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Abstract The aim of this work is to investigate the global
dynamical behaviors of two human immunodeficiency virus
infection models with cure of infected cells in eclipse stage
and Cytotoxic T Lymphocytes (CTL) immune response. The
first model is formalized by ordinary differential equations
and the second is described by partial differential equa-
tions. By constructing appropriate Lyapunov functionals, the
global stability of both models is established and character-
ized by two threshold parameters that are the basic reproduc-
tion number Ry and the CTL immune response reproduction
number R;. Furthermore, the models and results presented
in many previous studies are extended and improved.

Keywords HIV infection - CTL immune response -
Diffusion - Global stability

1 Introduction

During human immunodeficiency virus (HIV) infection, a
part of infected cells in eclipse stage returns to the unin-
fected state. In addition, Cytotoxic T Lymphocytes (CTL)
cells play an important role in antiviral defense by killing
the productive infected cells. Therefore, many mathemati-
cal models has been proposed to model the role of CTL
immune response in HIV infection. One of the earliest of
these models was proposed by Nowak and Bangham [1] in

B Khalid Hattaf
k.hattaf @yahoo.fr

Department of Mathematics and Computer Science, Faculty
of Sciences Ben M’sik, Hassan II University, P.O Box 7955,
Sidi Othman, Casablanca, Morocco

Centre Régional des Métiers de I’Education et de la Formation
(CRMEF), 20340 Derb Ghalef, Casablanca, Morocco

order to describe the interaction between susceptible cells,
infected cells, viruses and CTL cells. Further, the model of
[1] was improved by many researchers (see for example, [2—
5]). All the above models have not considered the cure of
infected cells in eclipse stage. For this reason, Rong et al. [6]
constructed an HIV infection model with bilinear incidence
rate and cure of infected cells in eclipse stage, but they not
considered the CTL immune response and they only estab-
lished the local stability of equilibria. The global stability
was investigated by Buonomo and Vargas-De-L?on [7]. To
improve the model [6], Hu et al. [8] replaced the bilinear
incidence rate by a saturated incidence rate and they inves-
tigated the global stability of the improved model. In 2015,
Wang et al. [9] replaced the saturated incidence rate by the
Beddington—-Deangelis functional response and they estab-
lished the local and global stability of equilibria. In addition,
Maziane et al. [10] replaced the saturated incidence rate by
the Hattaf’s [11] incidence rate and they extended the ODE
model to a system with partial differential equations in order
to take into account the mobility of the virus. The global
stability of both models is investigated by constructing suit-
able Lyapunov functionals. In [12], Lv et al. replaced the
bilinear incidence rate by the Beddington—-DeAngelis func-
tional response and they included the CTL immune response
into the model [6]. By constructing suitable Lyapunov func-
tionals, they investigated the global stability of equilibria in
the terms of the basic reproduction number and the immune
response reproduction number.

To extend the model of Lv et al. [12] and improve the ODE
models presented in [6—10] by considering the effect of CTL
immune response, we propose the following model

dT
o= purT @) — f(T@), V(O))V(t)+ pEQ),
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=fT®),VOVQe) — (e +p+y)EQ@),

d_E
dt
dI
E=J/E(t)—u11(t)—pl(t)C(t), (D
d_V
dt

=kI(t) —pvV(),

c _ 1(1)C C
S =alOC® — ucCaw,

where T'(¢), E(t), 1(t), V(¢t) and C(¢) denote the densities of
uninfected CD4™ T cells, infected cells in the eclipse stage
(unproductive infected cells), productive infected cells, free
virus particles and CTL cells at time ¢, respectively. The para-
meter A is the production rate of the uninfected cells, pur is
their death rate and f (7, V) is the rate of uninfected cells
to become infected by virus. The parameters ug, @y and
ny denote the death rates of unproductive infected cells,
productive infected cells and virus, respectively. The con-
stant p is the rate at which the unproductive infected cells
return to the uninfected cells. The constant y is the rate
at which infected cells in the eclipse stage become produc-
tive infected cells and k is the production rate of virions by
infected cells. The productive infected cells are killed by
CTL cells at rate p while a denotes the proliferation rate
of CTL cells. Here, we consider the Hattaf’s [11] incidence
rate of the form f(T,V) = Mﬁ% where oy,
a, 3 > 0 are the saturation factors measuring the psy-
chological or inhibitory effect and 8 > 0 is the infection
coefficient. We recall that this incidence rate includes the
common types such as the bilinear incidence (or mass action
incidence) when a; = oy = a3 = 0, the saturated incidence
rate when o1 = a3 = 0 or @ = a3 = 0, the Beddington-
DeAngelis functional response introduced in [13,14] when
a3 = 0, and Crowley-Martin functional response presented
in [15] and used in [16,17] when a3 = ajap. It is important
to note that the model of Lv et al. [12] is a special case of
system (1) when a3 = 0. The first aim of this study is the
generalization of the main results presented in [12].

