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Abstract

This two-paper series proposes a unified theory that gives rise to a family of quasi-3D composite elements. The first paper
presents the element formulation and its basic capabilities: the ability to capture transverse normal (¢,) and shear (7,
7,,) stresses, suitability for thermoelastic analyses and compliance to both displacements and transverse stress continuity
requirements. These capabilities are inherent to the element since a global-local superposition approach is devised that,
from inception, guarantees that equilibrium equations, continuity consistency and boundary conditions are fully met. A
simple validation analysis was conducted in part I that initially pointed to a very promising direction with high numerical
efficiency of the element. This second paper investigates the element numerical performance under different scenarios: use
of three- and four-node parent elements, degree of global interpolation functions, adequacy of different local interpolation
functions (Fy, F,, Gy, G, Hy, H,) and consideration of a more practical configuration of a reinforced panel consisting of
multiple laminates. Through-the-thickness displacements, strains and stresses are obtained and shown to be of reasonable
accuracy. Results are compared against a highly refined mesh of 3D brick elements implemented in a commercial software

that provide a benchmark for the elements capabilities.

Keywords Finite element - Composite plate - Through-the-thickness effects - Zigzag

1 Introduction

Structural components such as plates and shells are largely
used in civil, mechanical and aerospace industries. When
subjected to transverse loads, they develop through-the-
thickness shear and normal strains. These strains are not
well described or captured by classical theories commonly
employed in the formulation of elements based on pure dis-
placement and rotation interpolation. Unfortunately, most
refinements of classical element formulations either are
redundant or provide only marginal incremental enhance-
ments, unless transverse stress continuity requirements
between layers are imposed. However, in many theories, and
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consequently in existing higher-order beam and plate finite
element formulations, no consideration is made regarding
normal stress and strain effects (e,#0) on the bending, buck-
ling and vibration responses when these theories are applied
to both monolithic and sandwich laminates. One of the most
widespread classical theories is the equivalent single-layer
theories [1]. Due to their simplicity, equivalent single-layer
theories are popularly employed in the bending, free vibra-
tion and buckling analyses of laminated beams and plates.
However, these theories are incapable of capturing accurate
structural responses in sandwich laminates. Zigzag theories
[2, 3], or layerwise displacement field theories, are more
accurate, especially in the analysis of sandwich laminates
with soft cores. The inherent difficulty with the zigzag theo-
ries is, usually, the large number of unknowns that must be
treated as degrees of freedom. The newly proposed theory
in part I offers a formulation with the same capabilities as
the zigzag theory, but with a reduced (and fixed) number of
degrees of freedom, independent of the number of layers in
the laminate.
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The proposed theory can be used in the formulation of
new elements applicable to bending, vibration and buck-
ling analyses of both monolithic and sandwich laminates.
Initially, elements designed to work under linear regime
must be developed, followed by elements able to perform
linearized buckling analyses (geometric stiffness matrix) and
vibration (mass matrix). It is observed that the new elements
are sufficiently accurate and efficient such that they avoid the
need to use tridimensional finite element models in situa-
tions where the transverse stresses and strains are desired.
The avoidance of tridimensional models is of particular
relevance in lightweight designs, particularly in aerospace
and automotive applications, where thin panels are required.
The thinness of such panels naturally leads to tridimensional
models with either hundreds of thousands of nodes, if aspect
ratio is to be maintained close to 1.0, or to models with
highly distorted 3D elements, what compromises accuracy.
Moreover, it comes to iterative or nonlinear analyses, and
tridimensional models are extremely computer-intensive,
requiring hours or even days of simulations. The influence
of the temperature profiles (heat conduction problem) on
the thermoelastic response of multilayered laminates by the
use of more elaborate theories with through-the-thickness
capabilities is also assessed. The present paper includes ther-
moelastic effects in the element formulation, enabling them
for analyses where temperature effects are relevant.

One practical example of the application of tridimen-
sional models is crack propagation induced by delamination.
Typically, in these cases, a combination of tridimensional
modeling, to represent laminae of the laminate, and deco-
hesive elements, to represent interfaces between laminae
where cracks originate, is used. A potential application of
the new formulation is to replace these complex models by
elements with through-the-thickness capabilities that pos-
sess features that capture crack opening and propagation.
For this purpose, it will be necessary to modify Eqs. (2—4) in
part I to allow for discontinuities in the displacement fields
u, vand w.

In the accompanying paper part I, a simple four-element
validation under uniaxial stress (¢,) showed promising
results. However, no thorough investigations of the elements
capabilities were conducted in order to assess its possible
limitations, numerical accuracy and stability. Hence, the
major objective of this paper part II is to critically assess
these aspects and make recommendations toward more prac-
tical implementations of the element.

Global and local interpolation functions of increasing
order are evaluated (linear, quadratic and cubic). In prin-
ciple, non-polynomial interpolation functions can be used
but the study is restricted to polynomials since they are by
far the most commonly used in commercial finite element
software. Single and multiple laminate configurations are
considered. The ability to model reinforced laminates must
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not be discounted, disregarded or belittled since reinforced
composite panels are one of the most frequently structural
components encountered in real applications.

