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Abstract

The present work provides a hybrid numerical-analytical solution through integral transforms for swirling laminar flows
of a Newtonian fluid in an end-driven rotating cylindrical cavity. The top-end wall rotates at an angular velocity ®,, while
the bottom-end wall rotates at an angular velocity w,, with a fixed sidewall. The Generalized Integral Transform Technique
(GITT) is employed to obtain a hybrid solution of the two-dimensional Navier—Stokes equations in the streamfunction-only
formulation for steady-state incompressible flow. Results for the velocity components are presented for different aspect ratios
(height-to-radius ratio) and Reynolds numbers. The numerical part of the solution is solved through the BVPFD subroutine
from the IMSL Library, and the converged results are compared against fully numerical solutions available in the literature,
with excellent agreement. In addition, it is shown that the GITT results are in overall agreement with experimental data from
the literature. The physical behavior of the computed velocity field is consistent with the experimental flow visualizations
regarding position and size of the breakdown bubbles. Finally, the results for both co- and counter-rotation configurations
present flow patterns characterized by two symmetric regions that are in accordance with previous findings.
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74 Transformed streamfunction
* Superscript for dimensional quantities
Subscripts for eigenfunctions indices

Superscript for transformed quantities

1 Introduction

Studies of rotating fluid flows confined within cylindrical
containers have contributed to the development of sophis-
ticated equipment, with improved efficiency, in various
technological applications, such as in centrifugal machines,
viscometers, turbo-pumps, combustion chambers, heat
exchangers, dryers and separators. A typical phenomenon
within the framework of rotating flows is the so-called vor-
tex breakdown, which can be defined as an abrupt change
of the flow direction in the axial region of the vortex axis,
forming one or more recirculation zones and usually affect-
ing the specific application efficiency. This term refers to
the disorder characterized by the formation of an internal
stagnation point on the vortex axis followed by a reverse
flow in a limited axial extension region [1]. Contributions
on the occurrence of vortex breakdowns in this type of
flow were first presented a few decades ago. In this context,
Pao [2] performed a numerical and experimental analy-
sis of a viscous incompressible flow in a closed circular
cylindrical cavity. The top and sidewalls rotated at a con-
stant angular velocity, while the base wall remained fixed.
Pao [3] numerically evaluated the incompressible viscous
fluid flow confined to a closed circular cylindrical cavity
with the top disc rotating at a constant angular velocity
and the base and sidewalls remaining fixed. An experi-
mental investigation was conducted by Escudier [4], who
observed the phenomenon of vortex breakdown in swirl-
ing flows within a cylindrical cavity with lower end wall
rotation, using a laser-induced fluorescence technique. In
the experiment, there were regions of one, two and three
vortex-breaking bubbles for certain Reynolds numbers and
aspect ratios of the cavity. Escudier [4] then proposed a
stability curve and limits for the occurrence of axisym-
metric vortex breakdown at different aspect ratios (H/R)
and Reynolds numbers.

Even after these pioneering works, theories for vortex
breakdown remained somewhat conflicting. For a compre-
hensive presentation, the reader is referred to the surveys
in [1, 5-8], for instance, at different stages of such devel-
opments. A comparison of experimentally and numerically
determined occurrences of vortex breakdown in swirling
flows produced by a rotating end wall can be found in [9].
Experimental visualizations that detected the presence of
multiple recirculation zones [4] were compared against
numerical simulation. An experimental study was conducted
using the laser-induced fluorescence technique to image the

