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Abstract Here, our aim is to address the mixed convective
stagnation point flow of Carreau liquid over a moving per-
meable surface. Constitutive expression of an incompress-
ible Carreau liquid is taken into account. The assumptions
of boundary layer are implemented in the mathematical
modeling of considered physical phenomenon. A well-
known analytical technique homotopy analysis method is
employed for the computations of governing equations.
The numerical data of skin friction coefficient and local
Nusselt number is obtained and explored. The velocity is
enhanced for larger ratio of rate constants. The increasing
values of suction parameter correspond to less velocity and
temperature profiles. Further, a benchmark is presented
to validate the solutions obtained here. It is noted that the
computed analytical solutions have excellent match with
previous published materials in a limiting manner.
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1 Introduction

Nowadays, the dynamics of non-Newtonian liquids is a
subject of abundant researches for the scientists and engi-
neers due to its practical implementation. The techno-
logical and industrial applications of such liquids include
molten polymers, drilling muds, volcanic lava, oils, cer-
tain paints, liquid suspensions, cosmetic products, poly
crystal melts, food stuffs and many more. The flow phe-
nomenon of such materials can be elaborated by the non-
linear relationships of shear rate and shear stresses. The
viscosity of such liquids is shear dependent. The Carreau
liquid model is one of the non-Newtonian liquid models
which have the constitutive relationship for both high and
low shear rates. This fact enhanced the utilization of Car-
reau model in technological and industrial processes. Hsu
et al. [1] developed a model to describe the importance
of electrophoresis on Carreau liquid in a spherical cav-
ity. Peristaltic motion in an asymmetric channel filled
with Carreau fluid has been addressed by Ali and Hayat
[2]. Shamekhi and Sadeghy [3] explored characteristics
of Carreau-Yasuda liquid in a cavity by employing PIM
mesh-free method. The flow phenomenon of Carreau fluid
over an inclined free surface has been reported by Tshe-
hla [4]. Olajuwon [5] described the analysis convective
heat and mass transport in magnetohydrodynamic flow of
Carreau liquid induced by a porous plat. He also exam-
ined the thermal diffusion and radiation effects in this
study. The boundary layer flow analysis of Carreau lig-
uid due to a convectively heated sheet has been made by
Hayat et al. [6]. Magnetohydrodynamic (MHD) Falkner-
Skan wedge flow of Carreau liquid with cross-diffusion
effects is presented by Raju and Sandeep [7]. Machireddy
and Naramgari [8] examined the characteristics of cross-
diffusion in MHD flow of Carreau liquid over a stretched
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surface with Robin boundary condition. Stagnation point
flow of Carreau nanofluid with transpiration is explored
by Sulochana et al. [9]. Raju and Sandeep [10] studied
the three-dimensional (3D) flow of Casson-Carreau fluids
over a stretched surface subject to homogeneous/hetero-
geneous reactions and nonlinear thermal radiation. Hayat
et al. [11] explored the stretching flow phenomenon of
Carreau nanoliquid.

The stagnation point flow arises whenever a flow imposes
on a solid object. The motion of liquid near stagnation region
is described by stagnation point flow which exists for both
cases of moving or fixed body in a liquid. Hiemenz [12]
firstly explored the phenomenon of stagnation point flow
over a stationary semi-infinite wall. He demonstrated that the
Navier—Stokes expressions which govern the flow can be con-
verted into ordinary differential equations by the utilization
of similarity transformation. Mahaputra and Gupta [13] stud-
ied the heat transport analysis of stagnation point flow over a
moving sheet. Nazar et al. [14] studied the flow of micropo-
lar fluid over a stretched sheet. Mustafa et al. [15] studied the
stagnation point flow of a nanofluid towards a stretching sur-
face. Alsaedi et al. [16] achieved the results for the effects of
heat sink/source of nanofluid near a stagnation point over a
surface with convective conditions. Turkyilmazoglu and Pop
[17] investigated the boundary layer flow of Jeffrey fluid near
a stagnation point over a shrinking/stretching sheet. Hayat
et al. [18] addressed the stagnation point flow of second grade
liquid. Shehzad et al. [19] reported the effect of chemical
reaction in steady stagnation point flow of thixotropic liquid.

