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Abstract In this paper, a general characterization of the
optimal stochastic combined control for mean-field jump-
systems is derived by applying mixed convex-spike per-
turbation method. The diffusion coefficient depends on the
continuous control variable and the control domain is not
necessary convex. In our combined mean-field control prob-
lem, we discuss two classes of jumps for the state processes,
the inaccessible jumps which caused by Poisson martingale
measure and the predictable ones which caused by the sin-
gularity of the control variable. Markowitz’s mean—variance
portfolio selection problem with intervention control is dis-
cussed.
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1 Introduction

We consider a class of combined control problem for a
stochastic jump-systems governed by controlled nonlin-
ear mean-field stochastic differential equations (MFSDEIJs)
driven by Poisson martingale measures and Brownian motion
of the form

dX"(t) = f@, X*“(t), E(X"" (1)), u(t))dt
+ o, X"(t), E(X"" (1)), u(t))dB(t)
+ / g(t, X""(t_), u(t), 2)N (dz, dt)
c)
+ G()dn(), (D

X*1(0) = Xo,

where f,o0, g and G (-) are given deterministic functions,
B(-) is a standard Brownian motion, N (-, -) is a Poisson
martingale measure, 7(-) is the singular part of the control.
The control variable consists of a combination of continuous
stochastic control u(-) and a singular control 7(-).

The expected cost on the time interval [0, T'] is defined by

Jo (Xo, u(), n(-))
T
— E{ / 0, X" (1), E(X™ (1)), u(t))dt
0
+ h(X"(T), E(X""(T)))
+ / M@dn@)}, ©)
[0,T]
where £, h and M (-) are given maps and f[o,T] M(@t)dn(t)
called the intervention cost.

An admissible control (u*(-), n*(-)) is called optimal if it
satisfies
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Jo (Xo,u™(), 0" () = Jo (Xo, u(-),n(-)).

3

inf
w(),n(-)eA;xA2([0.T])

Mean-field stochastic control problems have been investi-
gated by many authors, see for instance, [1-14]. Mean-field
type stochastic maximum principle for optimal control under
partial information has been investigated in Wang et al. [1].
Maximum principle for mean-field type stochastic differen-
tial equations with correlated state and observation noises
have been established in Zhang [2]. Stochastic optimal con-
trol of mean-field jump-diffusion systems with delay has
been studied by Meng and Shen [3]. A general necessary and
sufficient conditions of optimality and near-optimality for
continuous-singular control for mean-field SDE have been
established in Hafayed and Abbas [4]. Under partial informa-
tion, necessary and sufficient conditions for optimal control
for stochastic systems driven by Lévy processes have been
derived by Hafayed et al. [5]. Maximum principle for optimal
singular control of mean-field stochastic systems governed
by Lévy processes, associated with Teugels martingales mea-
sures have been investigated by Hafayed et al. [6]. Optimality
necessary and sufficient conditions for singular control of
mean-field forward-backward stochastic have been derived
by Hafayed [7]. A McKean-Vlasov optimal mixed regular-
singular control problems, for nonlinear stochastic systems
with Poisson jump processes have been studied in Hafayed
et al. [8]. A general mean-field type maximum principle was
introduced in Buckdahn et al. [9]. A sufficient conditions for
optimal control of mean-field SDEs have been obtained by
Shi [10]. A general stochastic maximum principle for opti-
mal control for mean-field jump diffusions was proved in
Hafayed and Abbas [11]. Under the conditions that the con-
trol domains are convex, a various local maximum principles
have been studied in [12—-14]. Feedback control problems for
stochastic systems have been investigated in [15,16].