2 Interpolation functions and constitutive
relations

In part I, the initial description of the element formulation
was given assuming that Lagrange global interpolation func-
tions would be used. This particular approach was adopted
simply because it is didactically easier and more intuitive
to explain the main features of the element in terms of
Lagrange polynomials. Figure 4 in part I shows different
“levels” of nodal planes (three levels for the tria and four
levels for the quad) and it is more natural to explain the
interpolation scheme proposed with the visual aid provided
by Fig. 4. However, as reported in part I, a practical weak-
ness of the element is that it cannot represent piecewise vari-
able thickness or drop-off laminates if Lagrange polynomials
are chosen as global interpolation functions. The way around
this adversity was the use of monomials as global interpola-
tion functions, where the respective coefficients related to
each monomial correspond to a global nodal degree of free-
dom defined on the element mid-plane. Since, theoretically,
there is no difference in choosing Lagrange polynomials or
monomials (they are linearly dependent on one another),
the latter is adopted because the monomials are the device
that allow consideration of multiple laminate configurations.

When it comes to the local interpolation functions three
possibilities are contemplated: ¢, {;> and £,*. The constant
coefficient local interpolation function is neglected by virtue
of a numerical determent. Notice that the local functions
firstly presented in Eqs. (2—4) of part I appear in pairs: F/F|
for u;©, Gy/G, for v,® and Hy/H, for w,®. In the case of
w,®, if one assumes Hy,=1 and H, is either ¢, {; or {;°,
then matrix Q33 in Eq. (72) of part I becomes singular due
to enforcement of the displacement continuity condition in
Eq. (9). Evidently this singularity deadly cripples the algo-
rithm since matrix Q,; must be invertible in order to elimi-
nate the local degrees of freedom w¥). The same holds with
regard to F/F,, matrix Q,, and u¥, and also with regard to
G,/G,, matrix Qss and v?¥. More generally, the conditions
for these matrices to be invertible are that there must be an
even-order term in the local function (1 or ¢ kz) with nonzero
first derivative with respect to {;. However, the combination
Hy=1and H, =¢,? is still unacceptable because the term H,
has derivatives at bottom and top layer surfaces that obey
dH,\/d;,(—1)= —dH,/d{(+ 1), and since dHy/d(, =0, it is
easy to see that one can make one row of matrix Qs identi-
cally zero. The conclusion is that the constant coefficient
local interpolation function is not viable.
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The in-plane interpolation of u;®, v;® and w; are
fixed. However, the transverse global interpolation for uG(k),
v® and w® and the local interpolation for #, ¥, v,® and
w,;® can be selected to form a family of elements. Table 1
shows the combinations of global/local interpolations used
to build six elements labeled A to F. The global interpola-
tions must be the same for u®, v;* and w;*, whereas the
local interpolations for u;®, v,¥ and w,® are independent,
i.e., they can be different for u;®, v,* or w,®. Even so, the
local interpolations selected for the six types of elements
were the same in order to simplify the assessment and reduce
the number of combinations. Elements A, C and E contain
linear and quadratic monomials that Liu and Li [4] called
1-2 superposition theory (ST). Elements B, D and F contain
quadratic and cubic monomials, called 2-3 superposition
theory (ST).

The choice of the interpolation functions has direct reper-
cussions on the numerical efficiency of the element. Equa-
tion (1) shows the expression for the first variation of the ele-
ment strain energy, where the terms contained therein were
defined in the part I of this study. The integrals in Eq. (1) are
numerically computed using Gaussian quadrature in the case
of quadrilateral elements and similar integration schemes
adapted for the case of triangular elements.

degree and incomplete in the fourth degree (&% and &7°)
is used, requiring 4-point formula along £ and 4-point for-
mula along # [6].

An alternative to the numerical integration along [z,
Zx41] exits. Interpolation functions and their derivatives
appear in matrices B® of Eq. (1). Hence, it is possible
to split these matrices into parts of increasing order. For
instance, if a global cubic interpolation along z is adopted
then B® = Bo(k) + CB]U‘) +¢ 2B2(k) +¢ 3B3("). Observe that
the B%® matrices also depend on the local interpolation
functions. Assuming that the 2—-3 superposition theory is
used (elements types B, D or F), one would have Hy= Ckz,
H,=¢; . Since the relationship ¢, = ({h— 7 — 2341/
holds, where 4 is the total laminate thickness and /4, is the
thickness of layer £, the local functions H, and H, can also
be split into constant, linear, quadratic and cubic terms in
. Substitution in Eq. (1) leads to the appearance of lami-
nate matrices A,—A, of the form

/ (16,628,648, ¢0)CWdz

2k

n—1
(Ap AL ALALALALA) =)
k=0

@

that can be analytically computed, eliminating the need for

B(k)T NT . B(k) B . 0 B . a(k) B
ux ux X
B®T B® 0 a®
Zps1 v,y v,y y
; n| BAT © B® a® oa® .
_ W,z w,Z we \ z
8U, = éq / / 107 5o f €V Bo B0 (et o0 (AT § (l4dA ey
k=0 v,z w,y v,z w,y v,z
A % | BT £ BT B® 4+ B® a® 0
o1 4 gwr © 4 goT 0 ®
L Bu,y + Bv,x L Bu,y + Bv,x ) L 0 ) L (ny )

Notice in Eq. (1) the integral over the in-plane parent
element domain A and the integral along the thickness of
any given layer k in the interval [z;, z;,;]. The number of
Gaussian integration points required to integrate over A is
determined by the bending interpolation functions. In the
case of the triangular BCIZ element, a complete polyno-
mial of third degree with 10 coefficients is used, requiring
the 13-point formula [5]. In the case of the quadrilateral
element, a complete polynomial up to the terms of third

numerical integration along z.

