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Abstract Approximate, analytical solutions of period-m
motions in a periodically forced, van der Pol oscillator are
obtained through the Fourier series expression, and the corre-
sponding stability and bifurcation analysis of such period-m
motions are carried out. To verify the approximate, analyt-
ical solutions of period-m motions, numerical simulations
are performed, and the numerical results are compared with
analytical solutions. The harmonic amplitude distributions
are presented to show the significance of harmonic terms in
the finite Fourier series expression of the analytical periodic
solutions. Period-m motions are separated by quasi-periodic
motion or chaos, and the stable period-m motions are in inde-
pendent periodic motion windows.

Keywords Period-m motions - Van der Pol oscillator -
Analytical dynamics - Stability and bifurcation -
Harmonic balance method

1 Introduction

Consider a periodically forced, van der Pol oscillator
X4+ x (—al +a2x2) + a3x = Qqcos Q1 (1)

where «;(j = 1,2, 3) are constant parameters. A periodic
force is applied to this system with excitation amplitude of
Qo and frequency of Q2. In Luo and Lakeh [1], the initial
investigation of period-m motions in the van der Pol equa-
tion was investigated. Herein a comprehensive investigation
of period-m motions will be presented for a better under-
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standing of nonlinear characteristics of the van der Pol oscil-
lator entrained by a periodic excitation.

In 1788, Lagrange employed the idea of averaging as a
computational technique to discuss periodic motion of the
three body problem as a perturbation to the two body prob-
lem [2]. In 1920, van der Pol [3] used the same method for
periodic motions of self-excited systems in circuits (also see
[4]). In 1928, Fatou [5] provided the first proof of asymp-
totic validity of the method of averaging through the exis-
tence of solutions of differential equations. In 1935, Krylov
and Bogolyubov [6] developed systematically the method of
averaging and the detailed discussion can be found in Bogoli-
ubov and Mitropolsky [7]. Thus, one extensively used the
averaging method to determine periodic solutions in non-
linear differential equations. In 1964, Hayashi [8] discussed
averaging methods and the principle of harmonic balance,
and the Mathieu equation was used to determine the stability
of periodic solutions. In 1973, Nayfeh [9] systematically pre-
sented the perturbation theory and multi-scale methods, and
Nayfeh and Mook [10] applied such perturbation methods
for approximate solutions of periodic motions in nonlinear
structural vibrations. In 1974, Cap [11] extended an averag-
ing method using Jacobian matrix to determine the pertur-
bation effects of a pendulum oscillator. In 1987, Rand and
Armbruster [13] discussed the stability and bifurcation of
periodic solutions through the perturbation method. In 1990,
Copolla and Rand [12] used the averaging method with ellip-
tic functions for strongly nonlinear oscillators with harmonic
excitation. Xu and Cheung [14] used an averaging technique
based on generalized harmonic functions. In 1998, Buonomo
[15,16] showed the procedure for periodic solutions of the
van der Pol oscillator in power series. Kovacic and Mickens
[17] applied the generalized Krylov—Bogoliubov method to
the van der Pol oscillator with small nonlinearity for limit
cycles. In 2012, Luo [18] developed a generalized harmonic

@ Springer



100

A. C.]. Luo, A. Baghaei Lakeh

balance method to get the approximate analytical solutions of
periodic motions and chaos in nonlinear dynamical systems.
This method used the finite Fourier series to express periodic
motions and the coefficients are slowly time-varying. With
averaging, a dynamical system of coefficients are obtained
from which the steady-state solution are achieved and the cor-
responding stability and bifurcation are completed. Luo and
Huang [19] used the generalized harmonic balance method to
obtain approximate analytical solutions of periodic motions
in the Duffing oscillator, and the analytical bifurcation trees
of periodic motions to chaos were obtained (also see, Luo
and Huang [20,21]).

In this paper, period-m motions in a periodically forced,
van der Pol oscillator will be discussed through the finite
Fourier series expression. The stability and bifurcation analy-
sis of the approximate periodic solutions in the van der
Pol oscillator will be discussed from the dynamics of time-
varying coefficients in the finite Fourier series solution.
Numerical illustrations for period-m motions in the van der
Pol oscillator will be completed to demonstrate the approx-
imate periodic solutions.

