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Abstract
In this work, a novel class of bilateral vibro-impact model is proposed. Unlike the traditional impact model, the energy dis-
sipation of the novel bilateral system is measured by the model of the restitution coefficient dependent with velocity. Then 
the random vibration of the system is investigated in the presence of Gaussian white noise excitations. The motions of the 
unperturbed impact system are firstly considered and grouped into two categories. Then, the mean drift and diffusion coef-
ficients of the two kinds of motion are calculated with the stochastic averaging methodology for energy envelope under the 
assumed condition that the impact vibration system is quasi-conservative. Subsequently, the probability density functions of 
stationary responses are computed with solving the averaged Fokker-Plank-Kolmogorov equation. Finally, two illustrations 
are chosen to demonstrate the reliability of the presented technique. And, the validation of analytical results is verified by 
the simulation data generated by Monte Carlo.

Keywords Bilateral vibro-impact systems · Velocity-dependent restitution coefficient · Stochastic averaging · Random 
vibration

1 Introduction

Impact vibration system is a complex nonlinear dynamical 
system, which has important theoretical and practical sig-
nificance [1–5]. Assuming that the impact is completed in an 
instant, the energy dissipation is measured by the restitution 
coefficient. Early studies suggested that the restitution coef-
ficient was a material dependent constant. On this basis, a 
great deal of researches has been carried out. Such that the 
non-smooth coordinate transformation techniques [6–8] are 
introduced, so that the traditional technique, such as sto-
chastic averaging method [9], the path integral approach 
[10] and the exponential polynomial closure (EPC) method 
[11–13] and the iterative method of weighted residue [14] 
can be used to investigate impact vibration systems. In 
addition, Monte Carlo simulation is one of the most com-
monly methods for calculating the response of stochastic 

impact vibration systems [15] regardless of computational 
efficiency and convergence. The method of generalized cell 
mapping was used by Wang to obtain the random response 
of impulsive systems [16].

However, many results [17, 18] have showed that taking 
the restitution coefficient as constant would reduce the accu-
racy of the calculation. Since then, a great deal of research 
has been done to modify the restitution coefficient. Johnson 
[19] derived the expression of the restitution coefficient of 
the complete plastic impact, which is then supplemented by 
Stronge [20]. Thornton pointed out the deficiency of Stronge 
model and built the expression of relative velocity of corre-
lation of restitution coefficient [21]. While the curvature var-
iable was not considered in Thornton’s model. Refs. [22–27] 
modified the restitution coefficient model given by Thornton. 
So many researchers [28, 29] were still dedicated to studying 
the restitution coefficient to better reflect the energy changes 
in the impact process, but the existing models are either too 
complicated to express or cannot be verified by experiments. 
Recently, Ma [30] has given the modified expression of the 
restitution coefficient with velocity of impact, and verified 
it by relevant experiments.

The correction of restitution coefficient provides a new per-
spective for us to further explore the mechanical properties 
of vibro-impact system. Especially for the issue of bilateral 
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impact, such a model can better reflect the complex energy 
dissipation mechanism in impact process. For this reason, a 
new type of bilateral impact model is developed. Currently, 
this kind of new bilateral impact model has not been reported. 
The existing research is still based on constant restitution coef-
ficient to analyze the bilateral impact issues. For example, 
Dimentberg [7] investigated the response of single-degree-of-
freedom (SDOF) impact model driven by random excitation 
with bilateral and unilateral obstacles respectively. Liu et.al 
analyzed the random features of a two-sided impact vibration 
model excited by colored noise [31]. The stochastic dynamic 
analysis of a Duffing vibration-impact system with two side 
impact walls was investigated in Refs. [32, 33]. The stochastic 
dynamics of vibro-impact systems with distribution barriers 
under additive Gaussian noise excitation were reported in [34]. 
More recently, Su and his coworkers [35] used the stochastic 
averaging for energy envelope method to explored the response 
of the bilateral energy harvesting system.

