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Abstract
Nanoliquids, the engineered liquids with isolated effectual nanoparticles have disclosed a surprising thermo-physical effects 
and added functionalities and therefore have supported an extensive sort of essential applications. In particular, nanoliquids 
have displayed pointedly improved aptitude of heat transfer as equated to traditional functioning liquids. The notable intention 
of current scrutiny is to explore the features of combined convective and stratification phenomena by utilizing Brownian and 
thermophoresis nanoparticles on 3D mixed convection flow of magnetite Carreau fluid influenced by a bidirectional stretching 
surface. The heat transport phenomenon is also betrothed in the manifestation of thermal radiation and the heat sink/source. 
By means of suitable conversions the nonlinear PDEs transformed into nonlinear ODEs. To identify the behavior of numerous 
somatic parameters, numerically bvp4c tactic has been worked to elucidate the governing ODEs. The graphical depiction 
is delineated and tables are organized for diverse physical parameters on Carreau nanofluid. It is scrutinized that the impact 
of magnetic parameter on both the velocity components is analogous and diminishes both the velocities for shear thinning/
thickening liquids. Moreover, the present exploration reports that the mixed convection and thermal stratification parameters 
decline the liquid temperature and allied thickness of the thermal boundary layer for both shear thickening/thinning liquids.

Keywords 3D Carreau nanofluid · Mixed convection · Thermal radiation · Heat sink/source · Double stratification · 
Combined convective conditions

List of symbols
�∗  Cauchy stress tensor
p  Pressure
I  Identity tensor
�̇�  Shear rate
�   Material rate constant
(�0,�∞)  Zero and infinity shear rate viscosities
�1  First Rivlin–Ericksen tensor
n  Power law index
u, v, w  Velocity components
x, y, z  Space coordinates
�  Kinematic viscosity
�  Electrical conductivity

�f   Fluid density
B0  Strength of magnetic field
g  Gravitational acceleration
�1  Thermal diffusivity
k  Nanofluid thermal conductivity(
�T , �C

)
  Thermal and concentration coefficients 

expansion
(T, C)  Temperature and concentration of fluid
�  Effective heat capacity ratio
DB  Brownian diffusion coefficient
DT  Thermophoresis diffusion coefficient
(T∞,C∞)  Nanofluid ambient temperature and 

concentration
(T0,C0)  Reference temperature and concentration
(d, d1, e, e1)  Dimensionless constants
qr  Radiative heat flux
k*  Mean absorption coefficient
�∗  Stefan–Boltzmann constant
Q0  Heat source/sink coefficient
Uw(x), Vw(x)  Stretching velocities
a, b  Positive constants(
hf , hm

)
  Heat and mass wall transfer coefficient
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(
Tf ,Cf

)
  Heated fluid temperature and concentration

�  Dimensionless variable
(We1, We2)  Local Weissenberg numbers
M  Magnetic parameter
�∗  Mixed convection parameter
N*  Buoyancy ratio parameter
R  Thermal radiation
(S1, S2)  Thermal and mass stratification parameters
(�1, �2)  Thermal and mass Biot numbers
Nb  Brownian motion parameter
Nt  Thermophoresis parameter
�  Heat source/sink parameter
Le  Lewis number
α  Ratio of stretching rates parameter
(�xz, �yz)  Surface shear stresses along x- and 

y-directions
(Cfx,Cfy)  Skin friction coefficients(
Nux, Shx

)
  Local Nusselt and Sherwood numbers

Rex  Local Reynolds number
(f, g)  Dimensionless velocities
�  Dimensionless temperature
�  Dimensionless concentration

Abbreviations
ODEs  Ordinary differential equations
PDEs  Partial differential equations
3D  Three dimensional

1 Introduction

Energy disaster instigated by the hurried world popula-
tion and engineering progression in addition to the rapid 
expansion of the society intensifies gradually and might 
develop a humanitarian disaster in worldwide. Solar 
energy has been demanded as the energy of our forth-
coming, but approaches with many experiments to over-
come, for instance, the high cost and the low proficiency. 
Solar thermal structure, which usually has a fascinating 
plate with liquid running inside the pipes, is a communal 
approach of consuming solar energy. Its competence is 
partial by not only how competently the solar energy is 
caught by the fascinating plate, but also how effectually 
the fascinated energy is transported to the running liquid. 
Solar energy is the utmost essential renewable cause of 
energy to produce heat and electrical energy. Countless 
solar constructed thermal structures are used for producing 
water distillation, heating of water from solar radiation, 
electricity and structures air-conditioning. Moreover, the 
enhancing process of heat transfer in solar energy struc-
tures is solitary of the utmost crucial subjects to attain an 
enhanced enactment of these structures with dense strat-
egies. This might be attained by means of functioning 

liquids with boosted thermo-physical chattels. One of the 
operative approaches is to substitute the functioning liquid 
with nanoliquids as an innovative approach to develop the 
heat transfer features of the liquid.

