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Abstract This paper proposes a novel fractional order PID
controller for commensurate fractional order systems based
on Laguerre orthonormal functions. The transfer functions of
the fractional order plant, the desired loop gain and the frac-
tional order PID controller are expanded in terms of their
Laguerre basis functions. Matching the first three coeffi-
cients of the Laguerre series of the loop gain with the desired
one yields the fractional order PID controller parameters.
The pole of the fractional order Laguerre basis function is
adjusted to minimize an integral square error performance
index subject to control signal constraint. The numerical
examples are presented to show the effectiveness of this
Laguerre based fractional order PID controller.

Keywords Fractional order PID controller - Orthogonal
functions - Laguerre functions - Fractional order Laguerre
functions

1 Introduction

Fractional calculus concerns utilizing non-integer derivatives
and integrals instead of the corresponding ordinary ones to
increase the design flexibility and modelling precision [1-3].
The Fractional Order PID (FOPID) controllers with frac-
tional order derivative and integral terms have been employed
to control industrial plants [4,5]. A lot of approaches have
been proposed to design FOPID controllers for fractional
order systems in the literature. Internal model based FOPID
controllers have been considered in this regard [6,7]. In [8],
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a Ziegler—Nichols-type tuning method for designing FOPID
controllers has been provided. Designing fractional order PD
(FOPD) controllers robust to gain variations has been consid-
ered [9, 10]. The same idea has been proposed for designing
fractional order PI (FOPI) controllers [11]. In [12], the supe-
riority of the FOPI controller comparing with the PI and
PID controllers for controlling a time delayed system with
a fractional order pole has been demonstrated. Optimization
methods have been employed for designing these controllers
[13]. Rootlocus method has been employed to design FOPID
for minimum-phase fractional order systems [14].

One of the analytical approaches proposed for design-
ing PID controllers is the moment matching method. In this
method, the PID controller parameters could be obtained by
matching the first three moments of the closed loop system
transfer function with the desired one. In this approach, the
closed loop system transfer function is expanded in terms
of some orthogonal functions. For example, the MacLau-
rin expansion has been employed to find the PID controller
parameters through a moment matching approach [15]. A
PD controller for the First-Order Plus Dead Time (FOPDT)
plants is designed based on the Taylor series approximation
[16]. Laguerre orthogonal functions have been utilized to
design PID controllers for some special case of plants [17].
A moment matching based FOPID controller, has been pro-
posed in the literature [18]. In the proposed approach, the
first three moments of the desired closed loop system trans-
fer function obtained from a characteristic ratios assignment
approach are matched with the corresponding ones in the
closed loop system transfer function. The proposed method
could be employed to design FOPID for commensurate frac-
tional order systems. Block pulse, Walsh and Haar Wavelet
as piecewise orthogonal functions have been employed to
design FOPID for integer and fractional order systems [19].
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Fractional order Laguerre orthogonal functions as a gen-
eralization of ordinary Laguerre functions have been con-
structed to approximate fractional order systems [20,21].

In the current paper, the fractional order Laguerre orthog-
onal functions are employed to design FOPID and Fractional
order PI (FOPI) controllers for fractional order systems. First,
the Laguerre series coefficients of a commensurate fractional
order plant are calculated. These coefficients are the inner
product of the plant transfer function with their correspond-
ing fractional order Laguerre basis functions. This idea is
employed to calculate the Laguerre series coefficients of the
open loop gain (the product of the FOPID controller transfer
function with the plant transfer function). Matching the first
three Laguerre series coefficients of the open loop gain with
the desired one gives the FOPID or FOPI controller parame-
ters. The optimum location of the fractional order Laguerre
basis function pole is determined so that the best fitting to
the desired loop gain is achieved. The performance of these
Laguerre based FOPID and FOPI controllers is investigated
through numerical simulations.

The remainder of this paper is organized as follows. A
brief review on fractional calculus is given in Sect. 2. Sec-
tion 3 describes the construction of the fractional order
Laguerre series basis functions. The proposed FOPID and
FOPI controller are presented in Sect. 4. The performance of
the proposed FOPID and FOPI controllers is demonstrated
by numerical simulations given in Sect. 5. Finally, Sect. 6
concludes the paper.

