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Abstract
This paper presents numerical investigation on elastohydrodynamic lubrication (EHL) of line contacts lubricated with

micropolar fluids. Numerical model of EHL line contact has been developed by coupled solution of Reynolds equation,

elastic deformation equation, load balance equation and fluid rheology equation from inlet to the outlet region. This system

of equations has been solved using finite element method techniques. The influence of micropolar fluid parameters and

operating parameter on the performances EHL line contacts has been investigated. Further, a comparative assessment on

the micropolar and Newtonian fluid-lubricated contact has been presented. It has been observed that the use of micropolar

fluid parameters enhances the values of minimum and central fluid film thickness and contact pressure within the EHL line

contacts. The empirical formulae for minimum �Hminð Þ and central �Hcentð Þ fluid film thickness are formulated based on the

numerically simulated results. The study reveals that overall performances of EHL line contacts increases significantly with

micropolar fluid parameter. Further, it has been observed due to micropolar lubricant in EHL line contacts, chances of

metal-to-metal contact reduces.

Keywords Elastohydrodynamic lubrication � Micropolar fluid � Line contact � Finite element analysis

List of symbols

b ¼ 4R
ffiffiffiffi

W
2p

q

Half Hertzian contact width (m)

D/Dt Material differentiation

E0 Effective elastic modulus of roller (Pa)

F Body force per unit mass (N/kg)

e eth element

G ¼ aE0 Dimensionless material parameter

h Fluid film thickness (m)

H Dimensionless fluid film thickness

H ¼ hR
b2

Dimensionless fluid film thickness

parameter

Hmin Non-dimensional minimum fluid film

thickness

Hcent Non-dimensional central fluid film

thickness

ho Offset film thickness

H0 ¼ hoR
2=b2 Non-dimensional offset film thickness

H0 Central offset film thickness (m)

j Microinertia constant

lm ¼ /3=4lð Þ1=2 Micropolar parameter

L Body couple

nM N; l; hð Þ Micropolar function defined by Eq. 8

N ¼ v
2lþv

� �1=2 Coupling number

Ni, Nj Shape function

ua Average rolling speed (m/s)

p Pressure (Pa)

q Density (kg/m3)

P = p/Ph Dimensionless pressure

Ph ¼ E0b=4R
Maximum Hertzian pressure (Pa)

qx Flow rate

R Equivalent radius of contact (m)

Re Residue
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U ¼ g0u=E
0R Non-dimensional speed parameter

v Linear velocity

u Velocity

V Velocity vector

v Microrotation velocity vector

x Abscissa along rolling direction (m)

X ¼ x=b Dimensionless abscissa

Xin Inlet boundary

Xo Outlet boundary

x; y Cartesian coordinates

z Roelands parameter

w Applied load per unit length (N/m)

W ¼ w=E0R Dimensionless load parameter

Wi Weighting function

Greek symbols
g0 Inlet viscosity of the lubricant (Pa s)

g Fluid viscosity (Pa s)

g ¼ g=go Non-dimensional viscosity

q ¼ q=qo Non-dimensional density

X ¼ 3Up2
4W2

Speed factor

q0 Inlet density of lubricant (kg/m3)

p Thermodynamic pressure

v;/1;/2;/3 Viscosity coefficient

Matrices
F½ � Fluidity matrix

Rf g Hydrodynamic term

pf g Nodal pressure vector

Jj j Jacobian matrix

1 Introduction

The tribo-elements such as gears, cams, roller bearings,

etc., form an integral part of all machines involving the

transmission of power and/or motion. Owing to the non-

conformal contacts involved, these elements operate under

elastohydrodynamic lubrication (EHL) regime. EHL is a

complex mode of hydrodynamic lubrication phenomenon

in which sufficiently thick fluid film is generated due to

elastic deformation of surfaces and pressure dependence of

viscosity. In order to prevent premature failure, it is very

important to make certain complete separation of the

interacting surfaces along with sufficiently low friction

coefficients under the operating conditions [1, 2]. The EHL

of line contacts have been widely used in various engi-

neering applications. The line contacts are formed, when

the contacting surfaces meet along a line prior to any

deformation, specifically between the races and the rollers

in a cylindrical roller bearing, between a disk cam and its

roller follower and in the contact between pair of involute

gear teeth. The developments in EHL theory are relatively

recent with major developments being postulated in the

20th century. Grubin made the notable breakthrough by

incorporating both the elastic deformation of solids and

pressure–viscosity behavior of lubricants to analyze the

lubricated non-conformal [3]. They presented the solution

for hydrodynamic lubricated heavily loaded elastic cylin-

der under isothermal conditions. Xu and Smith [4] for-

mulated a finite element method-based model for

simulating the EHL performance. The influence of mesh

and time step sizes upon the solution accuracy was

extensively studied. Wang et al. [5] developed an EHL

model based on simplified multigrid method. The algo-

rithm can be used in both steady-state and transient

isothermal line contact EHL analysis. Lee et al. [6] pro-

posed an inverse approach-based model that can generate a

smooth pressure distribution with small number of mea-

suring points of the film thickness and overcomes the

problems of pressure fluctuations. Jolkin and Larsson [7]

studied the lubricant film thickness in an EHL conjunction

under mixed sliding and rolling conditions using optical

interferometry. Bovington and LA Fountain [8] adopted the

optical interferometry method of measuring film thickness

under EHL conditions to facilitate the study of lubricant

behavior at contact pressure of 100 MPa.