In current spans, the rapid expansion in engineering 
and thermal industrial progressions necessitates additional 
dense and proficient heat transport structures. In these 
structures, fluids are utilized as cooling instrument. Owing 
to lesser in thermal conductivity, these liquids critically 
disturb the amount of heat transport or cooling progres-
sion. It was a thought-provoking assignment to heighten the 
liquid thermal conductivity for scientists and investigators. 
Here originates the notion of nanofluids. Nanofluids are as 
innovative novelty, which was first proposed by Choi [1]. 
The deferral of nonmetallic and metallic nanoparticles in 
base liquids like aquatic and paraffin is known as nano-
fluid. They exhibit boosted thermo-physical assets, equated 
to base liquids. The manifestation of nanomaterials in the 
base liquids provides an enhanced flow of fraternization 
and sophisticated thermal conductivity equated to purify 
liquids. There are numerous norms with nanotechnology 
in industrial-related diligences. This innovative expertise is 
frequently exploited in the creation of nanochips, chilling 
of microchip technology, lorries apparatus, exchange mak-
ing, medication distribution, etc. Additionally, the thermal 
assets of nanoliquids are the assets which are very essen-
tial to nanofluids enactment. These are the liquid thermal 
conductivity, viscosity, specific heat and heat transfer coef-
ficient, respectively. Thermal recital of solar collectors is 
essentially being contingent on how thermal assets perform 
in diverse functioning circumstances. Some of the current 
reports in these trends can be quantified via refs. [2–12]. 
The impact of thermal energy and melting heat on radiative 
flow of carbon–water nanofluid was scrutinized numerically 
by Hayat et al. [13] by seeing the stagnation point effect. 
Irfan et al. [14] explored numerically the properties of shear 
thinning/thickening liquids on 3D Carreau nanofluid flow 
with the influence of heat sink/source and temperature-
dependent thermal conductivity. They inspected that the 
tendency of unsteadiness and thermal conductivity param-
eters were quite conflicted for both shear thickening/thin-
ning liquids on temperature and concentration fields. The 
heat transport phenomenon on unsteady Carreau magneto 
nanofluid towards the cone packed with alloy nanomaterials 
was discussed Raju et al. [15]. They reported that the heat 
transfer amount heightened for the viscous variation param-
eter. Recently, Hayat et al. [16] investigated fluid flow of 
magneto nanoliquid subject to nonlinear stretched surface. 
They analyzed that the pressure and velocity fields decline 
for power law index. The convective and activation energy 
phenomena on the flow of nanofluid with the properties of 
chemical reaction were explored by Zeeshan et al. [17]. The 
behavior of variable conductivity in Eyring and Carreau 
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fluids with nickel and dust nanoparticles was scrutinized 
by Upadhya et al. [18].

Recently, the mixed convection transport of non-Newto-
nian liquids via thermal and solute stratifications is a subject 
of abundant scrutiny owing to their widespread manifestation 
in the engineering and industrial progressions. The heat dis-
missal into the atmosphere, for instance, streams, oceans and 
ponds, and thermal energy-storing structures like astrophysi-
cal pools are the numerous specimens of such solicitations. 
Stratification of liquid is a deposition or establishment of lay-
ers that happens because of temperature changes, concentra-
tion variation or owing to the manifestation of diverse liquids. 
It is fascinating to scrutinize the impact of double stratification 
when both heat and mass transfer are existing instantaneously. 
Moreover, in the manifestation of gravity the density dissimi-
larities have a strategic role in the mixing of heterogeneous 
liquid and dynamics. For instance, thermal stratification in 
pools can condense the fraternization of oxygen to the lowest 
water to become anxious through the achievement of organic 
progressions. Similarly, the scrutiny of thermal stratification 
is essential for the solar industry as greater energy competence 
can be attained with enhanced stratification. The mixed con-
vection thermally stratified flow along a stretched cylinder was 
scrutinized by Mukhopadhyay and Ishak [19]. The stimulus 
of chemically reacting flow and mixed convective on nanoliq-
uid toward the moving surface was analyzed by Mahantesh 
et al. [20]. Imtiaz et al. [21] considered the effects of mixed 
convection and convective phenomena on Casson nanofluid 
due to stretched cylinder. They examined that for larger Cas-
son liquid and magnetic parameters decline the liquid flow. 
Waqas et al. [22] explored the mutual effects of thermal and 
mass stratification on mixed convection Oldroyd-B nanoliq-
uid. They reported that the higher thermal and solutal strati-
fied causes decline the temperature and concentration field, 
respectively. Moreover, current endeavors on mixed convec-
tion as well as double stratifications via diverse thoughtfulness 
can be referred through refs. [23–26].

