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Abstract In this paper, a cholera epidemic model with peri-
odic transmission rate has been considered and discussed. It
is shown that the disease free equilibrium point is globally
asymptotically stable and also seen that the cholera disease
is disappeared if the basic reproduction number is less than
one. When the basic reproduction number is grater than one,
then the endemic equilibrium is globally asymptotically sta-
ble. Finally, numerical simulations have been given for the
existence of the analytical results.

Keywords Cholera disease - Epidemic model - Local
stability - Global stability - Bacteriophage

1 Introduction

The cholera, a waterborne gastroenteric infection, remains a
significant threat to public health in the developing countries.
It is caused by the bacterium Vibrio cholerae. 1t is typically
transmitted through water and food that have been contam-
inated with fecal matter from a person who is infected with
the disease. Now-a-days, several number of mathematical
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models have been developed for understanding the dynamics
of cholera disease. A mathematical model for cholera epi-
demic occurred in the European Mediterranean region had
been developed and discussed by Capasso [1]in 1973. In this
model, Capasso used two differential equations to describe
the dynamics of infected people in the infected region and the
dynamics of the bacterium V. cholerae. Codeco [2] extended
the model of Capasso by introducing one additional equation
of susceptible human population and described the dynamics
of the persistence of the disease cholera. After that Codeco’s
model was extended by Hartley [3] including hyperinfectious
vibrio bacterium. Again, Hartley’s mathematical model was
analysed by Liao and Wang [4].

Cholera disease is typically seasonal due to climatic fac-
tors, physical and many biological factors. It is observed that
in Bangladesh the seasonality of cholera exhibits two peaks
per year and differs from that of other diarrheal diseases [5].
Cholera disease typically increases from November to Janu-
ary and April to May. In the same time, the seasonal cholera
disease is occurred in the peak form in April, May and June
[6] in every year. There are many research papers on the
cholera disease such as [7-13] etc.

It is known that the bacteriophage might control the nat-
ural population of pathogens. Moreover, the recent studies
in marine microbiology also have revealed the elegant bal-
ance between bacteriophage and their mycobacterial prey.
In 2009, Nelson et al. [14] explored that in a closed exper-
imental system, the transmission of V. cholerae may be
minimized when these two factors such as bacteriophage and
bacterium are combined in the aquatic environments. There-
fore, the dynamical interaction between bacteriophage and
bacterium in pond water suggests that a model of cholera
transmission should incorporate a measure for the rapid
decay of bacterial culturability and predation by bacterio-
phage.
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There are two hundreds species that infect V. cholerae
known as vibriophage. In 2006 a mathematical model was
described by Jensen et al. [15] in the role of bacteriophage
in the control of cholera outbreak. They suggests that either
bacteria in the environmental reservoir are hyperinfectious
or most victims ingest bacteria amplified in food or drink-
ing water contaminated by environmental water carrying
few viable V. cholerae. The consequent reduction of bac-
teria numbers in the effluent might fully account for the
decline in disease incidence and density of phage prey-
ing on these bacteria. In this interpretation, the outbreak
drives the changes in phage populations, rather than the
reverse. They showed that the large numbers of phage to
the reservoir at the time of the bacterial bloom decreases
the size of the epidemic. If there are few number of phage
such 107 virion per liter or less then there is virtually no
effect on the epidemic. There are many research papers
on baceriophage dynamics such as [16—19] etc. A cholera
epidemic model of an optimal cost effectiveness study on
Zimbabwe cholera seasonal data from 2008 to 2011 was
developed by Sardar et al. [20] in 2013. We have modified
this model by introducing the bacteriophage and discussed
the dynamical behavior of the proposed cholera epidemic
model.

In this paper, the dynamical behavior of the interaction
between cholera pathogen V. cholerae and bacteriophage
has been discussed. Then, the extinction and uniform per-
sistence of the disease have been explored here. Also, the
existence and stability of positive w-periodic solution have
been discussed precisely. Finally, a numerical simulations
have been presented to support the analytic results of the
proposed model.

2 Model formulation

In this paper, it is considered that an area is effected with
V. cholerae. So, the population N(¢) at time ¢, consists of
three kinds of populations such as (i) susceptible human
S(t), (ii) infected human 7 (¢) and (iii) recovered human R(¢)
ie., N(t) = S(t) + I(t) + R(t). Here, the bacterial popu-
lation at time ¢ is also considered of two types such as: (i)
hyper-infectious bacteria By (¢) and (ii) low-infectious bac-
teria By (¢). Also here, the population of bacterio-phage P (¢)
has been introduced.