2 Analytical solutions

The standard form of Eq. (1) is

i+ fx,x,6)=0 (2)
where

S, x,t)=x (—oq + a2x2) + a3x — Qg cos Q. 3)

As in Luo [18], consider the analytical solution of period-m
motion, i.e.,

*oy o (m) E
X*(1) = a (t)+Zbk/m(t)cos(mQt)

k
“+Ck/m (1) sin (—QI) . “4)
m
Then the first and second order derivatives of x*(¢) are

k2

- (m)

1) = b —t
(1) = a +§ (k/m Ck/m)COS(m )

. k2 . (k2
+ (Ck/m - ?bk/m) sin (;t) , (@)

al kS
Py =a" +> [bk/m + 2y
k=1

(kQ)2 ] (kQ )
—\— ) biym|cos|—t
m m
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Substitution of Egs. (4)—(6) into Eq. (3) and averaging all
terms of cos(kS2¢/m) and sin(kS2t/m) gives

(m) + F(m) ( (()m)’ b, c(m)’(-l(()m)’ pom. é(m)) -0
k2 k2\?
2—Ck/m - (;) bi/m
+F (a(()m{ b ¢ 4™ ), é(m)) =0
. k2 k2\?
Ck/m — 2_bk/m —\— ] %/m
m m

R (aé’"’, B, ¢ 5im pim é(m)) -0
k=1,2,...,N. )

Ek/m

The coefficients of constant,cos(k$2t/m) and sin(k2t/m)
for the function f(x, x, t) can be obtained in the form of

F™ (a(()’”, b 4™ ), é<m))
= —a1a)"” + azal™ + ar ",
Fo (agm’ b ¢ 4™ B, é<m>)
: k
=—a (bk/m + chk/m) +a3bi/m— Qody +02 fik/m>
Fi (ag”), ™ 4™ ), é<m))

. k
= - (Ck/m - ;Qbk/m) + o3Ck/m + 02 f2k/m (8)

where
N N N

RS TITAES 33 30 3 LTI

s=11=1 j=1i=1
with

.. 1
dy i, j. ) = 2N a" (bijmbjjm + ciymCjm) 8.
: !

d(m)(l iD= (()m) I:bi/m (bl/m + ;Qck/m)

. l 0
+ Ci/m (Cl/m - Egbl/m)} 8
dé’”)(z J D = = (biymbjm — ciymcj/m)
! 0
bl/m + n_/lQCl/m 517,',]'»
Ay, j. 1) = = (B mCijm + bijmCi/m)

l 0
Cl/m - Zgbl/m) 51,,',]'»

—‘A-PI—/—\-PI»—

d(gm)(l iD= ( z/mb]/m +Ct/mcj/m)

4
0 0
(bl/m + = ch/m) (‘SHH + 51+zej) ;
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d(g @i j, D= ( j/mCi/m _bi/mcj/m)

1
4
(Cl/m - —le/m) (510—i+j + 510+i—j) :

(10
The nonlinear term for cosine terms is
8 N N N
k ..
frgm = 2. > > dl™ . j. 1) (1)
s=11=1 j=1i=1

with

k . 1 )
dy/" i, j.0 = el [Zaém)aém)bi/mf

+% ( (m)) (51/m + éch/m) 8;‘:| ,
dl(];/m)(iv D= 2;\, (() " [(bi/mbj/m + Ci/mCj/m) 8;‘_‘/

+ (biymbjym = ciymejim) 8y j] :
dl(g/m)(i, 5D = %ao bi/m (bl/m +— : ch/m)

(sh +01r)
(k/m)(l Jj. D= ];a(()m)c,-/m (c'l/m — %le/m)

(5\1 i 5zk+i) 7

k .. 1
™G, g1 = 7 Biymbjjm = Ciyme;m)

. l
(bl/m + anCl/m) (5\kl—i—j| + 5;(+i+j) ’

1
(Bj/mCifm + bifmCi/m)

k
Cl/m — —le/m) ( —ij] — 5z+i+j) ;

d%™ G, g1 =

k
dl( /m)(l J, D= ( l/mb]/m +cl/mcj/m)

4
1
4
bijm + sz PP
1/m Cl/m [[—i—j]| I+i+j) >
1
4

k
did™ . j. 1) = (bjmCifm = bi/mCim)

k
Ci/m — —le/m) ( l—iej| — 31+i+j) :
(12)

The nonlinear term for sine term is

N N N

Fokym = ZZZZW’% i (13)

s=11=1 j=1i=1

with

dy™ 00D = [M“”’aé"”c,/ma +(amy’