Due to the recent technological advancements, use of

complex fluids as lubricants is getting more attention. In

order to estimate the performance of EHL contacts lubri-

cated with such complex fluids, the fluid film thickness

distribution needs to be established. Shimpi [9] and Mol-

dovanu [10] presented the influence of lubricant mixture

and roughness effect in hydrodynamic lubrication. The

lubricant effectiveness can be enhanced by including little

quantities of long-chain polymer additives into Newtonian

lubricant. Further, during machine operation the lubricant

becomes heavily adulterates with metal particles or dirt in

suspension form, thus rendering non-Newtonian behavior

to the lubricant. The investigators namely Oliver [11],

Scott and Suntiwattana [12] have shown that behavior of

fluids changes predominantly with the blending of addi-

tives. They also described that there is substantial change

in the characteristics of lubricant due to blending of

additives.

Over the last few decades, the studies pertaining to the

experimental and theoretical studies on influence of non-

Newtonian lubricants on elastohydrodynamic (EHD)-lu-

bricated contacts have gained significance [13–19].

Jacobson and Hamrock [14], Bell [15], Tsann-rong et al.

[16], Gecim and Winer [17], Iivonen and Hamrock [18]

and Wang and Zhang [18], Thakre et al. [19], Kumar et al.

[20, 21] studied different fluid models such as Ree-Eyring

model, pseudo-plastic fluids, dilatant fluids, Power law
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fluid model, etc., to investigate the effect of non-Newtonian

lubricants on pressure distribution, load carrying capacity

and fluid film distribution in lubricated contacts.

Numerous theories have been developed to understand the

behavior of non-Newtonian fluids. The microcontinuum

theory which takes into account translation as well as rota-

tion of additives in lubricant can be precisely used to prog-

nosticate their behavior [22]. The micropolar fluid theory

precisely describes the non-Newtonian behavior of lubri-

cants blended with polymer additives and/or blended/adul-

terated with solid particles, where classical theory of

Newtonian fluid cannot be applied [23]. Themicropolar fluid

theory has been successfully applied by various investigators

to study the bearing systems of the type squeeze filmbearings

[24–26], porous bearings [27] and multirecess journal

bearing [28, 29]. It has been observed from the above liter-

ature that the behavior of micropolar lubricants significantly

alters the performance characteristics of the bearings.

Micropolar fluids have also been studied in the field of

biomechanics for the applications of knee cap mechanics,

synovial lubrication, cardio-vascular flows and arterial blood

flows [30]. In the engineering domain,micropolar fluids have

been studied for a different manufacturing processes that

occur in the industries for example solidification of liquid

crystal, extrusion of polymer fluids, exotic lubricants, col-

loidal and suspension, cooling of metallic plate in a bath, etc.

[31]. However, very few studies are available on elastohy-

drodynamically lubricated line contacts using micropolar

lubricants. Prakash and Christensen [32] investigated the

influence of micropolar lubricants in EHL line contact. The

authors have investigated the fluid film thickness for EHL

line contacts at inlet zone, operating with micropolar lubri-

cants. The study reports collective influence of speed

parameter on performance of EHL line contact.

A thorough scan of available literature reported that

scant studies are available in the open literature on the EHL

line contacts dealing with micropolar lubricants. To the

best of author knowledge, only Prakash and Christensen

[32] have investigated the influence of micropolar fluid in

EHL line contact. This study, however, is not a compre-

hensive one as it only investigates effect of micropolar

lubricant on the fluid film thickness, with pressure profile

and pressure spike neglected altogether. Moreover, it is

only confined to inlet zone of EHL line contact. Further-

more, almost no information is provided on iterative

solution procedure and convergence criteria used for

computing the numerically simulated results. These key

issues necessitate re-investigation of EHL line contacts

lubricated with micropolar lubricant. Therefore, this study

is planned to comprehensively investigate the effect of

micropolar lubricant on the fluid film thickness, pressure

profile and pressure spike in the entire domain of fluid film.

In contrast to reference study and to have better

understanding on the effect of speed, load and material

parameters on the aforesaid performance parameters is

presented both individually and collectively. The study is

expected to be useful to the design engineers.

2 Mathematical model

The governing equation namely the modified Reynolds

equation, fluid film thickness equation, viscosity–pressure

relationship, density–pressure relationship and load bal-

ance equation followed by their finite element analysis

formulation are discussed in succeeding subsections.

2.1 Reynolds equation

The analysis includes the solution of the modified Rey-

nolds equation governing the flow of micropolar lubricant

in the EHL line contacts. The micropolar function in this

equation has been derived from the Eringen’s micropolar

lubrication theory [23]. Couples and forces are assumed to

be zero. The governing equations for micropolar fluids are

expressed in vectorial form as [24, 33, 34]:

oq
ot

þr � qVð Þ ¼ 0 ð1Þ

q
DV

Dt
¼ gþ 2lð Þrr � V � 1

2
2lþ vð Þr �r� V þ vr

� v�rpþ qF

ð2Þ

qj
Dv

Dt
¼ /1 þ /2 þ /3ð Þrr � v� /3r�r� vþ vr

� V � 2vvþ qL

ð3Þ

Above equations are based on the principle of the con-

servation of mass, linear and angular momentum, respec-

tively, where the component of velocity, microrotation

velocity and pressure are given by [34],

V ¼ u x; yð Þ; v x; yð Þ; 0ð Þ ð4aÞ
v ¼ 0; 0; v x; yð Þð Þ ð4bÞ
p ¼ p x; yð Þ ð4cÞ

After replacing the value of V , m and p in Eqs. (1–3), we

get following expression

ou

ox
þ ov

oy
¼ 0 ð4dÞ

1

2
2lþ vð Þ o2u

ox2
þ o2u

oy2

� �

þ v
ov

oy
� op

ox
¼ q u

ou

ox
þ v

ou

oy

� �

ð4eÞ
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1

2
2lþ vð Þ o2v

ox2
þ o2v

oy2

� �

� v
ov

ox
� op

oy
¼ q u

ov

ox
þ v

ov

oy

� �

ð4fÞ

/3

o2v

ox2
þ o2v

oy2

� �

þ v
ov

ox
� ou

oy

� �

� 2vv ¼ qj u
ov

ox
þ v

ov

oy

� �

ð4gÞ

These equations can be simplified by making the usual

lubrication assumptions and making an order of magnitude

study [33]. Thus, the following system of coupled equa-

tions to determine the velocity and the microrotation

velocity is obtained.