The stochastic control problems have attracted much
attention because of their practical applications in many
areas such as economics and finances. The optimal com-
bined control problems with applications have been studied
by many authors including [17-20]. Optimal intervention
control problem with application in the exchange rate has
been studied by Mundaca and @ksendal [17]. A good account
on stochastic optimal control for jump diffusions and mixed
singular stochastic control problems in jump-systems with
applications in finance can be found in [18,19]. Stochas-
tic maximum principle for near-optimal singular control of
jump-systems has been derived by Hafayed and Abbas [20].
The optimal singular control problems have been considered
by many authors, see for instance [21-24] and the references
therein. The general necessary conditions for optimal control
of stochastic systems with jumps have been investigated in
Tang and Li [25].
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Our purpose in this paper is to establish a general char-
acterization of the optimal combined control of mean-field
jump-systems by maximum principle approach, where the
coefficients of the system and the performance functional
depend not only on the state process but also its marginal
law of the state process through its expected value. The
diffusion coefficient depends on the control variable and
the control domain is not assumed to be convex. In our
mean-field stochastic control problem (1-2), the predictable
and inaccessible representations of the jumps are stud-
ied. Markowitz’s mean—variance portfolio selection problem
control with intervention control is studied to illustrate our
theoretical results.

The rest of this paper is organized as follows. The assump-
tions, notations and some basic definitions are given in
Sect. 2. Section 3 is devoted to prove our main result. As
an illustration, Markowitz’s mean—variance portfolio selec-
tion problem with interventions is discussed in Sect. 4.

2 Statement of the control problem

Let T > 0 be a fixed time horizon and (2, F, F;, P) be
a filtered probability space equipped with a P— completed
right continuous filtration on which a one—dimensional
Brownian motion B = (B())¢[o, ) is defined. Let p be
a homogeneous F;-Poisson point process independent of
B(-). We denote by N (dz,dt) the random counting mea-
sure induced by p, defined on ® x R,, where ® is a
fixed nonempty subset of R with its Borel o — field B (©).
Further, let m (dz) be the local characteristic measure of
W, i.e. m(dz) is a o-finite measure on (®, B (®)) with
m(©) < +oo. We denote by L% ([0, T]; R) = {f() is
an F;—adapted R—valued measurable process on [0, T'] such
that E [ |f(0)1>dr < coyandMZ ([0, T1; R) = {£(-, ) is
an J; —adapted R—valued measurable process on [0, 7] x ®
such that EfOT f® |I(t,z)|2m(dz) dt < oo}. We then
define N(dz, dt) = N(dz,dt) —m (dz) dt, where N (-, -) is
Poisson martingale measure on B (®) x B (R;) with local
characteristics m (dz) dt. We denote by 14 the indicator func-
tion of A and X*"(t-) = limg—; s X*"(s), t € [0, T].
We assume that F; is P—augmentation of the natural filtra-
tion (.E(B’N) )iefo,1] defined as follows

]-',(B’N) =0 {B(s):0<s <t}

N
Vo {[ /N(dz,dr):OSs <t A EB(@)}
0 Ja
vFo,
where F( denotes the totality of P—null sets, and F; Vv F>

denotes the o -field generated by F; U JF5. Consider the fol-
lowing sets: A is a nonempty subset of R and A, = R™.
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An admissible control is a pair (u(-), n(-)) of measurable
Ay x Ay— valued, ]—",B —adapted processes, such that

(1) n(-) is stochastic process of bounded variation, non-
decreasing continuous on the left with right limits and
n(0_) = 0. The process 7(-) is called intervention con-
trol, where n(t—) = lims— s<; n(s), t > 0.

(2) E [sup;eqo,ry ) +n(T)*] < o0.

Notice that the jumps of a singular control 7(-) at any
jumping time ¢; denote by An(t;) £ n(t;)—n(t;—)and
we define the continuous part of the singular control
by 9 @) = n(t) — Zostjst An(tj), i.e., the process
obtained by removing the jumps of n(¢). We denote
Ai x Ay ([0, T)) the set of all admissible controls. The
corresponding state processes, solution of MFSDEJs-
(1) is denoted by X*(r) = X*"5"(1).

Throughout this paper, we distinguish between the jumps
obtained by the singular control 7(-) at any jumping time ¢
defined by A, X""(1) = G(t)An(t) = G(1)(n(t) — n(t-))
and the jumps of X" (¢) obtained by the Poisson martingales
measure N (z, t) given by

AN X" (1) :/g(t,X“’”(t_),u(t_),z)I\NI(dz, )
(C]

e, X*"(t2), u(t), z) : if n has a jump of size z at ¢.
~ ] 0 : otherwise,

where N (dz, {t}) means the jump in the Poisson random
measure occurring at time ¢. The general jump of the state
processes at any jumping time ¢ is given by

AXUN () = XU (r) — X" (1)
= A XUT(8) + ANXUN(0).

