrices P; = PiT > 0, such
thatVi € T

I} <7 (Ci$)T(C8) = > mij(Ci8)T(C;8h),
J€T) (N

VjeY e ifieY,

) < 7 (CiSHT(C8) — Y mij(CiS)T(CiS)
JeTi

+m1(C;5) T (C S,

Vje Y ifieY.

®)

where I} = Ay P + PAy + Pic — micS] R] PjR;Si,

1

Iy & AJPi + PiAs + Pic + mPi — mSTR] PiR;S; —

1

i ¢T pT i A . ST RTp.p.C.
micS; R; PjR;S; and Py = ZjeTk mijS; Rj PiR;S;.

Remark 5 1t is to be noted that if the MJS (1) is strongly

minimum phase then it is minimum phase (see [10], Remark
3.5).

4 Universal adaptive controller design

In this section, we aim to show that the following adaptive
control law introduced in [10]:

u(t) = —k(0y®), k@) =E{lyOI’}, kO eR (9

@ Springer

is tolerant with respect to unknown nonlinear time-varying
perturbations, provided they are linearly bounded and
unknown additive input external disturbances which are
bounded and square integrable. Let us consider the class of
multi-input multi-output perturbed systems of the form of
(1) which satisfy the assumptions: strict relative degree one
set, strongly minimum phase and positive definite high fre-
quency gain matrices (i.e., C; B; + (C; B)'T > 0,Vi € 7).
Let

x(1) = A(r)x (1) + Bro)[u(t) + g(x(2), 1) + d(1)]
y() = C(ro)x(1),
x(0) = xo, E{||x0||2} < oo, rg €Y,

(Ai, Bi, Cj) € R 5 RV 5 RMX,

IT partially unknown with known lower bound 7;

for the unknown diagonal elements.

Strict relative degree one set.

Strongly minimum phase. n arbitrary.

CiBi + (C;iB)T > 0,Vi e Y.

(10)

We will show that the controller (9) is a universal adap-
tive stabilizer for the class (10). This means that whenever
it is applied to any system in this class, the resulting
closed-loop nonlinear system has the properties: finite escape
time does not occur, all states are bounded and in particu-
lar, the state x(z) satisfies the second moment properties:
Jo E{lx@?}dr < 00, supy<; o E{IIx(1)]?} < 00 and
lim; 0 E{[lx(1)]*} = 0.

Remark 6 1t should be noted that in case the system has
only one mode (i.e., N = 1), the feedback strategy (9) is
reduced to the well-known universal adaptive stabilizer for
minimum phase linear deterministic systems of strict rel-
ative degree one, which is the Willems-Byrnes controller:
u(t) = —k(@)y (), k(t) = [|y@)|* (see [25]).

The following Lemma will be useful in proving the paper’s
main result.

Lemma 2 Suppose the nonlinear perturbed MJS with par-
tially unknown TRs

YO ) = A1)y (t) + Ax(r)n " (1)
+Cr)Brolu(t) + g(x (), 1) +d (1)),
@) = Az(r)y" (1) + As(rn (1)
(11)
is strongly minimum phase with C; B; + (C; B,~)T >0,Vi €

Y. Letk :[0,t') — R, < 00, be a piecewise continuous
function and suppose that there exists t* € [0, ") and k* > 0
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such that k(t) > k*,Vt > t*. If feedback of the form u(t) =
—k(t)y(t) is applied to (11) and k* is sufficiently large, then
there exist .1 > 0, Ao > 0 and B > 0 such that the solution
of the closed-loop system:

YO @t) = [A1(r) — k@) Cr)B(r) |y (1)
+A2(r)n " (1) + C(r) B(r)g(x (1), 1)
+C(r)B(r)d(1),

@) = Az(r)y (1) + As(ron ™ (1)

12)

satisfies
|Gl
n(’t)
T\ |12
<[ G| oo

forallt € [19, 1), 19 € [0, 1').

