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Abstract

In the present work, an analytical solution for the free vibration of nanoplates made of functionally graded materials (FGMs)
under various boundary conditions is provided. In this context, a new refined plate theory with four variables based on the
theory of non-local elasticity including the small-scale influences is adopted. Using the rule of mixture, the material proper-
ties of nanoplates are supposed to vary continuously across the thickness direction. Based on Eringen’s non-local elastic-
ity theory, the equations of motion of functionally graded (FG) nanoplate are derived using Hamilton's principle, and the
obtained equations are solved analytically. Here, the number of unknowns and governing equations of the present model are
reduced to four separating the vertical displacement into shear and bending components, and so the number of unknowns
has become less than the other alternative theories. The influences of the different parameters such as vibration mode, the
aspect ratio, boundary conditions, power-law index, and non-local parameter on the natural frequencies of the FG nanoplate
are discussed, in detail. Finally, it is decided that the considered parameters have major influence on the natural frequencies
of the FG nanoplates. Furthermore, the proposed solution method not only satisfactorily handled the present problem and
yielded successful results but also it supplied ease in the examination of non-local free vibration of FG nanoplates.
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1 Introduction

The new kind of composites with smoothly varying mate-
rial properties changing the volume fraction of constituents
gradually along with one or more directions is called FGMs.
In comparison with the traditional composite materials,
FGMs exhibit not only superior features such as extremely
high stiffness and strength combined with a very low density,
resistance to chemicals, thermal and electrical insulation but
also eliminate stress concentrations at the interfaces of com-
posites [1, 2]. FGMs are regularly composed of two different
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kinds of structural components like ceramic and metal, and
the volume fractions of these constituents change as a func-
tion of the certain dimensions of the structure to realize the
desired functions. FGMs have a wide application range in
modern technology including aerospace, medicine, defense,
energy, optoelectronics, automotive, biotechnology, aviation,
civil, and mechanical engineering [3—10].

Since the introduction of carbon nanotubes (CNTSs)
by Iijima [11], nanotechnology has become an important
part of mankind as a result of the rapidly increasing use of
nanosized structures in modern life as well as in defense
technology for the miniaturization of information technol-
ogy devices. Nanowires, nanotubes, nanobeams, nanomem-
branes, and nanoplates are some examples of nano-sized
structures composed of nanomaterials with outstanding
mechanical, chemical, electronic, electrical, and optical
properties, and they have utilization in nano-/microelectro-
mechanical systems (NEMS/MEMS), aerospace, biomedical
and bioelectrical devices; some examples are photovoltaic
cell, generators, micro-/nano-switches resonators, sensors,
energy harvesting, transistors, and atomic force microscopy
[12-21].
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Nanostructures have ridiculously small dimensions that
are comparable to the size of their material microstructure,
and therefore, it becomes essential to study the size effect
as the mechanical behaviors of nanostructures. Several
approaches have been developed to capture the size influ-
ences as experimental, molecular dynamics simulations,
and continuum mechanics. However, continuum mechanics
is the most widely used method between these approaches
because it is easy, cost-efficient, and effective. But the clas-
sical continuum mechanics cannot capture the size influence
since the constitutive model of it does not include the mate-
rial length parameters. Thus, a variety of size-dependent
continuum mechanics approaches are established such as
the surface elasticity theory, non-local elasticity theory, the
modified couple stress theory, and strain gradient elastic-
ity theory. Between these approaches, Eringen’s non-local
elasticity theory contains only one scale parameter of small
length for the definitions of the internal length scale of nano-
structures and atomic forces, and hence, it has been widely
employed [22-24].