Now, the susceptible population is increased (i) by a con-
stant recruitment of newborn at a rate Ay and (ii) by those
recovered persons who loses their temporary immunity to
cholera at a rate w. It is reduced by getting infected on con-
tact with hyper-infectious and low-infectious bacterium at a
rates By (I)ﬁ and B (I)ﬁ respectively and also
decreased by natural death at a rate uy, where By (t) and
Br (t) have been defined in this paper as follows:

Bu(t) = Bio (1 + Scos (—2’”))
365

BrL(t) = Bro (1 + 8cos (_27”))
365

and § is the amplitude of seasonality.

Here, infected human is increased by those susceptible
humans who get infected in contact with hyper-infectious
and low-infectious vibrios and decreased by (i) those who
are recovered from cholera at a rate y, (ii) those who die
due to cholera infection at a rate u. and (iii) those who die
naturally at a rate (.

Again, recovered human population is increased by those
infected people who get recovery from the disease at a rate
y. Itis observed that the recovered population is reduced due
to the loss of natural immunity to cholera at a rate w and due
to the natural dies at a rate ug.

Hyper-infectious bacterium is enriched from the amount
of hyper-infectious V. cholerae bacterium in the contam-
inated aquatic environment due to infected human feces,
vomiting etc. at a rate &.

It is assumed that hyper-infectivity bacterium losse their
hyper-infectivity at a rate x. Here, it is also assumed that the
both bacterium populations decrease by the consumption of
phage (bacterio phage). The number of phage produced per
infected bacterium (burst size) is denoted by B;. The death
rate of phage in the reservoir is w; per day. Therefore, under
the above considerations a mathematical model of V. cholerae
has been suggested as follows:

ds
- = AntwR =Bt — LR — HaS

G = B 2 + BL(O) 2 — (a + e + V)]
(ZTlf =yl —(w+pua)R 1)

0 = E1— xBy — 1By P
dl% = xBuw —8LBL —n1BLP

42 = Biy1(By + BL)P — w1 P

The initial conditions are taken as S(0) > 0,7(0) >
0, R(0) > 0,B(0) >0,B(0) >0, P(O) > 0.

Theorem 1 The solution of the proposed model (1) (S(t),
1(t), R(t), By (t), BL(t), P(t)) is uniformly and ultimately
bounded i.e., there exists a positive real number M such that
(S@), 1), R(t), Bu (1), BL (1), P(1)) < (M, M, M, M, M,
M) fort > T where T is a fixed time.

Proof From the first three equations of proposed model (1),
it is obtained that

d(S+1+R)

7 =Apg —na(S+1+R)— pcl

<Ag—pus(S+I1+R) (2)
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Solving Eq. (2) by using standard comparison theorem [21],
there exists t; > Osuchthat S+ 7+ R < ﬁ—: forall ¢t > 1.
Then, we have

A A A
S<—HI<—HandR<—H,

I I td

forall > 1. 3)

Again, from the fourth equation of the proposed model (1),
it is obtained that

dBy Ag
—— <§— —xByg —n1BgP
dt Hd

Ay
<&§— —xBy )
Md

Hence, again solving Eq. (4) by using standard comparison
theorem, there exists r, > #; such that

A
Bu(t) < =2,
X Md

forall ¢t > 1. (5)

From the fifth equation of the proposed model (1), it is
obtained that

dBL %’AH
< ———06LBL—v1BLP
dr T xpa
EAp
<->— —4rBL (6)
XMd

Again, also solving Eq.(6) by using standard comparison
theorem, there exists 3 > f, > t; such that

EAp
MdoL

BL(t) <

, forall ¢t > 13. @)

Again, from the sixth equation of the proposed model (1), it
is obtained that

— < Bini

dP SAH
dt

SAH) P—wP 8)
X Md doL

Hence, solving Eq.(8) by using standard comparison theo-
rem, there exists T > t1, t», t3 such that

Py < ol (k). ©)

From Egs.(3), (5), (7) and (9), let us define M = max

vi§A
(A €Ay £ o ‘}” PASSH (L +5L))}
Hd > XMd’ OLKd’

Thus it follows that, S(¢) < M, I(t) < M, R(t) < M,
Bp(t) < M, Bp(t) < M and P(t) < M forallt > T.
Therefore, the solution of the system are uniformly and ulti-
mately bounded.