System (1) assumes that cells and viruses are well mixed,
and ignores the mobility of cells and viruses. Motivated by
the works [18-21] and make the model more realistic by
considering the mobility of cells and viruses, we propose the
following diffusive HIV infection model

88—7; =A—urTx,t)— f(T(x,1), V(x,1))V(x,1)
+pE(x,1),

oE

Yl f(T(x, 1), V(x,0))V(x,1)
—(ME+p+V)E(x,1), ()

% = J/E(-x9 t) - H/II(xs t) - pl(-x9 I)C(-xv t)’

B_‘I/ =dAV(x,t) +kl(x,t) — puyVix,t),
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where T'(x, 1), I(x,1), E(x,t), V(x,t) and C(x, t) are the
densities of uninfected CD41 T cells, infected cells in the
eclipse stage, productive infected cells, free virus particles
and CTL cells at location x and time ¢, respectively. The
positive constant d is the diffusion coefficient of virus, and
the other positive constant parameters have same meanings
as in ODE model (1).

In this study, we consider our model (2) with homogenous
Neumann boundary condition

Vv
m =0o0n o2 x (0, +00), 3)
v

and initial conditions

T(x,00)=¢1(x) >0, Ex,0) =d¢2(x) >0,
I(x,0) =¢3(x) =0, V(x,0) =¢s(x) =0, 4
C(x,0) =¢5(x) >0, xeQ,

where Q is a boundf;d domain in R” with smooth boundary

n
A= P
the outward normal derivative on 0€2. Biologically speaking,
the Neumann boundary condition means that the free virus
particles do not move across the boundary 9€2.

The organization of this paper is as follows. In the next
section, we well first determine the equilibria of our ODE
model and derive two threshold parameters for viral infection
R and for CTL immune response Rj. After, we establish the
global stability of these equilibria that are the infection-free
equilibrium, the immune-free infection equilibrium and the
chronic infection equilibrium. Further, we focus on the global
dynamics of our PDE model in Sect. 3. In order to validate
our theoretical results, numerical simulations are presented
in Sect. 4. Finally, a brief conclusion and discussion are given
in Sect. 5.

is the Laplacian operator and % is

2 Global stability of the ODE model

System (1) has always an infection-free equilibrium of the
A

form Qo(—, 0,0, 0, 0).
n

T
Hence, the basic reproduction number of (1) is given by

. ABky
prpy ey +pr)(p+pe +y)

Ro 5

We recall that Ry represents the number of secondary infec-
tions produced by one productive infected cell during the
period of infection when all cells are uninfected.
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The other equilibria of system (1) are solutions of the
following system

A=prT — f(T,V)V + pE =0, (6)
fT@ VYV —(ug+p+y)E=0, (7N
yE—pl —plC=0, (8)
kI —uyV =0, )
alC — pucC =0. (10)

By (5),wegetC =0or =£€

If C = 0, using (6)—(4), we obtain E = AJEMJVT LI =
yQA—prT) _ kyQ—prT) and
mr(pe+y)> T prpy(Rety)

(o +ume +y)nvir

7 (T, ky(—purT) ) _
ky

mwipy(Leg +y)

A._MTT
ME+Y
biological equilibrium when 7T > MLT Define the function

Since E = > 0, we have T < ;%r So, there is no

g1 on the interval [O 2 ] by

ky G — purT) (p+ E + Y)Hy s
(1) = f (T, _ _
wipy (RE +¥) ky
We have g1(0) = _w <o gl(%) _
(H/tgt;)wm (Ro — 1) and
of kyumr of
§i(1) = -= —

= _—_— >
0T  pipy(ne +y)av

If Ry > 1, there exist an other biological equilibrium

Qi(T1, Ev, 11, Vi,0) with Ty € (0, %), By = 22400,

_ YQ—prTy) ky —prT1) ; ik
I = ROTE=Y and V) T G This equilibrium

correspond to positive levels of healthy cells, unproductive
infected cells, productive infected cells and virus, butno CTL
immune response.