@ Springer

flow produced by a continuously rotating bottom wall of
an open cylindrical cavity [10]. It was observed that with
increasing Reynolds number, the vortex breakdown of the
bubbles is directed towards the free surface and the corre-
sponding diameter is increased. The velocity field in a cylin-
drical cavity due to the rotation of the upper and lower ends
with a fixed lateral wall was evaluated in [11]. The char-
acteristic parameters evaluated were the Reynolds number
(Re =100-2000) and aspect ratios (H/R=0.5, 0.8, 1.0 and
1.5). It was then concluded that the bubbles stagnation point
occurred along the rotation axis, i.e., from the middle of the
symmetry plane and the rotating ends of the cavity. This
study numerically investigated the steady state, the stabil-
ity, the initiation of oscillatory instability and transient regi-
men for the axisymmetric swirling flow of an incompress-
ible Newtonian fluid confined to a circular cylinder closed
at the base, with the top rotating independently. Later on
[12], the influence of co- and counter-rotation of the base,
the vortex breakdown and the beginning of the oscillatory
instability were evaluated. The velocity fields were deter-
mined for flow in a cavity with independent rotation at both
ends [13], examining the formation of bubble recirculation.
It was found that, for a range of rotation ratios of the top/
bottom walls and a range of Reynolds numbers, the struc-
ture and stability of flows were highly sensitive to changes
in rotation ratios of the two end walls. The rotating laminar
flow within a cylindrical cavity produced by co-rotation of
the base and top ends was numerically analyzed in [14].
The steady-state Navier—Stokes equations were solved for
various values of the aspect ratio of the cavity, the rota-
tion ratio of the top/bottom walls and the Reynolds number.
Experimental measurements of the velocity components
were made by Fujimura et al. [15] in a cylindrical cavity
with rotation of the upper end wall. The three-dimensional
steady-state flow was examined at different aspect ratios and
Reynolds numbers. Bhaumik and Lakshmisha [16] investi-
gated the swirling flow due to the upper end wall rotation in
a cylindrical cavity to assess the performance of the Lattice
Boltzmann Equation approach (LBE) and to further clarify
the flow physics. This simulation was compared with experi-
mental and numerical results available in the literature. The
Lattice Boltzmann Equation (LBE) formulation was also
proposed by Guo et al. [17] for the axisymmetric flow here
considered. The proposed model describes the axial, radial
and azimuthal velocity components and is proved to be a
reliable and efficient method for axisymmetric laminar flows.
A lattice Boltzmann model was also proposed by Zhang
et al. [18] to simulate axisymmetric incompressible flows.
Numerical simulations of Hagen-Poiseuille flow, pulsatile
Womersley flow, flow over a sphere and swirling flow in
the closed cylindrical cavity were performed. The results
were compared with analytical solutions, numerical and
experimental results reported in previous studies. Gelfgat
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[19] numerically studied the three-dimensional oscillatory
instability of the flow in a rotating disk cylinder configura-
tion with aspect ratios between 0.1 and 1. They concluded
that the instability could not be described only as instability
of the boundary layers near the disks (rotating or stationary
disk). Dash and Singh [20] analyzed the numerical simu-
lation of vortex breakdown characteristics in the swirling
flow in a cylindrical cavity with an axial rotating rod. They
mapped the vortex breakdown zones in the flow as functions
of the aspect ratios and Reynolds number. Xiao et al. [21]
studied the phenomenon of vortex breakdown in swirling
flow with a rotating bottom wall. The energy gradient theory
was used to explain the phenomenon in terms of centrifu-
gal and Coriolis forces, angular momentum and azimuthal
vorticity. Later, Erkinjon son [22] analyzed the two-phase
swirling turbulent flow regarding an air centrifugal separa-
tor. Their results were fundamental in powder separation
processes.

Despite the availability of numerical solutions based
on purely discrete methods for laminar swirling flows, as
above discussed, it remains of interest to achieve highly
accurate benchmark solutions for the present class of
flow problems, so as to provide independent verification
of implemented numerical approaches. The Generalized
Integral Transform Technique (GITT) [23-29] is a hybrid
numerical-analytical approach, well known as a bench-
marking tool, which provides accuracy control to some
extent only allowed for by an analytical methodology,
while offering the applicability span which is more typical
of numerical methods. It has been successfully employed
in accurately solving various classes of fluid flow problems
in channels and cavities governed by the Navier—Stokes
equations [30-50], with representative applications in the
cylindrical coordinates system [35-37, 43, 47, 49]. For
two-dimensional flows, the preferred formulation has been
the streamfunction only form of the N-S equations, which
leads to the elimination of the pressure field, the automatic
satisfaction of the continuity equation and the merging of
the momentum balance equations into one single fourth-
order nonlinear partial differential equation for the stream-
function field. Then, the related integral transformation
process is based on a biharmonic-type fourth-order differ-
ential eigenvalue problem, with known analytical solution,
while the numerical part of the algorithm involves the
solution of a transformed ordinary differential boundary
value problem, for steady-state problems, or a transformed
ordinary differential initial value problem for transient
problems or for pseudo-transient formulations of steady-
state problems. The present work aims to demonstrate the
GITT approach [23-29] in the hybrid solution of laminar
swirling flows, here illustrated for a cylindrical cavity with
rotating upper and lower end walls. Convergence analysis
for the velocity components fields is performed at different