@ Springer

3 Local stability of disease free periodic
equilibrium point

Let (R", R'}) be the standard ordered n-dimensional Euclid-
ean space with anorm ||.||. Foru, v € R", wedenote u > v if
u—v € Rt ;u > v,ifu—v e R";u > v,ifu—v € Int(R}).
Let A(t) be a continuous, cooperative, irreducible and w
periodic n x n matrix function. Then ¢4 (#) be a fundamental
solution matrix of
dx
T A(t)x (10)
Let p(¢4(w)) be the spectral radius of ¢4 (w). According to
Perron—Frobenius theorem, p (¢4 (w)) is the simple principal
eigenvalue of ¢4 (w) and it admits an eigenvector v* which
is grater than equal to zero vector.

Lemma 1 (Zhang and Zhao [22]) Let s = %lnp(@; (w)),
then there exists a positive w periodic function v(t) such that
eSv(t) is a solution of (10).

In the following, we calculate the basic reproduction num-
ber of proposed system (1). It is easy to see that the proposed
system (1) has exactly one disease free equilibrium point
Eo(50,0,0,0,0,0) where Sy = 44

BuMAn BLAn
KHa Kina
Now, F(1) = 0 0 0 >

0 0 0
(v +pe+na) 0 0
V) = —& x 0
0 —X 5L
Let Y (¢, s) is an 3 x 3 matrix solution of the system

dY(t,s)
dt

=-V®Y(,s5) (11

foranyt <s,Y(s,s) = I where [ is an 3 x 3 identity matrix.

Let C, be the ordered banach space of all @ periodic
functions from R to R® which is equipped with maximum
norm ||.||«o and the positive cone Cf = {¢ € C,, : (1) >
0, for all tin R}. Now, using Eq. (11) we consider the linear
operator L : C, —> C,, by

+oo
(L)1) =/ Y(t,t —a)F(t —a)p(t — a)da (12)
0

foranyt € Rand ¢ € C,,.

Finally, from the Eq. (12) we define the basic reproduction
number Rg for the system (1) as the spectral radius of L
i.e., Rp = p(L) which has been motivated by the concept
of next generation method introduced in the article of [23—
25]. From the above discussion, the following theorem for
the local asymptotically stability of disease free equilibrium
Eo(Sp, 0,0, 0,0, 0) has been obtained.
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Theorem 2 (Wang and Zhao [23]) The following statements
are valid

1. Ro = 1 ifand only if p(¢pr-v(®)) =1
2. Ro > lifand only if p(¢pr—v(w)) > 1
3. Ry < lifandonly if p(¢pr—v(w)) < 1

Thus, we can say that the disease free equilibrium Eo(Sp, 0, 0,

0, 0, 0) is locally asymptotically stable if Ry < 1 and unsta-
ble if Ry > 1.

4 Global stability of disease free periodic
equilibrium point

Theorem 3 If Ry < 1, then the disease free periodic state
is globally asymptotically stable.

Proof From second, fourth and fifth equations of the system
(1) we have

dl
— ,3H()K +B +/3L()K +B
—()/ + Md + muc)l
By AH
_ﬁH()K +B ,BL()K B g
—(V+Md+muc)1
Ay AgBr A
< )% +/3< Lt S
waKr 1
—(y + a + mue)l (13)
dBy
e <&@l — xBy (14)
dBy
—— < xByg —461.B 15
7 XBy —68.BL (15)

Then, for all # > 0, hence 0 < S(1) < B2, By (1) > 0,
Br(t) = 0 and P(t) > 0. Now, from the Egs. (13), (14) and
(15) we consider the following auxiliary system:

dI AgBr Ag
—ﬁH(t) +ﬁ () —
maKp g
—(y + ta + muc)l
dBy
—= —¢] —xB
7 &1 — xBy
dBL _ g —5.B
di = XDH LbL
which can be written as
— =(F@t)— V(@)X 16
o (F () (®)) (16)
where X = (I(t), By (t), BL(t))T.