The aim of this investigation is to make an analysis of
mixed convective stagnation point flow of Carreau liquid
over a stretched sheet. The governing mathematical expres-
sions are coupled due to occurrence of mixed convection.
Analytical solutions via homotopy analysis method (HAM)
[20-29] are constructed. Relevant convergence criteria
of solutions is established and examined. Plots of various
quantities are elaborated and discussed.

2 Mathematical formulation

Here, we consider the two-dimensional steady mixed con-
vection flow of an incompressible Carreau liquid towards
a stretched surface near a stagnation point. The sheet is
stretched in such a manner that x-axis is along the surface
of sheet and y-axis perpendicular to it. An incompressible
fluid flow is confined to y > 0. The thermo-physical charac-
teristics of liquid at surface are taken variable. The consti-
tutive relation for Carreau material is [6]:

T= [770(1 + ﬂ?y'z) T}Ah (1)
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Two-dimensional flow equations for Carreau liquid in
the presence of stagnation point, variable viscosity, mixed
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convection, thermal radiation and temperature-dependent
thermal conductivity are:

Bu v
ay

=0, (13)
du w139 9%u
U— + Vo= = ( o(T) — ) P

n— 5[ Ou
ox | dy "oy 1+< 2 )2 <8y>}
+(n— 1) Pu (8"> 1+("_3)‘2(8—")2

n—1),2 % 5 )2 %

du
+weE§J+gﬁTa*—me (14)

aT aT 1 d aT 166* 9 30T
U v = K35 ),

0x ay oCp By 3k*,ocp 8y ay
(15)
u=u,(x)=cx, v=v,, T=T,x)=Txx+bx at y=0,
u—ux)=ax, T —>Tyxn as y— o0.
(16)

In the above equations, u and v denote the velocity com-
ponents in the x and y-directions, respectively, A the time
constant, 7 the fluid temperature, v the kinematic viscosity, p
the density, ¢, the specific heat, nq(T) the variable dynamic
viscosity depending on temperature, g the gravitational
acceleration, Bt the thermal expansion coefficient, the o*
Steafan-Boltzmann constant, k* the mean absorption coef-
ficient, (a, b, c) the dimensional constants, v, is the mass
transfer velocity and T, the variable temperature at the sheet
and T, the ambient temperature. The constant mass trans-
fer velocity is taken as vy,. Here vy, > 0 denotes injection or
blowing, vy, < O for suction and u, the free stream velocity.

Thermal conductivity K(7) and variable viscosity
no(T) are [30, 31]:

K(T) = koo [ 1+ 6 L2
(T) = m( o >, (17)
! = —[1+y(T - Tx)] 18
(@) meot T (o
or
=86(T-T,),

no(T) ( ) 4
where

y 1
§ = — and Tr = TOO - (20)

Moo 4

here ko is the thermal conductivity of the ambient
fluid, € is a small scalar parameter which portrays the

impact of temperature on variable thermal conductivity,
AT =Ty, — T, N0 the ambient dynamic viscosity, y the
thermal property of fluid, (8, 7;) are the constants and
their values depend upon the thermal state and thermal
property, i.e., y. Also § > 0 for liquids and § < O for gases.