axial and radial positions for various values of the govern-
ing parameters, namely the Reynolds number (Re) and
the aspect ratio (H/R) of the cavity. For verification and
validation of the present solution, critical comparisons are
undertaken against computational and experimental results
from the literature.

2 Mathematical formulation

The swirling flow characteristics in the closed cylindrical
cavity are governed by the Reynolds number (Re =wR?/v),
where R is the radius of the cylinder, o is the rotational
velocity of the base (w,,) or top (w,) walls, v is the kinematic
viscosity and by the aspect ratio (A =H/R), where H is the
height of cylinder. The schematic representation of the prob-
lem to be analyzed is shown in Fig. 1.

A Newtonian fluid is then rotated inside the container
due to the rotating end walls and under the influence of the
stationary sidewall. The equations of continuity and con-
servation of momentum, which model the steady laminar
incompressible flow within the cylinder cavity, are written
in dimensionless form as:

\ R
A
(

Fig. 1 Schematic representation of the swirling flow problem: geom-
etry of cylindrical cavity with the end walls in rotation
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The dimensionless boundary conditions are given by:

0v,(0,2)
v(0,2) = 0; vy(0,2) = 0; = 0 5-7)
vi(1,2) = 05 vy(1,2) = 0; v,(1,2) =0 (8-10)
ve(r,0) = 0; vy(r,0) = 5,73 v,(r,0) =0 (11-13)
v(r,A) = 0;vy(r,A) = 5,13 v,(r,A) =0 (14-16)

The following dimensionless groups were employed to
obtain Egs. (1-16):

_r T _H %% O
V_E’Z_E’A_E’Sb__’s”__’
w w

* * * 17a—1

P % (7=
pR202" " Rw'* Rw ’  Rw

The streamfunction is defined in terms of the velocity
components in the r and z directions as:
V= %(z—t;vz=—%z—t (18a, b)

Therefore, with the use of the streamfunction definition
given by Egs. (18), the continuity equation, Eq. (1), is auto-
matically satisfied. On the other hand, the radial and axial
momentum equations are manipulated, differentiating each
one by, respectively, the axial and radial coordinates, so as to
eliminate the pressure field while merging these momentum
balance equations into a single equation for the new depend-
ent variable, y. Then, the streamfunction equation and the
tangential momentum balance equation, together with their
respective boundary conditions, are written as [49]:

10y O(E*w) 10y d(E*w) 20y , vy 1
- - - =——FEy - 2yy— = —
rdz or ror 0z r? 9z 0z Re

(19)
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ow(l.z
w(l,7) =0; # =0; vy(1,2)=0 (24-26)
ow(r,0
W(r.0)=0; "’;2 ) 00y 0) = s, (27-29)
ow(r,A
w(rA)=0; % = 0; vy(rA) = s,r (30-32)

where the associated operators EZ and E* are defined as:

or2  ror 072
o 20 30
or* ror’  r2or?
30 2 3 2 0* o4

_____ [— + —_—
r3or rordz? or2oz2 = o4

(33a, b)