Proof Consider the following set of positive-definite Lya-
punov functions candidates defined by: V(y® n® i) =

Ly®T py® 4 LyOTy® where P, = PT,i € Y are the
positive-definite solutions of the following inequalities:

Mf =75 (CiSHT(CiS) + Y mij(Ci8) T (CiS) <0,
JjeTi
VjeYe ifieT,
(13)

D) — e (CS)T(CiS) + Y mij(CiS)T(C;S)
jeTi
—m(C;$)'(C;S) <0,

Vje Yo ifie Y,

(14)

where Fﬁ' and Fé are defined as in Definition 4.
Let £ denote the infinitesimal generator of (11) [24]. By
a straightforward calculation, one obtains

£v(y®, i
T . T .
=y Ay + YD [Ay + A3 Pl
1 T .
- 5k(r>y“> [CiBi + (CiB) T Iy?
L O AT P 4 P AsTn® + O ¢ B,
+§7I [ 4P + b 41 +y iBig(x,t)
T T .
+y D CiBid(r) + y© ©1;y®

T . 1 T .
+yD ©un + 577(1) O3,

| N A N
where ©1; = 33 mijEij, ©®; = ) i mi;Fi; and

O3 £ Z?’:l 7;ijGij. Eij, Fij and G;; are given as follows:

Eij = El—jr = (C;B[)_TBZ'TC]TCJ'Bi(CiBi)_l
~|—(CiBi)_TB,'TR;‘erRJ'Bi(CiBi)_l’
Fij = (C;iBi)" "B C[C;S; + (CiB:)” " B/ R] PiR;S;.
(15)
We have

AT . AT . AT .
YO Ay Dy Ay + AG P + 3O @4y ?
AT .
+y@ Oyn®
< (4wl + 1Azl + 1AL PI+1Ou ]+ 10211) x 1y©12

/2
+ = % (1Anl+ 140 + 1AL P11+ 10201)

O VAL o
X Iyl ™1l
V2
where o1 > 0 is to be specified later.
Denote

Hi 2 [|Aull+ A || + 1A Pill+1©1: 1 + 1021,
then
T . T . T .
YO ALy D 4y Ay + Ay P + 3O 04y
AT .
+y@ Oyn"”
< Hilly“ 1> + =H 1y 1> + = In11>.
o1 2
Also we have

AT .
y O CiBid(t) < |1CiBi 1A 1y @ ]
< IC; B P11 + 1y D12,

and for v > 0 we have

AT

y D CiBig(x,1)
< ICiBillligCe, Dllly?|
< ICiBil1gllx 1y @

o 1 ~
< NGB8 — x4 2y
O3 : : .
< 1CBIPE 5 1T P (D12 + I 1) 4021y
1 o .
= (UGBTI +07) 1y

1 N ‘
+(ICBIPEIT ) 1)
v

@ Springer
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Hence
vy @i
2 1 o _ i
< (Hi+ - H S IGBIPRIT P 407 + 1)1y 1P
l AT .
— Sky O [CiBy + (€iB)T |y
+ (al +
2

1 .7 .
+ G Bi 1P 1d(0)]|* + En(’) [AL; P + PiAg + ©31n".

1 o 4
SICBIPET 7)1

Now, in order to show that: ATP + P;A4 + O3 < 0,
Vi € Y, we consider two poss1ble cases: i € TK; and i €
Tli{ i respectively, that is, the diagonal element is known or
unknown.