Since the element implemented has 3D capabilities,
the material properties that must be known are: moduli
of elasticity in the principal directions E,%, E,©, E,®;
shear moduli G,;%, G;3;*, G,,'¥; Poisson coefficients
V2%, 13,0, 13 ®, 03, ®, 0,01, ®; and coefficients of
thermal expansion al(k), az(k), a3(k). The material stiffness
matrix in the principal axes, Q®, for layer  is:

;?;!:11 an]flhla(r)rézrllttrtz r?:\fe;};gh Element ug®(z) ve®(z2) wet(z) () v, O w ()
interpolation functions A Linear Linear Linear Lo §k2 & Ckz Coo é‘kz
B Linear Linear Linear I e I
C Quadratic Quadratic Quadratic Co G2 & G2 Co G2
D Quadratic Quadratic Quadratic I 2ol I
E Cubic Cubic Cubic Co & G & G &
F Cubic Cubic Cubic 283 28l I
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Q(k) Q(k) Q(k) 0 0 0
Q(k) Q(k) Q(k) 0 0 0
k) Ak A&
Qu=|ehar ey o 0 0 o
0 0 0 oY 0 o
00 0 0 0% o
(k)
0 0 0 0 0 Q%]
where Q“(k) =(1- IJ23(k)y32(k))/(E2(k)E3(k),u(k)),

0,8 = (1 = v, 3®Ou, Ky (B, O E K0y
05, = (1 = 1,0, O (E,PE,0,®) " 0 ® = (1,0 +
™ w,, <"))/(E (k)E o w0, 0, (k>_(y 3<k>+y1 ®,, By
(E, (k)E (0 40, 0, (k>_(y23(k>+ G (k))/(E W, @ 0),
k k k k k k

Q44( ): G23( ), QSS( ) — Gi; ( ), Q66( ) — Glz( ) and
p = (1= 01,000 O — 005 @ — 1) Op3) 0 — 20, Oy
2(/6)1/13(/6))/(1,:‘1 (k)EZ(k)E3(k))_

The material stiffness matrix in the local element axes, C%,

is
-~k Ak Ak (k)
Cll C12 C13 0 0 C16
(k) k) (k) (k)
C12 C22 C23 0 0 C26
(k) k) ~(k) (k)
ch=|Cc®c o o c¥ @
o 0 o c C(? 0
0 0 0 c<"> e 0
(k) ~k) (k) (k)
= C16 C26 C36 0 0 C66 -

where the lamination angle of layer k is 6,, s=sinf,,
c=cosok, and

C(k) Q(k) 4 + Q(k)s4 + 2(‘25‘2 Q(k) + 46252 Q(k)

C(k) (Q(k) Q(k)) + Q(k) ((,' + 5'4) _ 4C2S2 Qéké)
C(’\) Q(k) 2 Q(k) 2 C(k) Q(k) 2 Q(k) 2
C(k) (Q(k) Q(k)) s+ (Q(k) Q(k) )CS ZCS(CZ _ SZ)Qg;)

C(k) Q(k) 4+ Q(k)c4 +2L282Q(k) +46282Q(k)
C(ls) (Q(k) Q(k)) +(Q(k) Q(l‘))c S+2€S(C _s )Q(k)
C;k; — Q(3k3), C(k) (Q(k) Q(k))cs

Q(k) 2 C(k) - (Q<A> Q(k) C(k)

ch = g¥¢? +o%e
c® = (Qm 0% — 2092 + QU (c? - 522

o 2
Oy

&)

The lamination angle of layer k is 8, measured with respect

to side 1-2 of the element. Figure 4 in part I illustrates the

local coordinate system xyz of both tria and quad elements.

The x axis is aligned with side 1-2, but it does not have to

be. In practical implementation the orientation of the element

local coordinate system is determined though the procedure
presented in the next section.

@ Springer

3 The plate bending elements

The purpose of this section is to clearly present the imple-
mentations of the elements with their in-plane, bending and
drilling interpolation functions.

3.1 The triangular plate bending element

The three-node triangle plate bending element to be imple-
mented is shown in Fig. 1 with the mapping from local (¢i)
to element coordinates (xy). The traditional area coordinates
are £, n and ¢=1—&—. The central node O can be subse-
quently eliminated.

Since plate bending behavior is to be modeled, nodes 1-3
possess each six degrees of freedom: u, v, w, We W, and
the drilling 6, whereas node 0 possesses only three degrees
of freedom: u, v and w. Therefore, there is a total of 21
degrees of freedom. Notice that, in the element coordinate
system, the rotational degrees of freedom w ; and w, must
be computed in terms of the local coordinates x and y, i.e.,
w, and w . This can be accomplished by the chain rule of
differentiation:

W X Yo Wy
and the derivatives of x and y with respect to £ and # can

be obtained using the nodal coordinates (x;, y;) and the area
coordinates:
x=Ex1+nx+¢x;, y=Ey+ny,+¢y; @)

The interpolation scheme proposed for u and v is quad-
ratic and given by

3 3 3
= 2 + 2 PW 2’ V= 2 Pivi + Z ngzt (8)
i=0 i=0 i=1

where

I

3(,

Fig. 1 Three-node element topology and mapping
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@, =¢—-En—E¢c—ng, oy =n—E&n—E&c—ng,