In numerous applications, non-Newtonian materials have 
sizeable worth throughout the earliest limited spans. In these 
materials, there is no linear correlation between stress tensor 
and deformation. The remarkable features of these liquids 
are their advanced apparent viscosities; therefore, laminar 
flow circumstances intensify considerably compared to 
Newtonian liquids. The applications correlated to biological 
progressions, geophysics and genetic disciplines comprise 
non-Newtonian ingredients. These materials, for instance, 
bubbles, colloidal and deferral elucidations, adhesives, stone 
undercoat and soap suds are nonlinear materials. Numerous 
researchers have functioned with diverse non-Newtonian 
liquids which can be seen in refs. [27–34].

In this scrutiny, numerical elucidations are established 
for 3D radiative flow of a magnetite Carreau nanofluid sub-
ject to combined phenomena of convective and stratification 

influenced by stretching surface. The impact of the heat sink/
source is also considered. A compatible conversion changed 
the PDEs into ODEs and then elucidated numerically by bvp4c 
to scrutinize the features of physical parameters. Graphs are 
structured and tables are established and conferred it details.

2  Physical model and constitutive relation

2.1  Rheological models

This study scrutinized Carreau fluid model which is a general-
ized Newtonian liquid that describes the properties of shear 
thinning/thickening liquids. The Cauchy stress tensor for the 
Carreau fluid model is stated as [35–38]:

with

where (p , � , � , n, �0, �∞) are the pressure, identity tensor, 
material time constant, power law index, zero-shear rate and 
infinity shear rate viscosities, respectively.

Furthermore, the shear rate and first Rivlin–Ericksen tensor 
A1 is defined as:

We consider the most useful conditions, i.e., 𝜇0 >> 𝜇∞ and 
�∞ = 0 . Thus, in view of Eqs. (2), (1) reduces to following 
form  we have

Furthermore, for n > 1 this model describes the effects of 
shear thickening fluid, while for 0 < n < 1 the effects of shear 
thinning fluid are attained.

For incompressible 3D fluid flow, the velocity, temperature, 
concentration and the Cauchy stress tensor are assumed to be:

Here (u, v, w) are the velocity components in x-, y- and 
z-directions.

2.2  Governing equations

The constitutive equations for incompressible 3D time-
independent flow of Carreau fluid [37] in vectorial form are 
represented as:

(1)�
∗= −p�+�(

⋅

�)�1,

(2)𝜇(�̇�) = 𝜇∞ + (𝜇0 − 𝜇∞)[1 + (𝛤 �̇�)2]

n−1

2 ,

(3)�̇� =

√
1

2
tr(�2

1
), �1 = �� + (��)T .

(4)�
∗= −p�+𝜇0[1 + (𝛤 �̇�)2]

n−1

2 �1.

(5)
� = [u(x, y, z), v(x, y, z), w(x, y, z)],

T = T(x, y, z), C = C(x, y, z), �
∗= �

∗
(x, y, z).

(6)div � = 0,
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where �f  is the fluid density.
Utilizing Eq.  (5) in Eqs.  (6) and (7), having in mind 

Eqs. (3) and (4), a lengthy but forthright scheme gives the 
following boundary layer equation as follows:

where � is the kinematic viscosity.

3  Problem Formulation

We scrutinize the steady 3D mixed convection flow of a Car-
reau magnetite nanofluid over a bidirectional stretched sur-
face. The influence of combined stratification and convective 
conditions is engaged in heat and mass transfer phenomena. 
Additionally, thermal radiation and the heat sink/source 
are deliberated. The Brownian motion and thermophoresis 
nanoparticles are also betrothed in this study. The flow is 
persuaded by stretching the surface in two nearby x- and 
y-directions with linear velocity (u, v) = (ax, by) , respec-
tively, where a, b > 0 and the fluid overcomes the region 
z > 0. Furthermore, it is also supposed that the electric and 
magnetic fields are negligible when we equated with applied 
magnetic field (as depicted in Fig. 1). This notion is only 
effective when the magnetic Reynolds number is small.