IfC #0,then I = “a—c Using (6)—(4), we deduce E =

AprT oy kpc

= and
KE+Y apy

kuc apy (e +p+y)A —urT)
T, = )
apy kpc(ne +v)

Since C = ayG=prT)—pipuc(Re+y) >0,wehave T < 2 —
puc(RE+Y) M

W Then there exists no equilibrium when T >

A prpcety) or - — mipc(WE+y) <0.

IT ayur nr aypr
Define the function g, on the interval [O, lj
by

k
e(T) = f (T, “C) -
ajy

uzuc(uEJrV)]
aypr

apy(me +p+y)A —urT)
kpe(pne +v)

A
We have g(0) = — 2L UELLLY) < 0 and g)(T) = §5 +
prapy (RE+PTY) 0.
kuc(e+y)

In addition to Rp, we define the CTL immune response
reproduction number R of our ODE model by

R =l (11)

where represents the average life expectancy of CTL
cells, and /; is the number of productive infected cells at
Q1. Hence, R represents the average number of CTL cells
activated by the productive infected cells when viral infection
is successful.
If R < 1,then I < 4, T > 2 — %ﬁg*” and

Ao prpc(pe +y) A
e Bl N e

KT aypur

Hr
e (RE +¥) kuc) (ot pE+ Yy
aypr  apy

ky
0+ ue +y)nvur
ky ’

< f(T1, V1) —

— LincWEtY)y () Then there is no equilib-

Hen A
ence, g2 (77~ avir

rium when R; < 1.

If Ry > 1,then I} > ££, Ty < L—Wand
A wipc(WE+Y) - : -
g2(5r — HECHEEE) > 0. Therefore, if Ry > 1, there

exists an infection equilibrium Q2 (73, E», I, V2, C) with

A Hipc(RE+Y) A—prTs — Mc —
3;2 €O @it T)) _( MFJSV =25V =
e — ayQ—prh)—pinc(hE+y
iy and Cy = e iEr) This equlhbr]um

denotes the state in which both the virus and the CTL immune
response are present.

Summarizing the above discussions in the following
result.

Theorem 2.1 (i) When Ry < 1, the system (1) has always
A
an infection-free equilibrium of the form Qo(—, 0, 0,
UT
0, 0).

(ii) When Ry > 1, the system (1) has an immune-free infec-
tion equilibrium of the form Q1(Ty, E1, I1, V1, 0) with

A r—ur T y(A—prTy)
hie O Bv = 550 I = Wy e
ky (A — MTTI)
Vi= iy (RE+

(iii) When R; > 1, the system (1) has an infection equi-
librium of the form Q,(T», Ea, I, Vo, Cy) with T €

A pmipcpety) _ A—urD _ kc
O, 37 aur > B2 = Tt b=
V, = kpc — ayGopurT)—pinc(Rety)

apy pic(E+Y)

Now, we focus on the global stability of the three equilibria
of system (1). At first, we have

Theorem 2.2 If Ry < 1, then the infection-free equilibrium
Qo is globally asymptotically stable.
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Proof Consider the following Lyapunov functional

T £(To.0
Wo(T,E,I,V,C)=T — Ty — fT0.0)
7 Sf(S,0)
p(T — Ty + E)?