Then using above Lemma 1, there exists a positive w-
periodic function X (¢) such that X () = ¢ X (¢) is a solution
of the above Eq.(16) where s = %ln,o(cj)p,y(w)). Again,
from Theorem 2, we know that for Ry<1, p(¢pr—_v(w))<]1,
so s must be a negative constant. Therefore, when r — oo,
we have X (t) — 0.

e., lim I(t) =0, lim By(t) =0and lim Br(t) =0.
—00 t—00 —00
. : . A
e., lim R(t) =0, lim P(t) =0and lim S(t) = —
t—00 t—00 t—>00 Md
Hence, the above implies that the disease free equilibrium
point Ey is globally asymptotically stable.

S Uniform persistence of the disease

Theorem 4 If Ry > 1, there exists a positive constant € such
that for all initial value (S(0), 1(0), R(0), By (0), B (0),
P0) € {(S,I,R,By,B..P) € RS : I > 0,By >
0, By, > 0}, the solution of system (1) satisfies the following

lim infI(t) > €, lim infBy(t) > € and lim infB(t) > €.
11— 00 —0o0 —00

i.e., for Ry > 1, the disease in system (1) is uniformly per-
sistent.

Proof Letusconsiderthesets X = RS ,Xo=1{(S,1,R, By,
By, P)e RS :1>0,By >0,B, > 0}anddXp = X\Xo.
Next, we define a poincare map P : Ri — Ri satisfying
P(xo) = u(w, xo),VxO € Ri where u(t, xo) be the unique
solution of system (1) satisfying u (0, x9) = x0.

Atfirst, we show that P is uniformly persistent with respect to
(Xo, 0X0). Itis easy to see from the system (1) that X and X
are positively invariant. Moreover, d Xy is relatively closed
setin X.Now from Theorem 1, it follows that the solutions of
the system (1) are uniformly and ultimately bounded. Thus,
the semiflow P is point dissipative on R_6‘_ and P : RfL — R_?_
is compact by Theorem 3.4.8 in [26]. Then, it follows that P
admits a global attractor which attracks every bounded set in
Ri. Now, we define another set My as

Ma = {(5(0), 1(0), R(0), Bu (0), BL(0), P(0)) € 3Xp :
P"™(So, Io, Ro. Bro. Bro, Po) € X0, Vm € N UO0}.

Next, it is claimed that
Mo ={(S,0,R,0,0,P):S>0,R>0,P >0}
In fact, it is obvious that

{(5,0,R,0,0,P):S>0,R>0,P >0} C Md

@ Springer



288

P. Panja et al.

For any (S5(0), 7(0), R(0), By(0), BL(0), P(0)) € 0
X0/{(S,0,R,0,0, P) S >0R > 0,P > 0}, if
1(0) = 0,Byg(0) = 0,B.(0) > 0itis clear that § > 0
and By > O for all + > 0. Now from the second equa-
tion of (1) we have 1(0) = BL(t) ,ﬁ;oj%i((%)) > 0=
1(0) > 0. Thus from the fourth equation of (1) we have
Br(0) = £1(0) > 0 else if 1(0) = 0,B.(0) = 0 and
By > 0. Then similarly we can show that I (0) > 0 and
By (0) > 0 and similarly for other cases also. Therefore,
if (5(0), 1(0), R(0), Bu(0), BL(0), P(0)) ¢ {(S,0,R,0,
0,P) : §>0,R > 0,P > 0} then (S(), I(¢), R(2),
By (1), Bp(t), P(t)) ¢ 90X for simultaneously small ¢ > 0.
This implies that My < {(S,0,R,0,0,P) : S > 0, R >
0, P > 0}. Therefore, we have My = {(S,0,R,0,0, P) :
S>0,R >0, P > 0}. Clearly, Ey is one fixed point of P in
My If (S(¢), 1(t), R(t), By(t), Br(t), P(t)) is a solution of
system (1) initiating from M3, it then follows from (1) that
S#) — So,I(t) - 0,R(t) — 0,By(t) — 0,Br(t) —
0, P(t) — 0 ast — oo. So any solution of (1) initiating in
My will remain into Mj.

We will now show that { Ey} is an acyclic covering of Ey.
Itis enough to show that { E(} isolated invariant subset of M
i.e., WS(Ep) N Xo = ¥, where W (Ey) is the stable set of
Ey.