In this work, the novel type of SDOF biliteral impact model 
is performed. And the random vibration of this model is ana-
lyzed. On the basis of the study of free impact vibration sys-
tem, the displacement impact condition is converted to the 
impact condition of energy, and then the free impact vibration 
system can be divided according to the energy level. With the 
aid of stochastic averaging method for energy envelope, the 
mean drift and diffusion coefficients of system is calculated, by 
assuming that the system is quasi-conservative. The stationary 
probability density functions (PDFs) of system’s response is 
calculated by solving the averaged Fokker–Plank–Kolmogo-
rov (FPK) equation in a closed-form. As for illustration, two 
vibro-impact oscillations are studied, and the precision of the 
procedure is confirmed by the Monte Carto simulation.

2  Novel type of vibro‑impact system 
with bilateral clearance

A class of SDOF bilateral impact vibration model driven by 
random excitations is presented in Fig. 1. Meanwhile, the dif-
ferential equation of motion reads,

where ε is a parameter of positive; g(X) represents the restor-
ing force of an free vibro-impact system; h(X, Ẋ ) represents 
damping force of linear or nonlinear; fk(X,Ẋ ) are random 
perturbations; ξk(t) mean Gaussian white noises with cor-
relation functions E[ξk(t) ξl(t + τ)] = 2Dklδ(τ), k, l = 1,2,…,m.

The impact boundary of system (1) is given below:

(1)

Ẍ + g(X) + 𝜀h(X, Ẋ) = 𝜀1∕2fk(X, Ẋ)𝜉k(t),

k = 1, 2, ... , m, |X| < Δ,

(2)Ẋ+= − eẊ−, X = ±Δ,

where Ẋ− and Ẋ+ are rebound and impact velocities of the 
oscillate. The position of impact barrier is X =  ± Δ. The coef-
ficient of restitution is presented as a piecewise function 
according to the magnitude of the impact velocity, i.e.,

in which VC is the critical velocity, which can be under-
stood as the value of the velocity before oscillate enters the 
elastoplastic phase. e(Ẋ− ) is associated with Ẋ− , which is 
constrained by the condition 0 < e(Ẋ−) < 1.

Equation (3) suggests that the value of the restitution 
coefficient remains at a larger level of unity when velocity 
of the impact is kept below the critical velocity, which fully 
reflects exchange of momentum during the elastic collision 
phase. As velocity of the impact increases, the oscillator 
enters the elastoplastic impact phase. Obviously, such model 
is equivalent to Newton restitution coefficient to some extent 
[36], i.e., e(Ẋ−)≡ constant value. Recently, Ma et al. [30] 
considered the correlated energy dissipation due to impact 
and plastic deformation, and proposed the velocity-depend-
ent restitution coefficient model as follows:

where ω is a parameter associated with the properties of the 
material and is determined by the relation of Ẋ− > VC = ω6.

3  Free bilateral vibro‑impact system

The free bilateral vibro-impact system associated with 
system (1) takes form,

The total energy is,

(3)e =

{
1 Ẋ− ≤ VC

e(Ẋ−) Ẋ− > VC

,

(4)e(Ẋ−) = 𝜔||Ẋ−
|
|
−1∕6

,

(5)
Ẍ + g(X) = 0, |X| < Δ,

Ẋ+= − eẊ−, X = ±Δ.

Fig. 1  Stochastic vibro-impact system with bilateral clearance
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where

In the case of X ∈ (− Δ, Δ), the period of free vibration is 
determined by,

In which A < Δ means the max amplitude of the mass 
derived by H = G(A). Naturally, system will impact the barrier 
when H > G(Δ). Now assume that X = Δ is the position where 
the first impact occurs and the corresponding total energy is,

in which H1- and Ẋ1− represents the energy of total and 
velocity of the free impact vibration system before impact. 
Thus, the total energy after impact reads,

By combination of the Eqs. (9) and (10), the energy dissipa-
tion during this impact δ1H is derived as,

Similarly, the energy loss during the impact δ2H at the posi-
tion X =  − Δ can be also obtained in the following form:

Note that G(Δ) = G(− Δ). Assuming that quasi-period of the 
impact is taken as the time interval between two impacts of the 
oscillator at the same obstacle X = Δ, the total energy dissipa-
tion for a quasi-period is presented below,

and the quasi-period can be obtained as follows:

(6)H =
1

2
Ẋ2 + G(X),

(7)G(X) = ∫
X

0

g(x)dx.

