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Abstract
Curved non-circular ducts have remarkable applications in the macro and micro scales engineering. Stability of flow through 
the curved ducts is a challenging topic in the context of fluid mechanics. In the current paper, hydrodynamic stability of fully 
developed 3D steady flow of incompressible fluid through the 180° curved square duct is investigated via energy gradient 
method. To this accomplishment, different Dean numbers (De) ranging from 19.60 to 1181.25 at curvature ratio 6.45 are 
considered. To investigate of flow stability, we analyzed the distributions of velocity, total pressure and control parameter 
of energy gradient function K. Obtained results indicated an appropriate agreement via both experimental and CFD data. 
Results of our investigation show that the maximum of energy gradient function Kmax is decreased by a reduction in the Dean 
number. In addition, we found that the origin of Dean hydrodynamic instability (i.e., position of the Kmax) is placed in the 
radial position between the center of the duct and outer curvature wall at azimuthally angular position θ < 72°. Results of Kmax 
and its cylindrical coordinates corresponding to the onset of Dean flow instability under various Dean numbers are reported.
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List of symbols

Latin letters
CFD  Computational fluid dynamics
Re  Reynolds number
De  Dean number
FVM  Finite volume method
RMSE  Root mean square error
Ar  Aspect ratio
K  Energy gradient function
Kmax  Maximum value of K
Kc  Value of Kmax for instability
u  Velocity vector
uavg  Averaged of stream-wise velocity
Dh  Hydraulic diameter
R  Curvature radius

a  Duct’s width
b  Duct’s height
E  Total mechanical energy
p  Static pressure of flow field
H  Total energy lost
n  Direction of transverse coordinate
s  Direction of stream-wise coordinate
u′
m
  Amplitude of the velocity disturbance

Ā  Amplitude of the disturbance distance

Greek letters
ρ  Density
μ  Dynamic viscosity
ν  Kinematic viscosity
δ  Curvature ratio
ω  Frequency of the disturbance
Δgrid  Size of grid element

1 Introduction

Fluid flow in the curved non-circular ducts is a common 
phenomenon in engineering applications [1]. For example, 
this fluid flow is recognizable in cooling parts of the turbines 
[2], fluid machineries [3], heat exchangers [4], lab-on-a chip 
devices [5, 6], etc. In addition, flow in the curved duct is an 
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important prototype to study the hydrodynamic instability. In 
1927, Dean [7] presented pioneering study related to hydro-
dynamic stability of flow in the curved direction. According 
to this study, Dean instability theory and Dean number (i.e., 
De as control parameter) are defined.

Based on the literature, investigating the influences of 
Dean number (De) on fluid flow instability is an atten-
tive subject in the context of hydrodynamic instability in 
the curved non-circular ducts. Therefore, there are several 
experimental and numerical investigations on this subject 
[8–21]. For example, Mori et al. [8] presented both experi-
mental test and analytical study on fully developed flow in 
the curved square duct. Cheng et al. [9] numerically studied 
the steady laminar flow in the non-circular curved ducts at 
various Dean numbers ranging from 5 to 715. Humphrey 
et al. [10] studied laminar flow through the square section 
curved duct with turning angle of 90° at De = 368, experi-
mentally and numerically. Their results show that the local 
position of the maximum of flow velocity is around the 85% 
of duct’s width (near the outer wall). Ghia and Sokhey [11] 
conducted three-dimensional analysis on incompressible 
viscous flow in the curved ducts using alternating direction 
implicit (ADI) method. Their results show that the inception 
of hydrodynamic instability through the curved square ducts 
is corresponding to De = 143. In another study, Ghia et al. 
[12] investigated fully developed flow through the curved 
duct at De < 900 using a multi-grid technique. They reported 
the onset of hydrodynamic instability at Dean number 600. 
Hille et al. [13] conducted an experimental investigation on 
steady flow in the 180° curved square duct at Dean num-
bers ranging from 150 to 300. They found a pair of second 
vortex nearby the outer curved wall. Yang and Camarero 
[14] numerically analyzed the viscous flow through the 
90° curved duct at Dean number 55 by vorticity–potential 
method. Mees et al. [15] studied steady incompressible flow 
through the square curved duct at Dean numbers ranging 
from 200 to 600, experimentally and numerically. In both 
numerical and experimental studies, Fellouah et al. [16, 17] 
studied the laminar fluid flow through the curved ducts with 
turning angle 180°. In Refs [16, 17], radial gradient of veloc-
ity in the stream-wise direction is suggested as Dean insta-
bility criteria. In 2013, Mondal et al. [18] numerically inves-
tigated the flow instability through the rotating rectangular 
curved duct. In their study, the effects of different types of 
rotations (i.e., positive and negative) on flow instability are 
evaluated. In 2014, impression of centrifugal and Coriolis 
instabilities in the rotating rectangular curved duct is studied 
by Mondal et al. [19]. In 2015, Mondal et al. [20] presented a 
numerical study on nonlinear unsteady solution arising from 
heat transfer and flow in the curved duct with aspect ratio 0.5 
and curvature ratio 0.1.