Let x* = (5(0), 1(0), R(0), By (0), BL(0), P(0)) € Xo.
then by the continuity of solution with respect to initial values
Vx € (0, 1;—;’), then there exists £ > 0 such that Vx° € X
with ||x0 — Eg|| < &, it follows that ||u(z, x°) —u(z, Eo)|| <
eVt € [0, w]. To show x° € Xo = x0 ¢ WS (Ep), it is
enough to show that mli_)moo d(P"(x%), Eq) > & forsomem >

0.Ifnotlet Ix° € Xgsuchthat lim d(P™(xY), Eg) < nfor
m—00

all m > 0. This implies that ||u(z, P™(x%) —u(r, Eo)|l <e,
vt € [0, w].

To show, x° € Xo = x0 ¢ W*(E)), it is enough to show
that mli_r)noosup d (P"(x%), Ey) > & for some m > 0. If not

let 3x° € Xgsuchthat lim sup d (P™(x°), Eg) > n forall
m-—00

m > 0. This implies that ||u(t, P (x%)) — u(, Eo)ll < e,
vVt € [0, w]. Forany t > 0, let t = mw + #; where 1] €
[0, w] and m = [ﬁ] which is the greatest integer less than
or equal to i Then, we have ||u(z, P™(x°)) — u(t, Eo)|| =
llu(tr, P™(x) — u(t, Eg)ll < €, Vi € [0, w].

By selecting (S(t), I(t), R(t), Bg(t), BL(¢), P(t)) =
u(t, x%), it follows that

A A
o e<sty < 4e0<I<e€0
1 [td

<R<e0<By=<e0<Bp <e,0<P=<ce

S(1)
T = Gty — mrre) and

- +e) Therefore, from system (1) we

forallt > 0. Then we have X

S(t) > (
Ki+Br, — MdKL
have
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Table 1 The parameters used in the simulations

Parameters Values Unit References
Ay 15 day~! Assumed
Wd 5.48 x 1077 day~! [3]
e 0.015 day~! [3]
y 0.004 day™! [3]
100 Cells/L day ! [2]
X 33.6 Cells/L day~! [20]
71 14 x107° L/virion/day [16]
S 0.2333 day~! 2]
Bi 100 Virion/cell [17]
w 0.025 day™! Assumed
w) 0.5-7.9 Virion/day [15]
dl H €
— > Bu(t) ( ) By
p naKy Ky +e
+pn (A2 < _)a 17)
BNk,  Ko+e) ok
dBy
—— =& —xB 18
T &1 — xBy (18)
dBp
T = xBy —81.BL (19)

Then, from Egs.(17),(18) and (19) a matrix M. (¢) can be
obtained as follows:

0 Bugre PLDg 7+
Mc(t)=1]0 0 0
0 0 0

Already, from Theorem 2, it is known that as Ry > 1 so
p(pr_vy(w)) > 1, choosing € is very very small such that
p(pFr—v—_m. (w)) > 1. Again, by Lemma 1 and the stan-
dard comparison principle, there exists a positive w periodic
function f>(r) such that j(t) > fr(t)e®2®) where j (1) =
(I(t), By(t), BL())T and s, = %ln,o(qﬁp_v(a))) > 0. This
implies that

lim I(t) = o0, lim By(t) = oo and lim Bp(t) = oo
11— 00 —00 —0o0

which is a contradiction in My. Hence, W*(Ey) N Xo = @.
Then, by Theorem 1.3.1 [26] we obtain that P is uniformly
persistent with respect to (X, d Xo). Thus, by Theorem 1.3.1
[26] it follows that the solution of (1) is uniformly persistent.

6 Periodic solution
In this section, the existence and stability of a positive peri-

odic solution of the system (1) have been investigated in
Theorem 5 as follows:
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Fig. 1 The graphical structure x 10°
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Theorem 5 If Ry > 1, then the system (1) admits a positive FIRM) — RO+ 241 By (1) — By (1))
w-periodic solution which is globally asymptotically stable. " §
d ~ ~
+?|BL(I)_BL(1)|+|P(I)_P(I)| (20)