For convenience, we will use the following notations through-
out the paper. For ¢ = f, 0, ¢ :

0
ox (1) = %(n X*(1), E(X* (1)), u* (1)),
So(t) = @(t, X* (1), E(X™(1)), u(t))

— ot X (1), E(X* (1)), u* (1)),
gx (t,2) = gx (£, x(t-), u(t),2),

gxx (ta Z) = gxx (t7 x(tf)’ u(t)7 Z) ’
2

a
Pax (1) = a—x(i(f, X*(1), E(X*(1), u™ (1)),
1
Wi(p, y) = 5 ax(t, X*(1), E(X*(1)), u*(1))y?,

1
Wie(g,y) = 58, X¥(0), u™ (1), 2)y°.

We denote by

SH(t) = W*(1)8f (1) + K*(1)80 (1)
+ /@(Sg (t,2) y*(t, ym(dz) — 8€(1),
Hy(t) = fo (1) W) + 0y (1) K*(1)
+ /@gx (t,2)y*(t, 2ym(dz) — € (1),
Hix (1) = fax (1) WH(1) + 0xx (1) K*(2)
+ /@gxx (t, ) y™(t, ym(dz) — Lyx (1) .

Throughout this paper, we assume the following

Hypothesis (H1) The functions f : [0, T[xRxR x Aj— R,
0 [0,TIxRxRxAj— R, £:[0,T]xRxRxA; - R
and 2 : R x R — R are twice continuously differentiable
with respect to (x, y). Moreover, f, o, h and £ and all their
derivatives up to second-order with respect to (x, y) are con-
tinuous in (x, y, u) and bounded.

Hypothesis (H2) The function g : [0, T] x RxA;|x® —
R is twice continuously differentiable in x. Moreover, gy

is continuous, sup,.q |gx(?,z)| < 400 and there exists a
constant C > 0 such that

sup |g (t, x,u,2) — g (¢, %, u, 2)|
I4=(C)

+Sup ’gx (t’x’ u, Z) — 8x (t7 )C/, u, Z)|
€0

§C|x—x’|. 4)
sup g (t,x,u,2)| < C 1+ [|x]). ©)
7€®

Hypothesis (H3) The functions G () : [0, T] — R, and
M) : [0, T] — Rt are continuous and bounded.

Under the hypotheses (H1-H3), Eq. (1) has a unique solution
x'*1 (-) given by

t
X"(1) =Xo+[ fs, X"(s), E(X""(s)), u(s))ds
0
t
+/ o(s, X*1(s), E(X""(s)), u(s))dB(s)
0
t
+/ /g(S,X"’"(L),u(s),z)N(dz,ds)
0 JO

+ f G(s)dn(s),
[0.1]

such that E [sup,E[O’T] |X“1(0)|"] < Cp, where Cy, is a con-
stant depending only on n and the functional J(Xo, -, -) is
well defined.

We introduce the adjoint equations involved in the stochas-
tic maximum principle for our mean-field control problem,
which are independent to singular control.

@ Springer
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(1) First-order adjoint equation:

d¥ () =—{fx OV + E(fyOW ()
+ox (1) K(t) + E (oy()K (1)) + £x (1) + E (£y(2))
+ Jo &x (t.2) y(t, 2)m(dz)} dt + K (1)d B(1) (6)
+ Jo v, 2)N(dt, dz)

W(T) = — (hy (X(T), E(X(T)) + E (hy (X(T), E(X(T)))).

(2) Second-order adjoint equation: classical linear backward
SDEIJs (see [11,25])

dO@t) =—{2fc 1) Q) + 0} (t) Q(t) + 20, (t) R(t)
+ o Wt 2+ O1) (g (t,2)* m(d2)
+2 [o ¥ (t, 2)gx (1, 2) m(dz)
+ Hyx(1)}dt + R(1)dB(1) + [o ¥ (1, 2)N(dz, dt)
O(T) = —hyy (x(T), E(x(T))).