2 A brief review on fractional calculus

There are a lot of definitions for the fractional order deriva-
tive in the literature [1]. Due to its computation advantages,
the Grunwald-Letnikov definition is utilized in this paper.
According to this definition, the fractional order derivative
of a function f(¢)(D? f(t)) is defined as [1]

[]
D’ f (1) = lim h™" 3" (=1)/ (‘J’) fe—jh,
j=0
n—1<p=<n ey

where p is the fractional order. If p = 1, then the ordinary
definition of derivative is obtained. The Fractional Order
Transfer Function (FOTF) toolbox proposed for numerical
simulation of fractional order systems is based on this def-
inition [22]. A Linear Time Invariant (LTI) fractional order
system with input u(¢) and output y(¢) could be described
with the following differential equation

an D y(t) + a1 D" y(t) + - - 4+ ag DY y(1)
= by DP"u(t) + by 1 DPm1u(t) + - - - + bo DPou(t) (2)

where o; (i = 0,...,n)and B;(j =0, ..., m) are the frac-
tional ordersand ay(k =0, ...,n)and by (k =0, ..., m) are
arbitrary constant numbers. If o; = iv, i = 0,...,n and
Bj = jv, j =0,..., m are considered, then the fractional
order system (2) is called commensurate and v is called the
commensurate order. Taking Laplace transform from both
sides of (2) gives the transfer function of a commensurate
fractional order system as

b, s b (m—1)v R A
G(s) = _ mS + bm—18 + + 0. 3)

Aps™ 4+ 15DV 4oL g

The controllers containing fractional order operators in
their structure are called fractional order controllers. For
example, the transfer function of a fractional order PID con-
troller could be written as

1
C(s) = ke (1+W+Td5#) “)

where k., T; and T, are the proportional gain, integrator and
derivative coefficients, respectively. While  and u are two
arbitrary real numbers belonging to (0,2). If 8 = u =1,
then the ordinary PID controller is obtained.

3 Fractional order Laguerre orthogonal functions

In this section, fractional order Laguerre basis functions are
introduced. To begin, some necessary preliminaries should be
introduced. A fractional order transfer function (3) is stable
if the following conditions are satisfied [23,24]

can?' F a1 4 ag = 0.

&)

v
O<v < 2, |arg(z)| > -

The H> norm of a transfer function F (s) denoted by || F||,
is defined as

1 oo
I1F1l2 =\/;/O F(jo)F(=jw)do. (6)

Let denote open right half-plane (complex numbers with
positive real part) with CT and closed right half plane (com-
plex numbers with nonnegative real part) with C+. Now, the
space of functions which are analytical on C* and continuous
on C+ with finite H> norm are called H>(C™).

The transfer function (3) belongs to H> (CT) if the follow-
ing inequality is fulfilled [20]

(n —m)v>0.5. (7N
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To construct the fractional order Laguerre basis functions,
the following generating functions are defined

Fu(s) = ®)

According to (7), the generating functions in (8) belong
to Hy(CT), if the following inequality holds

fractional order Laguerre basis functions, the inner product
of a fractional order plant and the generating functions (8)
should be calculated. The transfer function of any commen-
surate order plant with real poles could be described with a
partial fractions expanded form in terms of pseudo first order
terms (8). Thus, it is enough to compute the inner product of
two generating functions like (8). Or

1 1 1 [t dw
O, h,m, 1, 8) =< . >=_— — .
sV 4+1)" (sV 4™ 27 ) oo ()" +1)(GPw? + 8)
(13)
1 The relation (13) could be rewritten as
nzno,no:[—]-l—l. ©
v | [ [t d
w
G(U’hvmv)“va)z_(/ . h_
According to (9), the transfer function (8) belongs to 27 \Jo ()" +)'(jPw? + 8)™"
Hy(CH) foralln > 1(ng = 1) if v € (0.5,2). Thus, in + +oo dw (14)
the remainder of the paper, the plant is considered a com- 0 (—jw)? + V(=) w? + 8™ ’

mensurate fractional order system as (3) with commensurate
order v € (0.5, 2). Unfortunately, the generating functions
(8) aren’t orthogonal and couldn’t be utilized directly as
Laguerre basis functions [20]. Therefore, these functions
are employed to generate fractional order Laguerre basis
functions according to a Gram-Schmidt orthogonalization
procedure [20].

