Journal of the Brazilian Society of Mechanical Sciences and Engineering (2023) 45:586
https://doi.org/10.1007/540430-023-04498-y

TECHNICAL PAPER q

Check for
updates

Laplace transform solution of the time-dependent annular Couette
flow with dynamic wall slip

AhmedE. K. Ali'® . A.F. Ghaleb' - M. S. Abou-Dina’ - M. A. Helal'

Received: 21 March 2023 / Accepted: 9 September 2023 / Published online: 17 October 2023
© The Author(s) 2023

Abstract

The annular Couette flow has several industrial applications, particularly for the characterization of the fluid flow and defor-
mation behavior of fluids. The inclusion of the dynamic wall slip into the flow boundary conditions seems to be necessary
for an efficient continuum description of motion of nanofluidics as it reflects the importance of fluid—structure interface
related phenomena. Dynamic wall slip introduces a dissipative boundary condition and thus increases the difficulties of
finding solutions to related problems. In the present work we investigate the behavior of fluid flow between two infinitely
long coaxial circular cylinders, when the inner cylinder is axially moving due to sudden constant velocity, while the outer
cylinder is held stationary. The boundary condition on the outer cylinder is that of dynamic wall slip, in addition to the usual
Navier slip. The medium considered here is a Newtonian viscous fluid. The solution of the governing equations, initial and
boundary conditions for this flow is obtained using the Laplace transform technique and inversion by Laguerre polynomi-
als. This method may be useful, when applied in conjunction with perturbation methods, to solve nonlinear Couette flow

problems involving temperature changes. Numerical results are presented and discussed.

Keywords Annular Couette flow - Annular region - Newtonian fluid - Dynamic slip - Laplace transform - Laguerre

polynomials

1 Introduction

The transport of fluids in channels has been an interesting
topic over many decades, with interesting applications in
many fields of research in industry, biomechanics and medi-
cal engineering. Recent developments involve fluids with
complex structure, industrial and biological fluids such as
refrigerants, lubricants, bioliquids, and polymeric solutions
and in the past two decades nanofluids in which the presence
of nanoparticles helps to enhance and control the various
thermophysical characteristics of the flow. A huge amount of
literature exists on the subject, among which [1-11] just to
cite a few, in which different factors are investigated which
affect the fluid flow, for example the effect of electric and
magnetic fields, the shape of the channel, the type of fluid
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and the thermal effects. Exact solutions could be found to
few of these problems, but numerical methods are most
popular to deal with the arising nonlinear systems of partial
differential equations.

The cylindrical Couette flow has attracted the attention
of many researchers in the two cases of axial or rotational
motions, due to its numerous applications in industry and in
biomechanics. Stability problems form an important trend
in this field of research. Complex boundary conditions may
be significant for a proper desription of the fluid—structure
interaction at the interface. The dynamic wall slip involv-
ing a time derivative is an example of such boundary con-
ditions. It emerged from laboratory experiments showing
that the slip velocity of certain fluids exhibits a relaxational
or delay behavior that requires introduction of a dynamic
response of the fluid. Such a dynamic slip introduces a dis-
sipative term and thus requires attention as it adds to the
technical difficulties facing the process of finding solutions.
Hatzikiriakos et al. [12] pointed out at the existence of slip in
industrial applications involving fluids of complex structure,
more specifically polymer melts. A mathematical analysis of
Navier—Stokes-like problems with a dynamic slip boundary
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condition was developed by Abbatiello et al. [13]. Matthews
and Hill [14] reviewed the continuum description of nanoflu-
idics with altered boundary conditions at the fluid—structure
interface. Gittler [15] studied the linear stability of axial
parallel Poiseuille—Couette flow in an annulus between con-
centric cylinders, where it is shown that pure sliding Couette
flow can become unstable if the radius ratio is below a spe-
cific threshold value. Kaoullas and Georgiou [16] derived
analytical solutions for the Newtonian Poiseuille and Cou-
ette flows with dynamic wall slip. Malkin and Patlazhan [17]
presented a review on the slip condition in complex liquids.
Abou-Dina et al. [18] investigated a problem of plane Cou-
ette flow under dynamic wall slip. Analytical approximate
solutions for the axial flow of polymer power-law fluids in
an annular region were presented by Deterre et al. [19], but
ignoring dynamic slip. Pitsillou et al. [20] considered vari-
ous steady shearing Newtonian Couette or Poiseuille flows
with logarithmic and Navier wall slip. Huilgol and Georgiou
[21] developed a fast numerical scheme for the study of non-
Newtonian fluid flow in pipes under pressure gradient.