(8)T(H) = 2

A

∫
−A

1
√
2H − 2G(x)

dx,

(9)H1− = G(Δ) +
1

2
Ẋ2
1−
,

(10)H1+ = G(Δ) +
1

2
Ẋ2
1+
.

(11)𝛿1H = H1− − H1+ = [1 − e2(Ẋ−)][H1− − G(Δ)].

(12)
𝛿2H = H2− − H2+ = [1 − e2(Ẋ−)][H1− − 𝛿1H − G(−Δ)].

(13)𝛿H = 𝛿1H + 𝛿2H =
(
1 − e4(Ẋ−)

)(
H1− − G(Δ)

)
,

(14)�(t) = 2

Δ

∫
−Δ

1
√
2H − 2G(x)

dx.

4  Stochastic averaging of energy envelope

Introducing Ẋ = Y, the following Itô stochastic differential 
equations could be derived:

where,

B(t) in the Eq. (15) denotes a unit Weiner process. Taking 
into account Eq. (15) and with the aid of Itô differential rule, 
the equations of Itô related to displacement X and energy H 
of system could be deduced as,

By virtues of Eqs. (18) and (19), the displacement X(t) 
and energy H(t) are a process of rapidly varying and a pro-
cess of slow process, respectively. The stochastic averaging 
technique of energy envelop [37] is feasible. The Itô equa-
tion of averaged related to H(t) is yielded as follows:

where m(H) denotes the mean coefficient of drift and �(H) 
is the mean diffusion coefficient. Note that the motion of 
the oscillator is grouped into two cases. One is the system 
will oscillate and impact alternately between the rigid barri-
ers, the other is oscillations without impacts. Therefore, the 
averaged drift and diffusion coefficient could be calculated 
in different two cases, respectively.

4.1  Case 1 H < G(Δ)

In this case, the oscillate will be free of impact vibrations. 
The averaged drift and diffusion coefficients are:

(15)
dX = Ydt,

dY = m(X, Y)dt + 𝜎(X, Y)dB(t), |X| < Δ,

(16)

m(X, Y) = −�h(X, Y) − g(X) + �Djkfj(X, Y)
�

�Y
fk(X, Y),

(17)�2(X, Y) = 2�Djkfj(X, Y)fk(X, Y).

(18)dX = ±
√
2H − 2G(X)dt,

(19)

dH =
�

∓�
√
2H − 2G(X)h

�

X,
√
2H − 2G(X)

�

+
1

2
�2

�

X,
√
2H − 2G(X)

��

dt

±
√
2H − 2G(X)�

�

X,±
√
2H − 2G(X)

�

dW(t).

(20)dH = m(H)dt + �(H)dW(t),
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In which A = G−1(H) denotes the value of the amplitude 
of vibration.

4.2  Case 2 H > G(Δ)

In such case, the system will oscillate and impact alter-
nately between the rigid barriers. The averaged drift 
and diffusion coefficient can take the following forms 
after combining with the energy dissipation during one 
quasi-period,

where δH/T(H) indicates loss of energy during a complete 
impact cycle.

The Fokker-Plank-Kolmogorov equation corresponding 
to Eq. (20) reads,

(21)

m(H) =
2

T(H)

A

∫
−A

�

−�h
�

X,
√
2H − 2G(X)

�

+
1

2

�2

�

X,
√
2H − 2G(X)

�

√
2H − 2G(X)

⎤
⎥
⎥
⎥
⎦

dX,

(22)

�
2
(H) =

2

T(H)

A

∫
−A

�√
2H − 2G(X) ⋅ �2

�

X,
√
2H − 2G(X)

��

dX,

(23)T(H) = 2

A

∫
−A

1
√
2H − 2G(X)

dX.