Currently, the investigations on the mechanical behav-
iors of nanoplates composed of FGMs have attracted many
researchers due to the increasing demand for applications of
these structures in modern technology because of their supe-
rior properties. In various engineering practices, structural
elements are exposed to dynamic loads, which can excite
the structural vibrations and induce durability concerns or
discomfort due to the resulting noise and vibration. Besides,
if the vibration exceeds particular limits, breakage or failure
may occur. Since FG nanoplates have been started to be used
in micro-/nanoelectromechanical systems, such as the com-
ponents in the form of shape-memory alloy thin films with
a global thickness in micro- or nano-scale [25, 26], electri-
cally actuated MEMS devices [27, 28], and atomic force
microscopes [29], as well as medicines, gas sensors, energy
storage, field emission, transportation of nano-cars and solar
cells [30-32], the vibration analysis of nanoplates has been
a vital task in their design for engineers and researchers for
recent years. Giirses et al. [33] performed numerical com-
putations using discrete singular convolution for the free
vibration of nano-annular sector plates based on non-local
continuum theory. The size-dependent free vibration of FG
nanoplates is examined by Natarajan et al. [34] using the
isogeometric-based finite element method. The three-dimen-
sional non-local bending and vibration analyses of FG nano-
plates are performed by Ansari et al. [35] using the varia-
tional differential quadrature method. Daneshmehr et al. [36]
studied the free vibration of FG nanoplate using the general-
ized differential quadrature method. Nami and Janghorban
[37] presented the free vibration of rectangular nanoplates
with simply supported boundary conditions depending on
refined plate theory with two variables employing strain
gradient elasticity theory. Mechab et al. [38] examined the
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free vibration of FG nanoplate resting on Winkler—Pasternak
elastic foundations based on refined plate theories with two
variables including the effect of porosities. Phung-Van et al.
[39] presented the size-dependent geometrically nonlinear
transient analysis of FG nanoplates employing a solution
procedure depending on isogeometric analysis combined
with higher-order shear deformation theory. Arefi et al. [40]
analyzed the free vibration of FG polymer composite nano-
plates reinforced with graphene nanoplatelets resting on a
Pasternak foundation applying a two-variable sinusoidal
shear deformation theory adopting the non-local elasticity
theory. Barati and Shahverdi [41] dealt with the semi-ana-
lytical nonlinear thermal vibration analysis of FG nanoplates
modeled by four-variable refined plate theory. Zargaripoor
et al. [42] examined the free vibration of FG nanoplate using
the finite element method. Baretta et al. [43] studied the size-
dependent elastostatic responses of axisymmetric annular
nano-plates using a stress-driven non-local integral method-
ology of elasticity. Ruocco and Mallardo [44] considered the
buckling and vibration of imperfect nanoplates via non-local
Mindlin plate theory employing a coupling finite strip—finite
element procedure. Sharifi et al. [45] dealt with the vibration
of FG piezoelectric nanoplates based on the non-local strain
gradient theory, analytically. Daikh et al. [46] analyzed the
free vibration of rectangular FGM sandwich nanoplates with
simply supported boundary conditions. Tran et al. [47] ana-
lyzed the bending and free vibration of FG nanoplates rest-
ing on elastic foundations utilizing a finite element model
using four-unknown shear deformation theory integrated
with the non-local theory. Zenkour et al. [48] examined
the bending of simply supported FG nanoplate utilizing the
non-local mixed variational formula. Liu et al. [49] studied
the thermo-electro-mechanical free vibration of piezoelec-
tric nanoplates based on the non-local theory and Kirchhoff
theory. Malekzadeh and Shojaee [50] investigated the free
vibration of nanoplates utilizing a refined plate theory joint
with the non-local theory. Kiani [51] examined the features
of in-plane and out-of-plane free vibrations of a conduct-
ing nanoplate subjected to the unidirectional in plane steady
magnetic field utilizing different non-local shear deformable
plate theories.

From the results of the search of open literature, it is
observed that numerous studies are devoted to examine the
mechanical behaviors of FG nanoplates. In most of these
studies, numerical solution methods are employed, the num-
ber of studies based on the exact solution is quite limited,
and in these studies, the exact solutions are developed for
simple support boundary conditions, generally. Because the
free vibration of the FG nanoplates has great importance
in modern technology, it has become a necessity to derive
a reliable exact solution for this behavior under different
boundary conditions. Therefore, in the current study, an
attempt is done to address this problem. For this aim, an
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exact analytical solution for the free vibration of nanoplates
made of FGMs under four different boundary conditions
is provided. The influence of the different parameters such
as vibration mode, the aspect ratio, boundary conditions,
power-law index, and non-local parameter on the natural
frequencies of the FG nanoplate is discussed, in detail.

2 The formulation of the problem

Figure 1 displays an FG nanoplate of length a, width b, and
height A. It is supposed that the top surface of the nanoplate
(z = +h/2)is ceramic-rich and it is graded to the metal-rich
one at the bottom surface (z = —h/2).

The material properties, P, are supposed to grade across
the thickness of FG nanoplate depending on the rule of the
mixture as follows:

P(z)=P.V,+P,V, (1)

where P_, P,, V., and V,, represent the material properties
and volume fractions of the ceramic and metal constituents,
respectively.

The total volume fraction of constituents is as follows:

V4V, =1 0)

The volume fraction of the ceramic constituent obeying
the power-law distribution is as follows:

z | 1y
vo= (3 +4)
where k is a non-negative number and indicates the power-
law index and z is the distance to the midplane of the
nanoplate.
The efficient material properties of FG nanoplate could
be expressed as:

E(Z) = (Ec - Em>vc + Em (4a)

Fig. 1 The geometry of FG nanoplate

p(2) = (pe = ) Ve + P (4b)

where E and p are the Young’s modulus and the mass den-
sity of FG nanoplate, respectively.

Adopting Eringen’s [22, 23] non-local theory of elasticity,
the influence of inter-atomic forces can be taken into account
as the material parameters in the fundamental equation as
follows:

(1 - TZLZVZ)G;}]L = 65; 2= % = (%)2 )
where superscripts (L, NL) denote the local and non-local,
respectively, y = (eoa)2 is the non-local parameter repre-
senting the small-scale influence, ¢, is a physical param-
eter that has been identified by experimental results, and
a and L are the internal and external characteristic lengths,
respectively.