A thorough review of the literature reveals that initial
boundary value problems for Couette flow under dynamic
slip boundary condition are very few in number. To the best
of authors’ knowledge, no attempt was made to investigate
the cylindrical annular Couette flow under dynamic wall slip
condition.

In the present work we consider the transient annular
Couette flow of a Newtonian viscous fluid between coaxial
circular cylinders under dynamic wall slip, using Laplace
transform technique. The inner cylinder is given a sudden
axial velocity that is kept constant in subsequent times,
while the outer cylinder is held stationary. The boundary
condition on the outer cylinder is a dynamic slip condition
and on the inner one a non-slip condition. The dynamic
wall slip takes place in transient regimes and represents a
dissipative retardation phenomenon that may have relevant
effects on the flow (C.f. [17]). It is thus a problem of practi-
cal interest. It is the aim of the present work to assess the
importance of the dynamic slip on the flow behavior. For this
reason, the properties of the flowing liquid have been kept
simple, involving only viscosity. Laplace transform tech-
nique and inversion by Laguerre polynomials is used here
to find the solution of the governing equations and limiting
conditions. It is known that the numerical inversion using
Laguere polynomials gives high accuracy on a wide range of
functions (C.f. [22]). Moreover, this method may be applied,
in conjunction with perturbation methods, to solve difficult
problems of nonlinear Couette flow and similar problems.

The material of this work is presented as follows: Sect. 1
is an Introduction; in Sect. 2, the governing equations and the
boundary conditions of the start-up annular Couette flow of
a Newtonian fluid are presented. The steady-state solution is
derived and compared to the planar Couette case. In Sect. 3,
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the Laplace transform method for solving the flow problem
is briefly presented and the numerical method used for the
inversion of the Laplace transform is discussed. Section 4 is
devoted to the numerical results. The calculated solution is
tested against the steady-state solution, which it is eventu-
ally reached at infinite time. In Sect. 5, the conclusions are
presented.

The obtained results illustrate the interplay between the two
slip coefficients: Navier slip and dynamical slip. It is demon-
strated that these two slip parameters yield damping effect on
the evolution of the time-dependent solution as expected. More
specifically, it turns out that in the presence of Navier slip,
the dynamical slip has noticeable effect only when the cor-
responding parameter A is sufficiently large. The presence of
dynamic wall slip produces retardation in reaching the steady
state. This fact has important consequences in theometry. The
obtained results assess the effect of both slip parameters on
the volumetric flow rate, which is one of the important factors
for flow control. Comparison was carried out with the case
of no dynamic slip. It is shown that the dynamic slip reduces
the flux, but this reduction tends to disappear as steady state
is approached.

It is important to note that the proposed method relying
on the use of Laplace transform and numerical inversion by
Laguerre polynomials, as for other techniques, loses efficiency
when the thickness of the annulus decreases, and when the
values of the slip parameter B are smaller.

2 Governing equations

We consider the unidirectional, annular flow of a Newtonian
viscous fluid occupying the region between two infinite cir-
cular coaxial cylinders of radii R; and R,, R; < R,. The fluid
is assumed to exhibit dynamic wall slip along the fixed outer
cylinder and no-slip along the moving inner cylinder. The fluid
is at rest, and suddenly, the inner cylinder starts moving axi-
ally at a speed U,,, while the outer cylinder is kept fixed as
illustrated in Fig. 1.

Assuming that the effect of gravity is negligible and that
all thermal effects can be neglected, the r-component of the
momentum equation in cylindrical coordinates reduces to
oU R < oU )

v——/|r .

(V,l) E

ot T ror M

The boundary conditions for this initial boundary value
problem read:

U(r,t) = Uy H(2) atr =Ry, )
oUu 10U
_— = —— — = R
Ulr,n+ A o (r,1) B or (r,1) atr 2s
3)
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Fig. 1 Geometry of annular shear flow

where H(?) denotes the Heaviside unit step function and A, B
are the non-negative dynamical slip and Navier slip num-
bers, respectively (see [18]). The added negative sign in the
r.h.s. of equation (3) is due to the fact that the velocity gra-
dient is negative throughout the flow, This sign should be
removed in case the start-up velocity is placed at the outer
boundary.
The initial condition is given by

Ur,0)=0 at r<0. 4)

Here, U is the velocity, and the other parameters have their
usual meaning (see [18]).

