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Abstract
This paper presents a novel performance criterion applied to robotic manipulators based on kinematic reliability. The 
kinetostatic performance criteria have been used to quantify the effect of errors in the manipulators. Nevertheless, design 
criteria based on the kinematic errors produced by joint clearances have not been established. This contribution proposes a 
novel performance index based on kinematic reliability concepts that evaluates the effect of the kinematic error produced 
by clearances over a required workspace. The application of the proposed global kinematic reliability criterion is evaluated 
for serial and parallel manipulators.
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1  Introduction

The design criteria are measures of mechanical properties 
that quantify the performance of robotic manipulators. Sev‑
eral design criteria have been established to quantify the 
capabilities of the manipulator by examining the dynamic 
and kinematic models. The kinematic criteria are based 
on the Jacobian matrix, and they quantify the kinematic 
behavior considering the kinetostatic performance [1]. The 
dynamic criteria evaluate the dynamic properties such as 
the inertia and the behavior of the elastic elements (elastic 
joints or links) regarding the elastodynamics [2]. Moreover, 
the workspace and singularities are widely used as criteria of 
manipulators [3]. The design criteria are classified as local 
and global criteria: local criteria evaluate the performance 
at a specific pose; on the other hand, global criteria exam‑
ine the performance over the workspace of the manipulator. 

These design criteria are widely applied in the optimal 
mechanical design of robotic manipulators [4–6], and their 
definition is challenging due to the uncertainty involved in 
the specific task that the robot should execute [7].

The robotic manipulators are unavoidably affected by 
uncertainties produced by manufacturing and assembly error 
of the links, positioning error of the actuators and clearances 
of joints. In order to deal with the uncertainty in the geomet‑
ric parameters, the calibration of the manipulator reduces 
significantly the effect of manufacturing and assembly errors 
of the links; nevertheless, the errors produced by joint clear‑
ances cannot be correctly compensated by the calibration 
procedures [8]. Moreover, advanced motion control tech‑
niques have been widely applied to minimize the position‑
ing errors of the actuators [9, 10]. Nevertheless, the joint 
clearances are necessary for the relative motion between the 
links; therefore, the joint clearances are the most important 
source that introduces error and affects the accuracy and 
repeatability [11].

Consequently, the effect of the joint clearances should 
be taken into account in the design criteria of the robotic 
manipulator. In order to develop a novel design criterion 
that takes into account the kinematic positioning error is 
necessary to model the joint clearances produced by uncer‑
tainties and to compute kinematic positioning error of the 
manipulator produced by clearances. Zhu et al. [12] illustrate 
the uncertain behavior of joint clearances and its effects on 
the error of manipulators. The error prediction methods aim 
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at computing the error produced by the joint clearances on 
the end effector.

Initially, the clearances of rotational joints were mod‑
eled by using the bearing model that consists of a radial gap 
between the inner and outer rings of the joint [13, 14]. The 
model of the joint clearances has been used for several appli‑
cations and analyses such as kinematic sensitivity analysis 
[15], error prediction analysis [16], dynamic analysis [14, 
17], uncertainty analysis [12, 18], and workspace analy‑
sis [19]. Regarding the error prediction methods, several 
approaches have been developed to assess the influence of 
joint clearances on the kinematic accuracy of the manipula‑
tor [15, 16, 20].

The kinematic reliability of manipulators determines the 
probability of obtaining positioning errors within accept‑
able limits. The kinematic reliability has recently emerged 
as alternative criteria to evaluate the effects of uncertain‑
ties in manipulators [21]. Kim et al [22] evaluated the kin‑
ematic reliability of manipulators using the advanced first-
order second moment (AFOSM) method. Pandey and Zhang 
[23] used the fractional moments to efficiently compute the 
kinematic reliability such that the positioning error remains 
within acceptable limits. Cui et al. [24] computed the kin‑
ematic reliability using the Monte Carlo simulation method, 
and they evaluated three error sensitivity criteria based on 
the singular value decomposition of the error translation 
matrix. Zhan et al. [25] proposed an hybrid method based 
on the first-order second moment to evaluate the uncertain‑
ties of a planar parallel manipulator modeled as random 
and interval variables. Xu [21] studied the influence of each 
error source on the kinematic reliability of a delta parallel 
manipulator. Zhang and Han [26] developed an efficient reli‑
ability analysis method to account for random dimensions 
and joint angles of robotic mechanisms. Moreover, further 
developments about the kinematic reliability have recently 
been reported in literature considering improvements in the 
computational methods [27–29], application on industrial 
robots [30, 31], and applications on planar mechanisms 
[32]. The research works mentioned above evaluated the 
reliability as a local property, i.e., the kinematic reliability 
was assessed at a specific pose of the manipulator. Neverthe‑
less, it is necessary to compute the kinematic reliability as 
a global criteria.