Under these attentions, the governing problem of mag-
netite Carreau nanofluid is:

(7)�f (� ⋅ �) = � ⋅ �
∗,

(8)
�u

�x
+

�v

�y
+

�w

�z
= 0,

(9)

u
�u

�x
+ v

�u

�y
+ w

�u

�z
= −

1

�f

�p

�x
+ �

�2u

�z2

[

1 + � 2

(
�u

�z

)2
] n−1

2

+ �

(
�u

�z

)
�

�z

[

1 + � 2

(
�u

�z

)2
]

n−1

2

,

(10)

u
�v

�x
+ v

�v

�y
+ w

�v

�z
= −

1

�f

�p

�y
+ �

�2v

�z2

[

1 + � 2

(
�v

�z

)2
] n−1

2

+ �

(
�v

�z

)
�

�z

[

1 + � 2

(
�v

�z

)2
] n−1

2

,

(11)0 = −
1

�f

�p

�z
,

(12)
�u

�x
+

�v

�y
+

�w

�z
= 0,

(13)

u
�u

�x
+ v

�u

�y
+ w

�u

�z
= �

�2u

�z2

[

1 + � 2

(
�u

�z

)2
] n−1

2

+ �(n − 1)� 2

(
�u

�z

)2
�2u

�z2

[

1 + � 2

(
�u

�z

)2
] n−3

2

−
�B2

0

�f
u + g[�T (T − T∞) + �C(C − C∞)],

(14)

u
�v

�x
+ v

�v

�y
+ w

�v

�z
= �

�2v

�z2

[

1 + � 2

(
�v

�z

)2
] n−1

2

+ �(n − 1)� 2

(
�v

�z

)2
�2v

�z2

[

1 + � 2

(
�v

�z

)2
] n−3

2

−
�B2

0

�f
v,

(15)

u
�T

�x
+ v

�T

�y
+ w

�T

�z
= �1

�2T

�z2
+ �

[

DB

�C

�z

�T

�z
+

DT

T∞

(
�T

�z

)2
]

−
1

(�c)f

�qr

�z
+

Q0

(�c)f
(T − T∞),

Fig. 1  Flow configuration
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Subject to the boundary conditions:
 

Where B0 is the strength of magnetic field, � the electri-
cal conductivity, g the gravitational acceleration, 

(
�T, �C

)
 

the coefficients of thermal and concentration expansion, 
respectively, (T, C) the nanoliquid temperature and volume 
friction, �1 the thermal diffusivity of liquid, k thermal con-
ductivity of fluid, (�f , cf ) the liquid density and specific heat, 
respectively, � the ratio of effective heat capacity of nan-
oparticles to heat capacity of the base liquid, Q0 the heat 
sink/source coefficient, (DB,DT) the Brownian and thermal 
diffusion coefficients, respectively. Furthermore, (hf , hm) 
are the variable wall heat and variable wall mass transfer 
coefficients, respectively, (Tf ,Cf ) = (T0 + dx,C0 + ex) the 
heated liquid temperature and concentration, respectively, 
(T∞,C∞) = (T0 + d1x,C0 + e1x) the ambient temperature and 
concentration, respectively, in which (T0, C0) the reference 
temperature and concentration, respectively, (d, d1, e, e1) the 
dimensionless constants and qr the radiative heat flux which 
is defined as

in which (�∗, k∗) are the Stefan–Boltzmann constant and 
mean absorption coefficient, respectively.

3.1  Appropriate conversions

In vision of above conversions, Eq. (12) is satisfied auto-
matically and Eqs. (13–18) are reduced to the following 
ODEs:

(16)u
�C

�x
+ v

�C

�y
+ w

�C

�z
= DB

�2C

�z2
+

DT

T∞

�2T

�z2
.

(17)

u = Uw(x) = ax, v = Vw(y) = by, w = 0,

− k
�T

�z
= hf [Tf − T], −DB

�C

�z
= hm[Cf − C] at z = 0,

(18)u → 0, v → 0, T → T∞, C → C∞ as z → ∞.

(19)qr =
−16�∗T3

∞

3k∗
�T

�z
,

(20)
u = axf �(�), v = ayg�(�), w = −

√
a�[f (�) + g(�)],

�(�) =
T − T∞

Tf − T0
, � =

C − C∞

Cf − C0

, � = z

�
a

�
.