Proof We have already proved in Theorem 3 that the poincare
map, P : R_?_ — R_?_ of the system (1) is point dissipative
and compact as well as P is uniformly persistent with respect
to (X0, 0Xo). Then, it follows from Theorem 1.3.6 [26] that
the pomcare map P has a fixed point (S I, R, By, By, P) €
Int(R ). Hence, u(t, (S, I, R, By, BL, P)) € Int(R ) for
all + > 0. Thus, (S, I, R, BH, BL, P) is a positive w—
periodic solution of system (1) due to the definition of the
semiflow P. O

Let X = (S’, I , ﬁ, B~H,B~L, 13) be positive w-periodic
solution of system (1) and X(r) = (S(z), 1(¢), R(2),
By (1), BL(t), P) be any solution of system (1) initiating
from nonnegative initial values. Then, a Lyapunov function
is defined as follows:

L(S,1,R, By, B, P) = |S(t) = S()| + |1 (1) = 1 (1)]

Now, the right upper derivative DV L(t) of Eq.(20) of the
system (1) is obtained as follows:

D+L6¥LR,BHJH,P)=Smn60)—§OD

S By S
— L) B L

[ﬂH(r) Kuy+By +B Ky + By

,BL(t)K +B

+ sign(l(t) —1(t))

+w(R — R) — pna(S — S)]

BHS

—Bu(t )KH+BH

+,3L(t)K

[,BH(I) +B

—BL(t) ————=

— (Y + e+ pa)U (@) — I(I))]
K, + L
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Fig. 2 The representation of
solution of the proposed system
(1) near the endemic
equilibrium point when Rp > 1

+sign(R(w) = R) {71 @) = Ty
— 0+ k) (RW) = RO} + sign(Bi (1)

= Bu @) g0 0~ 1) = 2By (0 = By )

8000 4000
G
c
E g 3000
£ 6000 =
[0) <
o o 2000
g 2
8 4000 8
« 1000
2 £
»
2000 0
0 2000 4000 6000 8000 0 2000 4000 6000 8000
Time Time
o
500 5 10000
S k3]
£ 400 S 8000
2 n
=}
o 300 3 6000
o B
o 200 ® 4000
> y—
3 £
g 100 L 2000
o g
0 > 0
0 2000 4000 6000 8000 L 0 2000 4000 6000 8000
Time Time
5 8
x 10 x 10
g 2 15
9
o ®
815 o 0
(2] ey
> Q
Qo 2
° o)
oL ‘g 5
C
= 0.5 3
2
(o)
4 0 0
0 2000 4000 6000 8000 0 2000 4000 6000 8000
Time Time
where K = min{ug, ic, “‘?L, w—ll}.

—y1(By P — BHP)} + sign(BL(t)

= BLo) (X B~ Bu ) ~51(BL() ~ BL()

—NBLOPW) = BLOPO)] +sign(P() = P1))

< {Bin1 (B P() = Bu ) P))

+B171 (BLOP O =B P0) —wi (P()— P (1))
< —palS@) = S| — pell 1) = I(1)] — 11a|R — R
|BL(t) — BL(1)] — %u’(r) — P(1)]

_ MadL

< —K(S@t) —S®|+ 1) —1(t)| +|R — R|
+|BL(t) — BL(O)| + | P(t) — P(1)])
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2

Now, integrating the above Eq.(21) from 7 to oo, it is
obtained that

L(t) + K/ (1S(6) = S|+ 11 (1) = ()] + |R — R|
t

+|BL(t) — BL()| + |P(t) — P(t)])ds
< L(1) (22)

provided that ¢ > f. Then, from Eq. (22) it follows that

t—00

sup K/ (I1S@) — SO+ |1 (t) — (1) + |R — R|
t

+|BL(t) — BL(t)| + |P(t) — P(t)])ds

ie, lim [S¢) —S@)| =0, lim |[I(t) —I()| =0,
— 00 — 00

lim |[R(t) — R(r)| = 0,
11— 00



Dynamics of cholera outbreak with bacteriophage and periodic rate of contact 291

8000 4000
C
@ 7000 c
£ @ 3000 |
2 6000 5
[0 <
S 5000} B 2000 |
® 4000 °
2 = 1000 |
=) 3 =
& 3000
2000 0
0 5 10 15 0 5 10 15
BacterioPhage x 108 BacterioPhage x 108
x 10%
500 g 3
c o
< 400} % 25¢t
: 3,
< s00f g
o ..3 15}
© 2001 L
8 £
@ 100} J
05}
i I
0 £ o
0 5 10 15 0 5 10 15
BacterioPhage x 108 BacterioPhage x 108
x 10°
© 15
5
[&]
©
m 4o}
()
>
9
°©
L 5¢
£
|
5
9 9 <= ——
0 5 10 15
BacterioPhage x 108