The kinetostatic performance criteria have been used to 
quantify the effect of errors in the manipulators [33]. Nev‑
ertheless, design criteria based on errors produced by joint 
clearances have not been established. This contribution pro‑
poses a novel performance index based on kinematic relia‑
bility concepts that evaluates the effect of the error produced 
by clearances over a required workspace. The contribution 
of the present research effort is composed of three stages: i) 
the introduction of random uncertainties within the axisym‑
metric model of the clearances, ii) the formulation of an 

error propagation method for the uncertain clearances, and 
iii) the global reliability criterion.

This paper is organized into four sections: Initially, the 
axisymmetric model of joint clearances with uncertainties 
and the error propagation method is presented. Then, the 
global kinematic reliability criterion is defined. Afterward, 
the proposed global kinematic criterion is applied to serial 
and parallel manipulators through numerical simulations. 
Finally, the conclusion and further work are presented.

2 � Clearances and error propagation method

2.1 � Joint clearance model

The axisymmetric model of the joint clearance is inspired 
from the model showed by Meng at al. [16] and Binaud at al. 
[15]. The further developments or our contribution consist in 
introducing uncertainties within the parameters that define 
the clearances.

Clearances introduce additional and uncontrollable 
degrees of freedom within the joints according to the 
axisymmetric joint clearance model that considers the joint 
axis along the z-axis (see Fig. 1). These additional degrees 
of freedom can be either rotational or translational; conse‑
quently, the pose error at the local frame Fi,j of the joint can 
be modeled using the error screw ��i,j , thus:

Fig. 1   Joint clearance model
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where i is the index of the kinematic chain, and j is the index 
of the joint in the respective ith kinematic chain, 
��i,j =

[
�ri,j,x �ri,j,y �ri,j,z

]T  is the orientation error, and 

��i,j =
[
�ti,j,x �ti,j,y �ti,j,z

]T is the translational error produced 
by the clearances of the auxiliary frame F′

i,j
 with respect to 

the local frame Fi,j (see Fig. 1).
The translational clearance along the axis joint z and the 

rotational clearance with respect to the axis z are defined as 
�bi,j,z and ��i,j,xy , respectively. Moreover, the translational 
clearance in the xy plane and the rotational clearance related 
to the z axis are defined as �bi,j,xy and ��i,j,z . Therefore, the 
elements of the error screw ��i,j of Eq. (1) are defined in 
Eq. (2).

with 0 ≤ �i,j ≤ 2� . Following this definition, the positioning 
and orientation error should meet the following constraints: 
�r2

i,j,x
+ �r2

i,j,y
≤ ��2

i,j,xy
 and �t2

i,j,x
+ �t2

i,j,y
≤ �b2

i,j,xy
 . The uncer‑

tainties are introduced in the following five parameters that 
define the clearances of the joints: ��i,j,z , ��i,j,xy , �i,j , �bi,j,xy 
and �bi,j,z . These uncertainties are modeled as random vari‑
ables according to the expression presented in Eq. (3).

with �z , �xy , � , bxy , and bz being the mean values of each 
uncertain parameter, �(�) is a Gaussian random variable, 
and � represents a random process.

The vector of the set of uncertain clearance parameters 
from a serial kinematic chain is defined based on Eq. (3) as:

where i = 1,… , ni ,  and ni,f  represents the num‑
ber of joints of the kinematic chain; �j are the uncer‑
tain parameters of the j − th joint clearance, and thus, 
�j =

[
��j,z(�) ��j,xy(�) �j(�) �bj,xy(�) �bj,z(�)

]
.

(1)��i,j =
[
��i,j ��i,j

]T

(2)

⎧⎪⎨⎪⎩

�ri,j,x = ��i,j,xy cos(�i,j)

�ri,j,y = ��i,j,xy sin(�i,j)

�ri,j,z = ��i,j,z

⎧
⎪⎨⎪⎩

�ti,j,x = �bi,j,xy cos(�i,j)

�ti,j,x = �bi,j,xy sin(�i,j)

�ti,j,z = �bi,j,z

(3)

��i,j,z(�) = �z + �z�(�)

��i,j,xy(�) = �xy + �xy�(�)

�i,j(�) = � + ��(�)

�bi,j,xy(�) = bxy + bxy�(�)

�bi,j,z(�) = bz + bz�(�)

(4)� =
[
�1 �2 … �i … �ni,f

]

2.2 � Error propagation method

The error propagation method of serial manipulators is based 
on the method proposed by Binaud at al. [15]. Nevertheless, 
further developments and improvements have been included 
in the present contribution for parallel manipulators.