op

ox
¼ 1

2
2lþ vð Þ o

2u

oy2
þ v

ov

oy
ð4hÞ

/3

o2v

oy2
� 2vv� v

ou

oy
¼ 0 ð4iÞ

For one-directional flow, the components of microrotation

velocity, pressure, velocity are only in one direction, i.e., x-

direction, the necessary boundary conditions are [34, 35]

v ¼ 0; u ¼ �U at y ¼ 0 ð4jÞ
v ¼ 0; u ¼ �U at y ¼ h ð4kÞ

Incorporating the boundary conditions from Eqs. (4j)

and (4k) in Eqs. (4e), (4g), (4h) and (4i), we get the fol-

lowing solution:

u ¼ U þ 1

2l
op

ox
y2 � h

l
op

ox

N2

m

Cosh myð Þ � 1f g
sinh mhð Þ

� U sinh mhð Þ
R� þ h

2l
op

ox

� �

y� N2

m
Sinh myð Þ � Cosh mhð Þ � 1f g Cosh myð Þ � 1f g

sinh mhð Þ

� �� �

ð5Þ

Velocity in the yð Þ direction for one-dimensional equa-

tion is zero.

v ¼ 0 ð6Þ

where N ¼ v
2lþv

� �1=2
; l ¼ /3

4l

� �1=2
; m ¼ N

l
; R� ¼

h sinh mhð Þ � 2N2

m
cosh mhð Þ � 1f g

h i

The volume flow rate qxð Þ along the x direction is

expressed as:

qx ¼
Z

h

0

udy ð7aÞ

The volume flow rate qy
	 


along the y direction is zero.-

After integrating Eq. (7a) the following expressions is

obtained as

qx ¼
Uh

2
� h3

12l
nM N; l; hð Þ op

ox
ð7bÞ

nM N; l; hð Þ ¼ 1þ 12l2

h2
� 6Nl

h
Coth

Nh

2l

� �

ð8Þ

Thereafter, the principle of continuity of flow is applied

on the control volume and Eq. (7b) is used to yield the

continuity equation. The pressure gradient acting in y-di-

rection is negligibly small compared to that in x-direction.

Therefore, it is assumed that the pressure gradient acting in

y-direction is zero, i.e., op
oy
¼ 0. This assumption reduces the

Reynolds equation to one-dimensional form. Thus, the

modified Reynolds equation with micropolar lubricant in

EHL line contact [33, 36] is obtained as:

o

ox

h3

12l
nM N; l; hð Þ op

ox

� �

¼ X
2

oh

ox
ð9Þ

where

nM N; l; hð Þ ¼ 1þ 12l2

h2
� 6Nl

h
Coth

Nh

2l

� �

;X ¼ 6g0uaR
2

b3ph

Utilizing the non-dimensional parameters given in

nomenclature, modified Reynolds equation in dimension-

less form is given by,

d

dX

�qH3

�g
�nM N; lm; �hð Þ ¼ dP

dX

� �

¼ X
d �qHð Þ
dX

ð10Þ

where �nM N; lm; �hð Þ ¼ 1þ 12
�h2l2m

� 6N
�hlm
coth N �hlm

2

� �

, N ¼
v

2lþv

� �1=2
, X ¼ 3Up2

4W2

The fluid pressure at the inlet as well as the outlet of an

EHL conjunction is assumed to be equal to the ambient

pressure. Therefore, the Reynolds equation is solved for the

pressure subjected to the following boundary condition.

Inlet boundary condition

P ¼ 0 atP ¼ Xin ð11Þ

Outlet boundary condition

P ¼ dP

dX
atX ¼ Xo ð12Þ

2.2 Fluid film thickness equation

The shape of the lubricant film is determined by fluid film

thickness equation, which includes the elastic deformation

for a given pressure distribution [37]. Dimensionless fluid

film thickness equation is expressed as:

H ¼ H0 þ
X2

2
� 1

p

Z

Xo

Xin

ln X � X0j jP X0ð ÞdX0 ð13Þ

Here, integral term describes the elastic deformation.
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2.3 Density–pressure relation

Density–pressure relation [38] in the dimensionless form is

expressed as:

�q ¼ 1þ 0:6� 10�6P � Ph

1þ 1:7� 10�9P � Ph

� �

ð14Þ

2.4 Viscosity–pressure relation

Viscosity–pressure relation [38] in the non-dimensional

form is given by

�g ¼ exp ln g0 þ 9:67ð Þ �1þ 1þ 5:1� 10�9P � Ph

	 
z� �	 


ð15Þ

2.5 Load balance equation

The pressure developed in the lubricant supports the

lubricant, the fluid film pressure distribution obtained from

the Reynolds equation, should satisfy the load balance

condition [1].

Z

xo

xi

pdx ¼ w ð16Þ

where w represents external load for width of one unit.

Non-dimensionalization of the above expression results in:

Z

xo

xi

PdX ¼ p
2

ð17Þ

2.6 Finite element analysis formulation

In the present work, the EHL line contact problem has been

modeled considering a cylinder on flat surface with lubri-

cating oil in between them as depicted in Fig. 1. The

standard Galerkin’s formulation has been applied to the

modified Reynold’s equation, fluid film thickness equation

and load balance equation. The fluid flow field (of one-

dimensional EHL line contact problem) is discretized uti-

lizing two-noded linear isoparametric elements. The

domain of interest has been meshed from Xin ¼ �5 to Xo ¼
2:5 with uniform optimize grid size of 450 elements in the

lubricant flow field which is taken from the grid converging

study. The Lagrangian interpolation function has been

applied to the two-noded linear isoparametric elements.