3 Solution methodology

The Generalized Integral Transform Technique (GITT)
[23-29] is a hybrid numerical-analytical solution methodol-
ogy, well known for providing error-controlled results in dif-
ferent applications involving diffusion and convection—dif-
fusion processes. The relative merits of this technique are
in fact due to its hybrid nature, both in terms of low compu-
tational cost and high attainable accuracy. In this approach,
the integral transformation process in general eliminates all
but one of the independent variables. Thus, an analytical
solution is determined through the proposed eigenfunc-
tion expansion for all the independent variables eliminated
through integral transformation, while for that only variable
is not eliminated, the solution is numerically obtained from
the resulting ordinary differential system derived from the
integral transformation process of the original partial differ-
ential equations. Therefore, following the GITT formalism,
the first task is to choose appropriate eigenvalue problems
for the eigenfunction expansions for the streamfunction and
for the tangential velocity component, which are here chosen
as [43, 47, 49]
For the streamfunction:

& 2d 34 3d [ dr1d

—_— it =X =y r—(-=)|X

<dr4 rdR PR Pdr == [rdr(rdr>] {0
(34)
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. Xi(r) .
Lim =0; Lim
r—0 r r—0 dr

dX;(1)
X(1H)=0,———=0
dr

dX;
! (r)] } =0 (35, 36)

rdr

(37, 38)

The eigenvalue problem given by Egs. (34-38) is a bihar-
monic type differential equation, and its solution is given by:

rJy (y,-r)
Jy (}’i)

where the eigenvalues, y,, are calculated from the following
transcendental equation:

Jz(V,') =0,

X(r)=r* -

(39)

i=1,2,3,... (40)

The eigenfunctions, X;(r), satisfy the following orthogo-

nality property:

1

/1dx,.(r)dX,~(r) _Jo i;é]. / dX(r)
r dr dr "= M,i=j

0

(41, 42)
For the tangential velocity component:
1d| d¥i(» 1
SS =R - (5 - 2)y
rdr [r dr ] <r2 ()= (@3)
Y,(0)=0; Y(1)=0 (44, 45)

The analytical solution of the eigenvalue problem given
by Eqgs. (43-45) is obtained as:

1 1

/ P (Y (dr = {0’ PN = / rY2(rdr =
N,i=] J !

0
(48, 49)

After the choice of suitable eigenvalue problems, the next
step is to define the integral transform pairs, here taken as:

1
wi(z) = _L/ [ < 1 dX; (r)>] w(r,z)dr, transform
M r
0

J2()
2

(50)

w(r,z) = ZXi(r)Wi(z), inverse 5D
i=1

1

Vo,(Z) 1\1/ / rY (r)vy(r,z)dr, transform (52)
‘o

ve(r,2) = z Yi(r)vy(z), inverse (53)
i=1

The next task is to promote the integral transformation
of the partial differential system given by Eqs. (19-32). For
this purpose, Eqgs. (19) and (20) and the boundary condi-
tions (27-32) are multiplied by X;(r)/r and rY;(r), respec-
tively, and then integrated over the domain [0,1] in the
radial direction. The inverse formulae given by Egs. (51)
and (53) are employed in place of the potentials. After the
required manipulations, the following coupled ordinary dif-
ferential system for determining the transformed potentials
is obtained:

> d'yi2) w7 i dy, (z)
J _ .2 i i — k
D =Rl R R W RO
j=1 Jj=1 k=1 (54)
de(Z) dzwk(z) — d3wk(2) - dVe k(Z)
Cijk dz dz? + Dijkwj(z) dz3 + j:zl ]; EkaGJ(Z) dz
d*v,,(2) o T dy,(2) dvy,;(2)
R 2— k J N —
Tz = A +Re; k; FiuV,Q)—4— + Gp—g— V(@ (55)
Yi(r)=J, (4r) (46) di7 (0)
with the eigenvalues, 4;, calculated from the transcendental w;(0) =0; dl =0; v, (0)=f (56—58)
equation: ¢
Ji(4)=0, i=1,273,.. — dy;
1(4:) i @D G =o; "’di ) _o T (A) (59-61)

The eigenfunctions,
ity property:

Y|(r), enjoy the following orthogonal-
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where various integral coefficients in the above transformed 1
t iven by: X dx, (n 2
system are€ given by: Cijk — Xi(r) _ —X»(r)Xk(r) dr,
rz dr P
1
X,(NX,(r) v (64, 65)
Aij = / —r dl", Xi(r) de(r)
0 1 Dy = - R Xi(r)dr
3 2 0
1 49X 3dX() 3 .dX;()
B,= [ X = -= = X
o / l(r){ lﬂ dr3 3 odr? * r* dr (r) |
0 X,(NY(NY,(r)
1 EOEXG | 1 KO | Ey=-2 [ ————dn,
2 dr  dr? B odr  dr 0 (66, 67)
1 b
(62, 63) | ay,(r) Y
Fijk = E/Yi(r) [—dr + —— X, (r)dr
0
10" 10°
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Fig.2 Absolute errors variation for increasing truncation orders at different axial positions for Re=2000 and A=1.0: a v,(0,z); b y(0.1,2); ¢
v(0.1,2); d vy(0.1,z). Reference solution computed with N=90 terms
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Fig.3 Absolute errors variation for increasing truncation orders at different axial positions for Re=990 and A=1.5: a v,(0,z); b y(0.1,2); ¢

v(0.1,2); d vy(0.1,z). Reference solution computed with N=90 terms

1

G = _% / Y;(nNY;(r)

0

1 1
- Ky S
7. = ﬁh / PY(rdr, § = ﬁ / PY(r)dr
0 0

To numerically handle the ODE system given by Egs.
(54-61), subroutine BVPFD of the IMSL Library [51] is
employed. It is then necessary to truncate the infinite system,

dx
(;((r) dr,

r
(68—70)

by truncating the expansions to a sufficiently large number of
terms (NF for the streamfunction and NV for the tangential
velocity expansions), so as to guarantee the desired overall
relative error control in obtaining the original potentials.
This subroutine solves a parameterized system of ordinary
differential equations with boundary conditions at two points
using a variable order, variable step-size finite difference
method with deferred corrections. It also provides the impor-
tant feature of automatically controlling the relative error in
the solution of the ODE system, thus allowing the user to
establish error targets for the transformed potentials.
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Table 1 Convergence of axial velocity component, streamfunction, radial and tangential velocity components for radial positions r=0 and 0.1,

and for Re=2000 and A=1.0

r=0

Axial velocity

z N=10 N=20 N=40 N=60 N=80 N=90
0.1 0.101 0.325% 107! 0.228x 107! 0.227%x 107! 0.227x 107" 0.227x107!
0.5 0.710x 107! 0.301%x 107! 0.171x 107! 0.171x 107! 0.171x 107" 0.171x 107!
0.9 0.375% 107! 0.855%x 107! 0.158% 107! 0.165% 107! 0.168x 107! 0.169%x 107!
r=0.1

Streamfunction

z N=10 N=20 N=40 N=60 N=80 N=90

0.1 —0.435x%107° —0.160x 107 -0.117x107 -0.117x 1073 -0.117x1073 -0.117x107
0.5 -0.351x107° —0.145% 107 —0.874x 107 —0.869%x 107 —0.869%x 107 —0.869x 107
0.9 —0.680x 1073 -0.324x107° —0.896x 107 —0.864x 107 —0.864x 107 -0.863x 107
Radial velocity

z N=10 N=20 N=40 N=60 N=80 N=90

0.1 —0.738%x 1072 —0.811x107 —0.685%x107 —0.687%x 1072 —0.688%x 1072 —0.688%x 107
0.5 —0.140%x 1073 —0.784%x 107 0.623%x 107 0.619%x 107 0.616x107° 0.616x107°
0.9 —0.385%x 107 —0.224% 10! 0.475%x 107 0.772%x 107 0.786x 1073 0.791x 107
Tangential velocity

z N=10 N=20 N=40 N=60 N=80 N=90

0.1 0.146 0.540% 107! 0.401x 107! 0.400% 107! 0.400% 107! 0.400% 107!
0.5 0.971x 10! 0.409% 107! 0.296% 107! 0.295% 107! 0.295% 107! 0.295%x 107!
0.9 0.135 0.579x 107! 0.276x 107! 0.273x 107! 0.273%x 107! 0.273%x 107!
N=NF=NV

4 Results and discussion

A computer code was developed in the FORTRAN 2003
programming language and implemented on an Intel Core
i7 3.07 GHz desktop computer. The routine BVPFD from
the IMSL Library [51] was used to numerically handle the
truncated version of the ordinary differential system, Eqs.
(54-61), with a prescribed relative error target of 107 (four
significant digits) for the transformed potentials. The analy-
ses were performed for the case of stationary lower end and
rotating upper end, i.e., (s,=1 and 5, =0), except when indi-
cated in the figure captions.