2.2.1 � Serial kinematic chain

Initially, the Denavit–Hartenberg method is used to obtain 
the pose of the end effector considering no clearances. Thus, 
the homogeneous transformation matrix, �i,j , is defined as:

where i = 1,… ,m and j = 1,… , ni,f  , respectively; m is the 
number of kinematic chains (for a single kinematic chain 
m = 1 ), and ni,f  is the total number of frames. �i,j represents 
the transformation matrix from the frame �i,j to the frame 
�i,j+1 , �i,j is the (3x3) rotation matrix, and �i,j is the (3x1) 
position vector. The pose of the end effector related to the 
i − th kinematic chain, �i , is defined as:

However, the pose of the end effector considering the joint 
clearances, �′

i
 , will not be equal to the pose �i presented in 

Eq. (6). The adjoint map transformation matrix of �i,j maps 
the error screw onto the end effector at a specific pose as 
presented in Eq.  (7).

where �i,j is the screw matrix of the vector �i,j ; �i,j and �i,j 
can be extracted from the transformation matrix of Eq. (5). 
Moreover, the adjoint of the inverse transformation matrix, 
adj(�i,j)

−1 , permits to express screws at the frame �i,j+1 from 
�i,j.

The error screw, ��i,j , in the local frame �i,j , can be 
expressed in the end-effector frame, �i,ni,f

 , by multiplying all 
the inverse adjoint transformation matrices from ni,f  to j + 1 , 
and thus, 

�∏j+1

k=ni,f
adj(�i,k)

−1
�
��i,j.

The following expression quantifies the pose error of the 
end effector considering all the joint clearances:

(5)�i,j =

[
�i,j �i,j
�1×3 1

]

(6)�i =

ni,f∏
j=1

�i,j

(7)adj(�i,j) =

[
�i,j �3×3

�i,j�i,j �i,j

]

(8)��i|�i,P =

ni∑
j=1

j+1∏
k=ni,f

adj(�i,k)
−1��i,j
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where ni being the number of joints, and ni,f  the number of 
frames; note that ni,f ≥ ni . ��i

|�i,P is the pose error in the 
frame attached to the end effector �i,P.

The pose error in the end effector should be expressed 
in the reference frame attached to the fixed base Fi,1 . Thus,

where �i,j =

[
�i,j �3×3
�3×3 �i,j

]
 . Therefore, an expression for 

��i|�i,1 is obtained by substituting Eq. (8) into Eq. (9).

The expression of Eq. (10) can be written in the following 
compact form:

where �i =
[
�i,1 …�i,ni

]
 , and

��i =
[
��T

i,1
… ��T

i,ni

]
 , �i,j =

ni,f∏
l=1

(�i,l)
j+1∏
k=ni,f

�
adj(�i,k)

−1
�
 ; ��r 

and ��t are the orientation and translational errors of the 
end effector, respectively.

2.2.2 � Parallel mechanism

Parallel manipulators are composed of several and identi‑
cal kinematic chains that connect a fixed basis to a mov‑
able platform. Differently of serial manipulators, the par‑
allel manipulators are subject to kinematic constraints 
introduced by their closed-loop kinematic configurations. 
These kinematic constraints must be considered to propa‑
gate the errors of the joint clearance onto the end effector. 
Moreover, the pose obtained from any kinematic chain 
should be equal to each other; therefore, �1 = �2⋯ = �m.

For the model of the joint clearances, the external load 
that acts on the end effector produces the errors in the 
joint clearance of the kinematic chains. The errors of the 
joints are correlated due to the kinematic constraints of the 
parallel mechanism, as shown in Fig. 2.

The following assumptions are considered: 

(1)	 The errors of all the joint clearances of each kinematic 
chain defined by ��i are correlated. This correlation 
depends on the orientation of the kinematic chains, �i , 
c o n c e r n i n g  t h e  f i x e d  f r a m e .  T h u s , 

��i = �i

[
��T

i,1
… ��T

i,ni

]
 with �i,j =

[
�i �3×3
�3×3 �i

]
.

(9)��i|�i,1 =

ni,f∏
j=1

(
�i,j

)
��i|Fi,P

(10)��i|�i,1 =

ni∑
j=1

ni,f∏
l=1

(
�i,l

) j+1∏
k=ni,f

adj(�i,k)
−1��i,j

(11)�� = �i��i =
[
��r ��t

]T

(2)	 The passive joints are free. Therefore, no clearance 
around the axial axis is considered for the passive 
joints, and thus, ��i,j,z = 0.

(3)	 The errors of the prismatic or revolute active joints 
are entirely independent. They are defined by 
�� =

[
�q1 …�qm

]T.