To transform the above problem in dimensionless
form, we employ

T —Tx
n=yi /o u=caf' (), v=—vefm, 60)= .
Vo To — Too
(21)

The continuity Eq. (13) is identically satisfied, and the
resulting problems in f and 6 are reduced to the following

forms
s {1 + <” 5 1) /11/'”2> - 2<<n 5 1) Alf”) (1 + (n 5 3) mfﬂ

o’ 7z 6r — 6 4 "2 2\ _
+(9r—9>f +< a )(ﬁ —1? 46O +A%) =,
(22)

4
(1 +IN+ 59) 0" + 0 +Pr (f0' —f'6) =0, (23)

ff=1 6=1 at
6 =0 as

=S,
f =A,

n=0,
n— oo (24)

where prime signifies differentiation with respect to n
and dimensionless quantities can be expressed as follows:

v
=2 S=-—=, Pr=-—,
A C ﬁ T o
O_Tr_Too__ Noo _er_gﬂTb
YT T —Teo Y (Tw — Too)’ Re2 2
gBT(Ty — Too)x?
Gry = — s
V
R Uy (X)x A a N 4(7*TgO
ey — N = -, = .
* v c k*K(T) (25)

Here, A, denotes the material parameter, S the mass
transfer parameter with S > 0 for suction and S < O for
injection, Pr the Prandtl number, 6, the variable viscos-
ity parameter, G the mixed convection parameter, Gr, the
Grashof number, Re, the Reynolds numbers, A the ratio
of rate constants and N the thermal radiation parameter.

The terms (1 + %N) and Pr in Eq. (23) can be com-
bined. In this way, a single parameter is obtained i.e.

Pregr = 3+4N Hence Eq. (23) takes the form [32, 33]:

0" + Pre(£0 — f0) + 660" + 66" =0, (26)
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in which Pregr is known as the effective Prandtl number.
Benefit of aforementioned combination is that effects of
linear radiation are neglected and the problem reduces to
the case of without radiation. Idea of such combination
can be found in the analysis provided in [32, 33].

The skin friction coefficient C; and local Nusselt num-
ber Nu, are defined as

Tw Xqw
Nuy

=T T KTy —Too)’ @n

N[ —

where

ou n—

e () (45 A
160*T3, aT

i (mm )( )

3k* dy

du [ Ju\2
1 o ()
)/1 av

=0 (28)

In terms of dimensionless form one has

1
S 0 —
CrRei = (9 - 1) <1+ (n
=

1
) il(f’(O))2>
! _% 4 /
f (0), Rey “Nu, = _<1 + 3N> 0°(0).

(29)

3 Series solutions

The initial guesses and auxiliary linear operators are given
below:

fom=An+A—-A) (1—¢"), Gm=ec",  30)

The above auxiliary linear operators satisfy the follow-
ing properties

Ly=06"—6. (31)

Li(C1 4 Cae" + C3e7™ ) = 0,

32
Lo(C4e" + Cse™ ") =0, 52)

where C; (i = 1-5) indicate the arbitrary constants.
The corresponding problems at the zeroth order are
given in the following forms [22-24]:

(= ply [Fn: p) = fon| = plyNy [F oz p), O, p)]
(33)
(1 =)L |6 p) = 600 = phaNe|far: p), On. p)]
(34)
F1O:py =1, f'(c0; p) =
f(co. p) =0,

£(0; p) =0,

] 35
0'(0, p) =1, 4
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When p = 0 and p = 1 one has [25, 26]:

6(n, 0) = 6o(n),
6(n, 1) = 6(n).

F1; 0) = fom),
fa; ) =f),

Clearly when p is increased from O to 1 then f(n, p) and

O(n, p) vary from fy(n), 6y(n) to f(n) and 6(n). By Taylor’s
expansion we have [27, 28]:

(36)

- 1 9"f(n; p)
£, p) = folm + 3 fup™, finm) = — =20
m=1 n: n p=0
37
1 9™
0. p) = 0 + S O™, ) = el 2
m=1 n p=0
(38)

The convergence of above series strongly depends
upon Ay and hg. Considering that /s and hy are selected
properly so that Eqs. (37) and (38) converge at p = 1,
then we can write

