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1  Introduction

As the core factor in the cold rolling process, the accurate 
prediction of rolling force is necessary for the increasing 
demands on the high-quality products. Rolling force has 
a significant influence on the final thickness accuracy and 
flatness quality of the cold rolled product [1, 2]. It is neces-
sary to establish a high accuracy method to predict the roll-
ing force parameters, but the non-linear nature of the cold 
rolling, mechanical and material phenomena make the pro-
cess difficult to formulate and solve.

Until now, many attempts have been proposed to study 
the metal flow and to predict the required rolling force in 
cold rolling process. Many existing traditional rolling force 
models are based on the theoretical works of Karman [3], 
who developed the basis of rolling theory, and the equilib-
rium relationship equation in the micro unit was obtained 
by the differential equation under a certain assumption. 
Orowan [4] developed the differential equations of cal-
culating unit rolling pressure based on the slab method in 
another stress distribution assumption. Tselikov [5] found 
a solution of Karman’s differential equation, the influence 
of the backward and forward tension stresses were taken 
into consideration, in his assumptions the contact arc was 
substituted by chord. Another analytical model of rolling 
force was derived by Bland-Ford [6], who avoided most of 
the numerical integration in Orowan’s theory. On the basis 
of Bland-Ford’s study, Hill [7] gave the general relation 
between the rolling force and the required energy in the 
deformation region. In Stone’s research [8], the effects of 
strip tension were considered based on the simplified slab 
analysis of deformation region, and his results became the 
most widely used solution of rolling force in the industrial 
application.
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FEM (Finite Element Method) is another way to study 
complex deformation. Several researchers established 
different FEM models to analyze cold rolling process, 
Abdelkhales et  al. [9], Nakhoul et  al. [10] and Nielsen 
et al. [11] established viscoplastic models, and Jiang et al. 
[12], Zhang et al. [13] and Mei et al. [14] proposed rigid-
plastic models, LEE et  al. [15] and Poursian et  al. [16] 
used the elastic–plastic models to investigate the cold 
rolling process. But the large computation time and huge 
memory capacity during calculation are the disadvan-
tages of the FEM model, especially for personal comput-
ers [17]. ANN (Artificial Neural Networks) models had 
also been widely used in the control system due to their 
unique model structure and the inherent ability of non-
linear simulation, as well as the high degree of adaptive 
and fault tolerance characteristics. Researchers developed 
BP method [18], Bayesian method [19], RBF method 
[20], adaptive neural method [21] and predictive network 
[22] to predict the cold rolling force, and Gudur et  al. 
[23] proposed a neutral network-assisted finite model for 
the simulation analysis of cold rolling process. Whereas, 
for ANN models, the massive training data is necessary 
for the offline simulation, the data defects reflected for 
changed rolling status, in which the calculation accuracy 
was not always guaranteed.

Because of the high speed in obtaining the analytical 
solution, the upper bound method was widely used in the 
metal deformation process [24]. Sezek et al. [25] derived 
dual-stream function velocity field to analyze cold and 
hot plate rolling, the rigid plastic boundary of the inlet 
zone and spread function were both assumed in quadratic 
form, the required optimum rolling force and final shape 
from the upper bound analysis show good agreement 
with the experimental results. Sun et  al. [26] proposed 
a hyperbolic sine velocity field to calculate the rolling 
force, and the ID yield criterion was applied to obtain 
the internal plastic deformation power, the online meas-
ured data was used to verify the validity of his model. An 
admissible velocity field of non-bonded sandwich roll-
ing process was developed by Haghighat et  al. [27], in 
his study, the rolling force, mean contract pressure and 
the final thickness of each layer were determined by the 
upper bound analysis.

In this paper, to obtain the analytical solution of rolling 
force and stress state coefficient in cold rolling process, the 
cylindrical velocity field and strain rate fields are proposed, 
and then analytical solution of rolling force is obtained by 
minimizing the total power. Meanwhile, the effect of fric-
tional factor, reduction ratio and the backward or forward 
tense on location of neutral point and stress state coefficient 
are discussed, respectively. Also, the calculated results 
obtained by the proposed model are compared with experi-
mental measured data and other researchers’ models.