The errors of the joint clearances are propagated for every 
single kinematic chain by using the expression of Eq. (10), 
and the error produced by the active joints is also considered 
by using the Jacobian matrix �.

where � transforms the end-effector error to an error screw 
according to the screw theory [34]. The definition of this 
matrix will depend on the kinematics of the parallel mecha‑
nism. The smaller error along each Cartesian coordinate of 
the errors of every kinematic chain ��i is considered in order 
to respect the kinematic constraints of the parallel mecha‑
nism ( �1 = �2⋯ = �m ). Thus, the total error screw in the 
end effector of the parallel mechanism �� is defined by the 
following expression.

with ��r and ��t being the orientation and translational 
errors, respectively.

3 � Definition of the global kinematic 
reliability criterion

Kinematic reliability is the probability that the mechanism 
performs a specific motion not exceeding an error limit. 
These motion errors can be produced by uncertainties in 

(12)��i = ��−1��� +�i��i

(13)�� = min
(
��1 ��2 … ��m

)
=
[
��r ��t

]T

Fig. 2   Model of a parallel mechanism subject to clearances
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the geometric parameters and clearances of the manipulator 
[35].

As presented in the previous section, the uncertain 
parameters of the joint clearances can be modeled as 
random variables. These random variables are grouped 
in the random vector � of Eq. (4) associated with the joint 
probability density function f�(�) . The kinematic error or 
the performance function is defined as eT (�) based on the 
error screw definition of Eqs. (11) and (13) for serial and 
parallel manipulators, respectively. It is worth mention‑
ing that the kinematic error for the performance function, 
eT  , can consider the orientation error ( eT (�) = ||��r|| ) or 
the translational error ( eT (�) = ||��t|| ) separately, where 
||.|| represents the magnitude of the vector. The kinematic 
reliability is quantified by the probability of the position‑
ing error, eT (�) , exceeding the maximum admissible limit, 
emax , and thus, 

where pr{.} represents the probability.
Several methods have been used in the literature to 

evaluate the kinematic reliability as stated in the litera‑
ture review of the introduction [27–29]. In this contri‑
bution, the failure probability is computed by using the 
Monte Carlo simulation method, the first-order reliability 
method (FORM), and the second-order reliability method 
(SORM). These methods are described in Appendix A.

The kinematic reliability according to Eq. (14) is only 
evaluated in a specific configuration, and therefore, it rep‑
resents the probability of the kinematic error exceeding 
the maximum limit only in this particular configuration.

The concept of the global criteria has been used to 
evaluate kinematic properties of the manipulator such as 
the global conditioning index (GCI) [4]. Consequently, 
the global reliability index (GRI) aims at evaluating the 
behavior of the kinematic reliability over the workspace 
of the manipulator. Therefore, the following global reli‑
ability index is proposed:

where pf  is the probability that the kinematic error exceeds 
the maximum limit at a single point of the workspace w; this 
probability is evaluated by using the expression of Eq. (14). 
The denominator represents the volume of the workspace. 
The failure probability, pf  , is bounded as follows:

that also produces a bounded global performance index 
defined as:

(14)pf = pr{eT (�) > emax}

(15)GRI =
∫
w
pf dw

∫
w
dw

(16)0 ≤ pf ≤ 1

where the desired performance of a manipulator consists of 
minimizing the failure probability and the global reliability 
index.

The proposed concept of the global reliability index 
will be applied to three different types of manipulators.

4 � Applications

This section presents three examples to illustrate the applica‑
tion of the global reliability. The examples consider a serial 
3R manipulator, a 2-DOF planar parallel manipular, and a 
Cartesian parallel manipulator (CPM).

Initially, the rotational joint clearances used in all the 
applications are defined. The parameters of the active joint 
clearances, according to the model of Eq. (3), are defined 
as �xy = 0.1o , �z = 0.05o , bxy = 5 × 10−5 m, bz = 5 × 10−5 m, 
and �i,j = 180o . The passive joints have same parameters; 
nevertheless, no clearance around the axial axis is consid‑
ered, and thus, �z = 0o . Then, the performance function is 
defined according to the expression of Eq. (14). Thus, the 
positioning error is considered in the analysis, and thus, 
eT (�) = ||��t|| and emax = 1 × 10−3 m. Finally, the following 
hardware was used: i7 Intel i7-7500U CPU processor (2.9 
GHz) and RAM 8.0 GB.

The global conditioning index is a criterion widely used 
in the literature to assess the kinematic dexterity of manip‑
ulators [4]; this index has been also evaluated for all the 
examples in order to establish a basis to compare the results 
and behavior of the global reliability index proposed in the 
present contribution.