@3 =C—¢&n—E,c—ng, @y =3(¢n+E+ng) 2

and the drilling interpolation functions are those presented
in Eq. (36) of part I [7]. The interpolation scheme proposed
for w consists in a complete polynomial of third degree with
10 coefficients:

w(é, n) =ay+a,&+an+ a3§2 +auén + a5n2

(10)
+ a6§3 + a7§211 + a8§n2 + agn3

The 10 coefficients in Eq. (10) can be determined by
imposition of the conditions given in Table 2, leading to the
interpolation for w in terms of shape functions N,-N10 and
the nodal degrees of freedom wy, wy ¢, Wy ., Wy, Wy e, Wy,
W3, W3 gy W3 W

w=Nw +Nw, e+ Nwy, + Nywy + Nwy

, 11
+ NZ*Wz,n + N;w;, +N§*w3,§ + N;‘*wi,7 + Njywy an

where
Ny =38 —28 —Teng, Nj* = =& + & +2&ng, Ni* = &n— &g
(12)
Ny =3 = 20° = Téng, Ni* = &n® = 2&nc, Ni* = —n” +n° + 2én¢
(13)
Ny =3¢% =2¢% —Téng, Ni* = &¢® —éng, Ny* =n¢* —énc (14)

Ny =27&ng (15)

According to Eq. (6), the second and third terms in
Eq. (11) are written as

N;*wl’é +N;‘*w1,,1 = N;‘*(xl,iwl,x + Wiy + N;*(xl,nwl’x + YWy
= (N3 X1 g + N3x )W+ (NS7yy e+ NS5y wny,
=Nywp o+ Nywy

(16)
where x, ¢, y; ¢, x;, and y, , are the terms of the Jacobian
matrix. Since the mapping is linear, the Jacobian matrix is
constant and x s =Xy3, y,:=Y3, X, = X3 and y , =y,3, where

*® T3 PEY
x;=x;—x;and y;=y;—y; Hence, N, =N, x;3+N; x,; and

Table 2 Conditions to be imposed in the determination of the inter-
polation for w in the triangular element

Node & n < w W w,
1 1 0 0 wy Wi Wiy,
2 0 1 0 Wy W Wa,
3 0 0 1 W3 Wi Wi,
0 1/3 1/3 1/3 W - -

N;"=N,"y;34N;"y,;. Moreover, rotational degrees of free-
dom are usually defined as 6, =w  and 6, = —w ,, such that
N,=N;" and Ny;= —N,".The new interpolation function for
w in terms of 6, and 6 is

17
+N69y2 +N7W3 +N80x3 +N90y3 +N10W0 ( )
Second derivatives of w are required in the computation
of strains. These can be evaluated through double applica-
tion of the chain rule yielding

2 | 2 "
Wee X 2gye Ve || W Yee Vet | (),
X
Weg (T XXy XV tXYe VeV ) Way (] Xen Ve {W }
2 N 2 Sy
W Xn 2% 4Y Y Wy X Y

(18)
and, since the Jacobian .matrix is constant, x, =Y =X g =
Yen =%y =Y 5y =0, leading to

-1

-2 2
W Xe 2x ey Ve W e
Woy (| XeXp XV T X0V e Yy Wen
W.yy | X 2X 1Y Y W
(19)
2 ) 2 -1
X3 X13Y13 Vi3 Woee
= xlszxza X13Y23 + X3)13 y132yz3 W ey,
X33 2x23¥23 Va3 W

However, when the degree of freedom wy, is condensed
out, the resulting element becomes too stiff under bending
since the curvature completeness is lost. In order to over-
come this problem, the BCIZ element was implemented.
Its idea is to still condense out w, but maintaining curva-
ture completeness. Consider the six node quadratic element
shown in Fig. 2 whose interpolation functions are

y = ERE-D), yr, =n2n—1), y3=C0Q2c - 1), 0
Wy = 4n, ys =4ng, we =446 20)

One can express wy (the transverse displacement in the
center of the element) in terms of the nodal transverse

Fig.2 Quadratic interpolation for w

@ Springer
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displacements w,-w, through the use of the interpolations
functions defined in Eq. (20) evaluated at E=n=¢=1/3:

4 1
Wy = §(W4+W5+W6)_ §(W1 +w, +ws) 21

Next, the interpolation functions defined in Eq. (17) can
be used to compute w,, w5 and wg in terms of the degrees
of freedom wy, 6,y, 0,1, wy, 0,5, 6,5, w3, 0,3, 0,3. w, is com-
puted making £=x=1/2 and ¢=0. w5 is computed making
n=¢=1/2 and £=0. wg is computed making £=¢=1/2 and
n=0. Hence,

w X w. X
wy = 7‘ + %eﬂ - _;1 0, + —22 - y_;l 0, + —é‘ 0,
Wy | Y3 32 w3 Y3 32
ws =5+ 0o — =00+ = ==0s+ 270, (22)
Wi Y3 ‘13 w3 Y3 13
We= G TR Ot Ot 5 T 0n m 0

Substitution of Eq. (22) into (21) gives

1~ )13 X3 = X1
T o
Vi3 —In
3 0ot

Wo =%(W1 +wy +w3) + %2

Y32 — Y21
+ 13 9X2 +

X35 — X
32 3 13 9)13
(23)
Equation (23) can now be substituted into Eq. (17) to
eliminate w,, yielding

Xy — X
21 X3
[4

B 2T

w =) +a, Nipw, + (N, + ag Nyg)0y + (N3 + agy Nio)0,,
+(Ny + a,oNg)w, + (N5 + aguNi)0,, + (N + ag,oN 1)),

+(N7 + a,3N9)wz + (Ng + ag3N1)0,5 + (Ng + agy3N)0,5
(24)
where a,,=a,,=a,;=1/3, ag,, =y —y13)/18,
gy = (X3 =X/ 18, ap = (v3p=y21)/18, ago = (xy = x3,)/18,
gy = (V13— Y32)/18, agy3=(x3,—x;3)/18. The implementation
of the element proceeds normally using the interpolation
functions for w defined in Eq. (24).