A brief convergence analysis on the streamfunction,
axial, radial, and tangential velocity components was per-
formed, illustrating the eigenfunction expansions behavior,
considering the following values of the Reynolds number
and of the aspect ratio: Re=2000 and A=H/R=1.0 (Fig. 2)
and Re=990 and A=H/R=1.5 (Fig. 3). For this purpose,
the absolute error in each expansion, for increasing trun-
cation orders to within NT <80, was calculated by adopt-
ing NT =90 as the maximum truncation order taken as the

@ Springer

reference solution. It can be seen from both figures that the
absolute error of the results for all four potentials confirms
the excellent convergence rates, achieving convergence
within truncation orders below N=NF=NV =80 terms, in
each expansion, for all r and z positions reported. It can be
observed that the convergences of the streamfunction and
of the tangential velocity component occur with a smaller
number of terms in the expansions than those required for
the radial and axial components, when considering the same
positions within the cavity section. This overall behavior
occurs because Eqs. (18) that relate the radial and axial
velocity components to the streamfunction are calculated
from the derivatives of the streamfunction with respect to the
coordinates z and r, respectively, which bring the eigenval-
ues to the numerator of the expansions, and the convergence
is then expected to be slowed down in comparison with those
of the streamfunction and tangential velocity, evaluated from
direct expansions (Egs. (51) and (53)). Tables 1 and 2 pro-
vide a set of reference results for these quantities and for
the same two cases, namely Re=2000 and A=H/R=1.0
(Table 1) and Re=990 and A=H/R=1.5 (Table 2). It can be
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Table 2 Convergence of axial velocity component, streamfunction, radial and tangential velocity components for radial positions r=0 and 0.1,

and for Re=990 and A=1.5

r=0

Axial velocity

z N=10 N=20 N=40 N=60 N=80 N=90
0.1 0.490% 107! 0.369% 107! 0.360% 107! 0.359% 107! 0.359% 107! 0.359% 107!
0.75 0.662% 107 0.555%x 107 0.748x 1072 0.765%x 1072 0.769% 1072 0.770%x 107
14 0.517%x 107! 0.173%x 107! 0.212% 107! 0.226x 107! 0.229%x 107! 0.230%x 107!
r=0.1
Stream function
z N=10 N=20 N=40 N=60 N=80 N=90
0.1 —0.220x 107 —0.169x107 —0.165%x 1073 —0.165%x 1073 -0.164x 1073 —0.164x107°
0.75 —0.445x 107 —0411x10™ —0.503%x 107 —0.510x 107 -0.512x10™ -0.512x10™
1.4 —0.643x107° —-0.151x107 -0.117x 1073 -0.117x 1073 -0.117x1073 -0.116x107
Radial velocity
z N=10 N=20 N=40 N=60 N=80 N=90
0.1 —0.302% 10! —0.242%107! —0.238% 10" —0.238%x 10" —0.238%x 107! —0.238%x 107!
0.75 —0.254%107 0.332%107 0.411x107 0.416x 1072 0.418%x 1072 0.418%x107
14 —0.125%x 107! 0.374%x 107 0.369% 1072 0.373%x 1072 0.374%x 1072 0.374% 107
Tangential velocity
z N=10 N=20 N=40 N=60 N=80 N=90
0.1 0.478x 107! 0.352% 107! 0.341x 107! 0.341x 10! 0.340% 107! 0.340% 107!
0.75 0.186x 107! 0.117x 107! 0.117x 107! 0.117x 107! 0.117x 107! 0.117x 107!
1.4 0.676x 107! 0.270x 107! 0.216x 107! 0.217%x 107! 0.217x 107! 0.217x 107!
N=NF=NV
Table 3 Comparison of the Reference Re=990 and Re=1010 and Re=1290 and
axial maximum velocity for
different Reynolds numbers and A=15 A=25 A=15
aspect ratios at r=0
Vz,max hmaX/H Vz,max hmaX/H vz,max hmaX/H
GITT (present) 0.0986 0.207 0.103 0.445 0.0704 0.142
Experimental [15] 0.097 0.21 0.103 0.46 0.068 0.14
3D LBM [16] 0.093 0.22 0.102 0.52 0.072 0.16
FVM N-S [16] 0.099 0.19 0.106 0.44 0.0665 0.125
% deviation GITTXEx-  1.65% —1.43% 0.0% —3.26% 3.53% 1.43%
perimental