Recently, Dutta et al. [21] have simulated the flow in the 
90° curved duct using k-ε turbulence model. Their results 

show that the reason of flow separation is the secondary 
motion movement that is also observed by Helal et al. [22]. 
Krishna et al. [23] conducted experimental tests with com-
putational fluid dynamics (CFD) analysis on unsteady pul-
satility flow through the highly curved duct. Their results 
show that the secondary flow is the origin of flow separa-
tion through the highly curved square duct. Adegun et al. 
[24] simulated convective heat transfer through the curved 
ducts. Their results show that the influence of inclination 
on flow behavior is remarkable for Reynolds number upper 
than 200. Islam et al. [25] studied the stability of flow 
through the coiled duct with rectangular cross section by 
spectral method. Their results show an improved heat trans-
fer through the curved duct by combination of centrifugal 
and Coriolis instabilities. In 2017, they also investigated 
the interaction of centrifugal, Coriolis and buoyancy forces 
through the rotating curved duct at Dean number 1000 
[26]. In 2018, Islam et al. [27] numerically investigated 
the influence of Coriolis force on instability of unsteady 
Dean–Taylor flow through the curved duct. Elsamni et al. 
[28] conducted a CFD investigation on hydrodynamic stabil-
ity of laminar flow through the semicircular curved duct at 
100 < Re < 1500. Their results show an improved heat trans-
fer for curved duct with semicircular cross section compared 
to fully circular cross section. In 2019 by semi-analytical 
study, Nowruzi et al. [29] performed an investigation on 
hydrodynamic instability of fluid flow through the curved 
duct with rectangular cross section by using linear hydrody-
namic stability method. In their study, the effects of different 
aspect ratios and curvature ratios on Dean flow stability are 
evaluated.

Until now, various theories [30–33] are proposed to anal-
ysis of hydrodynamic stability. Recently, Dou [34, 35] have 
suggested “energy gradient theory” to study the hydrody-
namic stability. Energy gradient theory has high potential 
to identify the local regions via highest probability to onset 
of instability in the entire flow field. This method is success-
fully tested for different problems [36–39].

According to the cited works, hydrodynamic stability 
and behavior of flow in the curved non-circular ducts are 
significantly corresponding to the flow parameter of Dean 
number. However, a comprehensive analysis on the mecha-
nisms behind of Dean hydrodynamic instability at different 
Dean numbers is still missing. Moreover, the local regions 
of instability inception are not well recognized at various 
Dean numbers. In addition, the lack of study to evaluate 
the capability of energy gradient theory to analysis of Dean 
instability in the curved square duct is evident.

Therefore, following our investigation in Ref [39], the 
principle intention of the present paper is to examine the 
instability of flow through the curved square duct at various 
Dean numbers. To this accomplishment, various Dean num-
bers ranging from 19.69 to 1181.25 (i.e., corresponding to 
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50 ≤ Re ≤ 3000) are considered. Computational fluid dynam-
ics (CFD) is employed to simulate of an incompressible fluid 
flow in the curved duct with square cross section. Then, sta-
bility of the flow is examined via energy gradient method.