Case l:i € Tk. In this case, we have

O3 = ZT[UGU = Z nz/Gz/ + Z nlelJ

JeTi JE€Ti
n,]
= Z wijGij — ”IC Z G,].
jETK
Since
i T
0 <1 ) =1
—TT} < —

it follows that

AL P + PiAy; + O3

T[
-y ;Tj (AP + Pids + Y myGij — 7G|
'K

JeYi JjeTi

It is easily seen that A i Pi + P A4 + ©3; < Qs equivalent
to

AIZ-P,‘ + P A4 + Z JTijGij —nkGij <0, Vje TZi/{IC'
jeTic

By the condition (13), it follows that A P+ PiAy +03 <
0. This yields that

l T . .
317 TAG P+ Prdgi + O30 < —enlln @2

where @y £ —Lmaxicr {Amax (AL P, + Pidai + 03],
Hence, Vi € Tk:

@ Springer

vy @i
2 1 A2 e i
< (Hi+ B+ SIGBIPEITT P +07 +1) 1017
l ~T .
— Sky " [CiBi + (BT ]y
o1 1 N — 1
+ (5 o+ SICBIZRT ) I
+ICiBi | 1d ()]
2 1 A2 e i
< (Hi+ - H o+ S IGBIPRIT P 407 + 1)1y 1P
1 T .
- Ek(t)y(l) [CiBi + (CiBi)T]y(l)
+(-5+
2

+ 1Ci B |2l ()]

1 o .
SICBIPENT ) I

Case 2:i € Tziﬂc’ that is, the diagonal element is unknown.
In this case, we have

631—2”11611— Z 771]Gt]+7711P+ Z ﬁijGij
JGTl JEY jc i #i
= Y miiGij + i P + (=R — 7l)
jerk
i
X Z —Gzp
L1 1 jTIC
JEY i o J #i
and due to the fact that
i T
0< <1 Y L=,
i — Ty i T T e
JEY i i
we can write
T
Ay Pi + PiAsi + O3
Tij T
= Z A—i[AM P; + P Ag
T _”IC
JEY yxcrJFl
+ Y 7ijGij — wicGij + Rii Py — ﬁiiGij]~
jeTi

Thus, A, P; + P; A4 + ©3; < 0 is equivalent to

AiPi+PiAs+ ) mijGij =7 Gij+#ii P, —#iiGij < 0
JeTk

Vj €Y j#i. (16)
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By the similar arguments to Case 2 in the proof of Theorem
1 in [6] one obtains that (16) is equivalent to

Agi P+ PiAgyi+ Z 7i;Gij — i Gij+m P —mGij <0,
JjeTk

Vj € T

From (14), it may be concluded that AII. P;+P; A4 +03; < 0.
Thus, Vi € TZI/HC:

vy, n9 0

< (Hi + O%H,? + %||C,~B,~||2,g72||Ti—1||2 +02 4 1>||y(i)”2
- %k(t)y(i)T[CiBi +(CiB)" [y
(=2 DB T ) n
+1CiBi 1A @) 1>

Consequently, by combining the results in case 1 and case 2,
we getVi € T:

EV(y(i), n(i)’ )

< (Hi + O%Hf + %llci3i||2§2||T;1||2 +02 1)||y<i>”z
- %k(t)y("’T [ciBi+ By T]y®

ICBIPEITTR) 101

+( a1+1|
2 2

+11Ci Bi P lld(0)]1>.

A A
Denote oy £ max;er{||C; B;||*} and a3 £ max;ex{[|C; B; ||*
||Ti_1 1%}, then we have

Lv(y®D, n® i

< (Hi+ O%Hﬁ + %nc,-Binzgznffl 12407+ 1) 1y
— koY [+ (B Ty
+(-5+ “j—iz)un“)nz +alld®)]’,

and since

C;Bi+(C;B)" >0,Vien,

we get

1 7 . .
—zy@ (CiBi + (CiB) "y < —aully@?,

where oy £ 1 minjey Amin (CiBi + (C;B;)"). Now, for v
sufficiently large so that

52
NI a3g

? \)2 > 0,

o

and by choosing k* > 0 sufficiently large so that

1 2 1 . B
k) = &2 — max (Hi+ = H + 1 GBIPEIT P
g i€ o )

+v2+ 1) + 2 et o).
o
Then, V¢ € [t*,t") we have
vy, i
L

2 1 o
= = (ks = Hy = HF = GBI IT 1P

— 2 = DIyD1? = aln@)* + ealld ()1
<—aly?1? —aln1? + a2lld()|I*
=—a(Iy? 12+ 1n17) + a2 ld )%
Moreover, we have

V(y D, n®D i)
1
2
1 . .
S (IO12 + 1P 12)

1 . .
S max{L A1 (IyO12 + 1 7112)

AT 1 7 :
y(l) y(’)+§n(’) pin(l)

IA

IA

IA

1 . .