(17)0 ≤ GRI ≤ 1

Fig. 3   3R serial manipulator
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4.1 � 3R serial manipulator

The 3R serial arm is presented in Fig.  3, and its D–H 
parameters are defined in Table 1. According to the error 
propagation method, i = 1 and j = 1,… , 3 . The link lengths 
and maximum limits of the rotational joints are defined as 
a2 = 0.15 m, d3 = 0.01 m, d4 = 0.10 m, −100o ≤ �1 ≤ 90o , 
−90o ≤ �2 ≤ 45o and, −90o ≤ �3 ≤ 90o.

Initially, the failure probability of the kinematic reliability 
is evaluated by using the Monte Carlo simulation (MCS) 
method, first-order reliability method (FORM) and second-
order reliability method (SORM).

The failure probability, pf  , is evaluated at several posi‑
tions within the workspace as shown in Fig. 4. Figure 4a pre‑
sents the selected positions over the xz plane considering the 
y-coordinate fixed at y = d3 . Figure 4b presents the positions 
for the xy plane considering the z-coordinate fixed at z = 0.

The outcomes of the failure probability, pf  , are presented 
in Table 2. Considering the MC as the reference, one can 
observe that pf  obtained by using SORM and MC is similar 
in most cases. Nevertheless, the outcomes of pf  obtained by 
the FORM are different from the MC and SORM outcomes. 
This indicates that, for this particular application, SORM 
estimates the failure probability more accurately than FORM 
since SORM copes properly with the nonlinear kinematic 
model of the manipulator. Nevertheless, SORM demands 
higher computational time than MC as presented in Table 2.

One can observe that significant errors were obtained in 
the estimation of the failure probability by using the SORM 
regarding the outcomes of the MCS of Table 2, for the points 
f), g), h), and i). According to Appendix A, this issue was 
originated by the unfitting selection of the error tolerance � 
to solve the optimization problem of Eq. (21) and the small 
changes in the coordinates � to evaluate the partial deriva‑
tives of Eq. (23). The selection of these parameters is not 
evident, and it has a high influence on computation time and 
accuracy. For this application, the parameters were selected 
by trial and error to obtain the best outcomes, and thus, 
� = 1 × 10−3 and � = 1 × 10−4 . Nevertheless, it is observed 
that the SORM estimates the failure probability successfully 
for most of the cases.

Table 1   D–H parameters of 3R 
manipulator

j �j−1 aj−1 dj �j

1 0 0 0 �1

2 -90o 0 0 �2

3 0 a2 d3 �3

4 -90o 0 d4 0

Fig. 4   Usable workspace of the 
3R serial manipulator
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Table 2   Parameters and 
variables

� pf (MCS) pf (FORM) pf (SORM) Time (MCS) [s] Time (SORM) [s]

(a) 4.0×10−5 7.4×10−5 3.7×10−5 0.586330 2.569838
(b) 0.0908 0.0451 0.1001 0.518443 1.909145
(c) 0.0664 0.0386 0.0666 0.542946 1.584551
(d) 0.0934 0.0436 0.0935 0.580253 2.421109
(e) 0.0704 0.0203 0.0744 0.546025 1.638136
(f) 0.0014 5.06×10−11 5.83×10−11 0.546202 3.010653
(g) 0.0036 6.3×10−4 8.2699×10−4 0.544293 3.630847
(h) 0.0019 4.9×10−4 0.0011 0.594853 2.102882
(i) 0.0037 1.018×10−4 3.78×10−4 0.583194 3.217070
(j) 0.0020 0.0026 0.0019 0.568650 2.462535
(k) 0.0039 0.0051 0.0021 0.542009 2.580229
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The kinematic reliability is also evaluated over the usable 
workspace as shown in Fig. 5. The pf  increases in the outer 
limit of the usable workspace that corresponds to poses in 
which the 3R manipulator is extended. The increment of pf  
is produced by increasing the kinematic error in the outer 
borders of the usable workspace. The left side of the usable 
workspace corresponds to poses in which the manipulator 
is retracted; therefore, the kinematic error and pf  decrease 
(see Fig. 5a, b).

Moreover, the kinematic dexterity based on the condi‑
tion number of the Jacobian matrix is also computed over 
the usable workspace as presented in Fig. 6. The local kin‑
ematic dexterity corresponds to 1∕�(�) , where �(.) is the 
condition number of a matrix, and � is the Jacobian matrix. 
For this specific application, an inverse relationship between 

kinematic reliability (see Fig. 5) and kinematic dexterity is 
observed (see Fig. 6) for the poses in which the manipulator 
is extended, i.e., pf  increases and 1∕�(�) decreases. Never‑
theless, this behavior is not observed for the poses in which 
the manipulator is retracted.