. l
(Ck/m - ;le/m) Szk] ,

1
dzz/m)( D= N ém)

sgn(i — ])8|k,_” + (b]/mct/m + bl/m(f]/m) SH—J:I

[ Bismeipm = bigmeim)

k/m) . . 1 . l
d2(3/m)(tv JD= Na(()m)bi/m (Cl/m - Zle/m)
[+ sent = 2oy |
L 1 . [
dﬁ’i/’”)(z, JD= Na(()m)ci/m (bk/m + ;ch/m)
[t = sent = 2oy |

o i . I
dy™ G, j. 1) = 7 (Biym€jim +bjmcim) (bi/m + %Qc,/,,,)

x [8f 14y —sen =i = Do,y .
- 1 . l
dyg™ (0. J. 1) = 5 (bijmbjim = cijme;m) (q/m - aﬂbl/m)
x |8k . 4sen(l —i— j)sk_, .
I+i+j g J)Ou—i—j|>»

. 1 . 1
dz(lé/m)(l, j.D= i (biymbjjm + CiymCism) (Cl/m - %le/m)
x [sgn(l—i+j)5(§7i+j|+sgn(1+i—j)a|’;+l.7ﬂ],
k/m) 1
d28 (i.j.D) = 4 (bi/mcj/m - ]/m‘l/m bl/m + — QCl/m

X [sgn(l—i+j)5‘17i+j| —sgn(/+i —j)5|l+i7j‘:| .

(14)

Define new vectors
2 2 (g 5, c(m))T

= (a(()m), bijms. s DN/ms Clyms - - CN/m)T

= ()
2" = 2 = (3" B, é(m))T

- (agm),z;l/m, ...,I}N/m,él/m,...,éN/m)T

= (574" zg;y) (15)
where
b = (b1, b2y - brym)
¢ = (Clyms C2pmyr s CNJm) - (16)
Equation (7) becomes
2 = z§ ™ and z<m) g™ (z(’”), zgm)) (17)
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where and
_ og™ T
m m (m) -2 0) (c) (s)
g )(z( >,11") = 540 (G , G, G ) 27

(o,
=| —F"™ (20, z"") — 2k 2B 1k, (2)7 B0 | (18)
—FU (20, ) 4 2k L& 4k, (27 ¢m)
where

k| = diag(1,2,...,N),
ky = diag (1, 22, ...,Nz) ;

T
(m) _ (pm) ) m)
B = (R RS F)

T
B — (SR, E)

for N =1,2,...,00; (19)
and

T
ym = (z(”‘), ng)) and £ = (zﬁ’"), g(m)) (20)

Thus, Eq. (17) becomes
yom — g (y<m>) Q1)

The steady-state solutions for periodic motion can be
obtained by setting y = 0, i.e.,

F (a7, b07% e™*,0,0,0) =0,
2
Fim) (a(()m)*, b(m)*, c(m)*’ 0,0, 0) _ Q—zkzb(m)* =0,
m
QZ
Fgm) (a(()m)>f<7 b(m)*, c(m)*’ 0,0, 0) _ _2k2c(m)* =0. (22)
m
The (2N + 1) nonlinear equations in Eq. (22) are solved

by the Newton—Raphson method. In Luo [18], the linearized
equation at y"* = (z(’")*, O)T is

AY™ = Df(m>( *(m)) Ay™ (23)
where

DEm (y*(m)) — ftm (y<m>) /ay™ o (24)
The corresponding eigenvalues are determined by

‘Df(’”) (y*(m)) - )\12(2N+1)><2(2N+1)‘ =0. (25)

where

Df (y(m)*) _ [0(2N+1)x(2N+1) Ionv+hxen+1) i| (26)
Gon+yxev+1) Hontxen+1)
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0 O O ©
60 = (6.6".....6R).
T
© (0 (©)
69 =(6\".6{.....6\)
T
6Y = (6".6Y".....GY) (28)
for N =1,2,...00 with
(©) (© () ()
G = (Gk%’ Gl GkC(ZN)) '
(s) (s) (s) (s)
6 = (6. 6. ... Glow) (29)

fork = 1,2, ... N. The corresponding components are

GO = —a38) — oz,

© _ [+ k ©
Gy = (;) 8, +ai (;Q) Sren — @38 — gy,

k2\? k
G = (;) Strn — 1 (;9) 8 — 3y — 28y,

(30)
where
16 N N N
g0 =g M+ > > > > eV j.l.r) 31)
n=11=1 j=1i=I
with

g(O) (}") — za(m)a(m)80

© : l
g\ j.1.r) = —bim (bk/m + Eszcz/m) 878
o 1 l
(l Jilr) = Cz/m Cl/m - %le/m 5[ ,80
(0) (r) (m) (”1)80

