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1  Introduction

Flows in a tube or channel caused by sinusoidal waves 
generated along the channel walls are defined as peristal-
tic flows. It has abundant applications in physiology such 
as transport of bile, urine, chyme, food, male and female 
breeding cells through their specific tracks. Dialysis, heart–
lung machines, roller, finger pumps and hose pumps are the 
engineering applications of peristalsis. Transit of sensitive 
and corrosive fluids is transported by means of peristalsis 
to prevent the direct influence towards the outer environ-
ment. Due to specific usefulness and immense continua-
tion of peristaltic flows, various analyses are introduced 
to examine the peristalsis by considering distinct flow 
configurations [1–6]. Impact of external magnetic field is 
more useful, for instance, hyperthermia, reduction of bleed-
ing during surgeries, drug carriers, advancement of mag-
netic devices utilizing magnetic particles and many others. 
Such biomedical applications motivate the researchers and, 
therefore, many theoretical investigations have been tack-
led to see the impact of magnetic field on peristaltic flows 
[7–10].

Beach sand, rye bread, human lung, wood and filter 
paper are the examples of naturally existing porous media. 
A superb biological illustration of a porous medium is the 
pharmaceutical position of gallstones when they decline 
into bile ducts and partially or completely close them. In 
recent years, many researchers have described the influence 
of porous medium on the flow by employing the Darcy’s 
law [11–14]. Fluid bounded by vertical infinite plate and 
passing through the porous media has been investigated 
by Rapits et  al. [15]. Varshney [16] has also considered 
the porous media with horizontal surface. Nonlinear peri-
staltic flow passing through porous inclined channel has 
been examined by Mekheimer [17]. Vasudev et al. [18] has 
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considered the vertical tube to discuss the impact of mag-
netic field and porous media.

Nanoparticle investigation is an area of impressive sci-
entific interest in view of extensive range of promising uti-
lization in biomedical, optical and electronic field. In the 
field of nanotechnology, a particle describes a small object 
which behaves like an individual in terms of its character-
istic and transport. Nanotechnology introduced the crea-
tion and uses of different materials having the nanoscale 
levels of 1–100 nm to make products that exhibit peculiar 
properties. Implementation of nanotechnology in biomedi-
cal applications giving exclusive physical and chemical 
property has the capability to give strongly improved dis-
tinguishing methods and efficient mechanism for molecu-
lar liability [19–23]. This new kind of nanotechnology was 
first introduced by Choi and Eastman [24]. Buongiorno 
[25] showed that Brownian motion and thermophoresis 
effects are significant in the dynamics of nanofluids. Later 
on, Akbar [26] investigated the impact of nanoparticles 
on incompressible viscous fluid by considering asymmet-
ric channel. Nadeem and Shahzadi [27] analyzed the two-
phase nanofluid in a curved channel. Nanoparticles with 
exclusive properties has earned much consideration from 
researchers and extensive studies investigate the influence 
of nanotechnology in various applications available in the 
literature such as [28–32].

The mechanics of peristaltic flow through different con-
figuration with no slip condition have been elaborated by 
various researchers in which they stimulate that the fluid 
film moves with closest to the boundary surface [33, 34]. It 
is now acceptable fact that the fluid flow through all tubular 
organs in human body are inwardly laminated with secre-
tion layers and mucus. These layers consecutively avoid 
the fluid from sticking to the tube walls. In this aspect no 
slip condition is valid between the solid boundary and fluid. 
The important applications of boundary slip conditions are 
in polishing valves of fabricated hearts and internal cavi-
ties. With such motivation, some researchers investigated 
the slip effects on the peristaltic flow of commonly used 
fluids [35, 36]. Yıldırım and Sezer [37] examined the influ-
ence of partial slip condition on MHD viscous fluid by 
assuming asymmetric channel.

The aspiration of present analysis is to investigate the 
impinging of metallic nanoparticles on magneto hydro-
dynamic flow through a uniform porous medium with 
slip effects. Indeed, the magnetic nanofluid has both the 
prospects of liquid and magnetic field. Such fluids have 
beneficial applications related to modulators, adjustable 
optical fiber filters, optical gratings and switches. Mag-
netic nanoparticles have significant importance in cancer 
therapy, medicine and to instruct the particles to move 
along the blood stream towards the tumor with mag-
nets. In hyperthermia, contrast improvement in magnetic 

resonance and drug delivery, the magneto nanofluids have 
significant importance. The influence of magnetic nano-
particles on the tumor cells has been found in more adhe-
sive than invigorating cells. Here, for the present analysis 
we have used copper (Cu) and silver (Ag) nanoparticles. 
Magnetic properties of nanoparticles add a new extent 
where they can enhance the application of an external 
magnetic field. Thermophysical properties of the nanoflu-
ids such as effective viscosity, density, electric conductiv-
ity and thermal conductivity are taken into account. By 
employing the approximation of long wavelength and 
low Reynolds number, the mathematical model is pre-
sented. Resulting equations are solved exactly. Physical 
clarification of results is interpreted by means of graphs 
and tables.