Gram-Schmidt orthogonalization procedure: Consider
arbitrary generating functions F;(s) € Hy(Ch),i =
1,...,N. Now, the functions ¢;(s) € Hr(Ch),i =

1,..., N obtained from the following relations are ortho-
normal
Fi(s)
p1(s) = ,
I FL ()l

Fi(s) = X2} <Fi(5), 9(5)>9;(s)
Fi(s) = X2} <Fi(s), 9(5)>9;(s)
i=1,...,N (10)

El

vi(s) = ’

where < p, ¢g> denotes the inner product of functions p and
g defined as follows

1 +o0 -
<p,q>= 2—/ p(jw)g(jow)dw. (11)
T J—00

Moreover, the norm of function p is defined as

Ipll = /<p, P>. (12)
This yields the orthonormal fractional order Laguerre
basis functions ¢; (s) € Hy(C*),i =1, ..., k. To construct

@ Springer

By change of variable x = w” Eq. (14) is simplified as

O(v,h,m, A, )
= —1 I e/3Y 67 e i3, l,h,m
2w vAhsm v
+ T - TT 1
+1 (A‘le‘“”,t?_le“”, —,h,m)] (15)
v
where

1
xv dx

1 o0
_ = . 1
I ({, v v’h’m) /0 (tx + Di(yx 4+ 1m (16)

The details of computing integral (16) is illustrated in
[3.194, 4 p. 285] of [25] and [20].

Now, a commensurate order strictly proper system as (3)
could be described as the following fractional order Laguerre
series expansion

G(s) =D gipi(s) (17)
i=1

where @;(s) are the Laguerre basis functions constructed
from a Gram-Schmidt procedure. The Laguerre basis func-
tions could be parameterized as follows

i

=SS
9 (5) —]; Y (18)
wheres;;, j =1,...,i,i =1,2,3,...areconstant parame-

ters obtained from the Gram-Schmidt procedure. Moreover,
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the Laguerre series coefficients g; are calculated as

gi = <G (), ¢i(s)>. (19)
Example 1 Consider the following fractional order system

2

G(s) = ——.
(s) 971

(20)
Considering the Laguerre pole A = 2.5, gives the
unknown parameters of Laguerre basis functions in (18) as

511 = 1.5037, §21 = —1.2422, §22 = 10.8697,

§31 —1.159, 8§32 = 22.6265, 533 = —71.9935° (21)

The first three Laguerre series coefficients of (20) obtained
from (19) and (15) are

g1 = 0.8227, go = 0.2492, g3 = 0.0826. 22)

To design Laguerre based FOPI and FOPID controllers,
the product of each pairs of two Laguerre basis functions
should be computed. By some manipulations, we have

i+j

0i()gj(s) = D aijkgi(s) (23)
k=1

where the coefficients a;j; could be obtained in terms of s;;
as

-1

i S11 821 -« S(i+j)1
’.J 0 s ... S@i+j2
Qij(i+j) 0 0 0 si+jyi+p
— 0 T
i
> > siSjim, ([ +m=2)
m=1[=1

x : - (24

i
> > suSim, (I +m=i+))
| m=1i=1

4 Laguerre based design of FOPI and FOPID
controllers

At first, consider a stable commensurate fractional order sys-
tem with the fractional order Laguerre series expansion (17).
Then, the algorithm is extended for the unstable plants, too.
The controller C(s) is designed such that the open loop gain
could approximate a desired open loop gain L(s). Or

L(s) = G(s)C(s). (25)

In a unit negative feedback control structure, the following
desired loop gain is considered

L(s)= ——" (26)

where 1 and w,, are the damping ratio and the natural fre-
quency, respectively. The desired open loop gainisn’t a stable
function. Therefore, it should be rewritten as follows

w2

L(s) = (S”+277w_n’;(s”+)~)2 _ Z?i] Ligi(s) o7
m 22 liwis)

where the first three Laguerre series coefficients in (27) are
calculated by partial fraction expansion as

wZ
I = n 0
= S Znen = 2w PO
2
< T L 9i(5)>
(sV + 1) (A — 2nwy)?
2
t< On Loi(s)>, i=1,2,3.
(s +1)22nw, — 1)
(28)
A -
1=S22+—S21, ly=—, l5=0. (29)
$11522 §$22

The Laguerre based FOPI and FOPID design procedures are
illustrated in the following subsections.