3.2 The quadrilateral plate bending element

The four-node plate bending element to be implemented is
shown in Fig. 3 with the mapping from local (£5) to element
coordinates (xy).

Since plate bending behavior is to be modeled, nodes 1-4
possess each six degrees of freedom: u, v, w, We W, and
the drilling 6_. Therefore, there is a total of 24 degrees of
freedom. Notice that, in the element coordinate system, the
rotational degrees of freedom w . and w , must be computed
in terms of the coordinates x and y, i.e., w, and W This
can be accomplished by the chain rule of differentiation as
in Eq. (6). The derivatives of x and y with respect to £ and 5

@ Springer

Fig. 3 Four-node element topology and mapping

can be obtained using the nodal coordinates (x;, y;) and the
bilinear Lagrange interpolation functions:

4
X = Z PiXis ¥ =
i=1

The interpolation scheme proposed for # and v is given by

M=

Piyi (25)
1

i

4 4
u=Y (@ +Pu0,), v=" (@ +P,0,) (26)
=1 i=1
where
1 1
@ = Z(l =5 —-n), @, = Z(l + 51 —n),

. @7)

1
03 = 70+ +1), @y = 71 =& +1)
and the drilling interpolation functions are [8]

P = elly (1= X1 =) sin fiy = (1 = €)1 = )sin ]

P, = %[112(1 - 52)(1 —n)cos By — l41(1 - &)1 - 712) €cos fiy]
1
16
P, = %[123(1 + &1 - ’72) €os foy — I15(1 — 52)(1 —1)cos f,]

P,= [{,(1 - 52)(1 —msin iy — Ly (1 +6)(1 - ’72) sin fip3]

Pjy= 1—16[123(1 + &)1 = n?)sin f3 — L3y (1 — E2)(1 + 1) sin fis,]
Pus = 2ella(l = €)1+ ) 003 fyy = by(1+ X1 = 1P cos ]
P,y = %6[134(1 - 52)(1 +1n) Sinﬂ34 - 141(1 - &1 - 712) Sinﬂ41]

P = <Ll (1= )1 = 1) c05 fiy = (1 = £)(1 + 1) cos o]

(28)

The interpolation scheme proposed for w consists in a

polynomial of fourth degree with 12 coefficients. The poly-

nomial is complete up to term of third degree and incom-
plete in the fourth degree:
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Table 3 Conditions to be

. . . Node ¢ n wowe w
imposed in the determination .

7

of the interpolation for w in the —1 =1 w, w w
quadrilateral element

% oM

1 -1 w, Wae W,

L owy wae wyy,

AW =
_

-1 1 Wy Wae Wy

Fig.4 Four-node element topology and mapping

w(é,n) =ag+a, &+ an + a3§2 +a,én+ a5n2 + a6§3

(29)
+ a7§211 + agénz + a9n3 + a105311 + a11§n3

The 12 coefficients in Eq. (29) can be determined by
imposition of the conditions given in Table 3, leading to the
interpolation for w in terms of shape functions N;-N,, and
the nodal degrees of freedom wy, wy g Wy ), ..., Wy, Wy g Wy )

w=Niwy +NJWy e+ NJwy, + oo+ Nygwy + Nifwy . + NSwy,
where (30)

N, =%(2—35—3n+4§n+§3+n3—5371—5'13)

1
N4=§(2+3§—3n—45n—§3+n3+§3n+§n3)

N;*=%(_1—§+n+§2+§n+§3—ézn—§3n) (32)
1

Ng‘*=g(l+§—r/—§r/—nz—€nz+n3+§n3)

N7=é(2+3<§+3n+4<§'7—§3—'13—53'7—‘5’73)
N = %(_1 —E—n+E -+ E+En+E) (33)
1

NS‘*=g(—l—5—n—én+ﬂ2+§n2+n3+én3)

1
N10=§(2—3§+3ﬂ—4§n+«§3—n3+§3n+§n3)

Nikik=%(1—§+n—§2—§n+§3—§2n+§3n) (34)
Nij = gl gt =+ = )

According to Eq. (6), the second and third terms in
Eq. (30) are written as

N;*Wl,-f + N;*Wl,n = N;*(.xl’éwl’x + yl,éwlyy)
+ N;*(xl’”wl,x + Vi Wiy) = (N;*xlf + N;"*xl,,])wlyx (35)
+ (N;*yw + N;*ylﬁn)wl,y =Nyw;, + N;‘wlyy

where x; ¢, y; ¢, X, and y, , are the terms of the Jacobian
matrix evaluated at node 1. For the nodes 2—4, it is also pos-
sible to write expressions similar to Eq. (35) leading to the
modified interpolation function for w in terms of w , and w .
Moreover, rotational degrees of freedom are usually defined
as6,=w and 6,= —w,, such that N, =N;" and N;= —N, .