2(1 + a1 To)(ur + e + ¥)To
yprrety, e b trety),
Y ky
+wa
ay

where Ty = 2
Calculating the time derivative of Wy along the positive solu-
tions of system (1), we obtain

iYQ_(l_
dt
N p
(I +o1To)(ur + e +y)To

+uE+ FUE+Y)
n P+ urE+y . wr(p leE ¥) v
Y

J(T,0)
(T —To+ EXT + E)

I +E+

+p(p+u5+y)c-
ay

Noting that A = urTp, we get
dwy | —
dt
(T, 0)

+,o(1
B p(ue +y)E?
(I +aiTo)(ur + ne +y)7To
n pE (To—T) — uzuv(p+u5+y)v
(1 4+ a1 To)To ky
_Hepptrety)
ay
:_(1+ P )uﬂT—%ﬂ
(ur + e +v)To I+ o1
B p(uE +y)E?
I+ To)(ur + ne +v)7To
_ p(T =To)’E | ppv(p+pe +y)
(1 4+ o1 T)T Ty ky
2
_ (2 +a3T)V F(Ty. 0)
1+o1T + oV 4+a3TV
_Herlptrety)
ay

F(To,0)
ﬂrm) ro=1)+

fU@@)E_

f(T,0)
pur (T — Tp)*
(I +o1To)(ur + e +y)To

(Rop— DV

Therefore, dto <0ifRy < 1. Further, = OQifandonlyif
T = ukr ,E=0,1 =0,V =0andC = O. Hence, the largest

@ Springer

fTo. O fT. V),

compactinvariantsetin {(T, E, I, V, C)|‘% = 0} isjustthe

singleton { Q¢ }. Thus, the global stability of the infection-free
equilibrium Qy follows from LaSalle’s invariance principle
[22]. O

Theorem 2.3 The immune-free infection equilibrium Q1 of
system (1) is globally asymptotically stable if R1 < 1 < Ry
and

Ro <1
L Ty (e +y) +oourikyl(ue + p+y)+pazkyr’
pury (LE+p+y)(Ur +ard) '

12)
Proof Construct a Lyapunov functional W, as follows

T £, v
[ l)dS
n (S, V)
p(l+ V(T —Ti + E — E})?
20+ a1 Th + Vi + a3 Vi) (ur + e + )T
T, V)V 1 E
+f(1 1)111(1)( )+E1<D( )
12 L Eq
T, Vi)V T, VDV,
wr f (T 1)1Vq> +Pf(1 1) Lo
ky Eq V ay Eq

W\(T,E,I,V,C)=T — T —

+

where ®(x) = x — 1 — In(x).

The time derivative of Wy along the positive solutions of
system (1) satisfies
awi _ (, _ ST VD4
dt F(T. Vi)
p(1+aVi)(T — Ty + E — E\)(T + E)
(I+aiTh+eVi+aesiV)(ur + ne + )T
T, V)V 1 E .
+f(11)11 hNYiv(- B g
yE| 1 E
T, V1)V, Vv
+le(l Vi A
k)/El \%
pf(T1, VDVi .
X ———C
ay Eq

By A =purTi + f(T1, V1)V — pEq, we get

dwy (L+aViI)(T = T1)?
dr CTTI(+ Ty + a2V +a3T1V)) (('uTT1
ourT +,0E)
UT +UE +Y
B p(E — E)*(1 + Vi) (e + )
Ti(l+a1 T + Vi +a3Ti V) (ur + e +v)

—pE)) +

S, vi)  LE
rmon (s Z -
__ﬂivyyg_yg_fwwm)
fT, vy vie v f(T,V)



Global stability for a class of HIV infection models with cure of infected cells in eclipse... 1039

_ @A+ etesTH(V = Vi)
(141 TH+arVi+a3T V) (1 +o T+ V+asTV)
puc f(T1, VVi

+—

ay Ey

(R — 1)C.

Using the arithmetic-geometric inequality, we get

CfTLV)  LE f(TV) VE Vi
ST, vy ElI (T, V) ViE VI
— M <0, foralli=1,2. (13)
(T, V)

Therefore, d—u[/‘ <0if Ry <land pE| < urT;.
Obviously, the condition p E1 < pr T is equivalent to

Ry <1
LLurnipy (e +y) +eaprdkyl(ue +p +y) + pazkyr?
purpy (e + p + y)(Ur +o1d)

In addition, % = Oifandonlyif 7 = Ty, E = E1, I = I,

V = Vj and C = 0. Hence, the largest compact invariant
setin {(T,E, I, V, C)|% = 0} is the singleton {Q1}. This
proves the global stability of Q| by using LaSalle invariance

principle. O
Remark 2.4 If a3 = 0, then the condition (12) becomes

Ak
Ry <1+ [urpriwy (e +y) +courdky(ug + 0 + 7/)’

pripny (e +p 4+ y)(ur +aid)

which is the condition given by Lv et al. [12] that ensures
the global asymptotic stability of the immune-free infection
equilibrium.