The simplified model under consideration allows to con-
centrate on the effect of the dynamic wall slip on the flow
behavior, and on the interplay between this dynamic slip
and Navier slip.

We shall now go to the dimensionless form of Eqgs.
(1)-(4). To this end, we introduce the characteristic veloc-
ity U, and length R;:

R
RERL, €ER_2’ VEUE, TEV—Z
1 1 0 )
and
AELZ, B’ = BR,
R,

are the dimensionless slip-relaxation and slip numbers,
respectively. With the above scalings, after dropping the
'‘prime,’ the equations in dimensionless form read:

2
OVrry+ L% R 1 )

VRT) =
oT R OR

~ oR?
The initial and boundary conditions are given by:
T<0:

V(R,0)=0 forISR<e  (6)

v
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Fig.2 Profiles of the steady-state velocity for ¢ = 1.4 and three val-
ues of B as calculated from the final-value theorem of Laplace trans-
form: B = 1.0 (dotted line); B = 10.0 (dash-dotted line); B = 100.0
(plain line)

T>0: V(R,T) = H(T) atR=1 (7)
oV 10V
V(R,T) + Aﬁ(R, T) = —Eﬁ(k, T) atR=c¢ (8)

2.1 The steady-state solution

For large values of time, a steady state practically estab-
lishes in the flow domain. This solution may be derived
directly by setting to zero all time derivatives in the gov-
erning equation and boundary conditions. It reads:

1+B€1HE

V,(R) = ©)

1+ Belne’
This steady-state profile is logarithmic, in contrast to the lin-
ear one for the Newtonian viscous flow between two plates
(C.f. [18]). In case R = ¢, i.e., at the outer cylinder, one gets
the value of the steady-state velocity in the form:

1

V()= —a .
(€) 1+ Belne

(10
Figure 2 represents the steady-state solution for three values
of parameter B. Note that the no-slip case corresponds to
B = oo, from which we get V,(¢) = 0. The other limiting
case corresponds to B = 0, which implies that we have full
slip. In this case the velocity profile in Eq. (23) is simply
Vi(e) =1

The value of the steady-state slip velocity V, for the
plane Couette flow as given in [18] is V, = L In refer-

B+1"
ence to this value, the relative variation of the steady-state
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slip velocity between the annular and the plane Couette
flows is given by:

AVS Vsannular _ Vs l—elne

=B. . 11
V, V, 1+ Belne (in

This expression vanishes for
elne =1,

irrespective of the value of the Navier slip number B.

Figure 3 exhibits this relative variation as function of
parameter €, from which it is seen that that the steady-state
slip velocity for the annular Couette flow is approximately the
same as that of the plane Couette flow for values € ~ 1.765,
but is different otherwise.

3 Time-dependent solutions

The standard Laplace transform method is used to derive the
solution of problem (5)-(8), with Laguerre polynomials expan-
sion to achieve the numerical inversion of Laplace transform
for the determination of the initial velocity function V(R, T).

3.1 Solution by Laplace transform

Define the Laplace transform of V(R, T) as:
V(R,p) = / V(R,T)e "' dT. (12)
0

The transformed problem in terms of the new dependent
variable V(R, p) reads:

—
o
ALE|

Fig.3 Relative variation of the steady-state slip velocity as func-
tion of e for three values of B, based on the slip velocity V of the
plane Couette flow: B = 1.0 (dotted line); B = 10.0 (dash-dotted line);
B =100.0 (plain line)

@ Springer

d*V(R,p)  1dVRR,p) 3
pre R 4R -pVR,p)=0 (13)
V(R,0)=0 for I<R<e (14)
V(l,p) = 1 15
’ » (15)
dv _ -
E(e,p) = —B(1 + Ap)V(e, p). (16)

The solution of Eq.(13) satisfying boundary conditions
(15)—(16) is easily seen to be:

V(R.p) = a(p)ly(1/pR) + B(p)Ky(+\/PR). (17)

where [, and K|, denote the well-known modified Bessel
functions, and the coefficients a(p) and f(p) are given as:

—B(1 + Ap)K, K
() = 1+ Ap) o(\/ie) + \/1_7 1(\/1_76)'117 18)
B(1 + Ap)Iy(+1/pe) + /p I,(1/Pe)
B(p) = ° \[D VPP ]% (19)
with

D = —B.(1 + Ap) [Ko(\/PO(\/P) = Iy(\/PENKo(1/P)]
+/p|Ki (VP (\/P) + I, (\/PeNKo(\/P)]-
(20)