Non-local constitutive equations of FG nanoplate are as
follows:

! ! 010, 0 0 0 Ex
y P % 0,0, 0 0 0 £y
< rxy>—y<ﬁ+a—yz)< Txy>= 0 0 Q44 0 0 yyz
Ty T)'Z 0 0 0 QSS 0 Vxz
’ 0 0 0 0 Qg Vay
TXZ TX7
(6)
whereo,, 0, Top Tyz Tz ande,, Eys Vays Vyoo Vg ATC the compo-

nents of stress and strain, respectively, and Cij are the stiff-
ness coefficients and described as follows:

E(2) vE(2)
Cn=Cn=1"0 Ce=iTn
E
Quy = 055 = Qg6 = 2(+_|Z_)‘/) o

Note that the transverse normal stress is negligible in
comparison with in-plane stresses in x- and y-axes.

The displacements of FG nanoplate depending on the
higher-order shear deformable plate theory are [7, 52, 53]:

ow,
ox

ow,,
u(x,y,z, ) = ug(x, y, 1) — ZE -f(@

ow,, ow, (8)
v(x,y,2,1) = vy, y, 1) —2—— — f(2)—
dy dy

w(x,y,2,1) = wy(x,y, 1) + wy(x,y,1)

where u, v, and w denote the displacements throughout
x, y, and z directions, respectively, and u,, vy, w;, and w;
are the unknowns as well as f(z) is the shape function and
expressed as follows:

@ Springer



418 Page4of 14

Journal of the Brazilian Society of Mechanical Sciences and Engineering (2021) 43:418

f)= z[l + 377[sech(%>2] - 37ﬂhtanh <}§l> )

The nonzero strains related to the displacement field are:

£ 60 kb kS
* 0 b s
g, (=1 ¢ y [+ kby +f()4 K
5
yA} yxy kxy kxy
(10)
, .
{ Vyz } — g(z){ )Sz }
Vxz Yz
where
( ou 0%w,
0 0 b
K B p &
4 E =< L k = - L
y ox ’ 0y? ’
y0 aug ) oy K P,
L) L 9y 0x w - 0xdy
o (11a)
. = vy, o
) s )
9 ky r=9 - ay2 s { yysz } = g(Z) ,)ay%;s
kiv A 07w, Xz ox
L ) L 0xdy
and then
df (2)
g@)=1-—
dz

Utilizing Hamilton’s principle, the equations of motion
could be found as follows:

0=/(5U—5K)dt 12)
0

where 6 U and 6 K are the variations strain and kinetic ener-
gies, respectively.

The variation of strain energy of FG nanoplate can be
specified as follows:

oU = / [6X5 £+ ayé g, + Txyé Yot Tyzé Yy + 7,0 yxz] dv
v

— 0 0 0 b b b b b b
- / (V.8 0+ N,Gel + N3 75, + MK + MOGK + M 5K
A
MK+ MK+ ML 6K + 8067, +S.5 yjz] dA=0

13)
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where A is the upper surface of FG nanoplate, and the stress
resultants N, M, and S can be described as follows:

)2
(N, MV, M) = / (1, z.f)odz, (i =x,,xy) (14a)
—h)2
2
(Siz’S;z)=/g(sz’Tyz)dZ (14b)

—h/2

The variation of the kinetic energy of FG nanoplate can
be specified as follows:

h

2
5T=//[u5u+v5\>+w5W]p(Z)dez
" Q

2
= / {Iy [t ity + 98 + (W, + vy ) (W, + S0y ) |
A

(0 Oy 06, 0
N\ H075 Ty T T 5,0

06w, Owg 06wy 0w,
— I\ iy Fp + O ity + Vg + 07y

ox ady dy
OW, 06 W, 0wy, 06 W, oW, 06w, 0w, 06 W,
+J,[ =— — +E|—=—"+ =
dx 0x dy Ody dx 0Ox dy dy

ow, 06 W ow, 06w ow, 06 W ow, 06 W,

J2 _b s + K b _b s + s b dA
ox Ox ox Ox dy dy dy 0y

(15)

where the dot superscript demonstrates differentiation con-
cerning the variable of time ¢, [;, J;, K, terms define the mass
moment of inertias of FG nanoplate as follows:

n/2

(Io. 1y, 1,) = / (1,2,2%) p(2)dz

—h/2

(16a)

/2

(/- /2. Ky) = / (f-2f.f?) p(2)dz

—h/2

(16b)

Inserting Eqgs. (13) and (15) in Eq. (12) and after some
mathematical operations and simplification, the subsequent
equations are found
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S . aNx + aNXY = i I ()Wh ()Wv
"0 ox dy oo = H1 75y ox
. oN,, ON, L1 oWy, oW,
Yo - ox oy 01Vo — 1q dy 13y
>mMb oMY oMY
Swy, - = +2 >
ox 0xady ay
o iy 9y 9. 5.
= Iy, + W) + 1, - +(3_y — L,V*ib, — J, Vi,
2A48 2 A0S 2 A0S S s
s 0*M$ . Za M 0°M; & oS,
ST ox? 0x0dy 0y? ox ay
. .. diiy 9V ..
= Iy (i, + Vi) +J1< =~ T % > J, V2, — K, V2,

a7

Inserting Egs. (6) and (11) in Eq. (14) and after some
mathematical operations, the stress resultants concerning
generalized displacements (u,vy,wp,,w,) are as follows:

N

ox2  0y?
M Y

02S  9%S )
S—u( 22+ 22 =40
”<ax2 ayZ) ’

MS

N
2 2
M? _ﬂ<0_+a_> MP A =

A B B || ¢
B D DS RKS,
BS DS HS ks

(18)
where
t
N = {Nx’Ny’NXy}t’ M’ = {Mf’M,»b"Mfy} ’
t
M= {M;’Mi’M;y} (192)

2 t t
e={etel ), w={Rkr ), K= {kKk ]
x* Ty Txy X Ty’ Txy x>y Txy

(19b)
All AIZ 0 Bll BIZ 0 Dll DlZ 0
A=|ApAy 0} B=|B By 0 D={Dy; Dy 0
0 0 Ag 0 0 By 0 0 Dy
(19¢)
B, B, 0 D}, D, 0
B =| B, B, (3 ., D= Délz D%z (3 )
0 0 B, 0 0 D
[
H = Hy, H), OS
0 0 Hg (19d)

t t A* 0
_ X s _ o .0 s 44
s={ss s r= s o=

(19e)
where AU, sz’ D are the material stiffness coefficients and
defined as follows

A, B;, Dy, Bil Dil Hil
A, B, Dy, Biz Diz Hiz
Ags Bes Do Byg Do Heg
h/2 1
= / 011 (1L,2.2.f@),2f@).f*(@) vod
—v
~h/2 2 (20a)
(Asp By, Dy, By, D3y, Hy,y ) = (A1 Byy, Dy, By, Dy, HY )
(20b)
h/2
, = Al / Oule@)]’dz (20c)
—h/2

Inserting Eq. (18) in Eq. (17), the following equation is
found:

0x (21a)

(21b)
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Py + (B, +2B )03”0
o3 12 66 ox a 2

Vo 0? Fvy o*w,
+B —_—
253 0y 754

o*w, o*w,

—2(Dy, +2Dg) PEE
*w, 4
-Di—7 -2(D, +2D66)0x26y
o ot o
—Dy—— oy = (1= V) [£o (i, + i)

dity 0V . ..
+1, (E + 5) — LV, — J, Vi,

Bll

3

0
+ (Byy +2Bgs) —— 300

(21c)

S 6314 S . 03140
Bll ox 3 (B +2366)a ay

v,

S .5 0 S 0
(B +2B66) z)x20y 22 ay3 -
o*w, . o*w,
i) ay*

1, 0 o o) L

1 6x4 0x20y?

s *w, s 0w, P 0w,

~Hnon S AL A 2

) . dii oV,
(1 —sz)[lo(wb+w ) +J1< Xy +a—y°>

3 4
o 0w,

11 ot

-2(D; +2D‘66)a 3y

—J, V2, — K, Vi 21d)

3 The solution of the problem

In the present part, solutions for the free vibration of FG
nanoplate under four different boundary conditions are
found.

The boundary conditions of a random edge are defined
as follows:

Clamped (C) edge boundary conditions

ow,  ow,
uO:VO:Wb:WS=E=ax=0 atx=0,a (22a)
ow,  ow,
Uy =V =W, =W, = =—=0aty=0,b (22b)

Ty T
y y

Simply supported (S) edge boundary conditions
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N, =vo=w,=w, =M, =0 at x=0,a (23a)

up=Ny=w,=w;=M,=0 at y=0,b (23b)

Free (F) edge boundary conditions

aMx Xy
N,=N,, = o 3 =0, =M, =0 atx=0,a
(24a)
M,
—2=0,=M,=0aty=0,b
ay ay y y

(24b)

The subsequent appropriate expressions are utilized for
the related boundary conditions

-

X, (x
Umn ( ) Y (y) lwt
u ox
0
Vo ( ) (y) 1a)t
=< mn n > (25)
Wp
Wy Whman(x)Y ()’)em
AITH’! Vl('x)Y (y)e]wt )
whereU,,,, V, ... Wy, and W, identify the random parame-
ters and @ = w,,, shows the eigenfrequency related to (m, n)®
eigenmode.