(24)

m(H) =
2

T(H)

Δ

∫
−Δ

�

−�h
�

X,
√
2H − 2G(X)

�

+
1

2

�2

�

X,
√
2H − 2G(X)

�

√
2H − 2G(X)

⎤
⎥
⎥
⎥
⎦

dX −
�H

T(H)
,

(25)

�
2
(H) =

2

T(H)

Δ

∫
−Δ

�√
2H − 2G(X) ⋅ �2

�

X,
√
2H − 2G(X)

��

dX,

(26)T(H) = 2

Δ

∫
−Δ

1
√
2H − 2G(X)

dX.

(27)�p

�t
= −

�

�H
[m(H)p] +

1

2

�2[�
2
(H)p]

�H2
,

In which p = p(H,t|H0) denotes the transition probability 
density function of energy under the condition of initial,

and the boundary conditions,

Taking into consideration the boundary condition in 
Eq. (29), the solution of stationary of Eq. (27) can be cal-
culated analytically,

where C denotes a normalization constant.
The probability density of joint related to the velocity Y 

and the displacement X is easily deduced as

5  Illustrative Examples

Example 1 The Duffing oscillator is studied. the equation of 
motion is described by,

(28)p(H, 0|H0) = �(H − H0),

(29)
p = finite, H = 0,

p = 0,�p∕�H = 0, H → ∞.

(30)p(H) =
C

�
2
(H)

exp

⎡
⎢
⎢
⎣

H

∫
0

2m(h)

�
2
(h)

dh

⎤
⎥
⎥
⎦

,

(31)p(x, y) =
p(H)

T(H)

|
|
|
|H=

1

2
y2+G(x)

.

0 1 2 3 4

0

0.5

1

1.5

2

Δ=0.8

Δ=1.0

Δ=1.2

Fig. 2  The stationary PDF of energy p(H) of system (32) for different 
values of the rigid barrier position under D = 0.05 and VC = 0.4. The 
other parameters are a = 1.0, b = 0.2, c = 0.025. The solid lines denote 
the numerical results; symbols (●▲■) denote the Monte Carlo simu-
lation of the system
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where a and b are constant; c represents the coefficient of 
damping; ξ(t) denotes the Gaussian white noise with inten-
sity 2D.

The total energy of the Eq. (32) is,

In which

The drift and diffusion coefficients of averaged are pre-
sented below:

(32)Ẍ + cẊ + aX+bX3 = 𝜉(t), |X| < Δ

(33)Ẋ+= − e(Ẋ−)Ẋ−, X = ±Δ

(34)H=
1

2
Ẋ2 + G(X),

(35)G(X) =
1

2
aX2 +

1

4
bX4.

(36)

m(H) =

⎧
⎪
⎪
⎨
⎪
⎪
⎩

D −
2

T(H)

A∫
−A

c
√
2H − aX2 − bX4∕2dX H < G(Δ)

D −
2

T(H)

Δ∫
−Δ

c
√
2H − aX2 − bX4∕2dX −

𝛿H

T(H)
H ≥ G(Δ)

,

(37)

𝜎
2
(H) =

⎧
⎪
⎪
⎨
⎪
⎪
⎩

4D

T(H)

A∫
−A

√
2H − aX2 − bX4∕2dX H < G(Δ)

4D

T(H)

Δ∫
−Δ

√
2H − aX2 − bX4∕2dX H ≥ G(Δ)

,

where A = [((a2 + 4bH)0.5 − a)/b]0.5.
Figures 2, 3, 4, 5, 6, 7, 8, 9, 10, 11 show the numerical 

results and the direct Monte Carlo simulation’s data of sta-
tionary response of Eq. (32). In Fig. 2, the stationary PDFs 
of energy H for different positions of rigid barrier are pre-
sented, respectively. It is seen that the peak value of the 
stationary PDF of energy of the system decreases with the 
increase of the rigid barrier position, and the rate of decay of 
the PDF decreases correspondingly. Furthermore, Figs. 3, 4, 
5 demonstrate the corresponding joint PDFs for the velocity 
Y and displacement X, respectively.