seen from both tables that the results for all four potentials
achieve convergence to at least three significant digits within
truncation orders below N=NF=NV =90 terms, in each
expansion, for all r and z positions reported.

The maximum value of the axial velocity component
(V,.max) and the position of its occurrence (h,,,/H) are
shown in Table 3, for Re=990 and A=1.5, Re=1010 and
A=2.5,and Re=1290 and A=1.5, at r=0, and compared

with experimental data [15], with a simulation based on the
3D lattice Boltzmann method (LBM) and with the finite vol-
ume method solution of the Navier—Stokes equations (FVM
N-S), both numerical solutions extracted from the work
of Bhaumik and Lakshmisha [16]. The relative deviations
between numerical solutions and experimental measure-
ments were calculated from &= (v, ,m _V; exp)/V7exp- Table 3
shows that the overall agreement of the GITT solution with
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Fig.4 Profile of the axial velocity component at r=0: a Re=990 and A=1.5; bRe=1290 and A=1.5; cRe=1010 and A=2.5

the experimental results for the maximum velocity com-
ponent and its dimensionless location is indeed very good,
being roughly below 3.5% for both the maximum velocity
value and its location, for all the Reynolds numbers here
considered.

The behavior of the axial velocity component in the
axisymmetric rotational flow is shown in Fig. 4. This fig-
ure compares the results obtained via GITT against those
obtained experimentally [15] and numerically [16, 17].
The profiles are taken at r=0 for the axial velocity compo-
nent, again emphasizing the previously considered cases,
Re=990and A=1.5,Re=1290 and A=1.5, and Re=1010
and A =2.5. First, by performing a graphical comparison
of the results for the axial velocity, the results obtained by

@ Springer

GITT, for all cases studied, can be seen to be in excellent
agreement with the LBM solution in ref. [17]. The solu-
tion obtained by GITT also shows good agreement with the
LBM and FVM solutions [16] and with the experimental
data [15] for Fig. 4a, b. In Fig. 4.c, however, for Re=1010
and A=2.5, the GITT approach agrees very well with the
experimental [15] and LBM results [17], while the results
of the FVM and 3D-LBM simulations [16] are less adherent
to those of GITT, LBM [17] and the experimental data [15].
The present results also confirmed that the so-called vor-
tex breakdown does occur at Re=1010 and A=1.5, while
for Re=990 and A=1.5 and for Re=1290 and A =2.5, this
breakdown does not occur.
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Fig.5 Contour plots of stream-
function: a Re=2000 and
A=1.0;bRe=990and A=1.5;
cRe=1290and A=1.5;d
Re=1010and A=2.5

0 02 04 06 08
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Figure 5 illustrates the behavior of the streamfunction
as obtained through GITT, with contour plots presented
for different Reynolds numbers and aspect ratios. Accord-
ing to the Escudier’s regime diagram [4], also confirmed
by Bhaumik and Lakshmisha [16], the results in Fig. 5a, b,
d do not lead to vortex breakdown. In these conditions, the
central vortex has a small thickness in the region near the
lower end, and it increases when approaching the rotating
lid with the formation of the Ekman boundary layer. Thus,
the Coriolis force has predominance over the pressure gradi-
ent, forcing mass transport to the lateral wall and forming a
low-pressure region in the center of the rotating lid. Moreo-
ver, the flow behavior illustrated in Fig. 5¢c (Re=1290 and
A =1.5) exhibits a single vortex breakdown. Therefore, the
predicted results from GITT simulations are consistent with
the numerical work of Bhaumik and Lakshmisha [16] and
with Escudier’s regime diagram [4].