The following functions for X,,(x) and Y,(y) which are
suggested by Reddy [54, 55] are utilized to satisfy vari-
ous boundary conditions in Egs. (22)—(24) and signify the
deflected surface of the nanoplate approximately:

SSSS

X, (x) = sin(Ax), 4="2%

(26)
Y,(y) = sin(By), f = %

CCCC

[ sin (Aa) — sinh (1a) ]

| cos (Aa) — cosh (4a) |

(m+0.5)x
a

X,,(x) = [sin (Ax) — sinh (4x)] —

[cos (Ax) — cosh (Ax)], A =
[ sin (8b) — sinh (Bb) |

Y, = [sin (By) = sinh (By)] — | — (Bb) — cosh (Bb)
05 —
[cos (By) = cosh (By)]. # = W

27
CSCS
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X, (x) = [sin (Ax) — sinh (Ax)] —  sin(da) + sinh (4a) | G = Aty +Agets, @ = (A +Ags) s,
| cos (4a) + cosh (4a) | aj3 = —Bya;, — (B, + 2By ) ag,
0.25 s ' ;
[cos (Ax) — cosh (Ax)], A = (m+025)z ayy = —(B}, + 2Byg) a5 — By,
Y () = [si inh [ sin (8b) + sinh (Bb) | a1 = (Ao + Age) @10 2 = Aty + Aggtto
,() = [sin (By) — sinh (By)| — | cos (3) + cosh (3)| ayy = —Byay — (Byy + 2Bgg) ayor
(n+0.25)x ayy = _(Bélz + 2366)“10 - By,
cos (By) — cosh (By)|, f = ————
[ Y y] b ay; = Byag; + (B + 2By,
(28) az, = (Byy + 2Bgs )y, + Byas,
FCFC asy = —=Dyjoy3 — 2(Dlz + 2D66)“11 = Dyas,
X,,(x) = [sin (Ax) — sinh (4x)] — sin (4a) — sinh (4a) azy = =Dy a3 — 2(Di2 + 2D26)“11 - Dy as,
| cos (Aa) — cosh (Aa) | ay =B a3+ (B, + 2B, )y,
—-0.25 — (B s s
[cos (Ax) — cosh (Ax)], A = (m =025 ay = (By, + 2Bys) oy, + Byas,
a
i . ay =—-D% ay; —2(D5, + 2D )a;, — DS, as,
7,00 = [sin(8y) ~ sinh (4] ~ | 2D =SUED o= —Ha 2( - e
nY) = Y Y | cos (Bb) — cosh (pb) | as = ~Hy 03 = 2(H}, + 2,
—H as +AS,ay + Al
—025 5 9 3 31
[eos (8 — cosh(gy)], p= o2 o ey
d
(29) an
Substituting the expression (25) in Eqs. (21) and multi-  m;, = —Iyag — (o), + ag)]. myy =0, myz =1, [ag — p(ay, + og)].

plying each eigenfunction with the corresponding equation
and integrating throughout the solution domain, and after
some mathematical operations, the following equation is

my =J; [‘16 - #(“12 +"8)]’

my; =0, my, =1, [0‘2 - /4(0‘10 + 0‘4)]»

myy =1y [ay — u(ayg + )]s myy = Jy oy — p(ayg + )],

found my = =1, [0’9 — plags + “11)]7 msy = =1, [(“3 — p(ayy + “5))]’
ay ap, agjz ay my 0 my3 my U, 0 myy = ~Io[ay = p(ay +a3)| + D[ (g + a3) = (s + a5 + 2ayy) |,
gy Ayp Gg3 Ayg | _ o 0 my my; my, Vi L _J0 my, = ~ly|ay — u(ay +a3)] + 5[ (o + a3) — (e + a5 +2ay) ],
a3y Az azz dzy mzy M3y Myz Mz Womn 0 my =—J, [“9 — (e + “11)]am42 =-J, [‘13 — (e + 0‘5)]7
gy Ggp Ag3 Ayg myy Mgy Myy Myy 1)\ Wy 0 myz = —Iy[a, — u(ag + az)| + I [(@ + @3) — p(ay3 + as + 2ay,)].
30
(30) m44=—10[a1—,u(ag+a3)]+K2[(zx9+a3)—,u(a,3+a5+2a“)]
in which (32)
with
Table 1 The non-dimensional fundamental frequencies of FG nanoplate against the varying non-local parameter
Boundary Results (nm?)
conditions
0 1 2
k=0 k=1 k=5 k=0 k=1 k=5 k=0 k=1 k=5
SSSS Present 0.0930 0.0547 0.0441 0.0850 0.0500 0.0403 0.0788 0.0463 0.0373
Zargaripoor et al. [42] 0.0930 0.0504 0.0444 0.0850 0.0504 0.0405 0.0788 0.0467 0.0376
Natarajan et al. [34] - - 0.0441 - - 0.0403 0.0374
CCcCcC Present 0.1618 0.0953 0.0764 0.1448 0.0853 0.0684 0.1322 0.0778 0.0625
Zargaripoor et al. [42] 0.1597 0.0941 0.0753 0.1436 0.0846 0.0677 0.1315 0.0774 0.0677
Natarajan et al. [34] - - 0.0758 - - 0.0682 - - 0.0624
SCSC Present 0.1261 0.0742 0.0597 0.1136 0.0668 0.0538 0.1042 0.0613 0.0493
Zargaripoor et al. [42] 0.1307 0.0771 0.0618 0.1185 0.0699 0.0560 0.1092 0.0644 0.0516
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Table 2 The non-dimensional
frequencies of the first four
modes of FG nanoplate with
SSSS edges against the varying
non-local parameter and power-
law index