£ =fo0m + > fu(n), (39)
m=1

() = 6o(n) + > _ Om(1). (40)
m=1

The resulting problems at mth order deformation can
be constructed as follows:
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Y
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-2 -1.5 T 08 in which the f;* and 6, indicate the special solutions.
16
Fig. 1 #A-curve for fand 6
Fig. 2 Effects of A on f(n) £
10
08} n=3.0, ,; =02, G=0.3, $=0.6,
Pr=2.0, N=03, 6,=1.1, €=0.2
0.6
A=0.0, 0.1, 0.15, 0.2
04}
02 — -
5 6 g
Fig. 3 Effects of 1, on f(n) £
1.0 x
|\
‘ n=3.0, A=01, G=03, S=0.6,
0.8
Pr=2.0, N=03, 6,=1.1, €=0.2
0.6
2, =0.0, 0.4, 0.8, 1.2
04}
02
; : ; ; ; i
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Fig. 4 Effects of G on f(1) £
10

\

%
/

h\

08|

0.6 |

04

n=3.0, A=0.1, ; =€=0.2, $=0.6,

Pr=2.0, N=03, 6,=1.1

G=0.0, 05, 1.0, 1.5

Fig. 5 Effects of S on f(1) 0

n=3.0, 4A=01, ,; =¢=0.2, G=0.3,

Pr=2.0, N=03, 6,=11

§=0.0, 0.4, 0.8, 1.2

4 Convergence of the homotopy solutions

Here, our desire is to ensure the convergence of the
obtained series solutions. Thus Fig. 1 has been plotted for
the admissible values of /ir and hg regarding convergence of
the solutions (39) and (40). Ultimate the admissible values
have been noticed in the ranges —1.30 < iy < —0.20 and
—1.40 < hy < —0.30.

S Discussion
This section elaborates the influence of different param-

eters on velocity " and temperature profile 6. Figures 2, 3,
4,5, 6 and 7 show the variations of different parameters

@ Springer
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A, Ay, G, S, n and 6, on the velocity f. The effects of A on
the velocity f” are shown in Fig. 2. It is revealed that the
velocity f” enhances for larger values of A. The thickness
of boundary layer is stronger for A < 1. Here the stretch-
ing rate dominates over the free stream rate. For A > 1
(the stretching rate of velocity is lower than free stream
velocity rate) the thickness of boundary layer reduces
while the velocity f enhances. For A = 1, no boundary
layer situation appeared. Figure 3 explores the effect of
material parameter A, on f. By increasing A, the velocity
enhances and the profiles approaches to zero as n — oo.
This shows an enhancement in hydrodynamic boundary
layer. It is pointed out that the values of Carreau num-
ber vary from 0.1 to 20. Figure 4 shows the influence
of mixed convection parameter G on velocity f. We can
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Fig. 6 Effects of n on f(n) £)
1.0

0.8

06

04

§=0.6, 4=0.1, 4; =0.2, G=0.3,

Pr=2.0, N=03, 6,=1.1, €=0.2

n=0.0, 1.0, 2.0, 3.0

Fig. 7 Effects of 6, > 0 on £(1)) fa
10

§=0.6, A=0.1, 1; =0.2, G=0.3,

Pr=2.0, N=03, n=3.0, €=0.2

6,=11, 1.3, 1.5, 1.7

see that velocity profile increases with an enhancement
in the mixed convection parameter G. Physically, the
buoyancy force takes place due to consideration of mixed
convective parameter which enhances the velocity f. The
impacts of suction parameter S on velocity f* are visual-
ized in Fig. 5. The liquid particles are sucked by sheet
due to the larger suction parameter that offers a resistance
to fluid flow and hence the velocity f” decreases. Figure 6
elucidates the variation of power law index n on veloc-
ity f. The liquid velocity increases due to presence of
power law index. The non-linearity of sheet is enhanced
for larger n due to which the resistive force decreases

and hence a reduction in velocity f” is achieved. Charac-
teristics of 6, on f(n) are addressed through Figs. 7 and
8. Here f(n) decays for 6, > 0 (i.e. for gases) whereas
reverse behavior is noted for 6, < 0 (i.e. for liquids). Phys-
ically larger 6, diminishes convective potential between
the heated surface and ambient liquid and so f() decays.