It is important to see that

iy WETHIRY (e +¥) + 0 dkyWpe + p +y) + paskys?
p—0 priiy (e +p +y)(ur +aik)

= O()7
o [Ty Qe +y) + eoprikyl (e + p + y) + pasky?
pirpy (e + o+ y)(Ur + o))

li

y—00

= Q.

According to theorem 2.3, we get the following result

Corollary 2.5 (i) The immune-free infection equilibrium
Q1 is globally asymptotically stable if Ry < 1 < Ry
and p sufficiently small.

(ii) The immune-free infection equilibrium Q1 is globally
asymptotically stable if R < 1 < Ro and y sufficiently
large.

Finally, we investigate the global stability of the third equi-
librium Q5.

Theorem 2.6 The chronic infection equilibrium with immune
response Q- is globally asymptotically stable if Ry > 1 and

kBucp < ajipapy + pr(p + ne +y)(okpne +apy)
+ a3 prkiic. (14)

Proof Define a Lyapunov functional W as follows

T (D, V.
(T 2)dS
n (S, V2)
p(1+ Vo) (T — Tr + E — E)?
20+ a1 + Vo + a3 Vo) (ur + we + )1

T, Vo)V, 1 E
LIV (7) B (E_)

Wo(T,E,1,V,C) =T - T, —

vE> 2 2
C T, Vo) V; \%
+(M1+P ) f (T2, V2) v (V-
ky E Va
T, Vo)V C
JrPf( 2, V2) 20,0 (S
ay E» C>

Calculating the derivative of W, along the positive solutions
of the system (1), we have

awa _ (S V) )5
dt f(T, V)
p(I+axW)(T —Tr + E — E»)
(I+ar1Ta +axVo+asVo)(ur + ue +y)1z
T I . E .
+f(2,V2)V2 1_B2Yi (1B g
yE> 1 E
f(, V)V
ky E>

V . T; .
w« (122 VM 1_9 C.
\% ayE, C

Applying the equality A = urT> + f (T2, Vo) Vo — pEs, we
get

(T +E)

(11 + pCa)

aw, _ (. f(T2, V) B
Tar T ( AT, vz))“T(T2 "
[T, Vo) (T, V) v
f(T, Va)

_ urp(l+azV2)
(I+aiTa +axVat+asaVo)(ur + ue +y)1z
_ p(1+aaVo)(ug +y)
(I+aiTa+axVat+asaVo)(ur + ue +v)1z
P4+ WV)(E - E)(T — 1)
(I+a1T+ar2 Vo +a3ThVo)Ta

(T — T»)?

(E — E»)*

f(Tz,Vz))

1 - E E

+( TV (e + ¥)E2 + pE)
hE pih

+f(T2aV2)V2|:—17E2+E

_pvViur+pC)  Val(ur 4 pCo)

ky E> VyEy
uvVa(pur + pC2) | pucCs
kyEs ay Ey
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Fig. 1 Stability of the infection-free equilibrium Q¢ for system (1)

(T, V)E>
- fT + £ (T2, V)V,
_ (1 + aa V)T — T»)?
ThL(A+ouTh + a2V +a3Ta Vo)
T
_purT pE)
ur +ue+vy
B P(E — E2)*(1 + a2 Vo) (g + y)
LA +a1T+oaoVo+a3hoVo)(ur + pne +y)

D, V. LE
+ f (T2, Vz)Vz(S— Jf(I2,V2)  hE

((MT T, — pE)

f(T, Vo)  Exl
_J@LV) VEy Wl (T, Vz))
f(, Vo) VE VI  f(T,V)

F(T, VVa(l + a1 T) (a2 + a3 TH(V — V2)?