- L[,
8y G jilr) =+ [aé’")bi/m 5 j+ay”

biejm + Lch/m 8 |or
m 1 1

. 1 k
gio)(l, J.lr)= —Naém)—ﬁci/mSIO,i(Sl’
[
g j.lr) = 7bj/m (bl/m + mQQ/m) 8 i
0 1 . l
( )(l By = Cj/m (Cl/m - mel/m) 51 i 15'
11 0 r
=5 7 2 (bjymCism + bimejim) 8- ;9]
1 . l
bj/m (bl/m + ZQ"Z/M) (8?—i+j + 8?+i—j) 8

0),. .
gé)(l,j,l,r)=—*

0),. .
&G, j. 1) =
VG, .1, r) =

Q (bjymei/m = bijmej/m)

0 0
(817i+j + 8l+i7j) 8
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mn r m l r H,. . 11
g, 1) = [aé Yeimd) 87,y +ag )gﬂ?bi/mﬁzoﬁzw] g5, j L k) = =32 (bj/meijm + biymc)/m)
. I . k k
811)(1 J.lr) = —a(() )(Cl/m _%le/m> 51()—i5i+1v (Sll i—jl 81+i+j) ‘Slr
O 1 : ! 0 s D Lk, 1b b : —Q
g G, j,l,r)= _Ecj/m biym + ;ch/m 6l—i—j8i+N 810 a j,lkr)= j/m I/m + —S8eC1/m
11
815 G o 1r)y = 5~ (bigmbjsm — cipmejym) 88y (8|l i+]] +3|l+i—j\) 5
. . l , N 11
g, j.l.r) = Ebj/m (Cl/m - Zgb’/'") 8- 8N g, j. L k. r) = —Z;Q(bj/mci/m — bi/mCj/m)
1 1 k _ sk r
815 1) = Sejm (bum+ chZ/m) (8Il—i+j\ ‘3|l+i—j\) i
1/ 1
(H (m) m)
(81—i+j+5?+i—j) Sisn glz (@ j. L k,r)= __anm ‘Sl Sipn T+ Nao Cj/m
. 11 k k
85?3)(1,],1,7) = ZEQ(bi/mbj/m + CiymCj/m) (8|l —jl 8i+j) i+N
0 0 r k
(80 +80i)) S G2 W k)= ——szag” bijm (8511 + 850 ) 8
d L 1 R [
. glz)(l, Sk, r)y=—-c; (bl/m + —ch/m)
N N N 2 m
© i s k
N33 303 AN o (s tst) o
n=11=1 j=1i=1 1
with 815 G, ju L ko) = 22 (Biymbjpm = ciymejim)
k
eV, j, 1Lk r) = 2 [a(()m)b,-/mék +al" (3|1 i—j| T 3l+i+j) S14n
o1 i QG Ju 1ok ) = 2byym (G1/m = iy
(bl/m + —ch/m) 8[ 86 16 2 J m
m
k r
1 : ! (5|1 i—jl 51+i+') i+N
a,. . j J
Lk, r)y = —b; biym + —
S K N l/m(l/m mn Cl/m) D, jolkr) = 1 (b + IQ )
g7 @, J, Lk, r ‘Cj/m 1/m Cl/m
k
(3|1 it 81+i) 80
1 ! (5|z + \+5|z+'—'\) Sien
N, . )
g§ G, ji L k) =  Cilm (Ck/m - Ele/m) L e A
e\ o gy, .1k, r) = ——Q(bi/mbj/m + Ci/mCj/m)
(5|1 il 81+i) 8o ) .
s ok )8 (34)
2 (|z it+jl T Ol ,\) I+N
M. ) (m) kor (m) r
L0k, 8;5; bi/md:
84 (] r) = Nzao NaO j/mOi and
(5" + 5% )6»’ N N N
[i—Jl i+j)%i
X l gy = ZZZ ¢, .l k. r) (35)
850, j. 1k r) = ~ag” (bl/m+ ch/m) e e
with
k k
(8|17i| + 51+i) 8 2) o . "
(1) 1 ! G, j,lk,r)= |:a0 Cijm0; +a
(@, j, L k,r)=—

a8 —Qcim (8-~ 51) o
lb~ (b + LQC )
) j/m I/m m 1/m
(5 ok ) 5
[l—i—j| I+i+j ) i
1 . l
SCi/m (Cl/m - Zgbl/m)

k k
((Sll i—jl 81+i+j) 8{

(1)(1 J ok, r) =

(1)(1 J Lk, r)=

, !
(cl/m — ;sz/m) 5,"] 8

2)(1 J. Lk, 1) —2 c,/m8k50
ap (. l
+2m (Cl/m — Zle/m) 8{(36

.. . [
g§2)(z, JlLkr)y= Nbi/m (Cl/m - n_19bl/m)
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2) . .
gé)(l,J,l,kJ’):