Fig. 3 The limit cycle of the proposed system (1) with respect to the bacteriophage

lim |By (1) — By ()| =0, lim |B.(t) — BL(1)| =0
11— 00 t—00

and lim |P(t) — P(t)| = 0.
11— 00

Therefore, the solution (S(7), 1(¢), R(t), By (1), BL(1), P (1))
is globally asymptotically stable.

7 Numerical simulations

For numerical simulation to illustrate the proposed mathe-
matical model, the standard software MATLAB 2010a has
been used. After finding the value of Ry numerically using
the parametric values in Table 1, it has been shown that when
disease persists and disappears from the human population.

Now, using the following initial values of the state vari-
ables such as S(0) = 800,000, /(0) = 800, R(0) =

100, By (0) = 3,000,000, Bz (0) = 3,000,000, P(0) =
300,000 and also taking Ky = 10°, K, = 10°,8 =
0.75, Byo = 0.2143, B;o = 0.2, Fig. 1 has been drawn
from which it is observed that when Ry = 0.6043 < 1, then
it is confirmed that the disease free equilibrium point of the
system (1) is globally asymptotically stable. Therefore, it is
concluded that the cholera disease will be disappeared from
the human population when the basic reproduction number
must be less than one in the presence of bacteriophage.
Again, using the following initial values of the state vari-
ables such as S(0) = 8000, /(0) = 800, R(0) = 100,
Bp(0) = 30,000, By, (0) = 30,000, P(0) = 3000 and also
Ky = 10° K, = 12,5 = 0.75, Byo = 0.2143, Bo =
0.2, Fig. 2 has been drawn from which it is observed that
when Rg = 4.2030 > 1, then it is confirmed that the disease
persists in the system (1) and it is globally asymptotically sta-
ble. Therefore, it is concluded that the cholera disease will be
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positively persisted in the human population when the basic
reproduction number is grater than one in the presence of
bacteriophage.

Using the same parametric values and initial condition that
is used in Fig. 2, Fig. 3 has been drawn and from this fig-
ure it is seen that the limit cycle of each population such
as susceptible human, infected human, recovered human,
hyper-infectious V. cholerae bacteria and low-infectious V.
cholerae bacteria with respect to bacteriophage is stable.
Again, it is known that the stable limit cycles are example of
attractors. So, they imply self-sustained oscillations i.e., the
closed trajectory describes perfect periodic behavior of the
system and any small perturbation from this closed trajectory
causes the system to return to it, making the system stick to
the limit cycle.

8 Conclusion

In this paper, a cholera epidemic model with periodic trans-
mission rate has been discussed. Here, the total human
population is divided into three subpopulations such as
(i) susceptible human (ii) infected human (iii) recovered
human and total bacterial population into three subpopula-
tions such as (i) hyper-infectious V. cholerae bacterium (ii)
low-infectious bacterium (iii) bacteriophage. A transmission
model that accurately predicts the magnitude of an emerg-
ing outbreak would provide public health authorities with
useful information to appropriately scale their responses.
Interventions that target vital steps in transmission might be
effective for the prevention of the outbreak. Host immunity,
pathogen hyperinfectivity and phages are all factors that can
be leveraged for outbreak control. The disease free equilib-
rium point is globally asymptotically stable and the cholera
disease is disappeared if the basic reproduction number is
less than one. It is observed that when the basic reproduction
number is grater than one, then the endemic equilibrium is
globally asymptotically stable and the disease persists in the
human population. It is also observed that the system has
a stable limit cycle with respect to bacteriophage and this
closed trajectory describes perfect periodic behavior of the
proposed system. So, Numerical simulations of the mathe-
matical model supports our analytical results.