(21)f ���
[
1 +We2

1

f ��2
] n−3

2

[
1 + nWe2

1

f ��2
]

− f �2 + f ��(f + g) −M2f � + �∗(� + N∗�) = 0,

Here 
(
We1, We2

)
(

=

√
� 2aU2

w

�
,

√
� 2aV2

w

�

)

 are the local 

Weissenberg numbers, M
(

=

√
�B2

0

a�f

)

 the magnetic param-

eter, �∗
(
=

g�Td

a2

)
 the mixed convection parameter, 

N∗

(
=

�C .e

�Td

)
 the buoyancy ratio parameter, Rd

(
=

4�∗T3
∞

3kk∗

)
 the 

thermal radiation parameter, Nb

(
=

�DB(Cf−C0)

�

)
 the Brownian 

motion parameter, Nt

(
=

DT(Tf−T0)

�T0

)
 the thermophoresis 

parameter, Pr
(
=

�

�1

)
 the Prandtl number, �

(
=

Q0

a(�c)f

)
 the 

heat source (𝛿 > 0) and heat sink (𝛿 < 0) parameter, Le(= �1

DB

) 

the Lewis number, �
(
=

b

a

)
 the ratio of stretching rates 

parameter, 
(
�1, �2

) (
=

hf

k

√
�

a
,

hm

DB

√
�

a

)
 the thermal and con-

centration Biot numbers, respectively and 
(
S1, S2

) (
=

d1

d
,

e1

e

)
 

the thermal and mass stratification parameters, 
respectively.

4  Physical quantities

From the industrial and engineering point of view, the essen-
tial quantities of physical interest are the skin friction, heat 
and transfer coefficients which may be defined by the sub-
sequent expression:

(22)
g���

[
1 +We2

2
g��2

] n−3
2
[
1 + nWe2

2
g��2

]
− g�2 + g��(f + g) −M2g� = 0,

(23)

(
1 +

4

3

R
)
��� + Pr(f + g)�� − Pr f �� − Pr S

1

f �

+ Pr
[
Nb�

��� + Nt�
�2 + ��

]
= 0,

(24)

��� + Pr Le(f + g)�� − Pr Lef �� − Pr LeS2f
� +

(
Nt

Nb

)

��� = 0,

(25)

f (0) = 0, g(0) = 0, f �(0) = 1, g�(0) = �,

��(0) = −�1(1 − S1 − �(0)) ,��(0) = −�2(1 − S2 − �(0)),

(26)f � → 0, g� → 0, � → 0 ,� → 0 as � → ∞.

(27)Cfx =
�xz

1

2
�f U

2
w

, Cfy =
�yz

1

2
�f U

2
w

,
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The above quantity is in the dimensionless forms:

in which Rex =
ax2

�
 is local Reynolds number.

5  Computational scheme

The nonlinear ODEs (21–24) with boundary conditions (25) 
and (26) are elucidated numerically via bvp4c scheme. Numeri-
cal elucidations of these equations are acquired by switching the 
governing problem into first-order differential structure.

(28)

Nux =

(

−
x

(
Tf − T∞

) +
xqr

k
(
Tf − T∞

)

)
�T

�z

|
|
|
|z=0

,

Shx = −
x

(
Cf − C∞

)
�C

�z

|
|
|
|z=0

.

(29)

1

2

CfxRe

1

2

x = f ��(0)
[
1 +We2

1

f ��2(0)
] n−1

2
,

1

2

(
Uw

Vw

)

CfyRe

1

2

x = g��(0)
[
1 +We2

2

g��2(0)
] n−1

2
,

(30)

Re
−
1

2
x Nux =

−

(
1 +

4R

3

)
��(0)

1 − S1
, Re

−
1

2
x Shx = −

(
1

1 − S2

)

��(0),

(31)f = y1, f
� = y2, f

�� = y3, f ��� = yy1,

(32)g = y4, g
� = y5, g

�� = y6, g
��� = yy2,

(33)� = y7, �
� = y8, �

�� = yy3,

(34)� = y9, �
� = y10, �

�� = yy4,

(35)
yy

1

=
−(y

1

+ y
4

)y
3

+ y2
2

+M2y
2

− �∗(y
7

+ N∗y
9

)

�
1

,

�
1

=
(
1 + nWe2

1

y2
3

)
∗
(
1 +We2

1

y2
3

)
n−3

2

,

(36)

yy
2

=
−(y

1

+ y
4

)y
6

+ y2
5

+M2y
5

�
2

,

�
2

=
(
1 + nWe2

2

y2
6

)
∗
(
1 +We2

2

y2
6

)
n−3

2

,

(37)

yy
3

=
−Pr(y

1

+ y
4

)y
8

+ Pr y
2

y
7

+ Pr S
1

y
2

− Pr Nby8y10 − Pr Nty
2

8

− Pr �y
7

�
3

,

�
3

=

(
1 +

4R

3

)
,

(38)