The residue from Eq. (10) is expressed as:

Re ¼ o

o�x

�q�h3

�g
nM

o�p

o�x

� �

� X
o �q�hð Þ
o�x

ð18Þ

The Galerkin’s technique is used to minimize the resi-

due by multiplying weighting function and equating its

integral to zero.
Z

Xe

WRe
i dx ¼ 0 ð19Þ

Z

Xe

W
o

o�x

�q�h3

�g
nM

o�p

o�x

� �

dx�WX
o �q�hð Þ
o�x

dx ¼ 0 ð20Þ

Differentiation of any two functions f1; f2ð Þ is
d f1f2ð Þ
dx

¼ f1
df2

dx
þ f2

df1

dx
ð21Þ

Using Eq. (21), Eq. (20) is transformed to,

X

C

W �q�h3

�g
nM

o�p

o�x

� �

�
Z

Xe

q�h3

�g
nM

o�p

o�x

oW

o�x
d�x� X

X

C

W �q�hð Þ

þ X
Z

Xe

�q�ho Wð Þ
o�x

d�x ¼ 0

ð22Þ

In this technique, weighted function W is replaced by

the shape function of primary variable, i.e., Pressure. The

solution is therefore approximated as:

�p ¼
X

peþ1

i¼1

Ni�pi ð23Þ

N1 nð Þ ¼ 1� n
2

and N2 nð Þ ¼ 1þ n
2

ð24Þ

Fig. 1 Geometrical representation of EHL line contact
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X

2

j¼1

Z

Xe

�q�h3

12�g
nM

oNi

o�x

oNj

o�x
dx

� �

�pj

2

4

3

5

¼ X
2

Z

Xe

�q�hð Þ oNi

o�x
dxþ

X

C

W �q�h3

12�g
nM

oNj

o�x
�pj

� X
2

X

C

Ni �q�hð Þ ð25Þ

Considering the boundary condition and continuity

condition of pressure �pð Þ over inter-element boundaries,

Eq. (25) becomes.

Fe
ij

h i

�pej

n o

¼ X Re
i

� �

ð26Þ

where

Fe
ij

h i

¼
Z

Xe

�q�h3

12�g
nM

oNi

o�x

oNj

o�x
dx

� �

ð27Þ

Re
i

� �

¼
Z

Xe

�q�hð Þ oNi

o�x
dx ð28Þ

Film thickness equation is computed introducing a new

kernel [39, 40] for elastic deformation as follows.

H Xð Þ ¼ H0 þ
X2

2
� 1

p

X

N

e¼1

Z

ln X � X0j j
X

peþ1

i¼1

Ni�pi X
0ð ÞdX0

ð29Þ

H Xð Þ ¼ H0 þ
X2

2
� 1

p

X

N

e¼1

X

peþ1

i¼1

Ke
i Xð Þ�pe1 ð30Þ

where Ke
i Xð Þ is the kernel expressed as:

Ke
i Xð Þ ¼

Z

ln X � X0j jNe
1 X0ð ÞdX0 ð31Þ

¼ he

2

X

m

i¼1

ðln X � X0 nið Þj jNe
i nið ÞÞwi ð32Þ

Ke
i Xð Þ computed numerically, when X is outside of e

elsewhere Gaussian quadrature can be used.

The load equilibrium equation is discretized according

to [41, 42]:

X

N

e¼1

X

peþ1

i¼1

pei N
e
i Xð ÞdX � p

2
¼ 0 ð33Þ

Using Gaussian quadrature, load balance equation takes

form,

X

N

e¼1

X

peþ1

i¼1

pei N
e
i Jj jw� p

2
¼ 0 ð34Þ

3 Solution procedure

In the preceding section, modified Reynolds equation, fluid

film thickness equation and load balance equation were

formulated using finite element equations. The solution

procedure adopted in the present case is shown in Fig. 2.

However, the major steps followed for the development of

an efficient and stable numerical FEM solver based on the

analysis and formulation discussed in the previous section

are given below,

1. Discretization of solution domain using the two-

noded linear isoparametric elements.

2. Initialization of fluid film pressure using Hertzian

pressure distribution.

Start

Calulate Hertzian Pressure Distribu�on for 
ini�al guess of pressure

Print results

Stop

Check for
pressure 

convergence ?

Calculate the residual of the load balance 
equa�on

Calculate Central offset Film Thickness

YES

Set Input parameters

Calculate density, viscosity 

Calculate assembled fluidity matrix and vector 

Calculate fluid film thickness

Check for
Load 

Convergence?

Yes

Ini�al guess of offset central film thickness

Calculate fluid film thickness

Calculate  density, viscosity 

Compute fluid film pressure distribu�on using 
sparse GMRES algorithm

No

No

Fig. 2 Solution scheme of EHL contact
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3. Computation of density and viscosity (from initial

guess of pressure, i.e., Hertzian pressure) are done

by using Eqs. (14) and (15).

4. Computation of fluid film thickness by considering

elastic deformation and offset film thickness.

5. Computation of elemental fluidity matrices and

vector by using Gaussian quadrature numerical

integration technique.

6. Assembly of elemental fluidity matrices and vector

into global fluidity matrix and vector.

7. Application boundary conditions to the global

fluidity matrices.

8. Computation of linearized system of equation for the

fluid film pressure distribution using sparse gener-

alized minimal residual (GMRES) algorithm.

9. Repetition of steps 3–8 until the convergence criteria

for pressure is satisfied.