(2)(1 j Lk, r)=

2) . .
g6, j Lk, r) =

2),. .
e, j, 1k, r) =

2),. .
e, j 1Lk r) =

2),. .
gé)(l,J,l,k,r)=

2) . .
85 (i jlkor) =

2 .
g%o)(h ja 15 ka r) =

eV, j, 1k, r) =

2) . .
g§2)(la jalak7 r) =

e, j, Lk r) =

2 .
e 26, j Lk r) = —

826, j 1 k,r) =
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(shs + sen = 2sf_,)) 8

1 . /

 Ci/m biym + ZQCl/m

(afﬂ. —sen(l — i)a{j_il) 8
1 (m)\2 sk L
N2 Q( m) 818[r+md0m Ci/m

(sgn(z Nk, +al+j)5
1
- (m)

maom Cj/m

k ok
(5z+] J)5|i—j|) 5
1 . l
Na(()m)(w/m - Egbl/m)

(sf,s -+ sentt - i)sﬁ_il) 5

sgn(i —

[ + sentt - i)8|k,_i|] 5
1 . !

3Ci/m biym + ;ch/m
(aﬁiﬂ —sen( =i — Do | &

1 . [
Ebj/m (Cl/m - n_19bl/m)

_5{<+l.+j +sgn(l —i — j)8|'§_i_j‘_ 8t
11
=57 (Bigmbjm = ciyme;m)

ok ]

Dyiji |8
. [

ij/m Clym — Esz/m

_sgn(l —i+ j)8|]§_i+j‘

0iqj +sgnll —i =

sgnl +i = Do |
11
=57 Bigmbjjm + ciyme;m)
[sent =i+ s
tsgn( 4 i — j)al’;ﬂ._ﬂ]a{
2 1
Nz " a8 8f,y + ﬁ“(m)b//m

[senG — sty + 5]y

{ (m)bi/m

2N 0
k
[61+j

1 l
ﬁao )(bl/m +— QC//m)

sgn(i —j)al’;_jl]5;+N

Harmonic Amplitude, A,

Excitation Frequency, Q

Fig. 1 Frequency—amplitude curves of harmonic term based on 100
harmonic terms for period-1, period-3 and period-5 motions in the van
der Pol oscillator (¢; = 5.0, 2 = 5.0, 03 = 1.0, Q9 = 5.0)

g16(l J Lk, r)=

2) . .
857)(15 J’lskvr)

2) . .
gig)(ls ]711 kv r) =

2) ;. .
gi9)(la jvlak7 r) =

2) . .
géo)(ls Jslskvr) =

2) . .
gé])(h J’l’k7 r) =

[8;‘4_1- —sgn(l — i)‘sll;—il] Siyn

[8f+i —sgn(l - ")‘Sﬁ—u] Y

1 . l
= Ebj/m (b[/m + ;ch/m)

k . - ok
[5z+i+j —sgn(l —i — J)5|l—i—j\] SN
11
ZZQ (bi/ij/m + bj/mci/m)
-\ ok
J)8|l—i—j\:| 811N
1 i !
_zcj/m Cl/m — n_'Lle/m
-~ ok r
- ])8|l—i—j\] SitN
1 . l
ECj/m Cl/m — agbl/m

[sendt =i + oy

[8;‘+i+j —sgn(l —i —

[(Sf‘+i+j +sgn(l —i

+osgn( +i —j)al’;H_ﬂ] Iy
1

27 2 Biymeipm = bjmeijm)
[sent =i+ s

—sgn(l +i — j)al’;ﬂ._ﬂ](slrw (36)

forr =0,1,...,2N.
gg(m T
g(m) - (H(O)’H(c)’H(s)) (37)
0z,
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Fig. 2 Frequency—amplitude curves of harmonic terms based on 90 harmonic terms for period-1 motion in the van der Pol oscillator: (i)—(x)

Ayp—1 (m =1,2,...,10), (xi) Ass and (xii) Agg (o] = 5.0, 0 =5.0,3 = 1.0, Q9 =5.0)

where

0 O 1O 0
HO = (5 1", 1Y),
T
© H© ©
B = (17,1, HY)
(38)

s ) s
HO = (B, By, ...

forN =1,2,...00, with

() _ (c)
H = ( k0 >

() _ (s)
H" = (HkO ’

(c) (c)
Hy's .o Hk(ZN)) ’

(5) (5)
kLo Hk(ZN))