- 1. ||P; ( (i)2 0) 2>.
5 max{L, [} > (Iy™ 1+l
Then

= (YOI + 10 ©1?)
2

<-— X V(y(i), n(i), i).
max;er {1, [| P}

Accordingly

Lv (D, n® i

IA

=& (IyO12 + I P1?) + azlld @)
=BV P 000 +aalld )],

IA

Ny 20
where 8 = S TTEm-

Now, by Dynkin’s formula [26], we have V¢ € [1, '), 19 > t*
E[V(y(r’), n(r,), r,)] _ E[V(y(”O), 77(”0)7 rto)}

t
= Ei/ LV (), n(rs'),rs)ds}
0]
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IA

t t
8 / EVOr n®), ) lds + o / 1d(s)|12ds
to 0]

IA

t
_ﬂf E{V(y(“), n(r:)’ rx)}ds +day.
0]
Applying the Gronwall-Bellman lemma, we obtain

E{V(y(m, 0o, ,,t)}
< (dAaz + E[V(y(’to), 77(”0)7 rtg)})E_ﬁ(t_tO),

Vi € [to, 1), 10 > 1%,

and since
(re) 2
y
|Gl

1
= E{IYP + 101} < - E{VOT " )

with

2 L nin(1, A (P}
a5—21121,? s Amin (L
and

6?012 + E{V(y(rto)’ n(rro)’ ’”to)}

< daa + a6 E{ 170 |2 4 |12}
. Y\ |12

= day +asEy (o)

with

a6 = maxiex {1, Amax (P},

it may be concluded that
|Gl
n(”l)
y(i0) 2
[ Gl ]
no

forallt € [19, 1), 7o > 0, where A| = Z‘—Z > 0,20 = % >0

and 8 > 0. This completes the proof.

Now, consider any perturbed MJS in the class (10) and
suppose that it is subject to the adaptive feedback controller
(9). Then, the resulting nonlinear perturbed closed-loop MJS
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is given by:

X(1) = [A(r) — k() B(r)C(r)1x (1) + B(r)g(x (1), 1)
+B(r)d(t), xo e R", rp e Y,
k@) = E{IICrpx®)|*}. k(0) € R.
(17)

Since the right hand side of (17) is locally Lipschitz in
x(-) and k(-) and measurable in ¢, it follows from the theory
of stochastic differential equations (see [27]) that the initial
value problem (17) has a solution (x(-), k(+)) : [0, ) —>
R"+! on a maximal interval of existence [0, w) for some
w € (0, oo], and this solution is unique.

Theorem 1 Let (x(:), k(-)) : [0, w) —> R"*! be the maxi-
mal solution of the initial value problem (17). Then

(i) @ = oo almost surely.
(ii) lim;_ o0 k(t) € R exists.
(iii) [5~ E{llx()]*}dt < 00, supp<, oo E{Ilx(0)]?} < o0
and lim;_, o0 E{||lx(1)]|*} = 0.

In other words, the controller (9) is a universal adaptive
stabilizer for the class of multivariable perturbed MJSs (10).

Proof By the transformations in Lemma 1, the closed-loop
system (17) may be expressed in the form:

YO ) = [A1(r) — k(OC ) Br) ]y (1)
+A2(r )0 (1)) + C(r) B(r) g (x(1), 1)
+C(r)B(r)d(1),

0 (@t) = Az(r)y (1) + As(ron (1),

k@)= E{ly®I?},

y0) () e R™, ) (0) e R*™™, k(0) € R.