B Vol +o1T +aaVo + 3TV + a1 T +arV +a3TV) '

dWy

From (13), we deduce that v

urT.
However, this last condition is equivalent to

<0if Ry > 1l and pE, <

kBucp < aripapy + pur(p + pe +y)(ekpe +apy)

+azprkpc.
Note that &1 = Oifand only if T = T», E = Ez, [ = I,

V = Vs and C = C». Hence, the largest compact invariant set
in{(T,E,I1,V, C)|% = 0} is the singleton {Q>}. Based
on the LaSalle invariance principle, we deduce that Q7 is

globally asymptotically stable. This completes the proof. O

We remark that the condition (14) holds for p sufficiently
small, or y sufficiently large. Hence, we have the following
corollary.

@ Springer

Corollary 2.7 (i) The chronic infection equilibrium Q; is
globally asymptotically stable if Ry > 1 and p suffi-
ciently small.

(ii) The chronic infection equilibrium Q9 is globally asymp-
totically stable if Ry > 1 and y sufficiently large.

In addition, we have the following remark.
Remark 2.8 If a3 = 0, then the condition (14) becomes

kBucp < arrpapy + pur(p + ne + y)(akpne +apy),

which is the condition given by Lv et al. [12] that ensures the
global asymptotic stability of the chronic infection equilib-
rium.

3 Global stability of the PDE model

It is not hard to see that the PDE model (2) has the same
three equilibria as the ODE model (1), namely, the infection-
free equilibrium Q, the immune-free infection equilibrium
Q1 which exists whenever Ry > land the chronic infection
equilibrium Q» which exists if Ry > 1.

Now, we investigate the global stability of problem (2)-
(4) by constructing appropriate Lyapunov functionals. The
construction of these Lyapunov functionals is based on the
method proposed by Hattaf and Yousfi [23].
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Fig. 2 Stability of the infection-free equilibrium Q¢ for system (2)

Theorem 3.1 For all diffusion coefficients, we have

(i) The infection-free equilibrium Qg of problem (2)—(4) is
globally asymptotically stable if Ry < 1.

(ii) The immune-free infection equilibrium Q1 of problem
(2)—(4) is globally asymptotically stable if R < 1 < Ry
and the condition (12) holds .

(iii) The chronic infection equilibrium Q, of problem (2)—
(4) is globally asymptotically stable if Ry > 1 and the
condition (14) holds.

Proof Let u(t,x) = (T(t,x), I(t,x), V(t, x), E(t,x),
C(t, x)) be a solution of (2)—(4), and we put

L; :/ W;(u(x,t))dx,
Q

where W; is the Lyapunov functional for the ODE model (1)
at Q;,i =0,1,2.

It is easy to check that W; satisfies the condition (15) given
in [23], foralli = 0, 1, 2. From Proposition 2.1 given in Ref.
[23], we deduce that L; is a Lyapunov functional for problem
(2)—(4) at Q;. This completes the proof. O

4 Numerical simulations

In this section, we present some numerical simulations to
validate our theoretical results. Firstly, we consider parameter
values A = 10 cells /=" day™!, ur = 0.0139 day~',
B = 2.4 x 1073 ul virion™! day™!, oy = 0.1, an = 0.01,
a3 = 0.00001, p = 0.01day~!,y = 0.01day"!, u; = 0.27
day~!, g = 0.0347day~!, p = 0.001 cell ™! pl day~' k =
1200 virion cell ™! day™!, uy =3 day™!, a = 0.002 cell !
ul day’l,ch =0.1 day’1 andd = 0.1. Here, the values p, a
and pc are taken from [ 1, 5], while the other parameter values
are chosen from [10]. For these set of parameter values, we
have Ry = 0.1141 < 1. Hence, systems (1) and (2) have an

400 250 25
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350 ®
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T} o 1}
9 300 ° 9
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T 250 2 150 @ 15
g g 3
Qo 200 S 100 3 10
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g 1% s 2
c 50 5
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Fig. 3 Stability of the immune-free infection equilibrium Q; for system (1)
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Fig. 4 Stability of the immune-free infection equilibrium Q1 for sys-
tem (2)

infection-free equilibrium Q¢ (719, 4245, 0, 0, 0, 0) which is
globally asymptotically stable according to Theorems 2.2 and

Secondly, we choose B = 0.0012 pl virion™! day~!
and do not change the other parameter values. By calcu-
lation, we have Rgp = 3.2055 > 1, Ry = 0.1427 < 1

r iy (Le+y)+oour Myl (we+p+y)+paskyr?
and priy (RE+p+Y) (LT +ai ) = 2.2725.