Figure 6 demonstrates the influence of the yield veloc-
ity on the system. It can be seen that a larger yield veloc-
ity VC corresponds to a smaller energy peak, which implies 
that an increased amount of the energy is dissipated with 
the increase of yield velocity VC. Similarly, the joint PDFs 
derived by the presented technique and Monte Carlo simula-
tion results, respectively are also shown, see Figs.7, 8, 9. It 
is worth pointing out that Figs. 8 and 9 are almost indistin-
guishable. This means that as the yield velocity increases, 
the difficulty of system collision will increase so that the 
system is in the elastic impact stage or no impact occurs.

Moreover, the effect of the excitation intensities on the 
system is displayed in Fig. 10 and the discussion on the 
damping coefficient is exhibited in Fig. 11. Finally, it is 
diverting to note that due to the constraint of the rigid barrier 

(38)T(H) =

⎧
⎪
⎪
⎨
⎪
⎪
⎩

2
A∫

−A

1
√
2H−aX2−bX4∕2

dX H < G(Δ)

2
Δ∫

−Δ

1
√
2H−aX2−bX4∕2

dX H ≥ G(Δ)

,

Fig. 3  The joint probability 
density of displacement and 
velocity of system (32) with 
Δ = 0.8 under D = 0.05 and 
VC = 0.4. The other parameters 
are the same as those in Fig. 2. 
a denotes the analytical result, 
and b denotes the Monte Carlo 
simulation result

0
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0

0.9

0.1
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position, the stationary PDFs of energy are both show inflex-
ion points, the position of which are located at H = G(Δ). 
Since G(Δ) is only related to Δ, the inflexion in Fig. 2 moves 
to the larger energy H with the increase of Δ.

Example 2 As the second illustration, Duffing-van der pol 
impact vibration system is considered. The differential equa-
tion of motion is written as,

(39)Ẍ + (c1 − c2X
2)Ẋ + aX+bX3 = 𝜉(t), |X| < Δ,

where c1 and c2 represent the coefficient of damping; ξ(t) 
denotes the Gaussian white noise with intensity 2D. The 
total energy of the Eq. (39) is the same as those in Eq. (34). 
The potential energy is the same as Eq. (35).

The mean drift and diffusion coefficients for this example 
are given below:

(40)Ẋ+= − e(Ẋ−)Ẋ−, X = ±Δ,

Fig. 4  The joint probability 
density of displacement and 
velocity of system (32) with 
Δ = 1.0 under D = 0.05 and 
VC = 0.4. The other parameters 
are the same as those in Fig. 2. 
a denotes the analytical result, 
and b denotes the Monte Carlo 
simulation result
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-1 4

0

0.1

1 -4

0.2

-20.5

0.3

0 0
-0.5 2

4-1

(a) (b)

Fig. 5  The joint probability 
density of displacement and 
velocity of system (32) with 
Δ = 1.2 under D = 0.05 and 
VC = 0.4. The other parameters 
are the same as those in Fig. 2. 
a denotes the analytical result, 
and b denotes the Monte Carlo 
simulation result
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(41)m(H) =

⎧
⎪
⎪
⎨
⎪
⎪
⎩

D −
2

T(H)

A∫
−A

(c1 − c2X
2)
√
2H − aX2 − bX4∕2dX H < G(Δ)

D −
2

T(H)

Δ∫
−Δ

(c1 − c2X
2)
√
2H − aX2 − bX4∕2dX −

𝛿H

T(H)
H ≥ G(Δ)

,

The numerical results of stationary response of system 
(39) are demonstrated in Figs.12, 13, 14, 15, 16. Mean-
while, the direct Monte Carlo simulation result is supplied 
for examining the reliability of the proposed method. In 
Figs. 12, 13, 14, the effect of velocity of yield VC, noise 
intensities D and rigid barrier position Δ onto the PDFs of 
stationary are examined, respectively. It can be conducted 
from those figures that there is a good coincidence between 
the Monte Carlo simulation results and the analytical 
solutions.