(18)

Step 1. we show that k(-) is bounded on [0, w), w < oo.
i.e., Supg<; .,k (#)| < o00.
By contradiction, we suppose that k() is unbounded on
[0, ). Since k(t) = E{[y()|*} > 0, it follows that k(-)
is a non-decreasing piecewise continuous function on [0, w).
In addition, since it is unbounded, this means that the assump-
tions on k(-) in Lemma 2 are met. Hence, we have

E{ly®]?}

o\ ||
y
<={| ()] ]
(ro)
[ ()

2
} +A2:|e_’3’, Vi €[0,w) (19)
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for some A1, Ay and B > 0. Furthermore, the adaptation law
implies that

t
k(t):/o E{lly(s)|I*}ds + k(0), t € [0, w). (20)

From the inequality (19), it is easily seen that (20) contradicts
the assumption that k(-) is unbounded on [0, w). Hence, k(-)
is bounded on [0, w).

Step 2: we show that the solution (x(-), k(-)) is global. i.e.,

@ = oo almost surely.
By contradiction, assume that there exists some w > 0
such that lim;_,, sup||x(¢)|| = oo. Since k(¢) and d(t)
are bounded, and g(x(¢),t) is linearly bounded, we can
easily show that the first equation in system (17) satis-
fies a linear growth condition, which implies (see [26])
that supy<, <, E{||x(t)||p} < 00,Y¥p > 0. Therefore,
x(t) doesn’t have a finite escape time which contradicts
lim;_ o sup|lx(¢)|| = oo and hence assertion (1) follows by
the maximality of the solution on [0, w).

Step 3: we show that lim;_, o, k(¢) exists and is finite.

By putting @ = oo in Step 1, it follows by the same argu-
ments as in Step 1 that supy., . |k(¢)| < oo. Besides, due
to the fact that k() is non—degreasing, we know that the limit
lim;_, o, k(#) exists and is finite. This proves (1).

Step 4: we prove that lim;_, oo E{ ||n(r')(t)||2} =0.
Considering that system (17) (without the adaptation law) is
strongly minimum phase (which yields that the homogeneous
system 7V (1) = A4(r;)n" (r) is stochastically stable, see
Remark 5), and the fact that from (1) and the adaptation law,
we have [;° E{lly(t)|*}dt < oo, we can apply Theorem
3.27 in [4] to the second equation of system (18) to obtain:
lim, o0 E{In ()12} = 0 and [ E{In" ()|*}dr <
Q.

Step 5: we prove that lim;_, oo E{ ||x(t)||2} =0.

We’ll start by demonstrating that E{[x(#)[|*} is bounded
on [0, 00). In order to achieve this, let us consider system
(18) without the adaptation law. The same set of Lyapunov
functions candidates and the same techniques as in the proof
of Lemma 2 may be used to get the following:

LvyO.n @i
2 1 . _ i
< (Hi+ B+ SIGBIPEITT P 407 +1) 1017
1 AT o
= Sk [+ €8T — a2

+ aalld (1)1

Now, without loss of generality, assume that £(0) > 0. Then,
by the monotonicity of k(-) we have

Lv ey @ i

2 1 . _
<~k — Hi = = H} = |IC;B P07 P

a i
— 2= DIy 12 = aln@1? + aalld )|
< —(k(as —allyP1? = @ln@ |12 + a2 lld )12,

where a7 £ max;cy (H,- + %Hiz + ‘)1_2 ICi Bi 112821 T 1% +
V2 + 1).
By using the Dynkin formula and the Fubini theorem, we get

E[V(y(r,), no, r,)} - E[V(y(ro)’ 7o), ro)}
t
= E{/ EV(y(rs)’ n(rX),rs)ds}
0
t
=< E{ fo (‘ k(s)ag — a) [y 12 = alln|2
+0‘2”d(S)|I2)ds]
' t
- _a4E{/ KO s +"”E{f Iy )2%s)
; 0
! t
_&E{/ I s | +“2/ ld(s)|ds
0 0
' t
=< —a4/é k(s)E{||y(r.q)||2}ds+a7/O E{”y(rx)”z}ds

t t
— [ E(InP)ds +on [ 1do)1ds.