4.1 Laguerre based FOPI design for stable plants

Consider the following FOPI controller

! 30
) (0)

The controller could be rewritten in the following Laguerre
series form

C(s) = ke (1 +

ke(TisU+1)
LG el Cii(s)
C(S) = 50 = %) 7 (31)
2 Zi:l Ci®i (s)
where
o = keTisp — kesa(=ATi + 1)
Tis11522 '
k.(1 — AT; 522 + As —A
o = ol l)’c/l _ 2 2 ) 32)
Tisa 511822 522
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Substituting relations (17), (27) and (31) in (25) yields

D gigi() D cigi(s) D Ligi(s) = D Ligi(s)
i=1 i=1 i=1 i=1
x> cgi(s).  (33)
i=1

Considering the product property of fractional order
Laguerre basis functions in (23) and matching the first two
coefficients in both sides in series (33) gives the following
FOPI coefficients

s11€1 + 82102

ke = siic1 + 52102, T = 34)
‘ ! " sanea + A(siicr + 52102) (

where
-1
=] (G
2 Y1 Y, @]’
2 2
Xi = Zaijluj, Y, = Zaiﬂuja Ui
j=1 j=1

2 2 2 2
= > giliajii.qi = > > _lictajii,
k=1 j=1 k=1 j=1
i=12. (35)

Finally, the following algorithm could be obtained for
designing FOPI controllers.

Algorithm 1.

a) Calculate 511, 521, 522 in (18) according to the Gram-
Schmidt orthogonalization procedure in (10).

b) Calculate /;, llf, i = 1,2 according to (28) and (29) and
gi, i = 1,2 according to (19) (partial fraction expansion
could be utilized).

¢) Calculate c,’., i = 1,2 according to (32) and ¢;,i = 1,2
according to (35).

d) Calculate FOPI controller parameters (k., 7;) according
to (34).

4.2 Laguerre based FOPID design for stable plants

The FOPID controller with the following transfer function is
considered

1 v
C(s) = ke (1 tret Tys ) . (36)

Transfer function (36) is rewritten as

ke(T; Tys*" +Tis"+1) 0
T,(s"+1)3 221 Cii(s)

Cls) = 7 =
(Svj_)\p Z?il C;(pi (S)

37)
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where

_ ke(TuTid? = Tih + 1)

c3

3

s33T;
o= (ke 2htg — 1) + s3203)
52 '
kT — —
o = KeTa $31€3 — 52102 (38)
S11
—A s3pA + 8 — (s21¢5 + 5314
=L =208 o (5215 3). (39)
8§33 $22533 S11

The relation (33) could be utilized in the FOPID case, too.
Thus, the following FOPID controller parameters could be
obtained from relations (23), (38) and (39)

ke = 2s11Act + (522 + 2As21)c2 + (532 + 2As531)C3,
s11c1 + 52162 + 531C3

I, = . ,
T, = ke
" AZsticr + O + 52132 + (533 + Asx + s31A2)c3
(40)
where
C X1 X7 X3 - q1
o|l=|"h qQ |
3 Zy Zy Z3 q3
3 3 3
X = Zaijluj» Y, = Zaiﬂ”ja Zi = Zaiﬂ”j»
=1 =1 =1
3

R
Il
)
-
~=
S
.
<
=

3 3
=> > ljctaj.i =1.2,3. (41)

Consider that aj13 = 0. Finally, the Laguerre based FOPID
controller design algorithm could be summarized as

Algorithm 2.

a) Calculate s11, $21, 522, $31, §32, $33 in (18) according to
the Gram-Schmidt orthogonalization procedure in (10).

b) Calculate/;, l{, i =1,2,3according to (28) and (29) and
gi,i =1,2,3 according to (19).