Pressure convergence

convp ¼
½
P

pi�nþ1 � ½
P

pi�n
½
P

pi�n
� 1:0� 10�5 ð35Þ

10. Computation of the residual of load balance equa-

tion and central offset fluid film thickness

11. Repetition of steps 3–10 until the convergence

criteria for load balance is satisfied.

Load convergence

convw ¼
P

Load� p =2
P

Loadn �
P

Loadn�1
� 1:0� 10�5

ð36Þ

12. Computation of fluid film distribution and fluid film

pressure using the expressions described in earlier

sections, once the convergence criteria is satisfied.

4 Numerical model validation

A MATLAB source code has been developed for obtaining

the nodal fluid film pressure and elastic deformation. The

finite element analysis technique has been successfully

implemented for the solution of the EHL line contact.

However, it is essential to validate the program thoroughly

so as to rely on the accuracy of simulated results. There-

fore, the values of minimum fluid film thickness computed

from the developed code have been compared with results

of Hamrock et al. [42] and [43], which is also 1D

numerical model for EHL line contact. Table 1 presents

the computed results from the present analytical model

showing good agreement with published results of Ham-

rock et al. [42] and [43]. The small deviation in the results Ta
bl
e
1

In
fl
u
en
ce

o
f
d
im

en
si
o
n
le
ss

lo
ad
,
sp
ee
d
an
d
m
at
er
ia
l
p
ar
am

et
er
s
o
n
m
in
im

u
m

fl
u
id

fi
lm

th
ic
k
n
es
s
o
f
el
as
to
h
y
d
ro
d
y
n
am

ic
lu
b
ri
ca
ti
o
n
li
n
e
co
n
ta
ct

S
.

n
o
.

D
im

en
si
o
n
le
ss

lo
ad

p
ar
am

et
er

(W
)

D
im

en
si
o
n
le
ss

sp
ee
d
p
ar
am

et
er

(U
)

D
im

en
si
o
n
le
ss

M
at
er
ia
l

p
ar
am

et
er

(G
)

L
ea
st

S
q
u
ar
es

F
it
F
o
rm

u
la

D
o
w
so
n
E
m
p
ir
ic
al

F
o
rm

u
la

E
H
L
T
h
eo
ry

P
re
se
n
t

� H
m
in

H
am

ro
ck

an
d

Ja
co
b
so
n
[3
9
]

� H
m
in

%
E
rr
o
r

P
re
se
n
t

� H
m
in

H
am

ro
ck

an
d

Ja
co
b
so
n
[3
9
]

� H
m
in

%
E
rr
o
r

P
re
se
n
t

� H
m
in

H
am

ro
ck

an
d

Ja
co
b
so
n

[3
9
]

� H
m
in

%
E
rr
o
r

1
1
.6
4
E
-
0
5

1
.0
0
E
-
1
1

5
0
0
0

2
.0
3
E
-
0
5

2
.0
5
E
-
0
5

1
.2
5
E
?
0
0

2
.0
3
E
-
0
5

2
.2
0
E
-
0
5

8
.0
2
E
?
0
0

2
.0
3
E
-
0
5

2
.0
3
E
-
0
5

0
.3
5
9
1
2
8

2
2
.0
5
E
-
0
5

1
.0
0
E
-
1
1

5
0
0
0

1
.9
9
E
-
0
5

2
.0
0
E
-
0
5

7
.2
5
E
-
0
1

1
.9
9
E
-
0
5

2
.1
4
E
-
0
5

7
.1
2
E
?
0
0

1
.9
9
E
-
0
5

1
.9
7
E
-
0
5

-
0
.7
9
6
5
1

3
2
.4
6
E
-
0
5

1
.0
0
E
-
1
1

5
0
0
0

1
.9
5
E
-
0
5

1
.9
6
E
-
0
5

3
.7
7
E
-
0
1

1
.9
5
E
-
0
5

2
.0
9
E
-
0
5

6
.4
5
E
?
0
0

1
.9
5
E
-
0
5

1
.9
4
E
-
0
5

-
0
.7
5
2
7
3

4
3
.0
0
E
-
0
5

1
.0
0
E
-
1
1

5
0
0
0

1
.9
2
E
-
0
5

1
.9
2
E
-
0
5

-
5
.2
1
E
-
0
3

1
.9
2
E
-
0
5

2
.0
4
E
-
0
5

5
.7
2
E
?
0
0

1
.9
2
E
-
0
5

1
.9
2
E
-
0
5

-
0
.0
1
0
4
2

5
2
.0
5
E
-
0
5

2
.0
0
E
-
1
1

5
0
0
0

3
.1
6
E
-
0
5

3
.2
7
E
-
0
5

3
.3
4
E
?
0
0

3
.1
6
E
-
0
5

3
.4
7
E
-
0
5

8
.9
4
E
?
0
0

3
.1
6
E
-
0
5

3
.3
4
E
-
0
5

5
.1
6
1
2
5
2

6
2
.0
5
E
-
0
5

3
.0
0
E
-
1
1

5
0
0
0

4
.1
5
E
-
0
5

4
.3
7
E
-
0
5

4
.9
2
E
?
0
0

4
.1
5
E
-
0
5

4
.6
2
E
-
0
5

1
.0
1
E
?
0
1

4
.1
5
E
-
0
5

4
.3
0
E
-
0
5

3
.5
3
0
1
7
7

7
4
.0
1
E
-
0
5

1
.9
6
E
-
1
1

2
5
5
3
.7

2
.1
3
E
-
0
5

2
.0
4
E
-
0
5

4
.1
8
E
?
0
0

2
.1
3
E
-
0
5

2
.1
8
E
-
0
5

2
.5
3
E
?
0
0

2
.1
3
E
-
0
5

2
.0
2
E
-
0
5

-
5
.5
4
6
7
4

8
4
.0
1
E
-
0
5

5
.6
0
E
?
0
0

3
5
9
1
.1

5
.0
3
E
-
0
5

5
.2
3
E
-
0
5

3
.8
2
E
?
0
0

5
.0
3
E
-
0
5

5
.4
7
E
-
0
5

8
.1
3
E
?
0
0

5
.0
3
E
-
0
5

5
.2
5
E
-
0
5

4
.2
2
4
6
0
1

Journal of the Brazilian Society of Mechanical Sciences and Engineering (2018) 40:326 Page 7 of 17 326

123



is less than 5% which is due to different solution

scheme adopted in two studies. However, the variation is

very minor and hence is acceptable to compute the results.