yy4 = −LePr(y1 + y4)y10 + Pr Ley2y9 + Pr LeS2y2y9 −
Nt

Nb

yy3,

6  Analysis of results

The notable objective here is to disclose the properties of 
numerous parameters on mixed convection stratified flow 
of magnetite Carreau nanofluid subject to convective phe-
nomena. The heat transport mechanism is also considered in 
manifestation of the heat sink/source and thermal radiation. 
For this persistence, graphs are planned and tables are struc-
tured for diverse parameters and discussed in facts. Addi-
tionally, the range of scheming parameters in existent study 
is  taken to be 0 ≤ M ≤ 1.5, 0 ≤ �∗ ≤ 2.0, 0.1 ≤ N∗ ≤ 1.8, 
0.7 ≤ �1 ≤ 1.3, 0 ≤ S1 ≤ 0.3, 0.1 ≤ Nb ≤ 1.0, 0.4 ≤ Nt ≤ 1.6, 
0 ≤ R ≤ 1.2, 0.6 ≤ �2 ≤ 1.5, 0 ≤ S2 ≤ 0.5.

6.1  Impact of M on f�(�) and g�(�)

To envision the impact of magnetic parameter M on veloc-
ity fields f �(�) and g�(�) for both shear thinning/thicken-
ing cases, Fig. 2a–d is strategized. It is noted that both the 
liquid velocities decline for enhancing the values of M for 
shear thinning/thickening cases. This occurs because of the 
circumstance that the outcomes of strong magnetic field 
contribute resistance to flow in both the x- and y-directions 
which intensify the Lorentz force in z-direction. Therefore, 
the flow in both the directions decay the liquid velocities.

6.2  Impact of �∗ and N∗ on f�(�) and g�(�)

The stimulus of growing value of mixed convection param-
eter �∗ and buoyancy ratio parameter N∗ on velocity fields 
for (n < 1) and (n > 1) is schemed in Figs. 3a–d and 4a–d. 
It is noteworthy to note that when we heighten the value 
of these parameters the liquid velocity f �(�) increases for 
both (n = 0.5 and n = 1.5). Physically, augmented values 
of mixed convection parameter �∗ reason a forceful buoy-
ancy force which clues the escalation of velocity field f �(�) . 
Similarly, the concentration buoyancy strength boosts up for 
the increase in buoyancy ratio parameter N∗ which conse-
quence the declinse of the velocity field g�(�) . Moreover, it 
is reported that both the velocity fields decay for augment-
ing values of �∗ and N∗ for both (n < 1) and (n > 1) as dis-
played in Figs. 3c, d and 4c, d. Hence, we can say from these 

(39)y1(0) = 0, y2(0) = 1, y2(∞) = 0,

(40)y4(0) = 0, y5(0) = �, y5(∞) = 0,

(41)y8(0) + �1
(
1 − S1 − y7(0)

)
= 0, y7(∞) = 0,

(42)y10(0) + �2
(
1 − S2 − y9(0)

)
= 0, y9(∞) = 0.
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strategies that the impact of these flow parameters is entirely 
conflicting for velocity field f �(�) and g�(�) .  

6.3  Impact of �∗ and N∗ on �(�)

Figures 5a, b and 6a, b are intended to visualize the enact-
ment of mixed convection parameter �∗ and buoyancy 
ratio parameter N∗ for shear thickening/thinning cases on 
nanoliquid temperature field. From these structures, it is 
scrutinized that both the �∗ and N∗ are retreating func-
tions of temperature distribution. For higher value of �∗ 
and N∗ display thinner thickness of the thermal boundary 
layer and temperature of Carreau nanofluid. The enhancing 
value of mixed convection parameter �∗ relate to stronger 

buoyancy force because mixed convection parameter 
depends on buoyancy force. Hence, this stronger buoy-
ancy force is the reason for the decline in temperature and 
its allied thickness of the boundary layer. Furthermore, 
analogous enactment is being detected for the progressive 
value of buoyancy ratio parameter N∗. 