The definition of both the probability of failure and the kin‑
ematic dexterity is related to positioning error. The augment 
of the probability of failure pf  implies the increase in the end-
effector positioning error, as defined in Eq. (14). The kine‑
matic dexterity depends on the rank of the Jacobian matrix that 
measures the impact of the joint error on the positioning error 
of the end effector. Thus, a high kinematic dexterity implies 
a small effect of the joint errors on the end-effector position‑
ing error. Consequently, an inverse relationship between the 

Fig. 5   pf  over the usable 
workspace
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Fig. 6   1∕k(�) over the usable 
workspace
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Fig. 7   Dimensional definitions
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probability of failure and the kinematic dexterity is observed 
for this application.

Finally, the global reliability index (GRI) is also evaluated 
as follows. The volume of the workspace for the computa‑
tion of the GRI is defined as a torus part, w (see Fig. 7a). The 
volume w is inscribed within the usable workspace, and it is 
defined as a function of the link lengths as follows:

where rw is the radius of the tube; cw is the distance of the 
center of the torus to the center of the tube; �w is the angle of 
the torus part. The geometric parameters of the torus part are 
defined as a function of the link lengths, and thus, if a2 ≤ d4 , 
then rw = d4∕4 , and cw = a2 , and if a2 < d4 , then rw = a2∕4 , 
and cw = d4 + a2∕2.

For this analysis, the link lengths a2 and d4 are considered 
as variables. Thus, 0 ≤ a2 ≤ 0.25 m and 0 ≤ d4 ≤ 0.25 m; 
moreover, the following geometric constraint is imposed:

Based on this geometric constraint, an auxiliary coordinate, 
t, is defined to evaluate all the possible combinations of the 
link lengths, and thus, t = 2∕

√
2a2 (see Fig. 7b).

The GRI is assessed for all the combinations of the link 
lengths subject to the imposed geometric constraint of 
Eq.(19) based on the definition of the auxiliary coordinate t 
(see Fig. 8). Moreover, the global conditioning index (GCI) 
is also computed. One can observe that the behavior of the 
GRI is inversely proportional to the GCI, i.e., the increase in 
the global failure probability decreases the global kinematic 
dexterity. The maximum value of the GRI is 0.02974 for 
t = 0.1768m.

4.2 � 5R planar parallel mechanism

The 5R symmetrical planar parallel mechanism has two 
identical kinematic chains designated by i = 1, 2 . Each kin‑
ematic chain has an active, �ai , or actuated joint, one passive 

(18)w = �r2
w
cw�w

(19)a2 + d4 = 0.25m

joint, �pi , and two links, Li , for i = 1, 2 . The active joints are 
located at the point Ai . The geometry of the 5R symmetrical 
parallel mechanism is illustrated in Fig. 9.

The end effector of the mechanism is located at the point 
P joined to the second kinematic chain, and its position is 
defined by the x and y Cartesian coordinates. Additionally, 
the fixed reference frame O is defined at the midpoint of A1A2 , 
and this length is defined as L3 . The D–H parameters of the 
second kinematic chain from the frame O to P are presented in 
Table 3. The link lengths defined for this numerical application 
are L1 = 0.12 m, L2 = 0.10 m, and L3 = 0.08 m. The orienta‑
tion of the kinematic chains �i is defined by the orientation 
matrices: �1 = �3x3 , and �2 = �3x3 . According to Eq. (12), the 
positioning error is evaluated with � = [� �3x3]

T.
Initially, the usable workspace, maximum inscribed work‑

space (MIW), and locus singularities are presented in Fig. 10a 
considering the link’s length defined for this numerical appli‑
cation as in [5, 18]. Additional details about the kinematic 
model of 5R symmetrical parallel robot are presented by 
Liu et al. [5]. Moreover, the kinematic dexterity based on 
the inverse conditional number of the Jacobian matrix k(�) 
is evaluated over the usable workspace (see Fig. 10b). It is 
observed that the kinematic dexterity decreases close to the 
singular loci.

The kinematic reliability was estimated using the MC 
method over the usable workspace (see Fig. 11a). Differ‑
ently from the serial manipulator, one can observe that the 
failure probability increases close to type II singular loci posi‑
tions, i.e., the kinematic error increases by the inversion of 
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Fig. 8   GCI and GRI of the 3R manipulator

Fig. 9   5R parallel planar manipulator

Table 3   D–H parameters of 5R 
parallel manipulator

j �j−1 aj−1 dj �j

1 0 -L3 0 �a1
2 0 L1 0 �1

P 0 L2 0 �2
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the singular Jacobian matrix according to Eq. (12). Therefore, 
there is an inverse relationship between the kinematic dexter‑
ity and the probability of failure close to type II singularities. 
The regions of the workspace close to the type II singular loci 
correspond to configurations in which the Jacobian matrix is 
ill-conditioned; this condition implies that the effect of the 
joint error on the positioning error of the end effector is higher 
than other configurations. It is worth mentioning that the prob‑
ability of failure and the kinematic dexterity are based on the 
positioning error. Therefore, the augment of the end-effector 
positioning error leads to increases in the probability of failure 
pf  according to Eq. (14).