In this case, both systems have an immune-free equilibrium
01(138.53, 183.16, 6.80, 2724.2, 0). By Theorems 2.3 and
3.1 (ii), Q; is globally asymptotically stable (see Figs. 3 and
4). We see that in the absence of CTL cells, the number of
CD41 T cells decreases to the value 138.53, which means
that the patient enters in the phase AIDS (< 200 cell mm ™).

Thirdly, we change one parameter which is a = 0.065
cell™! pul day~!. By calculation, we have Ry = 4.6379 > 1.
Then systems (1) and (2) have a chronic infection equilib-
rium Q»(370.56, 106.97, 1.57, 629.65, 409.12). Therefore,
by Theorems 2.6 and 3.1 (iii), Q> is globally asymptotically
stable (see Figs. 5 and 6). In this case, we see that in the pres-
ence of CTL cells, the number of CD4™1 T cells increases to
the value 252.0792 > 200 cell mm ™2, which means that the
patient is no longer in the phase AIDS.

Finally, in Fig. 7, we see that the dynamics of HIV
infection converges to steady state Qp for all initial con-
ditions. However, the condition (12) is not satisfied with
Ro =4.1501 > 1, Ry = 0.0999 < 1 and

| TRy (R +y) + aaprdkyl(us + o + ) + pasky A?
pirpy (e + o +y)(ur +ard)

3.1 (). Figures 1 and 2 illustrate this result. = 2.3910.
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Fig. 5 Stability of the chronic infection equilibrium Q5 for system (1)
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Fig. 6 Stability of the chronic infection equilibrium Q5 for system (2)

Similarly, in Fig. 8, we see that the dynamics of HIV
infection converges to steady state O, for all initial con-
ditions. However, the condition (14) is not satisfied with
Ry = 3.4338 and a1 Apapy + pur(p + wg + y)(2kpc +

apy) + azprikpc — kBucp = —0.0041 < 0. Therefore,
the conditions (12) and (14) are not necessary for the global
stability of Q1 and Q».

5 Conclusion and discussion

In this paper, we have proposed two HIV infection mod-
els. The first is an ODE model with cure of infected cells in
eclipse stage, CTL immune response and Hattaf’s incidence
rate which includes the traditional bilinear incidence rate, the
saturated incidence rate, the Beddington—-DeAngelis func-
tional response and the Crowley-Martin functional response.
The second is a PDE model that extends the first one by
taking into account the diffusion of virus. The two models
admits three equilibria, namely, the infection-free equilib-
rium Qg, the immune-free infection equilibrium Q; which
exists whenever Ry > 1 and the chronic infection equilib-
rium Q5 which exists if Ry > 1. The global stability of these
three equilibria have obtained in terms of the basic reproduc-
tion number Ry and the CTL immune response reproduction
number R;. It is shown that Q ; is globally asymptotically
stable when Ry < 1, Qg is globally asymptotically stable
when R; < 1 < Rp and the condition (12) holds, and Q5 is
globally asymptotically stable when R; > 1 and the condi-
tion (14) holds.

In addition, we remark that if the cure rate p is sufficiently
small or the value of y is sufficiently large, the conditions
(12) and (14) are satisfied. From the numerical simulations
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Fig. 7 Stability of the immune-free infection equilibrium Q; with condition (12) not satisfied
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Fig. 8 Stability of the chronic infection equilibrium Q> with condition (14) not satisfied

(Figs. 7 and 8), we see that both equilibria Q| and Q» remain
globally asymptotically stable without the conditions (12)
and (14) are satisfied.

Observing that the basic reproduction number Ry is
independent of the CTL immune parameters. Further, by
comparing the components of healthy cells, infected cells
in the eclipse stage, productive infected cells and viral load
before and after the activation of CTL response, we have
T>>T, Eo < Ei, I, < I, and V, < V| when R; > 1.
Therefore, we deduce that the activation of CTL immune
response is unable to eliminate the virus in the host popula-
tion, but plays an important role in HI'V infection by reducing
the viral load, increasing the healthy cells and decreasing the
two classes of infected cells.
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