6.4  Impact of 
1
 and S

1
 on �(�)

Figures 7a, b and 8a, b expose the tendency of thermal Biot 
number �1 and stratification parameter S1 , respectively, for 
(n = 0.5 and 1.5) on Carreau liquid temperature field. Here 
we scrutinized that quite conflicting tendency is being famed 
for growing value of �1 and S1 . When we intensify the values 

f'
(
)

0 2 4 6 8 10
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1
(a)

We1 = We2 = Pr = 1.5, = N* = S1 = Nb = 0.3

1 = 2 = 0.8, = 0.1, R = 0.5, * = 0.4

S2 = Nt = 0.2, Le = 1.0

n = 0.5

M = 0, 0.5, 1.0, 1.5

f'
(
)

0 2 4 6 8 10
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1
(b)

We1 = We2 = Pr = 1.5, = N* = S1 = Nb = 0.3

1 = 2 = 0.8, = 0.1, R = 0.5, * = 0.4

S2 = Nt = 0.2, Le = 1.0

n = 1.5

M = 0, 0.5, 1.0, 1.5

g
'(

)

0 2 4 6 8 10
0

0.1

0.2

0.3
(c)

We1 = We2 = Pr = 1.5, = N* = S1 = Nb = 0.3

1 = 2 = 0.8, = 0.1, R = 0.5, * = 0.4

S2 = Nt = 0.2, Le = 1.0

n = 0.5

M = 0, 0.5, 1.0, 1.5

g
'(

)

0 2 4 6 8 10
0

0.1

0.2

0.3
(d)

We1 = We2 = Pr = 1.5, = N* = S1 = Nb = 0.3

1 = 2 = 0.8, = 0.1, R = 0.5, * = 0.4

S2 = Nt = 0.2, Le = 1.0

n = 1.5

M = 0, 0.5, 1.0, 1.5

Fig. 2  a–d Impact of M on f �(�) and g�(�)



 Journal of the Brazilian Society of Mechanical Sciences and Engineering (2018) 40:521

1 3

521 Page 8 of 16

of thermal Biot number �1 , the temperature field enhances; 
however, the temperature of Carreau fluid is declining func-
tion of thermal stratification parameter S1 . Physically, enlarg-
ing the values of thermal Biot number �1 rises the heat trans-
fer amount which is responsible to enhance the temperature 
profile. Moreover, our scrutiny explores that the difference 
between the sheet and ambient liquid temperature decreases 
for larger values of S1 . Consequently, the thickness of the 
thermal boundary layer and temperature field decays for S1 
as shown in Fig. 8a, b. 

6.5  Impact of Nb and Nt on �(�)

The nanoparticles display a strategic role for the enhance-
ment of heat transfer features in Carreau fluid. For this per-
sistence, Figs. 9a, b and 10a, b are designed for both (n < 1 
and n > 1) . We scrutinized from these drafts that Nb and Nt 
both are boosting the liquid temperature and thermal thick-
ness of the boundary layer. Intensification in Nb enriching 
the accidental gesture of liquid particles and additional 
heat is formed which rises the temperature field. In Fig. 9a, 
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b, it is reported that the higher Nt also enhances the liquid 
temperature. As thermophoresis is a mechanism wherein 
minor elements are dragged away from the hot to cold sur-
face. Therefore, an enormous quantity of nanoparticles is 
transferred away from the intense surface which increases 
the temperature of the liquid. 

6.6  Impact of R on �(�)

The characteristics of thermal radiation for (n = 0.5 and 
1.5) is exposed in Fig. 11a, b on nanoliquid tempera-
ture field. There is an augmentation in both the liquid 

temperature and thermal thickness of boundary layer for 
the advance value of R . Increase in R heightens the heat 
flux from the sheet which contributes to rise in the liquid 
temperature. Moreover, we can also say that the coeffi-
cient of mean absorption decays for enhancing values of 
R which intensifies the temperature field. 

6.7  Impact of 
2
 and S

2
 on '(�)

An intensification in nanoparticles concentration Biot num-
ber �2 and stratification parameter S2 for shear thinning/
thickening parameters is exposed in Figs. 12a, b and 13a, 
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b. These graphs spectacle opposing behavior for higher 
value of these parameters. Increase in mass Biot number 
�2 enhances the concentration of nanoliquid; however, it 
declines for mass stratification parameter S2 . The higher val-
ues of �2 relate to sophisticated mass transfer coefficient and 
thus, the concentration field rises. On the other hand, it is 
inspected that when we enhances S2 , the difference between 
surface and reference nanoparticles reduces and the results 
in the declines of concentration field.  