2  Physic of the problem

Flow in the curved path known as Dean flow. In this fluid 
flow type, centrifugal forces will be induced a counter-
rotating vortex motion on the stream-wise flow in the duct’s 
cross section, which is known as the main secondary flow. 
An imbalance of the pressure gradient in radial direction 
and centrifugal forces will be resulted to hydrodynamic 
instability (i.e., Dean hydrodynamic instability) in fluid 
flow domain. At this critical condition, Dean vortices as an 
additional counter-rotating vortex will be emerged on the 
cross-stream flow.

Figure 1 shows the schematic of intended curved square 
duct. As shown in Fig. 1b, inlet of curved duct is equipped 

with long straight duct to guarantee smoothing and fully 
developed inflow. Indeed, upstream straight duct as inlet sec-
tion makes large enough (i.e., 50 Dh ) to prevent from outlet 
effects on our solutions and to generate fully developed fluid 
flow in the inlet of the square curved duct [40]. Now, we 
can define Dean number (De) as control parameter in Dean 
flow as follows:

where Re and uavg are Reynolds number of the basic flow 
and average of velocity in stream-wise direction, respec-
tively. Moreover, � is kinematic viscosity and � = R

/
Dh is 

the curvature ratio (curvature radius is shown by R ) and Dh 
is representative of hydraulic diameter as follows:

(1)De = Re.

√
1

�
= Re.

√
Dh

R
=

Dhuavg

�
.

√
Dh

R

(2)Dh =
2(a.b)

a + b

Fig. 1  a Schematic of consid-
ered curved square duct and 
b long straight duct as inlet of 
curved duct (taken from Ref 
[41])
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According to Eq. (1), the proportion among the inertial 
and viscous forces is shown by Dean number. In addition, 
one can be concluded that the aspect ratio Ar = b∕a (see 
Fig. 1) is equal to one for curved square duct.

Table 1 shows the intended test cases. As illustrated 
in Table 1, Dean number is varied in the range 19.69 to 
1181.25 at fixed curvature ratio and aspect ratio equal to 
6.45 and 1, respectively.

2.1  Governing equations

In the present paper, we considered laminar flow through the 
curved square duct. In addition, steady flow of an incom-
pressible fluid is considered according to the physic of the 
problem. Standard Navier–Stokes equation and continuity 
equation are as follows:

where u is the velocity vector and open form of Eq. (3) is 
as follows:

Momentum in x-direction:

Momentum in y-direction:

Momentum in z-direction:

(3)

{
u.∇u = −

1

�
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u,
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(4)
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Continuity equation:

where velocity components in x-, y- and z-directions are 
shown by u, v and w. Moreover, p is representative of the 
pressure. Commercial CFD package ANSYS-CFX [42] is 
used to solve of governing Eqs. (4) to (7) for flow through 
the considered duct.

Spatially stream-wise uniform velocity is considered for 
inlet boundary condition, and no-slip boundary condition is 
applied for rigid walls. Moreover, opening boundary con-
dition is used for flow exits. This selection is due to that 
the details of velocity of fluid flow are not known and this 
boundary condition has no impression on the upstream fluid 
flow [43, 44]. In the present paper, we used element-based 
finite volume method by coupled solver of ANSYS-CFX. 
In addition, standard Rhie–Chow interpolation is used to 
interpolate the pressure [45]. In addition, second-order accu-
rate scheme shape functions are computed for the diffusion 
term. Moreover, high-resolution scheme is implemented for 
the advection term. Then, we studied the grid independency 
analysis and model validation to select an appropriate mesh 

structure for considered computational domain.

(7)
1

(R + z)

�u

�x
+

�v

�y
+

�w

�z
+

w

(R + z)
= 0.

Table 1  Characteristics of 
intended test cases

Reynolds number (Dean number) Curvature ratio Aspect ratio Geometrical parameters (see 
Fig. 1)

Re =
Dhuavg

�

(
De = Re.