¢) Calculate cl/., i = 1,2,3 according to (39) and ¢;,i =
1, 2, 3 according to (41).

d) Calculate FOPID controller parameters (k., T;, Ty)
according to (40).
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4.3 Laguerre based FOPI and FOPID design for
unstable plants

The proposed FOPI and FOPID controllers could be utilized
to control unstable plants. To achieve this goal, the plant
transfer function is written as

p(s)
G(s) = ———— 42
6= ) 59

where p(s) is the numerator of G(s) and gs(s) and g, (s)
are the stable and unstable parts of the denominator of G (s),
respectively. The transfer function (42) could be rewritten in
the following Laguerre series form

p(s)

Gs) = BOCHT Do 8ivi(s) A
(s) = qu(s) - S glgi(s) (43)
ST i=18;i%ils

where r is the degree of ¢, (s) and g;, g; are the Laguerre
p(s) and qu(s)

qS(S)(S“+)\)’+I (Sv+)\‘)r+l ’

tively. Now, according to (25), relation (33) should be

rewritten as

series coefficients of respec-

o0 o o
D gigi(s) D cigi(s) D Ligi(s)
i=1 N i=1 N i=1

=D Ligi(s) D cigi(s) D gloi(s). (44)
i i=1

Now, the FOPI controller parameters could be obtained
from (34) in which ¢y, ¢; are calculated as

k ] ] Tl

Mm

X; ajjiu;, Y; _Zalj2ujv
j= j=1
2 2 2 2
l i — Lol
kQjki> 4qi = q;Cr4jki
k=1 j=1 k=1 j=1

2 2
ZZ ajiii =1,2. 45)

For the FOPID controller case, relation (44) and (40) could
be utilized, yet. But, relation (41) should be replaced with the
following relation

-1

cl X1 X X3 q1
o= 1Y Q@ |,
c3 Z1 2, Z3 q3

3 3 3
Xi = Zaijluj» Y, = Zdijzuj, Zi = Zaijsuj,
j=1 j=1 j=1

303 3 3
uj = Zzgjl]/cajki’ qi = ZZCI}CJQCI]‘M, ql

k=1 j=1 k=1 j=1
3 3
=>"> gilajiii =1,2,3. (46)
k=1 j=1

Finally, the following algorithm could be employed to
design FOPI or FOPID controllers for unstable plants

Algorithm 3.

a) Calculate s11, $21, 522, $31, §32, §33 in (18) according to
the Gram-Schmidt orthogonalization procedure in (10).

b) Calculate/;, llf,i =1, 2, 3 according to (28) and (29) and
gi- &, 1 =1,2,3in (43) using inner product approach.

c) Calculate c;,i = 1, 2 for FOPI according to (32) and
c;, i =1, 2, 3 for FOPID according to (39) and calculate
¢i,i = 1,2 for FOPI from (45) and ¢;,i = 1,2, 3 for
FOPID from (46).

d) Calculate FOPI controller parameters (k., 7;) accord-
ing to (34) and FOPID controller parameters (k., T;, Tg)
according to (40).

4.4 Optimum choice of the fractional order Laguerre
basis function pole

The designed FOPI and FOPID controllers have three para-
meters: 1, w,, A. The parameters 1 and w,, could be selected
to reach a good transient response. But, the free parameter A
should be selected to achieve the closed loop system stability
and the best compliance with the desired step response in the
presence of control signal constraints. Thus, the following
constrained optimization problem should be solved

o (@) = ya@)2dr
T V2(n)dr
st ou"<u(t)<u™ (47)

min : J(L) =

where y(¢) is the closed loop system step response, yq(t)
is the desired closed loop system step response, u(¢) is the
control signal, u* and u™ are its upper and lower bounds.
This means that for the FOPI and FOPID controller design,
an initial value for A is selected. Based on this selection, the
FOPI or FOPID controller parameters are calculated. These
parameters could be employed to obtain the closed loop sys-
tem step response y(t) and the performance index J(A).
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Then, the value of A is changed according to an optimiza-
tion loop such that the minimum performance index J(A)
is obtained and the control signal constraints are satisfied.
MATLAB FMINCON function is utilized to solve this con-
strained optimization problem.

5 Simulation results

To show the performance of the FOPI and FOPID controllers,
some numerical examples are provided.

Example 2 Consider the following fractional order plant

G(s) = (48)

s09 417
Considering u™ = 2,u~ = 2,7 = 0.5, w, = 6 and the
obtained Laguerre function pole A = 2, yields the following
FOPI controller transfer function

Cls) = 1.6258 (1 + (49)

1
0.4521s0~9) '

With the same values of 1, w,, the Laguerre function pole
value for the FOPID controller is obtained as A = 1.5. This
leads to the following FOPID transfer function

C(s) = 2.1927 (1 + - 0.0785s°-9) ) (50)

0.7136s59-°

Figure 1 compares the closed loop system unit step response
obtained from the FOPI and FOPID controllers with the

desired one. The FOPID shows superior performance com-
paring with the FOPI controller. Moreover, the control signal
constraints are fulfilled.