The kinematic reliability is also computed over the maxi‑
mum inscribed workspace (MIW) (see Fig. 11b). The highest 
value of pf  is obtained at the bottom side of the MIW close to 

the type II singular loci. The MIW is considered to compute 
the global reliability index (GRI).

Finally, the GRI over the MIW is computed. For this 
analysis, the link lengths are considered as variables, and 
thus, 0 ≤ L1 ≤ 0.3 m, 0 ≤ L2 ≤ 0.3 m, and 0 ≤ L3 ≤ 0.15 m. 
Moreover, the following geometric constraint for the link 
lengths is considered L1 + L2 + L3 = 0.3 m to evaluate the 
combination of all possible combinations of the link lengths. 
Consequently, Fig. 12a shows the global reliability index 
evaluation considering the variable link lengths. It can be 
observed that on the left side of the surface the global reli‑
ability is smaller than in other regions, and for this condi‑
tion, the link lengths correspond to L2 > L1 + L3 , and the 
highest global reliability is obtained for L3 = 1.5 m. On the 
other hand, Fig. 12b shows the global conditioning index; 
it is observed that the highest values of global conditioning 

Fig. 10   Usable workspace
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Fig. 11   Failure probability pf
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correspond to the lowest results of the global reliability 
index. Therefore, there is a correlation in the behavior of 
global reliability index and global conditioning index for 
this manipulator.

4.3 � Cartesian parallel manipulator

The Cartesian parallel manipulator (CPM) is presented 
in Fig. 13. CPM has three symmetric kinematic chains 
that joint the moving platform P to the fixed frame. Every 
kinematic chain is located at the frame Oj , and it has three 
passive rotational joints defined by passive joint angles 
�j,i , for i = 1, 2, 3 , and j = 1, 2, 3 . The link lengths of every 
kinematic chain are defined by l1 , l2 , and lp defines the 
length of the moving platform. The three active prismatic 
joints ( � = [q1 q2 q3]

T ) act along the X, Y and Z axes. The 

moving platform has three translational degrees of free‑
dom defined by the Cartesian axes (x, y, z).

Concerning the kinematic model, the Cartesian position 
of the moving platform is directly defined by the prismatic 
active joints, and thus, q1 = x , q2 = y , and q3 = z . Con‑
sequently, the Jacobian matrix is a 3x3 identity matrix, 
� = �3x3 . The D–H parameters of the j − th kinematic chain 
from the frame Oj to P are presented in Table 4.

The orientation of the kinematic chains �i is defined 
by the orientation matrices: �1 = �3x3 , �2 = �(90o,X) , 
and �3 = �(90o, Y) . According to Eq. (12), the position‑
ing error is evaluated with � = [� �3x3]

T.
Initially, the kinematic reliability was estimated over the 

plane xy of the workspace ( z− axis is constant z = 0.08 m) 
as shown in Fig.14a with the link lengths l1 = 0.075 m 
and l2 = 0.075 m and the length of the moving platform 
lp = 0.018 m. This analysis allows examining the local behav‑
ior of the kinematic reliability and evaluating the variation of 
the failure probability at the end effector over the workspace. 
It is observed that the failure probability increases at the 
left side of the workspace wherein the third kinematic chain 
is retracted (see Fig. 14a). Thus, the retraction of the third 
chain augments the probability of failure.

Finally, the global reliability index is computed as a 
function of the link lengths by using the auxiliary t coor‑
dinate (see Fig. 14b). For this analysis, the link lengths 
are considered as variables 0.040m≤ l1 ≤ 0.120 m, 
0.040m≤ l2 ≤ 0.120 m and lp = min([l1 l2])∕8 . Moreo‑
ver, the following geometric constraint is considered 
l1 + l2 = 0.15 m. The selected workspace, w, to compute the 
GRI is considered as a cuboid volume which faces lengths, 
dw , are defined as a function of the link lengths, and thus, 
dw = min([l1 l2])∕4 , and its centroid is located at the Car‑
tesian coordinate [dw∕2 dw∕2 dw∕2] . The t coordinate 
is stated as t = 2∕

√
2l1 likewise the previous definition 

of Fig. 7b. The results indicate that the global reliability 
decreases by increasing the length of the second link l2 , i.e., 
there is an increase in the failure probability for the cases 
in which l2 > l1 . Moreover, it is expected that the position 
accuracy decreases since the global kinematic index aug‑
ments for configurations in which the second link is larger 