√
1

�

)
� = R

/
Dh

(Ar = b∕a) Dh R a b

50 (19.69) 6.45 1 0.038 0.245 0.038 0.038
200 (78.75)
574 (226.01)
1000 (393.75)
1500 (590.62)
2000 (787.5)
2500 (984.37)
3000 (1181.25)
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2.2  Model validation

We conducted a comprehensive mesh sensitivity analysis to 
find proper mesh structure for our computational domain. 
This model validation is performed with details in our pre-
vious paper (see Ref [41]). However, for convenience of 
the readers, some details are presented in this subsection. 
Results of grid independency analysis on velocity profile 
in the curved square duct compared to experimental data 
in Ref. [13] at Re = 574 are shown in Fig. 2. According to 
Fig. 2, we tested four different mesh resolutions. Quantita-
tive comparison between our numerical results of stream-
wise velocity with experimental data in Ref. [13] for angular 
positions of 36° and 144° is also tabulated in Table 2. For 
more details, total number of cells and calculated root mean 
square error (RMSE) are presented in Table 3. The results 
of mesh sensitivity analysis in case of Re = 3000 (i.e., the 

highest considered Reynolds number) are also provided 
in Fig. 3. As illustrated in Fig. 3 and Table 3, the differ-
ences on the maximum, minimum and RMSE of the veloc-
ity profile between Mesh 3 and Mesh 4 are obtained less 

Fig. 2  Obtained numerical 
stream-wise velocity profile in 
comparison with experimental 
results in Ref. [13] at Re = 574 
for angular positions of a 36°, 
b 90° and c 144° (taken from 
Ref [41])
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Table 2  Quantitative 
comparison between the 
obtained numerical results of 
stream-wise velocity with Ref. 
[13] at Re = 574 for angular 
positions of 36° and 144° (taken 
from Ref [41])

r − R Experimental data 
in Ref [13]

CFD results

Mesh 1 Mesh 2 Mesh 3 Mesh 4

36° 144° 36° 144° 36° 144° 36° 144° 36° 144°

− 0.5 0 0 0 0 0 0 0 0 0 0
− 0.3 0.00745 0.01048 0.00479 0.00733 0.00596 0.00943 0.00660 0.00987 0.00681 0.01013
− 0.1 0.01043 0.01425 0.00702 0.01066 0.00840 0.01276 0.00904 0.01346 0.00915 0.01382
0 0.01287 0.01614 0.00862 0.01237 0.00989 0.01439 0.01074 0.01544 0.01096 0.01561
0.1 0.01681 0.01838 0.01064 0.01381 0.01298 0.01653 0.01394 0.01759 0.01415 0.01802
0.3 0.02436 0.01794 0.01670 0.01338 0.02128 0.01671 0.02277 0.01776 0.02309 0.01794
0.5 0 0 0 0 0 0 0 0 0 0

Table 3  Number of total cells used in validation case (i.e., Reynolds 
number = 574) and RMSE of each case in comparison with the archi-
val experimental data in Ref. [13] (taken from Ref [41])

Mesh Total number of cells RMSE compared to experimental 
Ref. [13]

� = 36o � = 90o � = 144o

1 6,436,800 0.008717 0.005281 0.004709
2 8,136,200 0.008847 0.005092 0.004685
3 12,348,000 0.001309 0.000523 0.000615
4 16,458,300 0.001127 0.000486 0.000595
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than 1.15E − 3. Now, according to Figs. 2 and 3, one can be 
concluded that Mesh 3 with ∆grid = 4.52 × 10−4 in the cross 
section of the duct, ∆grid = 2×10−3 for the straight duct (in 
stream-wise direction) and ∆grid = 9.61 × 10−4 for the curved 
duct (in stream-wise direction), is an appropriate selection 
for considered computational domain. Figure 4 presents the 
schematic of selected structured hexahedral mesh applied on 
our computational domain.

Then, the formulation of the 3D energy gradient function 
K for flow through the curved duct is obtained.