Figures 9, 10, 11, 12, 13, 14 and 15 show the influence
of different parameters A, S, Pr, N, ¢ and 6, on tempera-
ture profile 6(n). The effects of A on temperature profile 6
are shown in Fig. 9. We can see that the temperature pro-
file decreases by increasing A. Higher values of A corre-
spond to more pressure which provides less resistance to
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Fig. 8 Effects of 6, <0 on f(n) £om
101
0s8f \ §=0.6, A=0.1, 3; =02, G=0.3,
\\ Pr=2.0, N=03, n=3.0, €=0.2
06
6,=-11, -1.3, -1.5, -1.7
04
02}
2 P s s 0 7
Fig. 9 Effects of A on 6(n) )

04l

§=0.6, 6,=1.1, ,, =0.2, G=0.3,

Pr=2.0, N=03, n=3.0, €¢=0.2

A=0.0, 0.2, 0.4, 0.6

fluid. Hence less heat is produced and temperature profile
reduces. Figure 10 shows the behavior of S on temperature
profile. Clearly, temperature profile reduces for larger S.
In fact some fluid particles are absorbed by the sheet and
each particle has energy which is transferred to the envi-
ronment. Therefore, temperature of the fluid decreases. The
conduction phenomenon decreases while pure convection
enhanced due to an increase in Prandtl number Pr. That fact
leads to lower temperature and thickness of thermal bound-
ary layer (see Fig. 11). Small values of the Prandtl number
Pr < 1 means the thermal diffusivity dominates whereas
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the large values Pr > 1 implies the momentum diffusiv-
ity dominates the behavior. It depends on the fluid proper-
ties like for gases Pr ranges 0.7-1.0, for water Pr ranges
1-10, for liquid metals Pr ranges 0.001-0.03 and for oils
Pr ranges 50-2000. Figure 12 explores the variations of N
on temperature 6. Here, we revealed that the temperature
and its related thickness of boundary layer are higher for
larger N. Influence of £ on temperature profile is presented
in Fig. 13 It is examined that large amount of heat transfers
from surface to material and thus 6(n) increases. Figures 14
and 15 are disclosed to analyze the impacts of 6, > 0 and
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Fig. 10 Effects of S on 6(n) &

1.0 x

o8r A=01, 6,=11, },;=0.2, G=0.3,

Pr=2.0, N=03, n=3.0, €=0.2
061
§=0.0, 0.5, 1.0, 1.5
04l
02
— _’-‘; — 5 6 7

Pr=0.7, 2.0, 3.0, 4.0

A=01, 6,=1.1, ,;=0.2, G=0.3,

§=0.6, N=03, n=3.0, €=0.2

Fig. 11 Effects of Pr on 6(1)

6, < 0 on temperature 6(n). Clearly 6(n) boosts when 6, > 0.
However, opposite situation is examined for 6, < 0.

Table 1 is presented to find that how much order of
computations is required for a convergent solution. It is
noticed that 15th and 20th order of deformations are

required for the velocity and temperature solutions respec-
tively. Table 2 is made to analyze the numerical values
of skin friction coefficient and local Nusselt number
for different values of A, G, S, 6,, Pr and N. This Table
elaborates that heat transfer rate become larger when we
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Fig. 12 Effects of N on 6(n) 6n)
10 \
0.8 A=01, 6,=1.1, ;=0.2, G=0.3,
§=0.6, Pr=2.0, n=3.0, €¢=0.2
06}
N =0.0, 0.3, 0.6, 0.9
04l
02f
1‘ 1: 3‘ 4 5 6 d
Fig. 13 Effects of £ on 6(n) 6
1.0 \
oL A=01, 6,=1.1, 1, =0.2, G=0.3,
$=0.6, Pr=2.0, n=3.0, N=0.3
0.6
€=0.0, 0.4, 0.8, 1.2
04f
02f
1 2 3 7 s R