The steady-state solution may be recovered within the above
formulation by assigning sufficiently large values to the time.
The final-value theorem of Laplace transform enables us
to find the value of a function as time grows indefinitely
large directly from its Laplace transform without the need
for finding the inverse Laplace transform. This theorem is
expressed as:

tllglo V(R, 1) = E_}m()p V(R,p). 1)
Using the well-known asymptotic expressions for modified
Bessel functions for small argument:

Ia(Z) ~ ﬁ (% )a,

Ka(z) ~ 2 Zz

—1In % -y, a=0,

a#0

where I' denotes the gamma function and y is the
Euler—Mascheroni constant (y ~ 0.577), one obtains after
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Fig.4 Moderately thick flow region

some manipulations the following expression for the steady-
state solution:

€
1+B€1HE

lim V(R,?) = (22)
=00

1+ Belne’

which matches exactly the solution given in (9).

3.2 Numerical inversion of Laplace transform
by Laguerre polynomials

The inversion of the Laplace transform may be easily
obtained by the method presented in [23], the main idea

of which resides in finding a suitable representation of the
given transform in its domain of regularity, using a certain
class of functions whose inversion is known. The method
is explained here briefly. Further details may be found in
the cited reference. Other applications of the method are
presented in [24, 25]. For this purpose:

e The transform function V(R, p) of the complex variable
p = s+ iw, is assumed to be analytic in the right half-
plane including the imaginary axis for all values of R.
Moreover, suppose that

lim [pV(R, p)]

exists, is finite and uniquely determined as p approaches
infinity in both directions of the imaginary axis and that
V(R, p) can be calculated numerically at arbitrary points
of the imaginary axis. This is almost usually the case in
practical situations.

e Make the conformal transformation

_¢-p

z= Cip (23)

of the complex plane on itself, where ¢ is a real positive num-
ber, which maps the entire right half-plane into the interior
of the unit circle. The unit circle itself becomes the image of
the infinite imaginary axis. Parameter { plays the important
role, when properly chosen, of accelerating the convergence
of some used series representation as explained in the sequel.

— Introduce a new function

F(R,p)=( +p)V(R,p) (24)

Fig.5 Velocity profile for 1 T
A =0.0and B = 1.0 at different
time moments 0.9

t=

t=0.8

1
1 1.05 1.1

1 1 1
1.15 1.2 1.25 13 1.35 1.4
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that remains finite even as parameter p tends to +ico. This
new function allows to express the transform function
V(R, p) finally as a series expansion of functions which
could be invertible and produce known expressions. Now
express F(R, p) in terms of the new variable z and let the
resulting function be denoted F(R, z). This function is
finite on the unit circle and analytic in its interior.

— Approximate function F(R, z) by an interpolating poly-
nomial P(z) at n equidistant points on the unit circle:

n—1

P(R,2) = ) C(R)Z
k=0

— Determine the coefficients C,(R)
— Find the inversion Laplace transform £~ in the form:

n—1

V(R,1) = Z(—l)kék(R) £ (281), (25)
k=0

where &, are the real parts of C, and 7, are Laguerre poly-
nomials defined as:

e dt k —t —1/2
£ (n) = Fﬁ(l e’)=ePL(), k=0,1,2,.... (26)
It is known [26] that the functions £, (¢), k =0, 1,2, ... form
a set of orthonormal polynomials in the interval (0, co).

4 Numerical results
The Laguerre series (25) is shown in [23] to converge

uniformly (even absolutely) over every finite interval
0 <t £ty < oo towards the actual original function V(R, T).

The derviatives of V(R, T) can be obtained by differentiating
the Laguerre series for V(R, T) term-wise, which converge
again uniformly (even absolutely) over the same time inter-
val. A reasonable value for the parameter n appearing in the
above sum compromises between accuracy and the calcula-
tion time. For our purposes, n ~ 100.

Many numerical experiments were carried out in order
to assess the dependence of the solution on the value of the
parameter ¢, the proper choice of which is of primordial
importance for correct numerical results. It was noted that
reliable results could be obtained only when { > 2.5. This
is different from the case of plane Couette flow, the calcula-
tions of which have shown that { > 1.1.

The displayed numerical results have been obtained with
¢ = 2.5 and radii ratio € = 1.4. Figure 4 shows a normal
cross section of the flow region, which is a moderately thick
annulus. Generally, computations are more difficult to carry
for thinner annuli.