3  Energy gradient method

In energy gradient theory (see more details of this theory 
in Refs. [34, 35, 46]), fluid flow field is considered as the 
energy field. Based on this theory, one of the main reasons 

behind of fluid motion is the energy gradient. Indeed, in case 
of no external force acting on fluid, the power of motion 
and change of fluid flow state is energy gradient. Kinematic 
energy gradient in transverse direction of fluid flow will be 
generated a driving force that leads to the increase in flow 
disturbance. These disturbances will be absorbed by the flow 
viscous friction gradient. Amplifying disturbances is due to 
large gradient of energy in the transversal direction, while 
viscous friction generated with shear stress will be resulted 
to stability of flow via damping the fluctuations. By increas-
ing the transversal energy gradient, laminar state will lose 
its capability to balance the fluctuations and this will result 
in the inception of hydrodynamic instability. In summary, 
energy gradient in cross-stream is the reason for growth of 
small perturbations on the basic fluid flow, while stream-
wise viscous loss is the reason for decay of these distur-
bances. So, the proportion of energy gradient amplification 

Fig. 3  Numerical profile 
of stream-wise velocity at 
Re = 3000 under different mesh 
resolutions for angular positions 
of a 36°, b 90° and c 144° 
(taken from Ref [41])
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Fig. 4  Considered mesh structure (taken from Ref [41])
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in cross-stream direction to the friction damping in stream-
wise direction can be defined as hydrodynamic stability cri-
teria as follows [34, 35]:

where ΔE is representative of total energy in the cross-
stream direction (in unit volumetric fluid) and the loss of 
stream-wise total energy (in unit volumetric fluid) is shown 
by ΔH . Moreover, E = p + 0.5�u2 is total mechanical energy 
and hydrodynamic pressure is p . In addition, Ā is the ampli-
tude of the distance of disturbance, u′

m
 is the amplitude of the 

velocity disturbance corresponding to u� = u�
m
cos

(
�t + �0

)
 

and � is the disturbance frequency. The indicators of n and 
s are representative of directions in cross-stream and in the 
stream-wise, respectively. Moreover, in Eq. (8), the param-
eter of K has the following form:

Based on Eq. (8), we have hydrodynamically unstable 
flow by an increase in magnitude of F. Therefore, we have 
stable state for fluid below the constant certain value of F. 
Moreover, according to Eqs. (8) and (9), one can be con-
cluded that two main affective parameters on the instability 
are K function and value of relative disturbance velocity 
( u′

m

/
u ). For Kmax < Kc , the fluid flow is hydrodynamically 

stable, while the fluid flow is unstable at Kmax > Kc (where 
Kmax and Kc are maximum of K and critical value of Kmax , 
respectively). In case of the curved duct, cross-stream gradi-
ent of total mechanical energy for flow is (see Fig. 1):

where, in case of the pressure driven flow through the curved 
square duct, energy loss is [35]:

where � as shear stress has the following form:

where � is the dynamic viscosity and we can redefine 
Eq. (11) as follows:
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of Eq. (13) in form of:

Now, energy gradient function K as stability parameter 
will be achieved via substitution of Eqs. (10) and (14) into 
Eq. (9) as follows:

Geometrical relations among the gradient of a variable 
such as � in s–n coordinate system and considered Carte-
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Fig. 5  Parameter � between two considered coordinates (taken from 
Ref [41])
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Now, we can extract 3D dimensionless function of K for 
flow through the curved duct via substitution of Eqs. (16) 
and (17) into Eq. (15):

where

It is also notable that, based on the Prandtl [47] investiga-
tion, two kinds of steady secondary motions are detectable 
in flow. Mean flow corresponding to the curvature effect 
(i.e., pressure driven) is the reason for generation of the first 
kind. Second kind is also corresponding to the turbulence 
in transverse plane. One of the main scenarios behind of 
Prandtl’s second kind is an imbalance on the normal Reyn-
olds stress in cross-stream [48, 49]. This scenario is cor-
responding to “Dean number” and “dimensionless energy 
gradient function”. Indeed, as may be seen in Eq. (1), De is 
corresponding Re (i.e., inertial forcers per viscous forces) 
at specified curvature ratio. So, rate of the inertial forcers 
per viscous forces and imbalance of Reynolds stress can be 
controlled by Dean number. In addition, as shown in Eqs. (9) 
to (19), dimensionless energy gradient function K (i.e., total 
cross-stream mechanical energy per total viscous friction in 
the stream-wise direction) is another control parameter on 
hydrodynamics instability and secondary flow formation.