Table 3 The non-dimensional
frequencies of the first four
modes of FG nanoplate with
CCCC edges against the varying
non-local parameter and power-
law index

@ Springer

U (nmz) Results Q, Q, Q, Q
0 Present 0.0930 0.2219 0.2219 0.3407
Zargaripoor et al. [42] 0.0930 0.2225 0.2225 0.3407
1 Present 0.0850 0.1816 0.1816 0.2547
Zargaripoor et al. [42] 0.0850 0.1820 0.1820 0.2547
2 Present 0.0788 0.1575 0.1575 0.2121
Zargaripoor et al. [42] 0.0788 0.1578 0.1578 0.2122
0 Present 0.0547 0.1305 0.1305 0.2003
Zargaripoor et al. [42] 0.0552 0.1310 0.1310 0.2008
1 Present 0.0500 0.1068 0.1068 0.1497
Zargaripoor et al. [42] 0.0504 0.1072 0.1072 0.1501
2 Present 0.0463 0.0926 0.0926 0.1247
Zargaripoor et al. [42] 0.0467 0.0930 0.0930 0.1250
0 Present 0.0441 0.1049 0.1049 0.1606
Natarajan et al. [34] 0.0441 0.1051 0.1051 -
Zargaripoor et al. [42] 0.0444 0.1052 0.1052 0.1608
1 Present 0.0403 0.0858 0.0858 0.1201
Natarajan et al. [34] 0.0403 0.0860 0.0860 -
Zargaripoor et al. [42] 0.0405 0.0861 0.0861 0.1202
2 Present 0.0373 0.0744 0.0744 0.1000
Natarajan et al. [34] 0.0374 0.0745 0.0746 -
Zargaripoor et al. [42] 0.0376 0.0747 0.0747 0.1002
U (nmz) Results Q, Q, Q, Q
0 Present 0.1619 0.3147 0.3147 0.4454
Zargaripoor et al. [42] 0.1597 0.3061 0.3061 0.4286
1 Present 0.1448 0.2494 0.2494 0.3201
Zargaripoor et al. [42] 0.1436 0.2450 0.2450 0.3129
2 Present 0.1323 0.2129 0.2129 0.2628
Zargaripoor et al. [42] 0.1315 0.2099 0.2099 0.2580
0 Present 0.0953 0.1853 0.1853 0.2621
Zargaripoor et al. [42] 0.0941 0.1804 0.1804 0.2525
1 Present 0.0853 0.1467 0.1467 0.1883
Zargaripoor et al. [42] 0.0846 0.1443 0.1443 0.1842
2 Present 0.0778 0.1252 0.1252 0.1545
Zargaripoor et al. [42] 0.0774 0.1236 0.1236 0.1518
0 Present 0.0764 0.1482 0.1482 0.2092
Natarajan et al. [34] 0.0758 0.1442 0.1455 -
Zargaripoor et al. [42] 0.0753 0.1437 0.1437 0.2008
1 Present 0.0684 0.1174 0.1174 0.1504
Natarajan et al. [34] 0.0682 0.1157 0.1166 -
Zargaripoor et al. [42] 0.0677 0.1151 0.1151 0.1467
2 Present 0.0625 0.1002 0.1002 0.1235
Natarajan et al. [34] 0.0624 0.0992 0.0999 -
Zargaripoor et al. [42] 0.0620 0.0987 0.0987 0.1210
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Table 4 The change in the non-dimensional frequencies of the first four modes of FG square nanoplates under different boundary conditions
against the varying non-local parameter and power-law index

k p(nm?) SSSS ccce
Q Q, Q, Q, Q, Q, Q, Q,

0 0 0.0930 0.2219 0.2219 03407 0.1619 03147 03147 0.4454
2 0.0788 0.1575 0.1575 02121 0.1323 02129 02129 0.2628
4 0.0695 0.1287 0.1287 0.1671 0.1146 0.1714 0.1714 0.2045

2 0 0.0488 0.1162 0.1162 0.1782 0.0848 0.1646 0.1646 0.2327
2 0.0413 0.0825 0.0825 0.1109 0.0693 0.1113 0.1113 0.1373
4 0.0365 0.0674 0.0674 0.0874 0.0600 0.0896 0.0896 0.1068

4 0 0.0450 0.1071 0.1071 0.1640 0.0781 0.1513 0.1513 02137
2 0.0381 0.0759 0.0759 0.1021 0.0638 0.1024 0.1024 0.1261
4 0.0337 0.0621 0.0621 0.8043 0.0553 0.0824 0.0824 0.0981

k p(nm?) CScs FCFC

Q Q, Q, Q, Q Q, Q, Q,

0 0 0.1261 0.2681 0.2681 0.3920 0.1625 0.3152 0.3152 0.4453
2 0.1042 0.1851 0.1851 0.2373 0.1325 0.2130 0.2130 0.2628
4 0.0908 0.1500 0.1500 0.1857 0.1146 0.1715 0.1715 0.2045