4.1 CaseA=0

Figure 5 shows the velocity profile for A = 0.0 and slip
number B = 1 at different time moments. The value of the
slip velocity as calculated from the upper curve (steady
state) matches that in Fig. 2. One may thus conclude that
the steady state practically establishes and the flow may be
considered as fully developed starting from time ¢ = 5.

Figure 6 shows the behavior of the slip velocity with
time for different values of the Navier slip parameter B,
with curves tending to saturation values which decrease as
B increases.

Fig.6 Slip velocity for A = 0.0 1 T T
and different values of param- B=0.01
eter B 0.9 =w===== B=0.1
B=1
0.8} | =emmmune= B=10
B=50
0.7
0.6
=
X o5
>

PP L

0 0.1 0.2
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Fig.7 Evolution of the velocity 1 T
profiles for B = 1.0, A = 0.01
and different values of time 091

0.8

— B=1, A=0.01

t=

t=0.8

1 1.05 1.1

4.2 Case\ #0

In the following figures, the dynamic slip parameter A will
be given different nonzero values, in order to assess its influ-
ence on the flow. For the sake of comparison, this parameter
will sometimes be given zero value.

At first we shall explore the effect of small values of
the dynamic slip parameter A on the flow behavior. Fig-
ures 7 and 8 represent the velocity profiles at different time
moments for B = 1.0, and for A = 0.01, 0.1, respectively.
It is noticed that these two figures are close to each other,
almost undistinguishable, although the value of parameter A

1.15 1.2 1.25 1.3 1.35 1.4
R

was increased by 10 times. One may thus conclude that the
small enough values of the dynamic slip parameter A yield
almost the same effect on the flow.

Figures 9, 10 and 11 illustrate the evolution of the
slip velocity for three values of Navier slip parameter B:
B = 1.0, 3.0, 10.0 and four values of the dynamic slip param-
eter A ranging from 0.0 to 1.0. These figures will serve as
reference for the evaluation of the effect of the dynamic slip
parameter A on the slip velocity. As time grows, the curves
tend asymptotically to saturation values which decrease
monotonically as parameter A increases. The slip velocity
decreases as B increases.

Fig. 8 Evolution of the velocity 1 T
profiles for B = 1.0, A = 0.1and
different values of time 09

0.8

0.6

0.5

V(R,t)

041

0.2

01

1 1.05 11

115 1.2 1.25 1.3 1.35 14

@ Springer



586 Page8of12

Journal of the Brazilian Society of Mechanical Sciences and Engineering (2023) 45:586

Fig. 9 Time evolution of the
slip velocity for B = 1.0 (strong
slip) and four values of A

A=0

wnmmnmnnn A =1

B =1

v

!

mmm W

oLl
. P L S
ety

I I I 1

0.2

4.3 Volumetric flux

In problems involving fluid flow in tubes and channels, it is
of practical importance to secure accurate volumetric flux
measurements, irrespective of the nature of the flowing fluid
and the geometry of the tube or channel. Accurate measure-
ment of the volumetric flux ensures an efficient fluid control.
It can have a significant effect on output quality, reduction
of waste and minimisation of environmental impact, a vital
requirement in industry for cost efficiency, health and safety
purposes.

01.5
t (time)

0.3 0.4 0.6

Figure 12 represents the behavior of the volumetric
flux as function of time for a case of strong Navier slip
(B = 1.0) for four values of the dynamic slip parameter A,
while Fig. 13 illustrates the flux as function of time for
A = 0.5 and three values of parameter B. For the sake of
comparison, we have represented in Fig. 14 the volumetric
flux for the case of no dynamic slip and for three values of
parameter B. Comparison shows that the volumetric flux
has decreased by ~ 33% as parameter A has changed value
from 0 to 0.5.

Fig. 10 Time evolution of the 0.4 I T
slip velocity for B = 3.0 and

four values of A

0.35

0.3

0.25

0.2

V(R,t)

0.15

0.1

0.05

0.2
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Fig. 11 Time evolution of the 0.2 T T
slip velocity for B = 10.0 (mod- A=0
erate slip) and four values of A 0.18 = A=0.01
A=0.1
0.16
0.14

V(Rt)
o

0.08

0.06

0.04

0.02

5 Discussion

As explained above, the simple nature of the flowing viscous
fluid, and the exclusion of gravity and of any thermal effects
in the present formulation, has allowed to concentrate on
the effect of the dynamic slip with parameter A on the flow
behavior, and the interplay with Navier slip with parameter
B. In particular, the retardation influence of both slips was
put in evidence in the figures illustrating the distribution
of velocity in the annulus as function of time. Again, the

1
0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
t (time)

influence of dynamic slip in decreasing the volumetric flux
rate is shown in Figs. 12, 13 and 14. In all cases, it was
found that for a given value of the Navier slip parameter B,
the influence of the dynamic slip far from the steady state
becomes significant only for larger values of the parameter
A, so that it is possible to neglect the effects arising from this
parameter altogether in certain cases. However, it is believed
that for fluids with complcated structure, it is necessary to
include this dynamical slip parameter in the boundary condi-
tion for an efficient description of the flow.