Due to the fact that k(OVE{|ly"™ ®)?} = k)k(@t) =
34 (k* (1)), we obtain the following

E{V(y(m, n, ,t)} _ E{V(y(rm, 7o), ,0)}
1 t
< 50 (C0 - R O) +ar [ {1y )ds
2 0
t t
— & [ E(In s +on [ 1ao)1Pds.

Since we have
() 2 1
y { (1) () }
E < —E;}V ) ) )
{H (”(r')>H }_ as O
it follows that
(re) 2 1
y (ro) 5, (r0)
0= E{ H(’?(”))H } =< a—sE{V(y A ,ro)]
t
oy a7 ‘
(120 - 2) + 2 [ Iy r)as
as Jo

as

o ! (6%) !
——/ E{||n<“>||2}ds+—/ 1d(s)Ids.
as Jo o5 Jo
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Now, letting ¢ go to oo in the right hand side of the above
inequality, we get

o=of )

——( lim k() - k2(0))

25

g

Therefore, E{|lx(1)]|?} is bounded V¢ € [0, c0).

Next, we will show that £ { [lx(2) ||2} is uniformly continuous
on [0, 00). Let us consider system (17) without the adaptation
law and let V (x(¢), ;) = ||x(¢)||?. If £ denotes the infinites-
imal generator of the Markov process (x (), r;), then for any
0 < s <t < 0o, we have by the Dynkin formula:

1
} < —E{V(y(m), n(ro)’ VO)}
as

(rs) |2
E s ds

E{lln"|1*}ds + = ” /0 ld(s)II*ds < oo.

E[Vew, ) - E[va, )

t
- E{f LV (x(7), rt)dt},
The above equation implies that
E{lx®)I*} = E{lIx()1*}
t
= &] [ 27 @[ (400 ~ ko BEICE )@
+B(rog(x(0). 7) + Bro)d(x) |dt}.

Using the Jensen inequality and the Fubini theorem, we
obtain

E{lx017} - E{lx )P}
_ ‘E{ /Sf sz(t)[(A(rf) —k(r)B(r,)C(r,))x(t)
+ Brog((0), 1) + Bod(m) |dr |

sE[[

+ B(r)g(x(v), 1) + B(rf)d(r)]‘dr}

2T (@] (400 = k@ B (D)

t
< 28] [ 1400 = kO BODCE ) x x(0) P
’ t
26| [ 18001 x Ixo)Pde}
t
26| [ B0l < 1@ x e ar
t
< 26| [ a0l x Ix@lPde) 42 sup ko)

0<t<o0

t
< [ [1BGacE ) < IxolPdr)
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+2E| [||B(rf)||§ x |lx(0)|%de |
+2E] /YTHB(r,)n x @)l % x(D)]d}
§ocgE{/St||x(t)||2dr}—I—ong{/StHx(r)Hdr}
< aS/St E{lx(®)|*}dt +a9/st E{lx()l}dt
sup E{|lx(0)]}

= (018
0<t<00

+ay sup E{Ix(ll})t - ).