2 0 0.0661 0.1403 0.1403 0.2049 0.0850 0.1647 0.1647 0.2324
2 0.0546 0.0969 0.0969 0.1240 0.0694 0.1113 0.1113 0.1372
4 0.0476 0.0785 0.0785 0.0971 0.0600 0.0896 0.0896 0.1068

4 0 0.0609 0.1292 0.1292 0.1884 0.0783 0.1514 0.1514 0.2135
2 0.0504 0.0892 0.0892 0.1141 0.0639 0.1024 0.1024 0.1261
4 0.0439 0.0723 0.0723 0.0893 0.0553 0.0824 0.0824 0.0981

Table 5 The change in the non-dimensional fundamental frequency of FG rectangular nanoplates under different boundary conditions against

the varying non-local parameter and power-law index

k u (nmz) Q,
SSSS CCCC CSCS FCFC
5 0 0.1049 0.1445 0.1838 0.1842
1 0.0859 0.1148 0.1439 0.1439
2 0.0744 0.0981 0.1222 0.1220
3 0.0666 0.0871 0.1080 0.1078
4 0.0608 0.0791 0.0979 0.0977
5 0.0563 0.0729 0.0901 0.0899
k H (Hmz) Q
SSSS CCcCcC CSCS FCFC
0 1 0.1816 0.2437 0.3069 0.3072
1 0.1068 0.1434 0.1808 0.1806
2 0.0951 0.1275 0.1603 0.1602
3 0.0904 0.1209 0.1518 0.1517
4 0.0876 0.1172 0.1470 0.1469
5 0.0859 0.1148 0.1439 0.1439
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Table 6 The change in the frequency ratio of FG rectangular nanoplates under different boundary conditions against the non-local parameter

u (nmz) SSSS CCcCC

Fr] Fr2 Fr3 Fr4 Frl Fr2 Fr3 Fr4
0 1 1 1 1 1 1 1 1
1 0.8183 0.6111 0.7475 0.5799 0.7820 0.5743 0.7111 0.5447
2 0.7094 0.4792 0.6227 0.4496 0.6636 0.4444 0.5816 0.4173
3 0.6349 0.4071 0.5448 0.3801 0.5866 0.3754 0.5042 0.3511
4 0.5799 0.3601 0.4904 0.3353 0.5314 0.3309 0.4512 0.3088
5 0.5370 0.3264 0.4496 0.3033 0.4893 0.2993 0.4120 0.2789
u (nm?) CSCS FCFC

Fr] FrZ Fr3 Fr4 Frl Fr2 Fr3 Fr4
0 1 1 1 1 1 1 1 1
1 0.7941 0.5908 0.7252 0.5609 0.7805 0.5753 0.7103 0.5458
2 0.6786 0.4598 0.5974 0.4321 0.6618 0.4453 0.5809 0.4183
3 0.6022 0.3894 0.5196 0.3643 0.5847 0.3762 0.5034 0.3519
4 0.5469 0.3438 0.4660 0.3209 0.5295 0.3318 0.4505 0.3096
5 0.5045 0.3112 0.4262 0.2899 0.4875 0.3000 04114 0.2796

0.11 0.16 4
(0 Cscs

0.10
0.09 -
0.08
0.07
0.06
0.05
0.04

0.03

0.02

020 1 (b)
0.18 1
0.16

0.14

0.10

0.08

0.06

Ccccce

a/b

020 1 (d)

a/b

FCFC

Fig.2 The change in the non-dimensional fundamental frequencies of FG rectangular nanoplates under different boundary conditions against the

varying aspect ratio
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The nontrivial solution of the present problem is found
equating the determinant of Eq. (30) to zero.

4 The numerical results and discussion

Herein numerous examples are given for validating the accu-
racy of the current solution procedure as well as the investi-
gation of the natural frequencies of FG nanoplate consider-
ing four different cases of boundary conditions. For this aim,
in Tables 1, 2 and 3 comparison studies are given to validate
the accuracy of the present work. Then, detailed analyses are
performed to study the influence of different parameters such
as vibration mode, the aspect ratio, boundary conditions,
power-law index, and non-local parameter on natural fre-
quencies of the FG nanoplate in Tables 4, 5 and 6 and Fig. 2.
In all numerical analyses, the free vibration analysis is
performed considering that the top surface of the plate is
Si;N, (ceramic) and the bottom surface is SUS304 (metal).
Young’s modulus, E, and mass density, p, are taken to
be E,=348.43GPa, p, =2370kg/m? for Si;N, and
m = 201.01 GPa, p,, = 8166 kg/m3 for SUS304. Besides,
the non-dimensional natural frequency, Q, and frequency
ratio, F,, are expressed as follows:
Pe g =D 1234

c iy

where p_ and G, are the mass density and shear modulus of
the ceramic constituent, respectively, w; —and w; are the
non-local and local (¢ = 0) non-dimensional frequencies,
respectively.