1 Th interpolation function for w i f i
Ny = §(1 e+ E - G1) e new interpolation function for w in terms of 6, and 6, is
1 ) 2 W=N1W]+N29x1+N30y]+“‘+N10W4+N”0x4+N]20y4
Ny =c(l=E=n+én—n+&n’ +m —&n’) (36)
8
Second-order derivatives of w are required in the com-
putation of strains. These can be evaluated through double
application of the chain rule yielding Eq. (18). Similarly,
third-order derivatives w ., W ., W, and w . can be
evaluated as
3 2 2 3
W,§§§ ;Csf ) 3xv§y*§ 3)6,5)1’5 ) ;»5 W xxx
Ween | _ xéxg7 xfy’n + nygx!ny,é 2x3§2y!§y,1 +x’,7y,§ y‘,’,y!z,, W oy
W || KeXy Ye T 2NeXad KoYy ¥ IaYeV VeV (| oo
W X 3x,,1y,n 3x,r,y,,7 Y Wy (37)
3% % g 3y + XY 3y.e¥.ee wo || R Ve
w| Bt t Xk 20y e XV en) Xyt XY e 2V en Y e Wy | Seem Veen { Wy }
2x,nx,érl XX 2(x,ény T XgY ,én) T XY ¥ XY 2y nYen Y.V W’yy Xenm Y.emn Wy
3X X 3CCY o + XmYp) 3Y Y ’ Xonn Yonnn

@ Springer



531 Page8of19

Journal of the Brazilian Society of Mechanical Sciences and Engineering (2022) 44:531

4 A technique to minimize Jacobian
variation in quadrilateral elements

Evaluation of the Jacobian of a mapping transformation is
necessary in the most common finite element numerical pro-
cedures. If the Jacobian of the transformation is constant,
then it is expected that the numerical integration, usually
carried out using the Gaussian integration rule, will be more
accurate because fractions of polynomials are avoided in the
computation of strains. This document describes a procedure
to make the Jacobian of a four-node quadrilateral element as
constant as possible simply by selecting an appropriate local
reference system. Since transformation of local to global
reference systems is almost always inevitable, the procedure
presented does not add significant burden to the numerical
processing cost.

The topology of the four-node quadrilateral element is
shown in Fig. 4. Originally, the local coordinate system
assigned to this element is xy and the nodal coordinates in
this original system are given by x;, y;, fori=1, 2, 3, 4. A
new rotated local coordinate system can be defined as xy in
which the nodal coordinates are X;, y;, for i=1, 2, 3, 4. The
relationship between the two local reference systems is

x=(x—xp)cosf+(y—yp)sinf, y = (y—yp) cos f — (x — xo) sin
(38)
where x,, y, and f are parameters to be determined.
In the computation of strains, it is necessary to evaluate
derivatives of displacements with respect to x and y, what
can be accomplished by the chain rule of differentiation:

(5}l
usﬂ xaﬂ yaﬂ I/t’y
where u is the displacement along x. In order to compute

the elements of the 2 X 2 Jacobian matrix in Eq. (39), the
required interpolation functions and their derivatives are

o= (1= =), g, = 11+ 81 =), ¢
1 1 (40)
= A+ +n), 0y = 71O +1)
P16=701= 1, 0= 71 =),
I 5 @1)
P3e= 4_1(1 +1), Q4= T(l +n)
1 —1
q)l,n = Z(§ - 1)5 ¢2,rl = T(l + é)s
42)

01y = 70 +8, gu, = 70-0)

The elements of the 2 X 2 Jacobian matrix are

@ Springer

i[(n — DR, 4 (=0T + (L + ) — (1 + 1F,]

%, =
(43)
%, = é—ll[(g CF = (14O, + (1 + 8% + (1 — O]
= 411[(—;71 R 4 T 4+ Gy =Ty + T — T
(44)
e = 10— DB, + (1=, + (14005, = (1 0)7,)
o
= Z[(_yl + Yy + Y3 =Y + 10 — Y, + Y3 — Yyl
(45)
= 1€ = 15, — (485, + (1+ 67+ (1 - O5,]
= i[(—% =Y+ Y3+ V) +EQ, =V + Y3 — Y4l

(46)

Examination of Eqs. (43—46) permits to conclude that, in

order for the Jacobian to be constant, the terms multiplied

by both £ and # must be zero, i.e., x; — X, + X3 —x, = O and

Y1 — Y + 3 — ¥4 = 0. However, both conditions cannot be

rigorously met simultaneously. If one intuitively defines the
quadratic error f as

[=G % +% =) + 0 =N +5; = W) 47)
and substitutes Eq. (38) into Eq. (47), the result is
f=@ = +x3=x) "+ =y +y3 =) (43)

or, the classical quadratic error is independent of x,,, y, and
¢. Clearly, this is not a viable path. Another possibility is
to recognize that a perfectly rectangular element, whose
sides are parallel to the x and y axes, satisfies the four rela-
tions X; = X, X, = X3, y; = ¥, and y; =y,, leading to a con-
stant Jacobian matrix. Thus, a new quadratic error g is now
defined as

g=( - )_54)2 + (X, — )_53)2 + O - 52)2 + 05— §4)2 (49)
Substitution of Eq. (38) into Eq. (49) yields

1 +cos2p

2

1 —cos2p
+ (xgl +xi3 +y%4 +y§3)T

2 2 2 2
8= (xjy +x55 +y1, +3,)

(50)
sin2f
+ 2(x14Y14 + X23¥23 + X1 Vpp + x43)’34)T

where x;=x;—x; and y;=y;—y;. Notice that Eq. (50) is inde-
pendent of x, and y,. Enforcing dg/df =0 leads to
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tan2p = X13Y24 + X04Y13 1)
X13%24 — Y13Y24

A good property of Eq. (51) is that the denomina-
tor X 3X,4 — ¥13Ya4 18 Never zero, provided the quadrilat-
eral element is not degenerated. Numerically, this is an
advantage since the function at an can be used without
further complications. As far as the parameters x, and
¥, are concerned, they can be arbitrarily selected as the
centroid of the element, i.e., xo= (x; +x, + x5+ x,4)/4 and
Yo=1+y2+ys+y)/4.