(39)

fork = 1,2, ... N. The corresponding components are

HO = a8

—ah©

k
(c)
Hyy :_2(7

)k e — i
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Fig. 3 Frequency—amplitude curves of harmonic terms based on 60 harmonic terms for period-3 motion in the van der Pol oscillator: (i)—(xi)
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and Table 1 Input data for numerical illustrations (¢ = 5.0,0p =
6 N N N 5.0,a3 = 1.0, Qp = 5.0)
hl(cj’) = Z z Z Z h;z) @, j,lLk,r) 45) Q Initial condition (xg, Xo)
n=li=lj=li=l Fig. Sa—d 1.385 (—1.781350, 0.579786) HB90 (P-1)
with Fig. 6a—d 2.3 (1.707910, 0.330133) HB60 (P-3)
Fig. 7a—d 32 (—0.245784,0.098412) HB100 (P-5)

2
W2 G, j k) = ﬁag"”c,-/mafs{)

2, . 1 .
h(2 )(l, Ji Lk, r)= ﬁbj/mc,-/m [sgn(z - j)S‘ki_ﬂ + Sf_i_j] 80

. 1 .
th) @ j.lk,r)y= ﬁbi/mcj/m I:(Sf.q.j —sgn(i — J)‘S\ki—j\] 80

. 1 .
n gl k) = ai" i (ot = sentt = 2l ] of

1
WG, j k) = <

7 (Bifm€jm +bjjmeijm)

[8;(+i+j —sgn(l —i — j)8|kl—i—j\] 8

. 1
G, o1k, r) = 2 Bi/meiim = bjjmcism)

[sgn(l —i+ j)8|kl_i+j|
—sgn(l +i — J')5|k]+,'7j\]51r (46)

From Luo [18], the eigenvalues of Df ") (y*(™)) are classified
as

(n1,n2, n3|na, ns, ne) 47

The corresponding boundary between the stable and unstable
solution is given by the saddle-node bifurcation and Hopf
bifurcation.

3 Frequency—-amplitude characteristics

The curves of harmonic amplitude varying with excitation
frequency €2 are illustrated. The corresponding solution in
Eq. (3) can be re-written as

N
k
x*(t) = a(()m) + ; A /m oS (ZQI — ‘/’k/m)- (48)

where the harmonic amplitude and phase are defined by

Ck
Atjm = [0+ e @1y = arctan " (49)

k/m

The system parameters are
a1 =5.0,0p =5.0,3 =1.0, Qo = 5.0 (50)

The frequency—amplitude curves for period-1, period-3 and
period-5 motions based on 100 harmonic terms accordingly
are presented in Fig. 1. The acronyms “HB” and “SN” are

used to represent the Hopf bifurcation and saddle-node bifur-
cation, respectively. Solid and dashed curves represent stable
and unstable period-m motions. For the period-1 motion, the
Hopf bifurcation is observed. After the Hopf bifurcation, the
quasi-periodic motions exists and further the chaotic motions
can be developed. For period-3 and period-5 motions, the
saddle-node bifurcations are observed. After the saddle-node
bifurcation, the period-3 and period-5 motions disappear.
Such periodic motions are embedded in chaotic motions or
switch to the other periodic motions. In Fig. 1, it is obvi-
ously observed that three periodic motions possess gaps. In
such gaps, the quasi-periodic and chaotic motions will exist.
For 100 harmonic terms, curves of harmonic frequency—
amplitudes can be similarly presented. The curves shapes
may be different, but with increasing harmonics order, the
harmonic amplitudes will decrease.

For a better understanding of period-m motions, the com-
prehensive discussion of frequency—amplitude responses
should be completed herein. In Fig. 2, the harmonic ampli-
tudes Aoyy—1 (m = 1,2, ...,10), Ass and Agg are presented.
ForQ € (0,0), A1 < 4.0, A3 < 1.0, A5 < 5% 1071, 47 <
4%x1071, A7 <4x1071, Ag <3x1071, A;p <2x 1071,
For harmonic amplitude Ajj, the zoomed window shows
the stable period-1 motion have Aj; € (0.02,0.1). Simi-
larly, A13 < 1.6 x 10! but the stable period-1 motion with
A3 € (0.02,0.07); Ajs < 1.6 x 107! but the stable period-
1 motion with A5 € (0.02,0.07); A7 < 1.3 x 10~! but the
stable period-1 motion with A7 € (0.003,0.04); Aj9 <
1.2 x 107! but the stable period-1 motion with A9 €
(0.002, 0.03). For harmonic amplitude As5 < 2.5 x 1072,
the stable period-1 motion has Ass € (107%,1073). For
harmonic amplitude Agg < 9 x 1073, the stable period-1
motion has Agg € (10710, 1073). The Hopf bifurcations of
period-1 motion occur at 2 &~ 0.665 and 2 ~ 1.385. After
the two Hopf bifurcations, the quasi-periodic motions of
the periodically excited, van der Pol oscillator are observed.
For small excitation frequency, more harmonic terms should
be involved in the finite Fourier series solution of period-1
motion.