2 � Rolling process

The materials starts with initial thickness h0, and then 
rolled through a pair of cylindrical work rolls with roll 
radius R, the thickness is reduced to h1, as shown in Fig. 1. 
Three regions (I, II and III) were divided by the cylindri-
cal velocity discontinuity surfaces, S1 and S2. The surface 
S1 was the surface jointed by the entrance contract point, 
and the surface S2 was joined by the cores of the two work 
rolls, it was not a velocity discontinuity only because the 
curvature radius of the section was infinite. The axes r, θ, 
z of cylindrical coordinate system are chosen to describe 
the deformation zone. The axis z represents the width 
direction.

To simplify the calculation through the upper bound 
analysis, the following assumptions are employed [27]: 
(1) the work roll is rigid materials; (2) the sheet is sym-
metric on both the materials and the thickness about sym-
metry axis; (3) the sheets are rigid plastic materials; (4) 
the deformation of the sheet is plane strain, only because 
the change in width during was negligible during the cold 
rolling process; (5) the frictional factor in the surface was 
constant.

In the mentioned assumptions, the whole sheet was 
taken as rigid plastic material, the regions I and III were 
un-deformation regions. But in fact, in regions outside the 
plastic deformation zone II, the elastic deformation zone 
exists in regions I and III, from with Jiang’s research [28], 
the contribution of the rolling force in these parts was less 
than 3% in the total rolling force, so the assumptions of 
“materials are taken as rigid and moves as rigid bodies” in 
this study was acceptable.

The region I and III are the un-deformation regions, 
and in the region II, the connection line of the symmetry 
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Fig. 1   Definition sketch of the deformation region
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points in the upper and down roll were the series of arc 
with different curvature radius with the origins o. The 
materials move at speed v0 before entering the defor-
mation zone, and after rolling it moves at speed v1. The 
cylindrical coordinate system with origins o is used to 
describe the positions of the velocity discontinuity sur-
faces, contract surface, interface and the velocity compo-
nents in deformation region.

Thickness in the deformation region with angle α can 
be expressed as:

where α was angle between the surface tangent and the 
horizontal axis.

The maximum contact angle θ satisfies

3 � Upper bound analysis

3.1 � Cylindrical velocity field

For cold rolling process, the shape factor of strip was 
b/hm  ≫  10, so the width b can be taken as a constant 
value, it is assumed that there was no width spread, so 
the z direction was the non-deforming direction, and 
vz =  vθ =  0. Because of the volume constancy, the fol-
lowing relation holds.

where hn was the thickness on the neutral, and the v̇ was 
the circumferential velocity.

From Eq. (1) and (3), the thickness in the neutral sur-
face was:

So the velocity on each connection surface with the 
angle α can be described as:

For the cold rolling process the θ is too small, so the 
arc length equals to the length of the chord approximately

For the arc in the deformation region, it satisfy the fol-
lowing conditions, the direction of vr and r are opposite, 
so the

(1)hα = h1 + 2R(1− cosα) α ∈ (0, θ)

(2)h0 = h1 + 2R(1− cosθ), θ = arcsin(l/R).

(3)vh = v0h0 = v1h1 = vnhn = v̇hn,

(4)hn = h1 + 2R(1− cosαn).

(5)
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.

(6)S = 2s = 2αr ≈ h = h1 + 2R[1− cos (α)].

Due to α ≤ θ, α ≤  1, sinα ≈ α, so the velocity in the 
entry and delivery side were

Equations  (7) and (8) show that the velocity field 
expressed in Eq. (5) satisfies the velocity boundary condi-
tions and the geometric equations, so the velocity field is 
the kinematically admissible velocity and strain rate field.

3.2 � Internal plastic deformation power

The internal plastic deformation power is:

3.3 � Frictional power

The relative sliding velocity in the contact surface can be 
expressed as follows:

The frictional force of the contact surface was τf = mk, 
so the frictional power loss per unit width of sheet along 
contact surface can be determined as:
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where b = h1/2R + 1.