Thus, on the basis of the comparative assessment it can be

concluded that the model developed in the present study

stands validated.

5 Results and discussion

A parametric study has been undertaken to investigate

influences of each of the dimensionless design variable,

i.e., micropolar lubricant parameters, speed parameter, load

parameter and material parameter on the fluid film thick-

ness (i.e., minimum and central fluid film thickness) and

the contact pressure of the EHL line contact. The coupling

number N2 is defined as the parameter which couples the

linear and the angular momentum equations. The larger

value of N2 indicates that the individuality of the sub-

structure becomes significant. Another parameter lm is the

characterization of the interaction of lubricant with the

contact surfaces. The smaller value of lm indicates that

characteristic length of the substructure is larger than that

of the clearance dimension, and therefore, the effect of

microstructure is more pronounced. In the limiting case, as

the value of N2 approaches zero or the value of lm
approaches infinity, the micropolarity is lost and then the

lubricant is considered to behave as Newtonian lubricant.

In the present study, operating variables have been chosen

from available literature [42, 44–46] and presented in

Table 2. A steady-state pressure distribution is obtained by

coupled solution of Reynolds Eq. (10), film thickness

Eq. (13), load balance Eq. (17) and the fluid rheology

Eqs. (14, 15), satisfying the boundary condition and using

finite element analysis technique.

5.1 Effect of micropolar lubricant parameters
on variation of fluid film thickness

This section considers the effect of micropolar lubricant

parameters, i.e., coupling number N2ð Þ and characteristics

length ðlmÞ to study the lubricant behavior of micropolar

fluid in EHL line contact. The lubricant behaves like

Newtonian fluid when ðlmÞ approaches zero and N2ð Þ to

zero. The physical interpretation of these parameters is that

a higher value of N2ð Þ implies high microrotation and a

smaller value of ðlmÞ implies big suspended particle size in

the micropolar lubricant. The values of micropolar

parameters N2ð Þ and ðlmÞ have been chosen from the

published literature [44–46]. Figures 3 and 4 illustrate that

the fluid film thickness �Hð Þ increases with increase in the

characteristics length ð�lmÞ and coupling number N2ð Þ of

micropolar lubricant. However, due to brevity of space, in

the present study the values of characteristics length ð�lm ¼
2� 10�5; 6� 10�5Þ and coupling number ðN2 ¼ 0:3; 0:7Þ
are considered for further simulation.

5.2 Effect of micropolar lubricant parameters
on fluid film thickness distribution

Figure 5 shows the fluid film distribution as a function of

micropolar fluid parameters, i.e., coupling number N2ð Þ
and characteristics length �lmð Þ for different material

parameter values (i.e., for soft and hard material). Result

presented in Fig. 5 indicate that the values of minimum and

central fluid film thickness are higher in case of non-

Newtonian fluid due to the presence of micropolar addi-

tives in it. It is also observed that a maximum increment of

109.875% ð�lm ¼ 6� 10�05;N2 ¼ 0:7Þ and 109.568%

ð�lm ¼ 6� 10�05;N2 ¼ 0:7Þ) in minimum and central fluid

film thickness, respectively, is achieved owing to the use of

micropolar lubricant vis-a-vis to Newtonian lubricant. This

is due to fact that blending of additives increases the

apparent viscosity of lubricant; this in turn increases the

fluid film thickness between the contacting surfaces.

Material parameter G is a function of a and E0. In a

physical system, there is increase in the viscosity with

increase in the value of a which leads to higher value of

fluid film thickness; whereas the contact area decreases

with increase in the value of E0 which represents the case of
hard EHL and vice versa. Hence, to carry the same load,

the contact pressure increases which is responsible for

higher value of fluid film thickness when flow is not

Table 2 Dimensionless parameters selected for present numerical analysis [38–41]

Solid

material

Load

parameter
�Wð Þ

Speed

parameter
�Uð Þ

Material

parameter

(G)

Coupling

number

ðN2Þ

Characteristics length of micropolar lubricant ðlmÞ

Steel 3 9 10-5 1 9 10-11 5000 0.3 2 9 10-5

5 9 10-5 3 9 10-11 5000 0.7 6 9 10-5

Bronze 3 9 10-5 1 9 10-11 3591.1 0.3 2 9 10-5

5 9 10-5 3 9 10-11 3591.1 0.7 6 9 10-5
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restricted. A detailed comparison along with percentage

increase in fluid film thickness, under variable operating

conditions for soft and hard materials, is depicted in

Tables 3 and 4.

5.3 Effect of micropolar fluid parameter on fluid
film pressure distribution

Figure 6 depicts the contact pressure profile for micropolar

and Newtonian fluid-lubricated EHL contacts formed

between soft and hard materials. It is clearly observed from

the results that micropolar lubricants have positive influ-

ence on the pressure distribution. The presence of

micropolar additives bounds to increase the pressure spike

compared to the Newtonian fluid. Furthermore, the influ-

ence of additives is more pronounced for hard bearing

materials (G = 5000) in comparison with that of soft

materials (G = 3591.1). Use of harder bearing material in

conjunction with micropolar lubricants results into maxi-

mum of 33% increase in peak pressure compared to soft

0.15

0.2

0.25

0.3

0.35

0.4

1.00 2.00 3.00 4.00 5.00 6.00 7.00 8.00

Fig. 3 Variation of fluid film thickness �Hð Þ with characteristics length of micropolar fluid �lmð Þ

0.2

0.4

0.6

0.8

1

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

Fig. 4 Variation of fluid film thickness �Hð Þ with coupling number of micropolar fluid N2ð Þ
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bearing materials lubricated with Newtonian lubricants.