S while it reduces via larger A, G, 6, and N. Tables 3 and
4 provides a comparative analysis of existing solutions
with the previous results in a limiting case. From these

increase the values of A, G, S, Pr and N; however, oppo-
site situation is noticed for larger 6,. Moreover, skin fric-
tion coefficient becomes larger when we increase Pr and
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Fig. 14 Effects of 6, >0 on
()

Fig. 15 Effects of 6, <0 on
6(n)

Table 1 Convergence of homotopy solutions when n = 3, G = 0.3,

&)

0.8

0.6

041

021

A=01, €=02, 1, =02, G=03,

§=0.6, Pr=2.0, n=3.0, N=0.3

é6,=1.1, 1.3, 1.5, 1.7

&n)
1.0

081

04t

A=01, €=02, ; =02, G=03,

§=0.6, Pr=2.0, n=3.0, N=0.3

6,=-11, -1.3, -1.5, -1.7

AM=e=02,A=01,5=06,Pr=2.0,0,=1.1and N=0.3

Order of approximation —f(0) —0/(0)

1 1.0001 0.32381
5 1.0199 0.31553
10 1.0182 0.31485
15 1.0182 0.31481
20 1.0182 0.31481
25 1.0182 0.31481
30 1.0182 0.31481
35 1.0182 0.31481

Tables, we have examined that our present solutions have
an excellent match with the previous published data that
shows the reliability and validity of technique used for the
computations.

6 Concluding remarks
Mixed convective flow of Carreau liquid near a stagnation

point considering variable properties is examined. The fol-
lowing conclusions can be extracted from this investigation:
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n=3.0

T%lb!e 2 Nl{me.rical data of skin A G s 0, o N 1 1
friction coefficient and local CfRe,? Rey 2 Nu,
Nusselt number for various
values of A, G, S, 6,, Pr, and 0.0 0.3 0.5 1.1 2.0 0.6 —1.2607 0.4354
Nwhen A; =0.2,e=0.2 and 02 —1.1608 0.4458
04 —0.9798 0.4549
0.1 0.0 —1.2823 0.4386
04 —1.2021 0.4414
0.8 —1.1247 0.4438
0.3 0.0 —0.9409 0.4067
0.3 —1.0755 0.4238
0.7 —1.2727 0.4463
0.6 3.0 —1.8790 0.8917
5.0 —1.6971 0.8874
7.0 —1.6383 0.8856
0.5 1.0 —1.2392 0.4810
1.1 —1.2431 0.4913
1.2 —1.2465 0.5004
2.0 0.0 —1.2384 0.3420
0.2 —1.2271 0.4092
04 —1.2167 0.4710

Table 3 Comparison of present results of f/(0) with [34] for different
values of A whenn =1.0,and S=00=41, =G =6,

A Ref. [34] Present
0.01 —0.9963 —0.998024
0.02 —0.9930 —0.995783
0.05 —0.9830 —0.987580
0.10 —0.9603 —0.969386
0.20 0.9080 —0.918107
0.50 0.6605 —0.667260
1.00 0.0000 0.000000
2.00 2.0181 2.01767
3.00 4.72964

Table 4 Comparison of present results of 6/(0) with those of [35]

whenN=e=0

Pr A Ref. [35] Present

1.0 0.1 0.602156 0.602156
0.5 0.692460 0.692460

1.5 0.1 0.776802 0.776802
0.5 0.864771 0.864771

Impact of A on temperature and velocity fields is
quite reverse. Velocity is increased while temperature
reduces with an increase in A.

Suction parameter S reduced the velocity of liquid
while it increases the momentum boundary layer
thickness.

@ Springer

Prandtl number Pr creates a reduction in temperature
6(n) and thickness of thermal boundary layer.

The increasing values of 6, (i.e. 6, > 0) correspond to
lower velocity and higher temperature.

The effects of S and Pr on temperature 6(n) are similar
in a qualitatively way.
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