3.4 � Shear power

There was no shear power loss in exit section, according 
the geometry relation ds = 2R sinαdα, Δvt = v0 sinα, the 
equation for the power loss along the shear surface was:

3.5 � Tense power

To reduce the rolling force and the power consumption 
and enhance the flatness quality, the backward tense and 
forward tense were applied during the rolling process, the 
tense power can be described as:

3.6 � Total power

Substituting Eq.  (9), Eqs.  (10)–(13) into the total power 
function J∗ = Ẇi + Ẇf + Ẇs + Ẇt, the solution of the 
total deformation power function can be received according 
to the first variation principle of rigid plastic material.
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Ẇs =
∫

s
�vtkds = 2Rkv0

∫

s
sin

2 αdα = 4Rkv0

∫ θ

0

sin
2 αdα

= 4Rkv0

[

α

2
−

1

4
sin (2α)

]∣

∣

∣

∣

θ

0

= 2Rkv0[θ − sin (θ) cos (θ)].

(13)
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Differentiating the total power with respect to the arbi-
trary variable αn and making the result set equal to zero, the 
following equation can be obtained.
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dẆt

dαn
= 8

�

σb − σf
�

Rv̇ sin (αn)

.

The αn in different production conditions can be 
obtained, then the corresponding minimum rolling torque 
Mmin, rolling force Pmin the stress state coefficient nσ can be 
determined, respectively.

where λ is the arm factor.
From the solution of Eq.  (15), we also obtained the 

relationship between the frictional factor m and the neu-
tral angle αn

4 � Results and discussion

A Microsoft Visual Studio program has been imple-
mented to realize the calculation process of the men-
tioned equations, and the flow chart is given in Fig. 2.

The bite angle was divided into 500 parts, it was small 
enough to describe the deformation zone, and the increas-
ing step of the reduction ratio was 0.05 and the step of 
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Figure 4 displays the proportion of each power in total 
power as the reduction ratio changed (m =  0.07). While 
the backward and forward tense stress are constant, as the 
reduction ratio increases, the proportion of shear power 
and the tense power were in a small value, the inter defor-
mation power contributes the main proportion, which 
was always in a high level, and the proportion of friction 
power increased as the reduction ratio increasing, because 
the sheet used in the present paper satisfies l/hm ≥ 1.

4.2 � Impact of m, ɛ and σb, σf on the position of neutral 
angle

The neutral angle position (described by αn/θ) is a key 
parameter in the deformation zone. The following sections 

Start

Initialize the mechanical and 
the material parameters

Friction factor m 0.05

Reduction rate ɛ 0.05

Calculation of total power J ∗

Calculation of Rolling force

Results output

End

α θ≤

angle 0.0nα =

Y

N
Y

Y
N

N

50
0

α
α

θ
=

+

m
m

0.
02

=
+0.

05
ε

ε
=

+

0.45ε ≤

m 0.20<

Fig. 2   Flow chart of the calculation process

0.0350.0300.0250.0200.015
0.010

0.005
0.000

0.20

0.25

0.30

0.35

0.40

0.45

0.06
0.08

0.10
0.12

0.14
0.16

0.18

H0=1.0mm
v =200m/min

To
ta

l p
ow

er
  /

10
6 w

fri
cti

on
al 

fac
tor

  /-

neutral angle/rad

Fig. 3   Variation of total power with the neutral angle change 
(ɛ = 0.3)

5 10 15 20 25 30 35 40 45 50

0

20

40

60

80

m = 0.07
H0 = 1.00mm

 P
ow

er
 ra

tio
 /%

Reduction ratio /%

 deformation power
 frictional power
 shear power
 tense power

Fig. 4   The proportion of each power in total power as the reduction 
ratio changed (m = 0.07)

the frictional factor was 0.02 in the range, both are typi-
cally used in simulations.

The mechanical properties and the material param-
eters were initialized first, then the process of finding the 
optimal solution was finished with a series of cyclic itera-
tive process, in which the frictional factor, the thickness 
reduction ratio and initial angle were included, then the 
required minimal total power, the rolling force and neu-
tral point position were obtained. The following analysis 
was based on the calculation results.

4.1 � Rolling force and power

Figure  3 shows the trend of the total power during the 
search of the minimum power for different frictional fac-
tor. It is shown that for the same frictional factor, the total 
power changes with the change of neutral angle, also the 
minimum of total power increases when the frictional 
factor increases. In other words, the required rolling force 
increases with increasing of the frictional factor.
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show the change of the location of neutral point αn/θ with 
the influenced factors (frictional factor m, reduction ratio ɛ 
and the tense stress).