Example 3 In this example, a fractional order plant with one
zero and two poles is considered

2(s'2 4 4)
G(s) = . 51
=G D62+ 5) G1)
For the FOPI controller, considering ut = 2,u" =

—2,n1 = 1,w, = 4 yields A = 0.1. This leads to the fol-
lowing FOPI controller

C(s) = 1.0589 (1 + (52)

1
0.7715s1-2) '

If the similar values for A, w,, are considered for the FOPID
controller, then A = 1.5 will be obtained. The corresponding
FOPID controller is given by

C(s) = 0.9361 (1 - 0.1146s‘-2) ) (53)

1
+ 0.6944s1-2

The obtained closed loop system unit step responses for
the FOPI and FOPID controllers are compared with the
desired step response in Fig. 2. As could be seen from Fig. 2,
the step response obtained from the FOPID controller is
closer to the desired step response comparing with the corre-
sponding one obtained from the FOPI controller. Moreover,
the obtained control signals are in the permissible range.

Fig. 1 The closed loop system 1.5 . . : : :
unit step responses and control : : :
signals for Example 2 2
g ------------------------------------- L 5—
2 :
8
&~ 4
o
2 ' '
7 : : :
= — — Desired Step Response
= ——FOPID
"""" FOPI
-0.5 | : :
T T T T
T é
5 | y
z
é -
——FOPID
: : P e FOPI
=1 I I I I
0 0.5 1 1.5 2 2.5 3

@ Springer

Time, Sec



Fractional order PID controller design based on Laguerre orthogonal functions 549

Fig. 2 The closed loop system 1.5 : : , : | | : : |
unit step responses and control : : : : :
signals for Example 3 2 : :
S ' :
(=1 H H
177] l
[+ H
~ : _
o H
2 . : : :
= — — Desired Step Response
5 5 ——FOPID
[ O FOPI
-0.5 | | |
4 ! !
= 5 § |
£ ; '
g
@]
——FOPID
2 I i i i i i i i EOR
0 0.5 1 1.5 2 25 3 3.5 4 4.5 5
Time, Sec
Flg 3 The closed loop system 1.2 | I | | ; | I : |
unit step responses and control ' '
signals for Example 4 TR | i RS S S S SESSS e e
1z '
s 08 : _
7} I
~ 0.6 ; —
g 04 . i
75} ' H : :
z 0.2 ; — — Desired Step Response
= 0 : A PI
0.2 i I i I I i PID
Sy | T | T T | T N B L
B oaldge B = 8 B b S T —PID
5 : 2 > : : 3 - .
DY U SRS SO SOUON SO SR SOUR SR SO SO i
g i
O :
B i i i i i i i i i

Example 4 In this example, the following unstable integer
order plant is considered

10

Considering u™ = 6,u™ = —1,n = 1, w, = 26.35 and
A = 3.7 gives the following PI controller

Time, sec

1
C(s) =5.77 (1 + m) . (55)

With similar values for A, @, and A = 11.95 the following
PID controller is obtained

1
C(s)=6.01{1
(s) ( + 35

O1s

—0.01 ls) . (56)
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The comparison between the desired step response and
the closed loop system step response obtained from the PI
and PID controllers are given in Fig. 3. As expected, in the
PID controller case, the step response is more similar to the
desired step response. In addition, the control signals given
in Fig. 3 are admissible.

6 Conclusions

The orthonormal Laguerre basis functions obtained from
a Gram-Schmidt orthogonalization approach are employed
to design FOPI and FOPID controllers for commensurate
fractional order systems. The simulation results show the
effectiveness of the proposed controllers. The best transient
response quality based on integral square error performance
index in the presence of the control signal limitations is
achieved. The design approach could be utilized for com-
mensurate fractional order plants with real poles. Extending
the proposed FOPI and FOPID methods for general com-
mensurate fractional order systems could be considered as
a future research topic. Designing Laguerre based FOPID
controllers for the commensurate fractional order systems
with commensurate order smaller than half is another future
work. The FOPD controller could be designed in the similar
manner, too.
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