6.8  Tables of local skin friction coefficients, local 
Nusselt and Sherwood numbers

Tables 1 and 2 are established to show the tendency of the 
involved parameters on the local skin friction coefficients (

1

2
CfxRe

1

2
x ,
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2

(
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Vw

)
CfyRe
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2
x

)

 ,  loca l  Nussel t  number 
(

Re
−
1

2
x Nux

)

 and local Sherwood number 

(

Re
−
1

2
x Shx

)

 for 
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both shear thinning/thickening liquids. In Table 1, it is 
fascinating to note that by increasing the values of M, S1 

and S2 the skin friction coefficient 

(
1

2
CfxRe

1

2
x

)

 rises while 

it declines for enhancing values of �∗, N∗, �1 and �2 for both 
(n < 1) and (n > 1) . It is also noted that the skin friction 

coefficient 

(
1

2

(
Uw

Vw

)
CfyRe

1

2
x

)

 enhance for M, �∗, N∗ , �1 and 

�2 , whereas conflicting behavior is being identified for S1 
and S2 . In Table 2, the rate of heat transfer is intensify for 
�∗, N∗, �1, S1 and S2 and decline for M and �2. Moreover, 
the mass transfer rate for shear thinning/thickening liquids 
diminished for progressive values of �∗, N∗ and S1 while 
augmented for M, �1 and �2. 
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6.9  Authentication with former upshots

For the endorsement of numerical upshots of −f ��(0) and 
−g��(0) with former related prose for diverse values of �, 
Tables 3 and 4 are organized. It is reported that intensify-
ing values of � heighten −f ��(0) and −g��(0). From these 
tables, a noteworthy agreement is being noted with earlier 
studies. 

7  Main findings

Here we disclosed the properties of combined convective 
and stratification phenomena on 3D mixed convection flow 
of Carreau magnetite nanofluid with the impact of thermal 
radiation and the heat sink/source. The planned vision of this 
study is enumerated below:

• Both the liquid velocities f �(�) and g�(�) declined for 
higher magnetic parameter M  , but the influence of 
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mixed convection parameter �∗ was absolutely conflict-
ing on velocity fields for both (n < 1) and (n > 1).

• The temperature field intensified for thermal Biot 
number �1 and thermal radiation parameter R , while it 
decayed for thermal stratification parameter S1 for both 
shear thinning/thickening instances.

• The progressive values of mixed convection param-
eter �∗ diminished the liquid temperature and its allied 

thickness of the boundary layer, whereas it enhanced 
for Brownian motion Nb and thermophoresis parameter 
Nt.

• Quite opposite tend was being noted for advance values 
of mass stratification S2 and mass Biot number �2 for both 
cases (n = 0.5) and (n = 1.5) on concentration field.
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Table 1  Numerical outcomes of 
skin friction coefficients when 
We1 = We2 = Pr = 1.5, � = 0.1, 
Nt = 0.2, � = Nb = 0.3, R = 0.5, 
and Le = 1.0 are fixed

M �∗ N∗ S
1

�
1

S
2

�
2

1

2

CfxRe

1

2

x
1

2

(
Uw

Vw

)
CfyRe

1

2

x

n = 0.5 n = 1.5 n = 0.5 n = 1.5

0.4 0.4 0.3 0.3 0.8 0.2 0.8 − 1.449886 − 2.677863 − 0.2743207 − 0.3103766
0.7 − 1.707612 − 3.330769 − 0.3293321 − 0.3809882
1.0 − 2.089718 − 4.382541 − 0.403704 − 0.4833723
1.3 − 2.577088 − 5.871595 − 0.4926472 − 0.6152907
0.4 0.1 − 1.529535 − 2.805652 − 0.2731797 − 0.3099874

0.6 − 1.399649 − 2.593553 − 0.2750317 − 0.3106625
1.2 − 1.260903 − 2.350347 − 0.2769521 − 0.3115580
0.4 0.2 − 1.459606 − 2.695527 − 0.2741636 − 0.3102955

0.4 − 1.440249 − 2.660300 − 0.2744759 − 0.3104574
0.6 − 1.421218 − 2.625479 − 0.2747809 − 0.3106181
0.3 0.0 − 1.321206 − 2.380301 − 0.2779211 − 0.3131885

0.1 − 1.364302 − 2.479074 − 0.2767067 − 0.3122286
0.2 − 1.407209 − 2.578299 − 0.2755061 − 0.3112912
0.3 0.3 − 1.539487 − 2.868080 − 0.2722469 − 0.3089934

0.5 − 1.494958 − 2.774491 − 0.2732863 − 0.3096711
0.7 − 1.462828 − 2.705782 − 0.2740254 − 0.3101721
0.8 0.0 − 1.428643 − 2.629172 − 0.2748222 − 0.3107542

0.1 − 1.439262 − 2.653488 − 0.2745713 − 0.3105650
0.3 − 1.460514 − 2.702294 − 0.2740706 − 0.3101889
0.2 0.2 − 1.471351 − 2.721165 − 0.2739385 − 0.3101314

0.4 − 1.462498 − 2.703455 − 0.2740963 − 0.3102313
0.6 − 1.455524 − 2.689352 − 0.2742204 − 0.3103113
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