Fig. 13   Cartesian parallel manipulator (CPM)

Table 4   D–H parameters of 
Cartesian parallel manipulator

j �j−1 aj−1 dj �j

1 0 0 0 �j,1

2 0 l1 0 �j,2

3 0 l2 0 �j,3

P 0 lp 0 0

Fig. 14   Kinematic reliability
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than the first one ( l2 > l1 ). This information could be useful 
for the selection of the link lengths. In this analysis, the 
global conditioning index does not exhibit variations since 
the condition number of the Jacobian matrix is equal to one; 
therefore, the global conditioning index is not suitable to 
evaluate the influence of geometric parameters on the kin‑
ematic performance error for this particular application.

The global reliability index evaluates the positioning 
error considering the error of the clearances differently from 
the global conditioning index that evaluates the kinematic 
dexterity. However, the global conditioning index indirectly 
takes into account the measure of positioning accuracy.

5 � Conclusions

The global reliability index was evaluated based on the error 
produced by clearances over a required workspace. Initially, 
random uncertainties were introduced within the axisymmet‑
ric model of the clearances; then, a method to propagate the 
joint clearances was proposed; finally, the global reliability 
index was formulated. The proposed approach was applied 
to serial and parallel manipulators. The numerical results 
demonstrated that the global reliability index permitted to 
evaluate the positioning error considering the errors of the 
joint clearances.

A novel performance criterion applied to robotic manipu‑
lators based on kinematic reliability was presented in this 
contribution. The uncertain error produced by clearances 
on the kinematic error of the end effector was evaluated 
over a required workspace by computing the reliability. The 
uncertainties were introduced in the axisymmetric model 
of the clearances, and a propagation method to determine 
the error on the end effector was used to compute the global 
reliability criterion.

Moreover, the proposed approach allows quantifying the 
kinematic reliability that takes into account the effect of 
clearances. The proposed global reliability index was dem‑
onstrated to be an alternative design criterion to take into 
account the effect of clearance in the kinematic accuracy of 
the manipulators. The kinematic criterion based on the Jaco‑
bian matrix does not present the effects of uncertain clear‑
ance on the kinematic performance. The global reliability 
index proposed in this contribution could be used as design 
criteria in the optimal design of manipulators subjected to 
uncertainty and clearances.

Future work will encompass the robust optimal design 
of manipulators based on the proposed reliability method 
criterion.
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A reliability methods

A.1 Monte Carlo simulation method

The MC method is composed of three steps: i) the uncertain 
parameters of the clearances � (see Eq. 4) are sampled to 
obtain a set of ns random inputs; ii) the kinematic error ��(�) 
is computed for each random input; iii) the probability of 
failure is computed as:

where nf  is the number of samples that exceed emax.

A.2 First‑order reliability method (FORM)

This method is used to evaluate the failure probability of 
Eq. (14). The performance function ��(�) to evaluate the kin‑
ematic error is approximated by a first-order Taylor expan‑
sion. Initially, the random vector � is transformed into ran‑
dom normal variables � . Then, ��(�) is linearized at the most 
probable point (MPP) �∗ and the reliability coefficient � is 
computed by solving the following optimization problem:

where ||.|| represents the magnitude of the vector. Finally, 
the probability of failure pf  is estimated according to the 
following expression: pf = �[−�] , where �[.] represents the 
standard normal cumulative distribution. The optimization 
problem to find the reliability coefficient � was solved by 
using the algorithm proposed by Rackwitz [36]. The numeri‑
cal implementation of the algorithm demands the definition 
of an error tolerance, � , to evaluate the convergence of � , and 
a small change in the coordinates, � , to numerically evaluate 
the partial derivatives for the first-order Taylor expansion 
[36].

A.3 Second‑order reliability method (SORM)

Differently from the FORM, this method aims at evaluat‑
ing the reliability of system which performance functions is 
nonlinear. The performance function of the present contribu‑
tion, ��(�) , is based on the nonlinear kinematic model of the 
manipulator. The Taylor series expansion of the nonlinear 
function ��(�) at the MMP �∗ is defined as:

(20)pf =
nf

ns

(21)

min
�

� = ||�T�||
subject to:

��(�) = emax
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where these derivatives are evaluated at the MMP �∗ . SORM 
ignores the terms higher than the second-order terms. The 
probability of failure is computed by using the closed-form 
expression for the probability computation using the theory 
of asymptotic approximation proposed by Breitung [37], 
thus:

where �j represents the principal curvatures of the perfor‑
mance function at the MMP, and �FORM is the reliability 
coefficient computed by the FORM.
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