0<t<o00

where ag and a9 are given by: ag = 2max;er{||Ai |} +
2 SUPg< 7 <ok (T)| x max;ex {[| B: Ci [} + 2¢ max;ex {|| Bi ||},
and a9 £ 25upy<;_oolld(D)|l x maxiex ([ Bill}. Con-
sequently, the above calculation shows that E {||x(t)||2}
is uniformly continuous on [0, 0c0). Now, since we have
fo { x| }dt < o0 and E{||x(t)||2} is uniformly con-
tinuous on [0, 00), it yields by virtue of Barbalat’s lemma
(see [28], Lemma A.6) that lim,.o E{[x(#)]|*} = 0. This
ends the proof of the theorem. O

Remark 7 From the proof of Theorem 1, we can notice that
the high gain property of the considered adaptive controller
plays a key role in eliminating the effect of the consid-
ered uncertainties g(x(¢), ¢). In addition, by the assumption
that d(¢) is bounded and square integrable, the desired con-
trol objectives were successfully achieved. It now remains
to verify the effectiveness of the proposed techniques by a
numerical example. This will be done in the next section.

Remark 8 1t should be noted that unlike some other control
methods, such as the sliding mode control ([9,29]) which
requires either knowledge or estimation of the unknown dis-
turbances’ upper bounds, the proposed approach removes
these requirements and reduces the control procedure.

5 Numerical example

In this section, we provide a practical example to show
the effectiveness of the proposed methods. YALMIP and
SeDuMi Matlab Toolboxes [30,31] are used to solve LMI
problems.

Example Consider the following VTOL helicopter model
with disturbances [13,32]:

x(t) = A(r)x(0) + B(r)[u@) + g(x (1), 1) + d(@)],
y() = C(ro)x(1),
21
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where r; indicates the airspeed and the state variables x1, x2,
x3 and x4 are the horizontal velocity, the vertical velocity, the
pitch rate and the pitch angle, respectively. The parameters
A(ry) and B(r;) are given by:

[—0.0366 0.0271 0.0188 —0.4555
Ay — | 00482 =101 00024 —4.0208
PT10.1002  az(r)  —0.707  asa(r)
0 0 1 0
04422 0.1761
| by =7.5922
B =1 _55000 4.4900
0 0
We also let:
2 0 -1 0 05 0 —-05 0
“=1 oo 0](?2_[1 —05 0 0]
1 0 -2 -1
S=lo 2 o 1]

The behavior of r; is modeled as a Markov chain with three
states. The latter corresponds to three different airspeeds of
135 (nominal value), 60, and 170 knots. The values of param-
eters asp, aza, and by are given as follows:

For airspeed 135 knots: azp = 0.3681, az4 = 1.4200 and
by1 = 3.5446.
For airspeed 60 knots: azy = 0.0664, azs = 0.1198 and
by =0.9775.

For airspeed 170 knots: azp = 0.5047, azq4 = 2.5460 and
by1 = 5.1120.

The nonlinear perturbation g(x, ) and the disturbance
vector d(t) are assumed to be:

_ [0.85in(200)x2(1)
glx, 1) = [0.8 sin(20t)x4(t)] ’

t
(1+7)
0.9 exp(—0.3¢) sin(0.6¢)

d(t) =

It can be easily verified that g(x, t) is linearly bounded and
d(t) is bounded and square integrable.

We choose a TR matrix with a lower bound 7; = —6 for
711 and 727:

711 3.8 113
3.8 23 723
731 32 —2

1=

Since we have

6.4044  —4.1378

det(Cy By) = det [_3'1024 7 7683 ] —36.9142 £ 0,
(29811 —2.1570

det(CoBy) = det | o0us6 3972 } = 11.7411 # 0,
[ 10.5978 —9.1561

det(C3B3) = det 102240 15.1844} = 67.3093 # 0,

it follows that the system has strict relative degree one set.
Hence, by Lemma 1, the following nonsingular matrices can
be used:

[2.0000 0 —~1.0000 0

7, | 110000 ~1.0000 0 0
0.7042  0.0801  0.1079 o |
L0 0 0 1.0000 |
70.5000 0 05000 0

7, | 10000 ~0.5000 0 0
0.7989  0.0630  0.0752 o |
L0 0 0 1.0000 |
—1.0000 0 —2.0000  —1.0000

| O —2.0000 0 1.0000
—0.0000 —0.0000 —0.0000  0.5000
~0.5633 —0.0879 —0.1265 —0.5193

to transform system (21) into the form:

YD) = Ay D) + AunD (1)

+CiBilu@) +g(x@),t) +d®)], (22)
1D () = AziyD (1) + Agin (1),
where for mode 1 we have:
A _[F06365 039427 10019 -2.3310
=1 00899 —09582|" “2' = ]0.9851 3.5653 |’
Ay [ 0:0457 0.0094] - [-0.1589  —0.4897
307107843 0.1602 " “4 T | 2.0000 0 :
For mode 2;
A — —0.6874 0.0714 Aoy — 0.2552 —0.2877
27101183 —0.9356 | 72 7 | 1.0211 1.5549 |°
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4 T T T T T T T
—x(t)
Ay | 0:0563 00575 ~ [-0.1306 —0.6081 sl
27118497 0.1259 | “ 7| 1.0000 0 :
ol
And for mode 3;
;
A [F02433 0dses ) [-9.9819 0.7228 ‘ ‘ ‘ ‘ ‘ ‘ ‘
B=1.05727 —1.0622|" “% 7182960 1.1880|" 0 10 20 30 40 50 60 70 80
Time (Sec.)
A _ [F02816 —0.0220] _ [0.0000  0.5000 Fig. 1 Markov switching signal (r)
BT 002487 00149 |° P T (05779 —0.4481 "

By solving the LMI conditions in Definition 4, one can
obtain the following feasible solutions for P;, P> and P3:

Py = [830.3651

523610, _ [769.7611
52.3610 $ 2=

9.2626
303.6662 9.2626 ’

308.1242

1.1083

1.9005
P = [ 1.0012

1.1083} 10

This means that the system (21) is strongly minimum phase.
Also, it has positive definite high frequency gain matrices:

A(C1By + (C1B) ) = {6.8052, 21.5402},
AMC2By + (C2B) ") = {4.5372,9.3694},

A(C3B3 + (C3B3)T) = {5.8667, 45.6977).

where A(A) denotes the spectrum of the matrix A. Conse-
quently, this perturbed system satisfies the three structural
assumptions and hence it belongs to the class (10).

Now, by using the adaptive controller (9), we obtain
the following simulation results: Fig. 1 shows the random
jumping modes and Fig. 2 describes the trajectory of x(¢)
of the closed-loop system with the initial condition xg =
[0.5 14 —-1.8 2.1]T. The trajectories of the adaptation gain
k(t) with initial condition k(0) = —1 and the control input
u(t) are illustrated, respectively, in Figs. 3 and 4. From Figs.
2 and 3, it is observed that a sufficiently large gain is found,
which makes the trajectories of the closed loop system con-
verge asymptotically to zero. Also, the bounded controller
gain k(-) asymptotically converges to a value smaller than
2.5. Thus, the desired closed-loop objectives are achieved
in the presence of the nonlinear perturbation g(x, t) and the
external disturbance d(¢). This confirms the results of Theo-
rem 1.
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Fig.2 State responses of the closed-loop system
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Fig.3 Gain evolution for u(t) = —k(t)y(t), I%(t) = E{Ily(t)||2}
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1k i
05 1
0 'm...m
T e
-0.5 1
A | | | | | | |
0 10 20 30 40 50 60 70 80

Time (Sec.)

Fig.4 Trajectories of the control input u(t)
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6 Conclusion and future work

This paper has investigated the universal adaptive stabiliza-
tion problem for a class of MJSs with nonlinear perturbations
and external disturbances. The adaptive controlleris designed
such that the effect of the perturbations can be eliminated
and the control objectives are guaranteed. Finally, a VTOL
helicopter example has been presented which shows the
effectiveness of the given methods. Future research will con-
centrate on the universal adaptive stabilization for MJSs with
a strict relative degree two set and the case where the high
frequency gain matrices are of unknown signs.
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