4.1 Comparison examples
Example 1 The non-dimensional fundamental natural fre-

quencies, ;, of FG square nanoplates versus the varying
non-local parameter (x) are checked against the findings of

Natarajan et al. [34] and Zargaripoor et al. [42], in Table 1.
Here, fully simply supported (SSSS), fully clamped (CCCC)
and SCSC edge conditions, a/b =1 and a/h = 10, are
considered.

Example 2 The non-dimensional frequencies, Q;, of the first
four modes of FG square nanoplates versus varying non-
local parameter (u) and power-law exponent (k) are checked
against the findings of Natarajan et al. [34] and Zargaripoor
et al. [42], in Table 2. Here, SSSS edge conditions a/b = 1
and a/h = 10 are considered.

Example 3 The non-dimensional frequencies, Q;, of the first
four modes of FG square nanoplates versus varying non-
local parameter (¢) and power-law exponent (k) are checked
against the findings of Natarajan et al. [34] and Zargaripoor
et al. [42], in Table 2. Here, CCCC edge conditions a/b = 1
and a/h = 10 are considered.

Consequently, it is realized that the obtained results are coin-
ciding with the existing ones.

4.2 lllustrative examples

Example 4 The influence of varying non-local parameter,
u, and power-law index, k, on non-dimensional first four
natural frequencies, Q; (i = 1,2,3,4), of FG nanoplates
under different boundary conditions is examined for square
and rectangular plates in Tables 5 and 6, respectively. Here,
a/h =10,a/b = 1,and a/b = 2 are considered. The findings
revealed that the values of ; decrease with the increment of
k since the percentage of metal phases that are weaker than
ceramic phases become more prominent. The influence of
the variation of k on the values of Q, is independent of the
variation of the non-local parameter, mode number, and edge
conditions. Furthermore, the values of Q; decrease with the
increase in the u. Note that the influence of the variation of
u on the values of Q, is changing according to the boundary
conditions, as well as the influence of the variation of x4 on
the values of Q; increases with the increment of the number
of the mode, while it is independent of the variation of the k.

Example 5 The influence of varying non-local parameter,
u, on the frequency ratio, F,; (i = 1,2,3,4), of FG rectan-
gular nanoplates versus four distinct boundary conditions is
examined in Table 6. Here, k =2, a/h =10, and a/b =2
are considered. The results revealed that the values of F|,
decrease with the increment of u. Note that the influence of
the variation of y on the values of is F; which is changing
according to the boundary conditions, as well as the influ-
ence of the variation of 4 on the values of F; frequency ratio
of FG nanoplates changes with the number of the mode.
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Example 6 The influence of varying aspect ratio, a/b and
non-local parameter, y(nmz), on the non-dimensional fun-
damental frequencies, £2,, of FG rectangular nanoplates ver-
sus four distinct boundary conditions is examined in Fig. 2.
Here, k = 5, a/h = 10 are considered. The results indicated
that the values of Q, increase with the increase in a/b. Note
that the influence of the variation of a/b on the values of Q,
is changing according to the boundary conditions, as well
as the influence of the variation of a/b on the values of Q,
decreases with the increment of p.

5 Conclusions

In the present study, an analytical solution for the free
vibration of nanoplates made of FGMs under four differ-
ent boundary conditions was provided. For this aim, a new
refined plate theory with four variables based on the theory
of non-local elasticity including the small-scale influence.
Here, the number of unknowns and governing equations of
the present model were reduced to four separating the verti-
cal displacement into shear and bending components, and
so the number of unknowns has become less than the other
alternative theories. The influence of the different param-
eters such as vibration mode, the aspect ratio, boundary
conditions, power-law index, and non-local parameter on
the natural frequencies of the FG nanoplate is discussed,
in detail.
In sum, the following results were obtained:

e The non-dimensional natural frequencies reduce with the
increment of the power-law index

e The non-dimensional natural frequencies reduce with the
increment of the non-local parameter

e The influence of variation of the non-local parameter on
non-dimensional natural frequencies increases with the
increment of the mode number

e The frequency ratio reduces with the increment of non-
local parameter

e The influence of non-local parameter on the frequency
ratio changes with mode number

e The values of non-dimensional fundamental natural fre-
quency increase with the increase in aspect ratio.

e The influence of aspect ratio on the non-dimensional fun-
damental natural frequency decreases with the increment
of the non-local parameter

e All said influence on non-dimensional natural frequen-
cies changes depending on boundary conditions

Consequently, it is decided that considered factors have
key influences on the natural frequencies of FG nanoplates.
Furthermore, the proposed exact solution method not only
satisfactorily handled the present problem and yielded

@ Springer

successful results but also it supplied ease for the non-local
vibration analysis of FG nanoplates. In the future studies, the
presented solution procedure will be extended for mechani-
cal behaviors of other types of structures composed of varied
materials with macro-/micro-dimensions.
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