N

As it is well known that under conditions (H1) and (H2),
the first-order adjoint Eq. (6) admits one and only one
JFi—adapted solution pair (¥(-), K(),y(,) € ]LZ}-
(10, T1;R) xL% ([0, T]; R) xMZ ([0, T]; R). Also the
second-order adjoint Eq. (7) admits one and only one F;—
adapted solution pair (Q(-), R(-), ¥ (-, -)) € L%_- (10, T]; R)
x L% ([0, T1; R) x MZ% ([0, T1: R) (See [9, 11]).

We define the usual Hamiltonian associated with the mean-
field stochastic control problem (1-2) as follows

H@ X, Y,u,¥@), K@),y z2)
22U f@, X, Y, u)+K@t)o (t,X,Y, u)

+/ y(t,2)g (t, X (1), u(r), z) m(dz)
®

—0(t, X, Y, u), (3)
where (¢, X, u) € [0, T] x Rx Ay and (W (¢), K(¢), y(t,2))
€ R x R x R the adjoint processes given by Eq. (6).

3 Main result

In this section, we establish a set of mean-field type necessary
conditions for optimal continuous-singular control in jump-
system, where the system evolves according to controlled
MFSDEIJs. Our result is proved by applying spike variation
method for continuous parts of the control and convex pertur-
bation technique for singular parts. The following theorem
constitutes the main contribution of this paper.

Let (u*(-),n*(-), X*(-)) is an optimal solution of the
mean-field continuous-singular control problem (1-2).

Theorem 3.1 Let hypotheses (HI), (H2) and (H3) hold.
Then there are two triple of F;— adapted processes
(W), K*(), y* (-, ) and (Q* (), R* (), ¥*(-, ) that sat-
isfy (6) and (7) respectively, such that for all (u,n) €
A1 x Ay, we have

@ Springer

H(t, X*(1), E(X* (1)), u, ¥* (1), K*(t), y*(t, 2))
—H(t, X" (1), E(X* (1)), u™(t), ¥*(t), K*(1), y*(t, 2))

1
+§[a (1. X*(1), E(X*(1)), u)
—o (1. X*(1), E(X*(1)), u*(1)))* Q* (1)
1
+§/®<g (£, X0, 1,2) — g (6, X*(0), (1), 2))?

X (Q* (1) + ¥ (1, 2)) m(dz)

<0.P—a.s., aet €[0,T], )
and
E f (M) + GO O)dn* (1)
[0,T]
<E f (M) + GO D)), (10)
[0,T]

Proof of Theorem 3.1 In our mean-field control problem (1—
2), since the control domain is not necessarily convex, we
must obtain the maximum principle in its general form. A
classical way of treating such a problem is to use the spike
variation method for the continuous part of the control, and
convex variation method for the singular part. More precisely,
if (u*(-), n*(-)) is an optimal control and (u(-), n(-)) is an
arbitrary element of ; —measurable random variable with
values in A; x A, which we consider as fixed from now on.
We define an admissible control as follows:

_ @ +e (@) —n*@)):s <t <s+e,
(W@, n" () = { (u* (1), (1) + & (n(t) — n*(1))) : otherwise,

(I

where ¢ a sufficiently small ¢ > 0.and s € [0, T]. Then,
we derive the variational inequalities (9) and (10) in several
steps, from the fact that

Jo (Xo, u*(), n* () < Jo (Xo, u® (), n° (). (12)
Let Ji = Jo (Xo, u®(-), n° (")) — Jo (X0, u*(-), n*(-)), and
Jo = Jo (Xo, u® (), n* () — Jo (Xo, u*(-), n*()) . We intro-
duce the following new variational equations for our control
problem, which have a mean-field type.

First-order variational equation: Let x]g(t) = x?s’ng (1),
and D, = [s,5 + €] :

dx§ () = { fx(Ox[ @) + fy(DE (x{ (1)) + 8f (1) Ip, (1)} dt
+ {ox (x5 (1) + 0y (DE (x5 (1)) + 80 (1) Ip, (1)} d B(1)
+ fo {8x (= 2 x5 (1) + 8g(1—, 2)Ip, ()} N (dz, dr)
+G(1)d(n® —n*)(@),
x£(0) =0.
(13)
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Second-order variational equation:

dx5(t) = {fe(O)x5) + fy(OE (x5(1))
+W, (f, x7) + 8fx () Ip, (t)}dt
oy ()X5(1) + oy (D E (x5(1))
+W, (0, x°) + 80 (1) Ip, (1)}d B(t) (14)
+ folex (1=, ) X5) + W, (g, x5)
+38gx (1, 2)Ip, ()}IN (dz, dt) ,
x5(0) = 0.