For period-3 motion, the harmonic amplitudes A2, —1/3
(m = 1,2,...,11) and As9 are presented for Q €
(1.3904, 2.371) in Fig. 3. The stable period-3 motion is on
the upper portion of the closed loop in 2 € (1.3990, 2.371).
The harmonic amplitudes for the stable and unstable period-
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Fig. 4 Frequency—amplitude curves of harmonic terms based on 100 harmonic terms for period-5 motion in the van der Pol oscillator: (i)—(xi)
A@m-1ys (m=1,2,...,13) and (xii) Agg/s. (@1 =5.0,2 = 5.0, 3 = 1.0, Qg = 5.0)
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Fig. 4 continued

3 motion are Aj;3 € (1.0,2.2), A1 € (0.2,1.3), As;3 €
(0.15,0.7), A7;3 € (0.05,0.3), A3 € (0.03,0.21), Ayy/3 €
(0.02,0.15), Aj3/3 € (0.01,0.12), A15,3 € (0.01,0.09),
Ay7,3 € (0.003,0.07), Ags3 € (0.002,0.06), A7 € (0.001,
0.05). To save page number, As9/3 € (1077,2 x 1073).
For small excitation frequency, more harmonic terms should
be involved in the finite Fourier series solution of period-
3 motion. The two saddle-node-bifurcations occur at Q =~
1.3990 and 2 ~ 2.371. Once the period-3 motion disap-
pears, the chaotic motions will be around. In other words,
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the period-3 motion is embedded in chaotic motions of the
periodically forced van der Pol oscillator.

For period-5 motion, the harmonic amplitudes A2, —1)/5
(m = 1,2,...,13) and Agy;s are presented for Q2 €
(2.4953, 3.3540) in Fig. 4. The stable period-5 motion is on
the upper portion of the closed loop in 2 € (2.4953, 3.3540).
The harmonic amplitudes for the stable and unstable period-
5 motion are Ays € (1.8,2.2), A3;5 € (0.3,0.7), A1 €
(0.15,0.7), A7;5 € (0.1,0.7), Ag;s5 € (0.07,0.17), A11/5 €
(0.04,0.13), A135 € (0.03,0.11), A3 € (0.025,0.08),
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A5 € (0.02,0.06), A19;s € (0.01,0.045), Azyy5 €
(0.007,0.0375), Axz;s € (7 x 1073,3 x 10_2),A23/5 €
(6 x 1073,2.5 x 1072). To save page number, Agg/s €
(1078,3 x 1073). For small excitation frequency, more
harmonic terms should be involved in the finite Fourier
series solution of period-5 motion. The two saddle-node-
bifurcations of period-5 motions occur at 2 ~ 2.4953 and
Q ~ 3.3540. Once the period-5 motion disappears, the
chaotic motions will also be around. In other words, the
period-5 motion is embedded in chaotic motions of the peri-
odically forced van der Pol oscillator.

4 Numerical illustrations

To illustrate period-m motions in the van der Pol oscilla-
tor, numerical simulations and analytical solutions will be
presented. The initial conditions for numerical simulations
are computed from approximate analytical solutions of peri-
odic solutions. In all plots, circular symbols give approximate
solutions, and solid curves give numerical simulation results.

Displacement, x

10.0 ¢

50F

Velocity, y
o
o

5.0

Displacement, x

(c)

The numerical solutions of periodic motions are generated
via the symplectic scheme.

The trajectories and harmonic amplitudes of period-1,
period-3 and period-5 motions are presented to verify approx-
imate analytical periodic motions in such an oscillator. The
displacement, velocity, trajectories and harmonic amplitude
spectrums of period-1, period-3 and period-5 motions are
presented for 2 = 1.385, 2.3, 3.2. The input data for numer-
ical simulations is in Table 1. In Fig. 5, 90 harmonic terms
(HB90) are used in the analytical solution of period-1 motion
for Q@ = 1.385. The displacement and velocity responses
are presented in Fig. 5a, b, respectively. The analytical and
numerical results of the period-1 motion match very well.
The fast and slow movements of the van der Pol oscil-
lator can be clearly observed. The main amplitudes are
A1 ~ 2.057854, A3 ~ 0.448938, A5 ~ 0.189691, A; ~
0.092938, A9 =~ 0.048419, A;; =~ 0.026053, A3 =
0.014295. Since the excitation frequency is small, higher
order harmonic terms should be in approximate solutions
of period-1 motions. The trajectory for this period-1 motion
has one cycle, and the higher order harmonic terms have sig-
nificant contributions on the periodic motion.