Pressure spike is associated with the presence of the film

thickness constriction and its inherent localized and abrupt

variation in velocity flow component, both in terms of

magnitude and direction. After the spike, pressure falls

rapidly toward the ambient level, leading to cavitation and

film breakup. Finally, the outlet zone and the lubricant

properties in that region influence the minimum film

thickness. Or, to be more precise, it influences the extent of

deviation between the central and minimum film thickness

that is the depth of the film thickness constriction. Figure 6

shows that the pressure profile increases with increase in

the value of micropolar lubricant parameter. This can be

attributed to the larger values of micropolar lubricant

parameter, having more prominent polar effects, resulting

in increased value of effective viscosity of lubricant which

leads to rise in pressure. Under similar operating condition,

it is obvious that there is significant rise in the fluid film

thickness with the increase in micropolar lubricant

parameter. The higher pressure can be accounted for

increase in apparent viscosity of lubricant by blending

traces of micropolar additives with the base fluid.

5.4 Effect of operating parameters on fluid film
thickness

In this section, the influence of operating (i.e., load, speed

and material) parameters on fluid film thinness of EHL

contacts lubricated with different micropolar fluids

(represented by different micropolar parameters) is dis-

cussed. Relation between dimensionless load parameter

and central/minimum fluid film thickness is plotted as

shown in Figs. 7 and 8. A parametric study is performed

with different range of dimensional load parameter and

micropolar lubricant parameters, i.e., ð�lmÞ and ðN2Þ. These
plots reveal drop in minimum and central film thickness,

irrespective of lubricant used in EHL line contacts. How-

ever, use of micropolar lubricant show a tendency of

increasing the minimum and central fluid film thickness.

Thus, application of micropolar lubricant tends to provide

higher fluid film thickness for contacts operating at higher

loads vis-à-vis Newtonian lubricants. The maximum

increase in values of central and minimum fluid film

thickness on account of use of micropolar lubricants is

106% and 109%, respectively. This is achieved owing to

the use of micropolar lubricants when compared with the

Newtonian fluid. Blending of polymer additive molecule

helps in thickening the fluid film and also in maintaining

constant film thickness at varying dimensionless load

parameter.

Figures 9 and 10 depict the variation of non-dimen-

sional central and minimum fluid film thickness under

varying speed and micropolar lubricant parameters, i.e.,

ð�lmÞ and ðN2Þ. As expected, the increase in central and

minimum fluid film thickness with micropolar lubricant

parameters, i.e., ð�lmÞ and ðN2Þ is consistent throughout the
range of dimensionless speed parameter. A common

observation is that minimum and central film thickness

0

0.5

1

1.5

2

2.5

3

-3 -2.5 -2 -1.5 -1 -0.5 0 0.5 1 1.5

Fig. 5 Fluid film thickness distribution for �W ¼ 3� 10�5 ; �U ¼ 1� 10�11
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increases continuously as speed parameter increases for

both micropolar and Newtonian lubricant. The increase is

more profound for higher values of micropolar parameters.

Use of soft material (G = 3591.1) in EHL yields a 24–

110% increase in both the minimum and central film

thickness due to use of micropolar fluid

ð�lm ¼ 6� 10�05;N2 ¼ 0:7Þ) as compared to Newtonian

fluid. For hard EHL contacts, the corresponding increase in

minimum and central film thickness is 24–109 and

24–106%, respectively.

Tables 3 and 4 present the simulation results with

detailed comparison along with percentage change in fluid

film thickness, under different operating condition for soft

and hard EHL contacts. The results present in aforemen-

tioned table’s report that the performance of EHL line

contact is significantly affected by selection of type of

lubricant, operating condition and material of contacting

surfaces. The results presented herein are expected to be

5000=G
1.3591=G

Newtonian

3.0,106 25 =×= − Nlm

115 101,103 −− ×=×= UW

P

X

Fig. 6 Fluid film pressure distribution for �W ¼ 3� 10�5 ; �U ¼ 1� 10�11

0.0,0.0 2 == Nlm

3.0,102 25 =×= − Nlm

7.0,102 25 =×= − Nlm

3.0,106 25 =×= − Nlm

7.0,106 25 =×= − Nlm

5000=G
1.3591=G

11101 −×=U

ce
nt

H

( )510−W

Fig. 7 Variation of central fluid film thickness �Hcentð Þ with load parameter �W 10�5
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useful for design engineers dealing with EHL problems in

applications such as cams, rolling element bearings, gears,

etc.

5.5 Empirical relations for minimum fluid film
thickness ðHmin) and central fluid film
thickness ðHcent)

The EHL numerical simulations are carried out for differ-

ent combinations of the operating parameters, for Newto-

nian and micropolar fluids. The numerical values of non-

dimensional minimum ðHminÞ and central ðHcentÞ fluid film

thickness are subjected to nonlinear regression analysis to

yield the following empirical expressions for Hmin and

Hcent

�Hmin ¼ c � a1 �Wa2Ua3Ga4 exp a5 � lcþ N � a6ð Þ þ 1� cð Þ
� a7 �Wa8 � Ua9 � Ga10

ð37Þ

where a1 = 0.051239987; a2 = - 1.08863022;

a3 = 0.552911372; a4 = 0.441622566; a5 = 7823.22614;

m
in

H

( )510−W

0.0,0.0 2 == Nlm

3.0,102 25 =×= − Nlm

7.0,102 25 =×= − Nlm

3.0,106 25 =×= − Nlm

7.0,106 25 =×= − Nlm

5000=G
1.3591=G

11101 −×=U

Fig. 8 Variation of minimum fluid film thickness �Hminð Þ with load parameter �W 10�5
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5000=G
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ce
nt
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Fig. 9 Variation of central fluid film thickness �Hcentð Þ with load parameter �U 10�11ð Þ
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a6 = 0.97889577; a7 = 1.3671; a8 = - 1.08962;

a9 = 0.66320; a10 = 0.44047.