Since Jo = Jo (Xo, u® (), n*()) — Jo (Xo, u™(-), n*(")) is
independent to singular part, then the proof of (9) is similar
as in ([11], Theorem 3.1). This completes the proof of (9).

O

To prove the second variational inequality (10). We need the
following technical Lemmas.

Lemma 3.1 Let xlug’"*() be the solution of mean-field
Eq. (13), corresponding to (u®(-), n*(-)) then the following
estimation holds

e 2
XU (1) — X*(t e ok
lim £ | sup @) ()—xlu (1) =0.
e—0 0<t<T £
Proof Wesett € [0,T],
1 & * & *
B0 =[x 0 -x0]-x"" 0, (1s)

by Tylor’s formula, we get

XU (1) — X* ()
&€

= /0, /01 Folr, X* () + 26 (B () + 2 (1), E(X*(r)
+ e (BE) 1T () U (D BE () + T ())drdr
+ fo t fo 1 Py, X*) + 26 (B5 () + 5 (1), E(X*(r)
+2(BE(r) + X (1)), uE (D EBE () + X (1) dadr
+ /0 t /0 o X5+ 20 (B () + KO (), E(X(r)
+ e (BE) 1T () (D BE) + T (r)drdr
+ fo t fo oy X5 + 2B + X (1), ECEHr)
+2(BE(r) + X (1)), uE (PN EBE () + X7 (1) dadr
+ /0 t fo /0 1gx(r,X*(r)+)»6(ﬂg(r)+X?£’"*(r)),E(X*(r)

+Ae(BE () + T () U (), (B (r)
+ x4 )y dam(dz)ar,

then from the above equation and (15) we conclude that 5°(¢)
is independent to singular part, then we can using similar
method developed in Li [12] for the rest of proof. O

Lemma 3.2 Let xf(t) solution of Eq. (13) correspondent to
W*(-), n*(-)) . Then we have

0 < E[h(X*(T), E(X*(T)))x] (1)
+ hy(X*(T), E(X*(T)))E(x}(1))]
T
+ E/O [c(t, X*(T), E(X*(T)), u™(t))x] (1)
+0y(t, X" (1), E(X* (1)), u* (1)) E(x](1))]dt

+ E/ M@)d (7 —n*) ().
0,7

Proof By a simple computations, we get

Ji

&

[ (X0, u* (), n° () = J (Xo, u® (), n* ()]

E[[h(X"""(T), E(X""""(T)))

D= =

—h(X"“7(T), E(X" (T)))]
T
+1E / G, X (1), ECX0 (1)), u (1)
0
—0(t, X" (1), (XY (1)), uf (1))]dt
1
4B [ Mod (- ) o.
e Jion
By Tylor’s formula, and the fact that M =
() —n*(1)), we get: for any n(-) € Az ([0, T'])

1 .
% =E / B (X" T (T) + e (yS(T)
0

+x{(T)), EIX"""(T)
+re(yE(T) + X5 (THD (5 (T) + x{(T)) d

1
+E / By (X0 (T) + he(y (T) + x5 (T), ELX" ()
0
+ A (T) + x5 (THDE (v (T) + x4 (T)) da

T 1 e e
+E/ / Le(t, XM (1)
0 0

+re(yE () + x5 (), E[X"7 (1)
+ ey () + x{ DD (y° (@) + x{ (1)) drdt

T 1
+E/ / E(t, X (1) + he(y* (1)
0 0

+x{(0), ELX"7 (1)
+ ey () + X[ O)DE (v° (@) + x{ (1)) drdt

+ E/ M(0)d (n = n*) (@).
[0,7]

Finally, since the derivatives hy, hy, £, and £, are bounded,
the result follows from Lemma 3.1 and by letting & going to
zero. This completes the proof of Lemma 3.2. O
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Now, from Lemma 3.2 and by applying similar arguments
developed in [4], we get

e—>0 ¢

lim 2! — E/ (M@ +GO¥*@))d (n—n*) () = 0.
[0.7]