12.0 ¢

Velocity, y

_12_0:\\\\\\“\\\ \\\\\\\\\ T S R R SRR

Harmonic Amplitude, A

1e_12\\\\\\\\\‘\\\\\\\\\‘\\\\\\\\\‘\\\\\\\\\‘\\\\
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Harmonic Order, k

(d)

Fig. 5 Period-1 motion (2=1.138): a displacement, b velocity, ¢ trajectory and d amplitude. Initial condition (xg, x9)=(—1.781350,

0.579786), (a; =5.0,a0 = 5.0, 23 = 1.0, Q9 = 5.0)
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Fig. 6 Period-3 motion (2 = 2.3): a displacement, b velocity, ¢ trajectory and d amplitude. Initial condition (xg, xo) = (1.707910, 0.330133),

(1 =5.0,a0 =5.0,3 = 1.0, Q9 = 5.0)

For the period-3 motion, 60 harmonic terms are used
for approximate analytical solutions of period-3 motion, as
shown in Fig. 6 for Q@ = 2.3. The time-histories of dis-
placement and velocity for period-3 motion are presented
in Fig. 6a, b. Compared to the period-1 motion, the response
curves for the slow moving portion are wavy. In Fig. 6c,
the trajectory of period-3 motion for 2.3 is illus-
trated and the peiod-3 motion possesses a large cycle with
two small cycles, different from the period-1 motion. In
Fig. 6d, the harmonic amplitudes are presented with their
distribution A3 2.162036, Ay ~ 0.657342, As/3

~
~

0.306563, A7/3 ~ 0.170757, A3 ~ 0.113623, A11/3 ~
0.076060, A13,3 ~ 0.052751, As ~ 0.037229, Ay7,3 ~
0.026567, A19;3 ~ 0.019141, A7 ~ 0.013880, Ax3;3 ~

0.010120, “Am—1)/3 ~ 1073(m = 13 ~ 19), 10~*(m
20 ~ 28),and 107>(m = 29 ~ 30).” The pattern of har-
monic distributions is different from period-1 motion.

The period-5 motion is presented in Fig. 7 for 2 = 3.2and
the analytical solution is given by 100 harmonic terms
(HB100). The analytical and numerical solutions for dis-
placement and velocity responses of period-5 motion are
shown in Fig. 7a, b, respectively. Compared to the period-
1 and period-3 motions, the response curves for the slow

moving portion are more wavy. In Fig. 7c, the trajectory of
a period-5 motion in phase plane is presented. The period-
5 motion has a big cycle with four small cycles at the
two ends symmetrically. In Fig. 7d, the harmonic ampli-
tudes are Ajys 2.139456, A3z;s ~ 0.666350, A;

0.296105, A7/s 0.939406, Ag/s 0.126531, Ay1/5
0.077993, A13/5 0.057344, A3 0.041025, Ay7/5
0.029733, A19/5 0.022050, Az1/5 ~ 0.016265, Az3/5
0.012120, “A@m-1y/5 ~ 1073(m = 13 ~ 20), 10~*(m
21 ~ 28),107%(m = 29 ~ 38),10°%m = 39

47),1077(m = 48 ~ 50).”

&

~
~ ~
~ ~
~

R Q&

l

5 Conclusions

In this paper, the approximate analytical solutions of period-
m motions in the periodically forced van der Pol oscillator
were obtained through the finite Fourier series expression.
The corresponding stability and bifurcation analysis of such
approximate solutions in such van der Pol oscillator were
carried out, and the comprehensive discussion of frequency—
amplitude characteristics were completed. Numerical illus-
trations for period-m motions in the periodically forced, van

@ Springer



114

A. C.]. Luo, A. Baghaei Lakeh

Displacement, x

10.0 20.0

Time, t

Velocity, y

Displacement, x

(¢

Velocity, y

Subharmonic Amplitude, A,

12.0

6.0

0.0

-6.0

5T

10.0 20.0 30.0

Time, ¢

(b)

Harmonic Order, k/5

(d)

Fig. 7 Period-5 motion (2 = 3.2): a displacement, b velocity, ¢ trajectory and d amplitude. Initial condition (xg,x9) = (—0.245784,
0.098412), (a1 = 5.0, = 5.0, 03 = 1.0, Qg = 5.0)

der Pol oscillator were carried out to verify the approximate
solutions. The period-m motions are individually embedded
in the quasi-periodic and chaotic motions.
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