v
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Figure 6a—c also provides contour plots of the stream-
function aimed at comparisons against the experimental
results obtained by Escudier [4], where the phenomenon of
vortex breakdown was first documented. The GITT results
here presented are in overall agreement with the experimen-
tal results of Escudier [4]. As in ref. [4], it has been observed
that for H/R =2 and Re = 1854 (Fig. 6a), the upper bubble
decreases and arises another vortex breakdown with smaller
bubbles and the hourglass form of the vortex core predicts
the appearance of a second breakdown. As shown in Fig. 6b,
¢, with the increase in both Reynolds number and aspect
ratio, there is the appearance of three breakdown bubbles.
For instance, in Fig. 6b it can be visualized three vortex
breakdown structures, two coupled in the central part and
a separated one further above, as also observed from the
experimental results.

In Figs. 7 and 8 are presented the streamfunction contours
induced by co- and counter-rotation of the end walls for
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Fig.6 Contour plots of stream- 3.25
function (s,=0 and s,=—1):
aRe=1854and A=2.0; b 3.00
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different Reynolds numbers (Re =2000, 990 and 2819) and  in the top and bottom halves of the meridional plane. Also,
aspect ratios (A=1.0, 1.5 and 3.25). Figure 7 analyzes the there is a recirculation zone close to the rotation axis. For
changes in the meridional flow due to co-rotation of the end =~ Re=2819 and A =3.25, it can be noticed a sharp slope of
walls with the same angular velocity. As previously observed  this rotation zone toward the cavity side wall.

by Bhattacharyya and Pal [14], the flow fields are symmetric
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Fig.7 Streamfunction patterns
due to co-rotation (s, =s,=1):
aRe=2000and A=1.0;
bRe=990and A=1.5;c¢
Re=2819and A=3.25
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Figure 8 shows the flow characteristics, as obtained by
the GITT approach, when upper and lower end walls rotate
with opposite angular velocities of equal magnitude. Once
again, it can be observed two symmetric regions about the
mid plane (at z=1/2) of counter rotating fluid, as previously
indicated by Bhattacharyya and Pal [14]. Moreover, no
breakdown bubble is observed for the counter rotating end
walls case. It can be seen that for higher Reynolds number
the streamline contours exhibit a more marked waviness.
This flow pattern is characterized by the detachment of the
separation vortex bubbles of the cylinder axes and the for-
mation of two vortex rings. These separation zones appear
when the streamfunction is null, developing a shear layer
along the middle plane.
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5 Conclusions

The laminar rotating end-driven flow in a closed cylindri-
cal cavity has been investigated by the Generalized Inte-
gral Transform Technique (GITT). The subroutine BVPFD
from the IMSL Library [51], which solves parametrized
ordinary differential equations with boundary conditions at
two points, was utilized for the numerical part of the hybrid
approach, and the calculated results were compared with
both numerical and experimental data available in the lit-
erature, with excellent overall agreement. The convergence
analysis on the streamfunction, axial, radial and tangential
velocity components demonstrates the excellent convergence
rates, with fairly low required truncation orders in the eigen-
function expansions (i.e., N=NF=NV <90). The overall
agreement of the GITT solution with the experimental
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Fig. 8 Streamfunction patterns
due to counter-rotation (s, =1
and s,=—1): a Re=2000 and
A=1.0;bRe=990 and A=1.5;
cRe=2819and A=3.25
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results [15] for the maximum velocity component is also
illustrated. Moreover, the physical behavior of the computed
axial and radial velocity components, and consequently the
streamfunction, was consistent with the flow visualizations
in terms of the position and size of breakdown bubbles, as
from the work of Escudier [4]. Results presented for co- and
counter-rotation of the end walls for different Reynolds num-
bers and aspect ratios show that the flow pattern is character-
ized by the formation of two symmetric regions about the
mid plane of the rotating fluid and are in accordance with
the results in the literature [14].
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