This completes the proof of (10) and Theorem 3.1. O

4 Application: Markowitz’s mean—variance
problem

In this section, we apply our general maximum principle of
optimality to study a Markowitz’s mean—variance portfolio
selection with interventions and we derive the explicit expres-
sion of the optimal portfolio selection strategy in feedback
form. We consider a market consisting of stock and a bond
whose prices are stochastic processes S; : i = 0, 1, governed
by the following equations: ¢ € [0, T']

dSy (1) = Sg (t) no(t)dt, Sp (0) > 0.
dSy (1) = Sy (t) w1 (1)dt + 0,81 (1) d B(t) (16)
+Si (1) f® A; (2) N (dz,dt), Sy (0) > 0,

where w1(¢) : is the appreciation rate process of the stock,
o(t) is the interest rate process, o; and A; (z) are bounded
deterministic functions such that p;(¢) # 0, o; # 0 and
n1(t) > o). In order to ensure that S; (r) > 0 for all
t € [0, T] we assume that A; (z) > —1 for any z € ®, and
the function t — f® At2 (z) m(dz) is a locally bounded. We
denote by u(z) the amount invested in the stock. Now, we
introduce the wealth dynamics as follows

dX"0(t) = [ X" (1) + (u1(t) — po()u(t)] dt
+ou()dB(t) + [o A (2) u(t)N (dz, dt) + G(t)dn(1),
X*1(0) = Xo,

a7)

If the corresponding wealth process X*7(-) given by Eq. (17)
is square integrable, the control variable (u(-), n(-)) is called
tame. We denote A x4, ([0, T']) the set of admissible port-
folio valued in A x A;. Consider the following controlled
system (17) along with the cost functional.

Jo(Xo,u(),1()) = E [(X(T) = EQX“(T))?]

+ / M@)dn (), (18)
[0.7]

We may interpret the function M(-) as a cost rate for the
use of the singular control 7(-). Our objective is to find an
admissible portfolio (u*(-), n*(-) which minimizes the cost
function (18). The Hamiltonian H gets the form

H(t, X, E(X),u), V), K@),y (e))

@ Springer

— WO RoOX (1) — u(t) [‘P(t)(/u(t) — 1o(®)
+K(Dor + /@ Vi (2) A (2) m(dz)] .

Consequently, since this is a linear expression of u(-) then it
is clear that the supremum is attained at u*(¢) satisfying

WO (1 (1) + o) + K* (1)o7 + /O V¥ (2) Ar () m(dz) = 0.
(19)

By simple computation, the first-order adjoint Eq. (6) asso-
ciated with u*(¢) gets the form

dV*(t) = —puo(O)W*(0)dr + K*(t)d B(1)
+ [o v @Ndt,dz), (20)
UH(T) =2(X(T) — E(X*(T)),

and the second-order adjoint equation being

dQ*(t) = _2MO(I)Q*(I)dt + R*(t)dB(t)
+ Jo Vi (DN (dz, db),
o*(T) =2.

By uniqueness of the solution of the above classical backward
SDE it is easy to show that

T
0% (1) = 2expl2 / po(r)drl,
t

R*(t) =0, foranyt € [0, T],
V' (z) =0, forany z € ©.

In order to solve the above Eq. (20) and to find the expression
of u*(¢) we conjecture a process W*(-) of the form

V(1) = o1 (DX (1) + (D E (X* (1) + 3(0), @2y

where ¢1(-), ¢2(-) and ¢@3(-) are deterministic differentiable
functions. Applying Itd’s formula to (21), in virtue of SDE-
(17), we get

— oW (1) = X*()e1(1)
+@1 (1) [0 X* (1) + (1 (1) — po()u*(1)]
@2 (1) [0 E(X* (1)) + (11 () — po()u*(1)]

+e2(OE (X*(1)) + ¢3(1), (22)
K*(t) = ¢1(O)oru™ (1),
v/ (@) = ei(Ou (1) A; (2), (23)
and
01(T) =2,02(T) = =2, 93(T) = 0. (24)
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Combining (23) and (24) together with (19), we get

= (1 (1) = po(MN)V* (1)

(1) = ) (25)
! o1(t) [0 + [o A} () m(dz)]
We denote
M(t) = / A2 () m(dz) + o}, (26)
®

by using (19) together with (25) and (26) then we get

¢3(t) = 0fort €[0,7],
u*(t) = (o) — 1 (1) (M1 (1)~
x (1 (OX* (1) + g2 (DE (X*(1)))

= {wo® — ey o™ x@

+ {0 = 1) M) 920 (@1 E (X7 0).