References

1. Capasso V, Paveri-Fontana SL (1979) A mathematical model for
the 1973 cholera epidemic in the european mediterranean region.
Rev Epidemiol Sante Publ 27:121-132

2. Codeco CT (2001) Endemic and epidemic dynamics of cholera:
the role of the aqatic reservoir. BMC Infect Dis 1(1):1-14

@ Springer

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

. Hartley DM, Morris JG, Smith DL (2006) Hperinfectivity: a critical

element in the ability of V. cholerae to cause epidemics? PLOS Med
3:63-69

. Liao S, Wang J (2011) Stability analysis and application of a math-

ematical cholera model. Math Biosci Eng 8(3):733-752

. Islam MS, Draser BS, Sack RB (1994) Probable role of blue-

green algae in maintaining endemicity and seasonality of cholera
in Bangladesh: a hypothesis. J Diarrhoeal Dis Res 12(4):245-256

. Emch M, Feldacker C, Islam MS, Ali M (2008) Seasonality of

cholera from 1974 to 2005: a review of global patterns. Int ] Health
Geogr 7:31-44

. Alam M et al (2006) Seasonal cholera caused by vibrio cholerae

serogroups O1 and 0139 in the coastal aquatic environment of
Bangladesh. Appl Environ Microbiol 72(6):4096-4104

. Lipp EK, Huq A, Colwell RR (2002) Effects of global climate on

infectious disease: the cholera model. Clin Micro Rev 15(4):757—-
770

. Hirsch MW (1985) Systems of differential equations that are com-

petitive or cooperative II: convergence almost everywhere. SIAM
J Math Anal 16:423-439

Smith HL, Waltman P (1995) The theory of the chemostat:
dynamics of microbial competition. Cambridge University Press,
Cambridge

Zhou X, Cui J (2013) Threshold dynamics for a cholera epidemic
model with periodic transmission rate. App Math Model 37:3093—
3101

Panja P, Mondal SK (2014) A mathematical study on the spread of
cholera. South Asian J Math 4(2):69-84

Panja P, Mondal SK (2015) Stability analysis of coexistence of
three species preypredator model. Nonlinear Dyn 81:373-382
Nelson JE et al (2009) Cholera transmission: the host, pathogen
and bacteriophage dynamics. Nat Rev Micobiol 7:693-702
Jensen MA et al (2006) Modeling the role of bacteriophage in the
control of cholera outbreak. PNAS 103(12):4652-4657
Chattopadhyay S, Kinchington D, Ghosh RK (1987) Characteriza-
tion of vibrio eltor typing phages: properties of the Eltor phage e4.
J Gen Virol 68:1411-1416

Chakraborti BK, Si K, Chattopadhyay D (1996) Characterization
of vibrio cholerae EIT or typing phage D10. J Gen Virol 77:2881—
2884

Adams MH (1959) Bacteriophages. Interscience, New York
Pasricha CL et al (1936) Bactriophage in the treatment of cholera.
Ind Med Gaz 71:61-68

Sardar S, Mukhopadhyay S, Bhoumik AR, Chattopadhyay J (2013)
An optimal cost effectiveness study on Zimbabwe cholera sea-
sonal data from 2008-2011. PLoS ONE. doi:10.1371/journal.pone.
0081231

Lakshminathan V, Leela S, Mertynyuk AA (1989) Stability analy-
sis of nonlinear systems. Marcel Dekker Inc., New York

Zhang F, Zhao XQ (2007) A periodic epidemic model in a patchy
environment. J] Math Anal Appl 325:496-516

Wang W, Zhao XQ (2008) Threshold dynamics for compartmen-
tal epidemic models in periodic environments. J Dyn Differ Equ
20(3):699-717

Bacaér N (2007) Approximation of the basic reproduction number
Ry for vector-borne diseases with a periodic vector population. Bull
Math Biol 69:1067-1091

Driessche P, Watmough J (2002) Reproduction numbers and sub-
threshold endemic equilibria for compartmental models of disease
transmission. Math Biosci 180:29-48

Zhao XQ (2003) Dynamical systems in population biology, vol 16.
Springer, Berlin


http://dx.doi.org/10.1371/journal.pone.0081231
http://dx.doi.org/10.1371/journal.pone.0081231

	Dynamics of cholera outbreak with bacteriophage and periodic rate of contact
	Abstract
	1 Introduction
	2 Model formulation 
	3 Local stability of disease free periodic equilibrium point
	4 Global stability of disease free periodic equilibrium point
	5 Uniform persistence of the disease
	6 Periodic solution
	7 Numerical simulations
	8 Conclusion
	References