�Hcent ¼ c � b1 �Wb2Ub3Gb4 exp b5 � lcþ N � b6ð Þ
þ 1� cð Þ � b7 �Wb8 � Ub9 � Gb10 ð38Þ

where b1 = 0.0400; b2 = - 1.103808355;

b3 = 0.508548718; b4 = 0.366667828; b5 = 8083.522048;

b6 = 0.923798807; b7 = 0.7126; b8 = - 1.109158302;

b9 = 0.63110973; b10 = 0.425542075.

Here c denotes switch function which will reduces

above equation for Newtonian fluid c ¼ 0ð Þ and micropolar

fluid c ¼ 1ð Þ in EHL line contact. From Tables 5 and 6, it

can be noticed that there is good agreement between the

results obtained using new derived empirical formula (for

the Hmin and Hcent) and result of Hamrock and Dowson

curve fit formula [38]. In addition to operating conditions,

i.e., load, speed, etc., above expressions have been devel-

oped to describe the effect of characteristic length and

coupling number of micropolar fluid on fluid film thick-

ness. Therefore, under given operating conditions these

formulated equation yields the value of minimum fluid film

thickness ðHminÞ and central fluid film thickness ðHcentÞ for
EHL line contact problems under micropolar and Newto-

nian fluid lubrication.

m
in

H

( )1110−U

0.0,0.0 2 == Nlm

3.0,102 25 =×= − Nlm

7.0,102 25 =×= − Nlm

3.0,106 25 =×= − Nlm

7.0,106 25 =×= − Nlm

5000=G
1.3591=G

5103 −×=W

Fig. 10 Variation of minimum fluid film thickness �Hminð Þ with load parameter �U 10�11ð Þ

Table 5 Comparison of minimum fluid film thickness and central fluid film thickness from the developed empirical relation for Newtonian

lubricant

S.

no.

Dimensionless

load parameter

(W)

Dimensionless

speed parameter

(U)

Dimensionless

material parameter

(G)

Present

empirical

relation

Minimum film

fluid

thickness

Hamrock and

Dowson curve

fit

Minimum film

fluid thickness

Present

empirical

relation

Central film

fluid

thickness

Hamrock and

Dowson curve fit

relation

Central film fluid

thickness

1 2 9 10-5 2 9 10-11 5000 3:17� 10�5 3:17� 10�5 3:92� 10�5 4:23� 10�5

2 3 9 10-5 2 9 10-11 5000 2:04� 10�5 2:04� 10�5 3:75� 10�5 4:08� 10�5

3 2 9 10-5 2 9 10-11 5000 3:17� 10�5 3:17� 10�5 3:92� 10�5 4:23� 10�5

4 2 9 10-5 3 9 10-11 5000 4:15� 10�5 4:16� 10�5 5:07� 10�5 5:68� 10�5

5 2 9 10-5 2 9 10-11 2000 2:04� 10�5 2:04� 10�5 2:66� 10�5 2:17� 10�5

6 2 9 10-5 2 9 10-11 3000 2:48� 10�5 2:47� 10�5 3:16� 10�5 2:92� 10�5

Journal of the Brazilian Society of Mechanical Sciences and Engineering (2018) 40:326 Page 15 of 17 326

123



6 Conclusion

On the basis of Erigen microcontinuum theory [22], the

effect of micropolar lubricant on steady-state characteris-

tics of EHL line contacts is presented in this study. The

numerically simulated results from the present work can be

summarized as follows:

1. It has been observed that a maximum increment of

109.875% ð�lm ¼ 6� 10�05;N2 ¼ 0:7Þ and 109.568%

ð�lm ¼ 6� 10�05;N2 ¼ 0:7Þ in minimum and central

fluid film thickness, respectively, is achieved owing to

the use of micropolar fluid vis-a-vis to Newtonian

fluid.

2. Use of harder bearing material in conjunction with

micropolar lubricants results into maximum of 33%

increase in peak pressure compared to soft bearing

materials lubricated with Newtonian lubricants.

3. Application of micropolar lubricant tends to provide

higher fluid film thickness for contacts operating at

higher loads compared to Newtonian lubricants. The

maximum increase in values of central and minimum

fluid film thickness on account of use of micropolar

lubricants are 106 and 109%, respectively.

4. Minimum and central film thickness increases contin-

uously as speed parameter increases for both microp-

olar and Newtonian lubricant. The increase is more

profound for higher values of micropolar parameters.

5. Use of soft material in EHL line contacts yields a 24–

110% increase in both the minimum and central film

thickness due to use of micropolar fluid

ð�lm ¼ 6� 10�05;N2 ¼ 0:7Þ) as compared to Newto-

nian fluid. For hard EHL contacts, the corresponding

increase in minimum and central film thicknesses is

24–109 and 24–106%, respectively.

6. New empirical relation have been developed for the

computation of non-dimensional minimum fluid film

thickness ðHminÞ and central fluid film thickness

ðHcentÞ, based on heavy and moderate different oper-

ating parameters condition, applicable to both Newto-

nian lubricant and micropolar lubricant, expected to be

used by the practicing engineer
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