(27)
Now combining (22) with (21), we deduce
u* (1) (p1(t) + ¢2(1)) (o) — w1 (1))
= 2nro®e1 (1) + @1 (O] X*(1)
+ 2uo()@2(t) + 2(1)] E(X*(1)). (28)

By comparing the terms containing X*(¢) and E (X*(¢)),
we obtain from (27) with (28) the two ordinary differential
equations (ODEs in short):

[0 = 111 M)~ = 2010) | 910
(o) = 1 (D) M)~ p2(t) = ¢1(0).
[ o) = 110 M @)™ = 20100) | 0200)

@3 (1)

29
@1(1) (29

+(po() — p1(0)* (M ()™ = (0).
Let us turn to calculate explicitly ¢;(¢) and ¢,(¢). Since
01(T) = 2, 02(T) = =2, [see (24)], then by dividing the
first ODE in (29) by ¢ (¢) and the second ODE by ¢;(7) we
get

o1(0) = 2exp | [ po)ds | o1(T) =2

(30)
020 = =2exp [ [ mo(o)ds] p2(1) = 2.
From (30) we conclude that u*(¢) is given by
w () = [ (o) = w1 (1) M)~ | X*0)
[ o = ey ey E(x*0). @1

The first-order adjoint processes are given by

V(1) = o1 (O X* (1) + (1) E (X*(1)),
K*(t) = orp1(1)u™(1),
Vi@ =e1(Ou* () A (2),

and the second-order adjoint processes are given by

0*(1) = 2expl2 [ po(r)drl,
R*(1) = 0, ¥;*(z) = 0,

satisfying the adjoint Eq. (6). Now, let n(-) € A, ([0, T])
such that

0ifr e {(w,1) e Q2x[0,T]:
M(@) + G)w*(t) > 0},

dn*(t)ift € {(w,1) € 2 x [0, T] :
M(1) + G@)V*(r) < 0},

dn(r) = (32)

then by a simple computations, it is easy to see that

0< Ef[o T](M(r) + GOV )d (n—n*) 1)
=E / (M) + GO)V*())dn(t)
[0,T]
—E/ (M) + GOV (1)dn*(t)
[0,T]
—E / (M(1) + GO (1))
[0,T]
X I{(w,1e@x[0.T1MO)+G (1) ¥*(1)=04d (_’7*) ®

__p / (M(1) + G(OW* (1))
[0,T]

X {(w.1)eQx [0, T1-M0)+G 1) (1 =01dn " (1),
which implies that n*(¢) satisfies for any ¢ € [0, T']

E / (M@ + GO (1))
[0,T]

X I{(w,1eQx [0, T1:M () +G (0)w* (1 =0ydn™ (1)

= 0. (33)

By applying (32) and (33), we have

1
n* ()= /0 Li(w,5)eQx [0, TT:M(s)+G (s)¥* (s)=0)c (W, $)ds+n(1),

t
=/ I{(w,5)eQx[0, T1:M(s)+G ()W (s) <0} (W, $)ds+n(t).
0
34)

@ Springer
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5 Conclusion and future works

In this paper, general necessary conditions of optimal
continuous-singular control for mean-field jump diffusion
have been discussed. The control domain is not necessary
convex. These results extend some existing models. If we
assume G(-) = M(:) = 0, (without singular parts), The-
orem 3.1 reduces to maximum principle proved in [11]. If
we assume g = 0 (without Poisson jump), our result (Theo-
rem 3.1) reduces to Theorem 6.1 proved in [4].

An open question is to study continuous-singular opti-
mal control for mean-field jump-systems, where the coef-
ficients G(-) and M(-) of the singular parts depend to
state and continuous control processes (i.e, the singu-
lar parts have the form: f[O,t] G(t, X""(t), u(t))dn(t) and
f[O,t] M(t, X*(t), u(t)))dn(t). This topic will be included
in our future article.
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