Figure  5 shows the location of neutral point αn/θ is 
a function of the reduction ratio and the frictional factor, 
it shows that the neutral point moves toward the exit side 
when m decreases or ε increases, it means the forward slip 
decreases as m decreases or ε increases.

Figure 6a, b illustrate the effect of backward and forward 
tension stresses on the location of neutral point αn/θ. As 
the σb/σs increases, the location of the neutral point moves 
toward the exit side, also the same trend occurs while σf/σs 
decreases. And we also found that, with the increasing of 
the reduction ratio, the impact of tense on the position of 
the neutral point was linear approximately.

4.3 � Impact of m, ɛ and σb, σf on stress state coefficient

The stress state coefficient nσ is another key factor to 
describe the rolling status. The following sections show the 
relationship between the stress state coefficient nσ and the 
influenced factors (frictional factor m, reduction ratio ɛ and 
the tense stress).

Figure  7 illustrates that stress state coefficient nσ is a 
function of the frictional factor m and reduction ratio ε. It 
can be seen that nσ increases linearly as ε or m increases. 
The obtained results are compared to the traditional model 
as KopoaeB’s, Stones, Hill’s and Tselikov’s results, as 
shown in Fig.  8, it shows that the stress state coefficient 
obtained by the proposed model are in a good agreement, 
the maximum error was less than 6.1%.

Figure 9 shows the impact of the backward and forward 
tension on the stress state coefficient. It can be seen that nσ 

decreases linearly as σb/σs or σf/σs increases. Because with 
the increasing of the backward or forward tension stress, 
the value of deformation resistance of the strip decreases in 
a linearly way, which make the rolling force decreases.

5 � Application

5.1 � Experimental work

To verify the validity of the analytical model proposed 
in this paper, the results obtained from Eq. (16) are com-
pared with the actual experimental data. A series of exper-
iments has been carried out by an experimental four-high 
reversing cold mill,as shown in Fig. 10. The experimental 
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slabs (initial size: 1.35  mm  ×  150  mm)rolled through 
the pair of work rolls (Ø165 mm) with the maximum cir-
cumferential velocity in 1200 m/min, the thickness were 
measured by the thickness gauge in the entrance and 
delivery sides, the strip speed was measured by the laser 
speed gauge, and the rolling force were measured by the 
pressure sensor.

The experimental material used in the experiments 
is SPCC steel, and the strip is reduced from 1.35  mm to 
0.17 mm in five pass. The roll rolling schedule of each pass 
in shown in Table 1.

The regression model of deformation resistance for the 
SPCC was described in Eq. (18), the regression coefficient 
was shown in Table 2.

where ε̇∑ was the cumulative reduction ratio, 

ε̇∑ = 1
3

(

H0−h0
H0

)

+ 2
3

(

H0−h1
H0

)

.

Taking into account the influence of backward and the 
forward tension, the deformation resistance is expressed 
further:

where β was the tense influence coefficient, β =  0.3 for 
cold rolling [29].

The sheet rolled in five passes based on the schedule 
in Tabel 1, and the actual rolling force data was collected 
and compared with the proposed model and the traditional 
models(e.g. KopoaeB’s, Hill’s and Stone’s models). All the 
calculated results was obtained offline.

Figure  11 shows the comparison results of the actual 
and the predicted rolling force, it can be seen that the pro-
posed model and Hill’s models were in a better agreement 
with the actual ones, and the maximum error was less than 
5.2%, meanwhile, the predicted error of KopoaeB’s and 
Stone’s result were about 7.0 and 9.3%. The average error 
and the variance were shown in Table 3, though the aver-
age error of the proposed model was higher than Hill’s 
model, the smaller variance showed a better stability.

It should be pointed out that, comparing to Hill’s 
model, the predicted precision in each pass were a little 
bigger than the actual ones in each pass, that is because 
the proposed method was based the upper bound method.

(18)σ =
(

a0 + a1ε̇
∑

)

(

1− a3e
a4ε̇

∑

)

,

(19)σs = σ −
[

(1− β)σb + βσf
]

,
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5.2 � Industrial work

To check the accuracy of rolling force model, the calcula-
tion process has been programed and applied in the con-
trol system of one 1450 mm cold tandem mill in a domestic 
factory of Tangshan. The slabs were reduced from 1.8–
4.0 mm to 0.18–0.5 mm, and the diameter of the work roll 
was 400.0 mm. Figure 12 shows the mill layout and instru-
ment arrangement.