Moreover, one can be concluded that the essence of 
Dean number is relevant by dimensionless energy gradient 
function K. Therefore, critical Dean number and physical 
phenomenon such as Dean vortices are directly effective on 
energy distribution in the curved duct. Indeed, Dean vorti-
ces are local regions where the total cross-stream mechani-
cal energy is significantly greater than viscous friction in 
the stream-wise direction. Consequently, higher value of 
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dimensionless energy gradient function K is detectable in 
these local regions.

Fig. 6  Considered sections along the azimuthally angular positions 
via their mid-plane line at y = 0 (taken from Ref [41])

4  Results and discussion

4.1  Effects of Dean numbers (Reynolds numbers)

At first, the influences of various Dean numbers in the 
range of 19.69 up to 1181.25 (equal to 50 ≤ Re ≤ 3000) 
on fluid flow behavior and instability through the consid-
ered duct are investigated. For this purpose, as shown in 
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Fig. 7  Velocity and total pressure distribution at various Dean numbers in the range of 19.69 up to 1181.25
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Fig. 6, nine sections with their mid-plane lines at y = 0 
are selected.

In order to investigate the instability through the curved 
square duct, distributions of velocity and total pressure 
are analyzed. Then, we evaluated the parameter of K at 
different Dean numbers.

Velocity and total pressure distribution vs. dimension-
less radius r − R from − 0.5 (i.e., inner curvature wall) to 
0.5 (i.e., outer curvature wall) on the mid-plane lines (see 
Fig. 6) in the considered duct at different De are presented 
in Fig. 7. According to Fig. 7, for De > 78.75 similar trend 
on velocity profiles is detected at all considered angular 
positions. At entry flow region (i.e., θ ≤ 18°), maximum 
of velocity profiles is located at r − R = 0. Afterward, the 
peak of velocity profiles moved toward the curvature wall 
at r − R = 0.4 for 18° < θ < 36°. Peak of velocity profiles 
remains there with progress of fluid flow up to θ = 72°, espe-
cially for De > 590.62. However, for 78.75 < De < 590.62, 
peak of velocity profiles is moved to r − R about 0.27 – 0.3. 
It is notable that the maximum of velocity is diminished 

at θ > 36° for 78.75 < De < 590.62, while we found this 
reduction on peak of the velocity profiles at θ > 72° for 
De > 590.62. This may be related to the tendency of the 
flow regime to conserve the initial momentum at the entry 
flow region via strong flow nearby the outer curvature wall. 
According to transfer of momentum toward the interior 
curvature wall at 78.75 < De < 590.62, values of velocity 
profiles in the distance of r − R = (− 0.2, 0.3) are enhanced 
by flow progress from θ = 36° up to θ = 108°. This is also 
observed for flow progress from θ = 36° up to θ = 162° for 
590.62 < De < 1181.25, and it is in accordance with Helal 
et al. [22] study. Due to intrinsic tendency of flow regime to 
being fully develop at θ = 108° to θ = 126°, we have insignifi-
cant changes on velocity profiles via progress of fluid flow 
for 78.75 < De < 590.62. However, for De > 590.62, more 
fluctuations on the velocity profiles are achieved, especially 
for θ > 108°. In addition, maximum of velocity profiles are 
moved toward the ducts’ center, which may be related to 
generate of additional vortex pair on the stream-wise flow.
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Fig. 7  (continued)
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Fig. 8  Velocity contour distribution on the considered computational sections at different Dean numbers in the range of 19.69–1181.25
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Fig. 8  (continued)
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At the entrance zone, due to smaller centrifugal force 
compared to inertial and viscous forces (i.e., θ < 18°), we 
found symmetry structure on the total pressure profiles at 
low Dean numbers. As flow progresses through the duct, 
the peak of the pressure is shifted into the outer wall. This 
is because of the increase in centrifugal force effects by 
increasing the Dean number. Therefore, for higher Dean 
numbers, during the momentum transfer into the exterior 
wall, maximum of total pressure is located nearby the outer 
curvature wall at θ < 72°. According to imbalance among the 
radial pressure gradient and centrifugal forces in the vicinity 
of outer curvature wall, partial back-transfer of flow momen-
tum (i.e., maximum of total pressure) into the center of the 