(42)

𝜎
2
(H) =

⎧
⎪
⎪
⎨
⎪
⎪
⎩

4D

T(H)

A∫
−A

√
2H − aX2 − bX4∕2dX H < G(Δ)

4D

T(H)

Δ∫
−Δ

√
2H − aX2 − bX4∕2dX H ≥ G(Δ)

,

(43)T(H) =

⎧
⎪
⎪
⎨
⎪
⎪
⎩

2
A∫

−A

1
√
2H−aX2−bX4∕2

dX H < G(Δ)

2
Δ∫

−Δ

1
√
2H−aX2−bX4∕2

dX H ≥ G(Δ)

,

0 0.5 1 1.5 2

0

1

2

3

4

5

Vc=0.05

=0.8Vc

Vc=2.5

Fig. 6  The stationary PDF of energy p(H) of system (32) for differ-
ent values of yield velocity under D = 0.01 and VC = 0.6. The other 
parameters are a = 1.0, b = 0.2, c = 0.025. The solid lines denote the 
numerical results; symbols (●▲■) denote the Monte Carlo simula-
tion of the system

Fig. 7  The joint probability 
density of displacement and 
velocity of system (32) with 
VC = 0.05 under D = 0.01 and 
Δ = 0.6. The other parameters 
are the same as those in Fig. 6. 
a denotes the analytical result, 
and b denotes the Monte Carlo 
simulation result
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As an additional illustration, the PDFs of joint of the 
velocity y and displacement x from theoretical results are 
displayed in Figs. 15 and 16 when the rigid barrier at Δ = 3.0 
and Δ = 1.0, respectively. In contrast to Figs. 15 and 16, it 
is clearly observed that the system has no impact when the 
rigid barrier position is very large, and the PDFs of the sys-
tem with respect to energy present a complete limit cycle. 
However, the limit cycle displays incomplete due to the 
impact of the system as the impact boundary gets closer 
and closer to the oscillator. According to the definition of 
stochastic P-bifurcation, the disappearance and appearance 

of complete limit cycle due to the change of system’s param-
eter is a stochastic P-bifurcation.

6  Conclusion

In this letter, the random vibration of the novel bilateral 
model driven by Gaussian white noise excitation is ana-
lyzed. By studying the unperturbed vibration system, 
the motion state of the system is divided into free vibra-
tion and impact vibration. The mean drift and diffusion 

Fig. 8  The joint probability 
density of displacement and 
velocity of system (32) with 
VC = 0.8 under D = 0.01 and 
Δ = 0.6. The other parameters 
are the same as those in Fig. 6. 
a denotes the analytical result, 
and b denotes the Monte Carlo 
simulation result
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Fig. 9  The joint probability 
density of displacement and 
velocity of system (32) with 
VC = 2.5 under D = 0.01 and 
Δ = 0.6. The other parameters 
are the same as those in Fig. 6. 
a denotes the analytical result, 
and b denotes the Monte Carlo 
simulation result
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coefficients under two different motion states are obtained 
by means of the stochastic average method of energy enve-
lope, whereafter the stationary response of the system is 
calculated by solving the corresponding averaged FPK 
equation. Two illustrations are given to the effectiveness 

of the performed technique and the influence of several 
critical parameters on the system is examined. All numeri-
cal results could be conducted that the analytical solution 
with proposed method is consistent with the direct Monte 
Carlo simulation data.
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Fig. 10  The stationary PDF of energy p(H) of system (32) for differ-
ent values of noise intensities under Δ = 1.0 and VC = 0.6. The other 
parameters are a = 1.0, b = 0.2, c = 0.025. The solid lines denote the 
numerical results; symbols (●▲■) denote the Monte Carlo simula-
tion of the system
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Fig. 11  The stationary PDF of energy p(H) of system (32) for dif-
ferent values of damping coefficient under Δ = 1.0, VC = 0.05 and 
D = 0.01. The other parameters are a = 1.0, b = 0.2. The solid lines 
denote the numerical results; symbols (●▲■) denote the Monte 
Carlo simulation of the system
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Fig. 12  The stationary PDF of energy p(H) of system (39) for dif-
ferent values of yield velocity under Δ = 1.0 and VC = 0.4. The other 
parameters are a = 1.0, b = 0.2, c1 = − 0.01,  c2 = 0.005. The solid lines 
denote the numerical results; symbols (●▲■) denote the Monte 
Carlo simulation of the system
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denote the numerical results; symbols (●▲■) denote the Monte 
Carlo simulation of the system
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