During the rolling process, the roll linear velocity is 
measured by the velocity sensor, and the thickness is 
given by the X-ray thickness gauge, the rolling force is 
given by the pressure sensor located over the bearing 
blocks of the top work roll, the strips velocity was meas-
ured by the laser speed gauge.

The frictional factor used in the experiment from the 
following equation [30]:

where m0 is basic value of frictional factor; mv is speed 
influence factor of friction; mr is roughness influence fac-
tor of friction, mw is the wear influence factor of friction; 
mɛ is the reduction influence factor of friction.

(20)m = (m0 + mv + mr)(1+ mw)(1+ mε),

Fig. 10   Structure of experi-
mental four-high reversing cold 
mill

Laser speed gaugeTensionmeter Thickness gauge Pressure transducer

Table 1   Rolling schedule (h = 0.17 mm)

Pass No. H (mm) h (mm) v (m/min) ε̇∑ (%)

1 1.350 0.898 200 22.1

2 0.898 0.567 300 49.7

3 0.567 0.361 400 68.1

4 0.361 0.241 400 79.1

5 0.241 0.170 1200 85.7

Table 2   Regression coefficient of the SPCC deformation resistance 
model

Coefficient a1 a2 a3 a4

Value 498.0 136.0 0.2 −5.0
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Fig. 11   Comparison of the rolling force between the proposed model 
actual and measured

Table 3   The statistics of the model error in each pass

Error in each pass Proposed KopoaeB Hill Stone

1 2.5 3.9 2.5 6.5

2 5.1 9.3 1.8 12.2

3 2.7 8.2 0.5 11.2

4 0.5 8.1 0.3 10.2

5 1.2 5.3 5.3 6.7

Average error/ % 2.4 7.0 2.1 9.3

Variance 1.6 2.0 1.8 2.4
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The influence of work roll elastic deformation should 
not be ignored, so the Hitchcock’s flattening radius for-
mula [31] should be taken into the consideration in the 
iteration process in Fig. 2, as:

When the roll radius deviation between two iteration 
calculations was smaller than the convergence value (less 
than 0.01%), the iteration finished. The flow chart was 
shown in Fig. 13.

(21)R
′ = R

(

1+
16(1− ν2)

πE
·

F

w�h

)

.

More than 1500 records were collected, and the com-
parison between the proposed model and measured ones 
were shown in Fig. 14.

Compared with the industrial actual data, the roll-
ing force predicted by the proposed model shows a 
good agreement with the actual measured ones. Also we 
found that the proportion (predicted results greater than 
the actual measured ones) is about 60%, that because 
the method we used to calculate the rolling force was 
based on the upper bound analysis. The data deviation 
distribution histogram is given in Fig.  15, data analysis 
results shows that and the deviation proportion in the 
range of ±5.0% was 77.2%, the proportion in the range 
of ±10.0% reached 97.3%, the results shows that the 
accuracy was high, and the effectiveness of the proposed 
model was verified further.

The time required for the model calculation was less 
than 1.0  s; it means that the proposed model meets the 
requirement of the online control process control system 
of the cold rolling.

Rolling direction
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Fig. 12   The 1450 mm cold tandem mill layout and instrument arrangement
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6 � Conclusion

1.	 The cylindrical coordinate velocity field and the cor-
responding strain rate field are applied to the upper 
bound analysis of the cold rolling process, and the 
analytical solutions of rolling force and the stress state 
coefficient are obtained.

2.	 The neutral point moves toward the exit side while 
the σb/σs or reduction ratio ε increases, also the simi-
lar trend occurred while frictional factor m or σf/σs 
decreases. The stress state coefficient tension stress 
nσ decreases while the σb/σs or σf/σs increases, and the 
opposite trend occurred while frictional factor m and 
reduction ratio ε increases.

3.	 The application results from the experimental mill 
and the industrial plant show that the prediction preci-
sion of the proposed model was in a high level, mean-
while, the calculation speed and accuracy can meet the 
requirement of the process control system of the cold 
rolled sheet.
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