Fig. 12 Volumetric flux as func-

tion of time for B = 1.0 (strong

slip) and four values of A

0.3 .
B =1
0.2 A=0 ]
e A=0.01
0.1F " A=0.1 [T
T A=1
0 1 1 1 1 1 1 1 1 T
0 1 2 3 4 5 6 7 8 9 10

t (time)
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Fig. 13 Volumetric flux as 0.7 T T
function of time for A = 0.5 and

three values of B
06

Q(R,t)

0.2

0.1

A =05
— B=1

=mnnnnnnn B=1(Q

The realistic shapes of the obtained curves for the veloc-
ity distribution in the annulus, and the volumetric flux rate
for different values of the slip parameters, clearly indicate
that the proposed method for the inversion of the Laplace
transform by Laguerre polynomials yields reliable results.
Further validation was realized by comparing the steady
state solution with known ones. However, it is important
to note that the influence of the geometrical parameter ¢
occuring in the inversion formulas is crucial during calcu-
lations. This parameter needs to be chosen in a proper way
that secures stability of the results when this parameter is

3 4 5 6 7 8 9 10
t (time)

changed, so as to guarantee the existence of an interval of
continuous dependence of the solution, inside which this
parameter can be varied safely. Our calculations have been
carried out within this spirit.

6 Conclusions
The start-up Newtonian annular Couette flow between two

long coaxial circular cylinders with dynamic slip along the
fixed outer cylinder has been solved analytically using the

Fig. 14 Volumetric flux as 0.8 T T

function of time for A = 0.0 and
three values of B

0.2

0.1

\\\\\\\\\\\

g
ARG
\\\\\\\\\\\\\\\\
T
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Laplace transform method. The effects of the conformal
mapping, slip and slip relaxation parameters have been dis-
cussed and representative ranges of the three parameters cor-
responding to certain numerical experiments were deduced.
It is demonstrated that two slip parameters have a damping
effect on the evolution of the time-dependent solution as
expected. The numerical results suggest that if the dynami-
cal slip parameter is small enough, it can be neglected alto-
gether. However, this might not be true for other fluids of
more complex nature, for which the dynamic slip considera-
tion is necessary for a reliable description of the flow charac-
teristics. It is noticed that the steady-state velocity profile is
logarithmic, in contrast to the linear one for the plane Couete
flow. Again, the annular Couette flow yields values of the
slip velocity which are close to those of the plane Couette
flow only when the radii ratio is € ~ 1.765.

The fact that reaching a steady state in the presence of
dynamic wall slip may take very long times is of importance
in rheometry. The analytical solution presented here may
be useful in calculating the slip relaxation coefficients from
transient experiments on Newtonian viscous fluids. As slip
becomes stronger (i.e., for smaller values of parameter B),
the effect of parameter A, before reaching a steady state,
becomes less noticeable.

The volumetric flow rate was calculated for different val-
ues of the slip parameters, as this is important for control
purposes of the flow. Comparison was carried out with the
case of no dynamic slip. The obtained results cleary show a
decrease of the volumetric flux with increasing dynamical
slip. Such a decrease understandably vanishes as a steady
state is approached.

The technique for resolving the problem under considera-
tion relies on the use of Laplace transform, with numerical
inversion by Laguerre polynomials. It has been noted that
computational difficulties arise for thinner annuli and for
smaller values of the slip parameter B. In all cases, a proper
choice of the geometrical parameter # involved in the inver-
sion formulas is crucial in finding an interval of continuous
dependence of the solution on this parameter, in which this
parameter can be varied safely, and thus in obtaining reli-
able results

The presented method will be applied in a forthcoming
work, in conjunction with perturbation methods, to solve
difficult problems of nonlinear thermal Couette flow. More
systematic experimental data on both Newtonian and non-
Newtonian fluids will be most useful in understanding better
the implications of dynamic slip in practice.
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