duct is achieved for θ > 90° under 226.01 < De < 590.62. 
Generation of counter-rotating vortex motion (i.e., Dean roll 
cells as main secondary flow) is related to the partial back-
transfer of flow momentum. For θ > 108° at De > 590.62, 
peaks on velocity and total pressure profiles are representa-
tive of Dean hydrodynamic instability with additional Dean 
vortices which are also observed in Krishna et al. [23] study.

Figure 8 shows distribution of velocity contours on dif-
ferent computational sections (see Fig. 6) for Dean num-
bers ranging from 19.69 to 1181.25. Based on Fig. 8, local 
regions with highest velocity are moved to the exterior cur-
vature wall by increasing the De and via progress of flow in 
the duct. These local zones are back-transferred toward the 

Fig. 8  (continued)
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duct’s center as counter-rotating motion. Then, we observed 
an insignificant change on these local regions nearby the 
outer curvature wall. It is notable that the fluid flow behavior 
in these contours is in agreement with distribution of veloc-
ity profiles in Fig. 7.

For more details on flow behavior, Fig. 9 shows stream-
wise contour of the velocity via vorticity contours at θ = 36° 
to θ = 144°. Based on Fig. 9, concentration of fluid momen-
tum is moved toward the outer curvature wall. Afterward it 
is expanded in the local zone between the outer wall and the 
center of the duct.

Figure 10 presents the distribution of K at various Dean 
numbers. As shown in Fig. 10, values of K on the mid-plane 
lines are decreased nearby the inner and outer duct’s walls 
for 19.69 < De < 393.75. Moreover, maximum of K-value 
is achieved at the outlet region (i.e., θ > 162°) nearby the 
inner wall for Dean numbers of 393.75 and 590.62. In addi-
tion, average of the K-value is remarkably enhanced for 
De ≥ 787.5. We also found that the K-value is decreased in 
the local zone among the center of the duct and exterior 
curvature wall for De = 78.75. However, similar trends on 
K-value are obtained by progress of flow in the duct for Dean 
number up to 590.62. For De > 590.62, significant increase 
in the K-value is detected in the local zone among the center 
of the duct and exterior curvature wall via progress of fluid 
flow from θ = 108° to θ = 162°. It should be noted that the 
peaks on the diagrams of K are in accordance with inflection 
points on velocity profiles (see Fig. 7).

For better assessment of K-values, contours of K-distri-
bution on the sections of 54°, 90° and 126° at various Dean 
numbers are presented in Fig. 11. Based on Fig. 11, for Dean 
number up to 78.75, the highest K-value are detected at the 
local regions of the main secondary flow. Consequently, the 
flow is unstable in these local regions. Subsequently, maxi-
mum of K-values is found nearby the upper and lower duct’s 
wall, especially on margins of additional Dean vortices for 
De = 226.01 at θ = 54°. It is notable that these local zones are 
the most possible regions to onset of hydrodynamic instabil-
ity. At De = 226.01, the local region with highest K-value 
is moved to the corner vortices nearby the upper and lower 
duct’s wall by flow progress up to θ = 126°. At De > 226.01, 
local regions with the highest K-value are formed among the 
center of the duct and exterior wall, especially for θ = 54° 
up to θ = 90°. In addition, the vortex-like lines with highest 
K-values (i.e., additional pair of Dean vortices) are enhanced 
by increasing the Dean number from 226.01 up to 1181.25. 
This is related to the growth of the centrifugal forces effects 

(i.e., transversal pressure gradient) by increasing the De. It 
should be pointed that local regions with the highest K-val-
ues are positions where the impressions of centrifugal forces 
have been strengthened there.