A geometrical interpretation for Eq. (51) can be given
recognizing that the angle 5, formed between diagonal
13 and the x axis, satisfies tanf;3 =y 3/x,3, and that the
angle f,,, formed between diagonal 24 and the x axis,
satisfies tanf,, =y,./x,,. Hence, Eq. (51) can be rewrit-
ten in the form

Wt anp+ung
3 an 5 + tan
tan2p = Sk 5 X;4 = = A - tan(f; + Boy)
1- f% 1 —tan f5 tan f,,
13 424

(52)
leading to the conclusion that f=(f,5+ f,4)/2, or that angle
p is the angle formed between the bisector of the angle
formed by the diagonals 13 and 24 and the x axis. This is
precisely the orientation of the element coordinate system
implemented in the Nastran CQUAD4 element.

As an example, the element with nodal coordinates
x=0,y,=0,x=1,y,=0,x;=1,y;=3, x,= -1, y,=1
is investigated. Straight use of Eq. (51) or (52) reveals
that #=22.5°. The quadratic error function g in Eq. (50)

18

16

14

12

10

4
ILEEN NN EAEEE ERREE RN REREE EREEN LERNY RRRN

©
o
A
O
o
N
o
©
o

Fig. 5 Error variation in a four-node quadrilateral element

is computed for different values of f§ and plotted in
Fig. 5, where a substantial variation of the error can be
observed.

5 Numerical assessment

Table 1 presents the six possibilities of element types that
were implemented. In practice, it was observed that numeri-
cal results have shown to be mostly insensitive to the choice
of element type. Elements C—F perform a little better com-
pared to elements A-B in terms of convergence, i.e., they
require fewer elements in the mesh in order to achieve accu-
rate results. However, their quadratic and cubic global inter-
polation functions demand higher computational processing
in order to numerically evaluate integrals along thickness.
The conclusion is that the relatively better accuracy of ele-
ments C-F is offset by the numerical performance of ele-
ments A-B.

Regarding the local interpolation functions in Table 1,
the linear/quadratic pair and the quadratic/cubic pair per-
form equally, at least in the simulations carried out in this
work. Again, since cubic polynomials entail the necessity
to use more integration points in the quadrature formulae,
the pair linear/quadratic local functions is the preferred
choice.

In light of these preliminary conclusions, element A (the
simplest), both tria and quad topologies, are employed in
the simulations. The mechanical properties used are those
of a typical unidirectional ply of a UD [9]: E,=150.0
GPa, E,=FE;=10.0 GPa, G;;,=G,3=5.0 GPa, G,3=3.378
GPa, v;,=v,3=0.30, v,;=0.48; a;=1.39x 107" K7},
a,=a3=9.0x% 107 K=, In the 0° layer, the principal direc-
tions (1, 2, 3) are aligned with the global axes (x, y, z).

5.1 Asingle laminate plate

In the first case, a square plate with edge lengths a=b=1m
is investigated in detail. The laminate is chosen in the cross-
ply [0°/90°], where the two layers have equal thicknesses.
Thick and thin laminates are considered. In the thick lami-
nate case, the total thickness is #=0.25 m, and in thin lami-
nate case, the total thickness is #=0.05 m. A measure of
the relative thinness of the laminates is given by the ratio
s=alh. Hence, the thick laminate has s=4 and the thin
laminate has s =20. The boundary conditions assumed are
illustrated in Fig. 6 and they are: u(0, y, 0)=w(0, y, 0)=0,
u(a, y, 0)=w(a, y, 0)=0, v(x, 0, 0) =w(x, 0, 0)=0 and v(x,
b, 0)=w(x, b, 0)=0. The plate is loaded on the top surface
(z= +h/2) with py=0,=100 MPa, while the bottom surface
(z= —h/2) is free.
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Fig. 7 were selected following a convergence analysis. A
series of coarser meshes were tried before reaching the
33 % 33 mesh utilized. In the case of the tridimensional
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Fig.6 Boundary conditions of single laminate plate

strain results for s=4 and s =20

*

*

*

AN~

The ¢.”,
are acceptable. The trends, magnitudes and discontinuity

since the traditional FE model in Nastran delivers a smaller
w*. Similar trends regarding the distribution of the w dis-
placement were observed in a previous paper [10], where
a possible explanation for such behavior is related to the
choice of the local interpolation functions.

jumps are all well captured by the new element, both its

Three models of the plate were considered: a 33 x 33
pringer

mesh of the new quad elements, a 2 X (33 x33) mesh of
the new tria elements and a 100 X 100 X 20 mesh of tra-
ditional eight-node brick elements. Both thick (s=4) and
thin (s =20) laminate plates were modeled using the same
meshes that can be seen in Fig. 7. The meshes shown in

Fig.7 Quad, tria and brick element meshes

Qs
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Fig. 8 Normalized displacement distributions along thickness for s=4. w" is plotted at x=a/2 and y=5b/2. u" and v" are plotted at x=a/4 and

y=>bl4

quad and tria versions. One very positive aspect of the new
element is that the transverse normal strain sz* computed is
quite accurate. However, when it comes to yx;, yxy* strains
the results do not compare favorably against the traditional
FE solution; particularly, yxz* does not behave well, even
presenting a discontinuity for the tria mesh case at 7' =0.
A procedure to enhance accuracy of yxz*, yxy*, Tyz*, sz* can
be achieved through post-processing of the results. The
force equilibrium equations along x and y can be integrated

through the thickness to yield Eq. (54). Once these improved
transverse shear stresses are available, one can solve Eq. (4)
to deter(rkr)line yyz,(k;;xz as in 7, = C44(k)yyz+ CysVy,, and
Tee™= C45 }/yz + CSS Vxz:

Z Z
T, =— / Opx + Ty )z, T, = — / (0, + Ty )d2
—/2 —h/2

(54)
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Fig. 11 Normalized displacement distributions along thickness for s=20. w" is plotted at x=a/2 and y=>5/2. u" and v" are plotted at x=a/4 and

y=bl4

The tendencies of the strain results are carried on to the
stresses. It is noticed that UX*, oy*, az*, rxy*stress results are
good, but Ty:, sz* are not; particularly, Tx; does not behave
well. The good 0: behavior is remarkable: It varies from 0O
at the bottom surface up to 1 at the top surface, as expected.
It is worth mentioning that the sz* obtained by Nastran is not
zero at bottom (z' = —0.5) and top (z*=0.5) surfaces. This
goes to show that even the fine mesh used by the commercial
software is still incapable of predicting the correct answer
rx; =0. This is a quite alarming conclusion since, usually,
solid FE models applied to laminate structures use only one

or two solid elements per layer.
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The traditional FE brick element mesh has 642,663
degrees of freedom, whereas the meshes used in partner-
ship with the quad and tria elements have only 13,872
degrees of freedom, or almost 47 times less. This reflects
in huge savings in the computational processing. Actually,
it was observed that the factor of 47 times reflects directly
in the processing time taken by the FE numerical solver,
even recalling that the quadrature rule of numerical inte-
gration was used over each layer. The FE brick element
mesh resulted in numerical models that required as much
as 25 X more processing time than the quad and tria meshes.
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A more representative and practical composite structure is
illustrated in Fig. 14 along with the dimensions chosen. A
circular cylindrical panel with radius 5 m has two equally

5.2 Stiffened panel

1 m

_ - —clamped edge

N

1.5m

spaced reinforcements. One edge of the panel is clamped (no

displacements and no rotations). The opposite edge is sub-
ject to a shear loading N, =10 kN/m that represents torsion.

The panel has multiple laminates whose material prop-
erties are the same as those used in the previous square

Fig. 14 Circular cylindrical stiffened composite panel
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Fig. 15 Mindlin element mesh used to model the circular cylindrical stiffened composite panel. Result for the u displacement distribution
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Fig. 17 Detail of the attachment region where stiffener and skin connect

plate example. Representing a more realistic application,
each layer thickness is 0.15 mm. The layer orientations
are defined according to y axis of Fig. 14, i.e., 0° ply angle
means that the fibers are parallel to the y axis. The panel
skin laminate is the [0°/90°]4g with a total of 24 layers. The
reinforcement base laminate is the [90°/0°]; laminate with 6
layers in total. The reinforcement web is the [0°/90°]5¢ with
a total of 20 layers. Notice that in the region where the stiff-
ener base attaches to the panel skin the resulting laminate
has 30 layers: [[0°/90°]¢s, [90°/0°15].

Two models for this panel are simulated. The first model
is composed of traditional four-node plate laminate elements
based on Mindlin formulation. Sixty elements are used in the
hoop direction (x axis), 40 elements are used in the longi-
tudinal direction (y axis) and 4 elements are used along the
stiffener height (z axis). Four elements are used to model the
base of each stiffener. In the second model, the same mesh is
used, but the new element formulated is employed.

Figures 15 and 16 show the results is terms of u displace-
ment along x axis. The negative displacements (blue hue)
observed in the Mindlin mesh on the region near the free
tip of the stiffeners were not observed in the new element
model. However, the displacement distribution over most of
the reinforced panel agrees very well. The greatest advan-
tage of the model built with the newly proposed element
is its ability to assess through-the-thickness effects. Evi-
dently, the Mindlin elements cannot predict neither &, nor
o, and may provide inaccurate results in terms of y,., 7, 7.,
7,,. Figure 17 shows a magnified view of the skin/stiffener
attachment region. The laminate representing the connection
skin/stiffener base with a total of 30 layers is clearly seen.
Additionally, the transverse normal stress o, distribution is

@ Springer
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captured. This information is invaluable if studies toward
stiffeners detachment are to be done.

6 Conclusions

Two versions of a new element are proposed (quad and tria).
Their numerical implementations were described and perfor-
mance assessment conducted. The element results compare
well against a commercial FE package that used traditional
eight-node brick elements to build a 3D model. Displace-
ment, strain and stress magnitude, tendencies and disconti-
nuities were reasonably well predicted. The quad element is
superior to the tria, what is expected. It is good practice to
use as many quads as possible and recur to a few trias only
to avoid severe mesh distortions.

One important feature of the new element is that it can
take advantage of previously existing meshes originally
created to work with traditional quads and trias formulated
under Mindlin hypothesis and build on them through-the-
thickness capabilities. This is because the new element
requires only that the parent tria or quad nodal positions
are available, and from there, the element matrices and vec-
tors can be computed without the need to create specially
purposed 3D meshes.

Another great feature of the element is its ability to model
multiple laminate structures such as the reinforced panel
considered. In the simulations performed, the Mindlin ele-
ment mesh presented in Fig. 15 was taken as the starting
point for the model created using the new elements and
depicted in Fig. 16. Figure 17 shows that the through-the-
thickness capabilities of the new element allow one to
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compute, for instance, o, Ty, and 7, stresses and 3D dis-
placements, which can subsequently be used in conjunction
with composite failure criteria [11] in the investigation of
challenging phenomena involving crack propagation [12].
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