Figure 12 shows the isosurface of dimensionless func-
tion K (under the constant value 20) with cross-sectional 
K-contours from θ = 36° to θ = 144° at two Dean numbers 
of 78.75 and 1181.25. As shown in Fig. 12, the isosurface 
of K is placed on the local regions with highest dimension-
less function K. Moreover, the local areas of the K-isosur-
face are expanded on the main secondary flow on the lower 
and upper duct’s walls by an increase in the Dean number.

Fig. 9  Stream-wise velocity contour distribution via of cross-stream 
vorticity contours at θ = 36° up to θ = 144° under two Dean numbers 
226.01 and 1181.25
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As stated before, position of Kmax is the local place where 
fluid flow is initially losing its hydrodynamic stability. For 
more quantitative details about the critical K-values, Table 4 

presented for values of Kmax and its cylindrical coordi-
nates (see Fig. 1) under different Dean numbers. Accord-
ing to Table 4, the value of Kmax has become greater by an 

Fig. 10  Distribution of K at 
various Dean numbers in the 
range of 19.69 to 1181.25
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Fig. 11  Distribution of K-value on the sections of 54°, 90° and 126° at various Dean numbers in the range of 19.69–1181.25
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enhancement in Dean number. As given in Table 4, angular 
position of Kmax with the highest possibility to onset of insta-
bility is generally located at θ < 72° (i.e., the entrance and 

overshoot regions). In addition, radial position of Kmax is 
generally located in the local zone among the center of the 
duct center and exterior curvature wall.

Fig. 11  (continued)
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5  Conclusions

We used CFD simulation and energy gradient method to 
study the hydrodynamic stability of 3D flow through the 
curved duct with square cross section under different Dean 
numbers ranging from 19.68 to 1181.249 (i.e., correspond-
ing to Reynolds numbers in the range of 50 to 3000). Three 
significant findings of the current paper are as follows:

1. Imbalance of pressure gradient among the center of 
the duct and outer wall is strengthened, and the Kmax is 
enhanced by increasing the Dean number. As a result, 
as Dean number increases, the fluid flow becomes more 
hydrodynamically unstable.

2. By increasing the Dean numbers, more additional Dean 
vortices are detected on the fluid flow domain which are 
corresponding to bifurcation on velocity and total pres-
sure profiles.

3. Azimuthally angular position of Kmax is generally 
achieved at θ < 72° (i.e., entrance and overshoot regions), 
and the radial position of Kmax is occurred in the local 
zone among the center of the duct and outer curvature 
wall. According to energy gradient theory, these zones 
have the highest probability for onset of instability in the 
entire flow field of our problem.

Finally, we reported Kmax and its coordinates at various 
Dean numbers. More assessment on the other geometrical 
designs for inflow to achieve an improved energy distribu-
tion can be intended in future studies.
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Fig. 12  Isosurface of K-value (under constant value 20) with cross-
sectional K-contours from θ = 36° to θ = 144° at two Dean numbers: 
78.75 and 1181.25

Table 4  Local positions and 
values of K

max
 under different 

Dean numbers

Dean number 
(Reynolds 
number)

Curvature ratio Aspect ratio Maximum of K-value Position in cylindrical coordi-
nate (see Fig. 1)

Re =
Dhuavg

�
� = R

/
Dh

Ar = b∕a Kmax r � (deg) y

19.69 (50) 6.45 1 11.210465 0.246360 12.00 ± 0.012214
78.75 (200) 87.940697 0.249070 16.80 ± 0.011762
226.01 (574) 1676.604740 0.241830 72.00 ± 0.005429
393.75 (1000) 2664.363040 0.247710 11.76 ± 0.012667
590.62 (1500) 3179.158690 0.257670 59.52 ± 0.017643
787.5 (2000) 3930.786380 0.242290 61.92 ± 0.001357
984.37 (2500) 5610.784180 0.253140 144.72 ± 0.017643
1181.25 (3000) 7693.917970 0.240020 69.60 ± 0.011310
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