2 � Formulation of the problem

We have considered the vertical tube of width 2a for peri-
staltic flow of nanofluid through a homogenous porous 
medium under velocity and thermal slip effects. A nano-
fluid flow phenomenon is consisting of blood with cop-
per/silver as the nanoparticles. An external magnetic field 
of strength B0 is applied and effects of induced magnetic 
field are neglected for low magnetic Reynolds number 
condition. It is supposed that the thermal equilibrium is 
maintained between the base fluid and the nanoparticles. 
The coordinates (R,   Z) are elected in such a way that 
R-axis is along the radial direction and Z-axis lies along 
the length of the tube. Furthermore, walls of tube are pre-
served at a constant temperature of T0. A sinusoidal wave 
of small amplitude b and wavelength moves down the 
walls with constant speed c. Flow in the tube is generated 

Fig. 1   Geometrical sketch
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by these waves. Schematic geometrical sketch is repre-
sented in Fig. 1.

The shape of traveling waves is represented as:

In Eq. (1), amplitude of the wave is expressed by b,  width 
of the tube is expressed by a, wave speed is expressed by c 
and wavelength is expressed by �.

The two-dimensional continuity equation for incom-
pressible fluid is defined below

in which W̄ and Ū represent the transverse and longitudi-
nal components of velocity in the laboratory frame. The R̄ 
and Z̄ components of momentum equation in the presence 
of mixed convection are [5–11]

Energy equation in the presence of heat generation is 
defined by

In the above equations, T̄  is the temperature of the fluid, 
K1 is the permeability of the porous medium, P̄ is the 
pressure, B0 is the magnetic field strength, Q0 is the con-
stant heat absorption and generation. For the proposed 
nanofluid model, ρnf is the density of the nanofluid, µnf is 
the variable nanofuid viscosity, αnf is the thermal expan-
sion coefficient, σnf is the electrical conductivity of the 
nanofluid, Knf is the thermal conductivity of the nanofluid 
and (ρCp)nf is the nanofluid heat capacitance.

In this investigation, we have utilized the relation 
given by Brinkman [22] as,

(1)H̄(t̄, Z̄) = b sin

[

(

Z̄ − ct̄
)2π

�

]

+ a,
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Ū

R̄
+
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+
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= 0,
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∂Ū

∂R̄
Ū +

∂Ū
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= µnf

(

∂2Ū
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+
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,
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)
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2
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(5)

(ρCp)nf

(
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1
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+ Q0.

The effective density, electrical conductivity, thermal 
conductivity and specific heat of nanofluid are defined as 
[23],

Here effective thermal conductivity of the nanofluid is 
given by Maxwell–Gamett’s (MG-model). For the base 
fluid ρf is the density, αf is thermal expansion coeffi-
cient, µf is the viscosity, Kf is the thermal conductivity 
and (ρcp)f is heat capacitance for the base fluid while 
ρs is the density, (ρcp)s is heat capacitance, ks is thermal 
conductivity, αs is thermal expansion coefficient and φ 
is the volume fraction of nanoparticles. The experimen-
tal values of these physical parameters are presented in 
Table 1.

In the fixed frame the velocity and the thermal slip 
conditions are defined as [35–37]

where τR̄Z̄ is the extra stress tensor, T̄w is the temperature 
which is equal to T̄0, α1 is the velocity slip and β1 is the 
thermal slip parameter.

The following transformation is used to swap from 
fixed frame (R̄, Z̄ , t̄) to wave frame (r̄, z̄),

(6)µnf =
µf

(1− ϕ)2.5
.

(7)(ρcp)nf = φ(ρcp)s + (1− φ)(ρcp)f ,αnf =
Knf

(ρCp)nf
,

(8)

(ρα)nf = φ(ρα)s + (1− φ)(ρα)f ,

σnf

σf
= 1+

3

(

σs
σf

− 1

)

φ
(

σs
σf

+ 2

)

−

(

σs
σf

− 1

)

φ
,

Knf

Kf

=
2kf + ks + 2φ(ks − kf)

2kf + ks + φ(kf − ks)
,

ρnf = φρs + (1− φ)ρf ,

(9)
∂W̄

∂R̄
= 0, T̄ = T̄0, at R̄ = 0,

(10)W̄ − W̄w = −δ1τR̄Z̄ , T̄ − T̄w = −β1
∂T̄

∂R̄
, at R̄ = H̄(Z̄ , t),

(11)

Z̄ = z̄ + ct̄, p̄(z̄, r̄) = P̄(Z̄ , R̄, t̄),

w̄ = W̄ − c, R̄ = r̄, ū = Ū,

Table 1   Thermophysical parameters of blood, silver and copper [31]

Physical properties Blood Silver Copper

cp (J/kg K) 3594 235 385

K (W/m K) 0.492 385 400

ρ (kg/m3) 1063 10,500 8933

α × 10

−5 (1/K) 0.18 1.87 1.67

σ (S/m) 6.67× 10

−1

6.3× 10

7

5.96× 10

7
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in which p̄ is the pressure and ū and w̄ are the velocity 
components. Equations (2)–(5) through Eqs. (6)–(11) 
give,

Dimensionless quantities that are used in the above equa-
tions are
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∂ z̄2

)

+(1− φ)(ρα)f + φ(ρα)sg(T − T0)

−
µnf

K1
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In the above expressions Gr, θ̄ , Ren, γ , ζ1, M,   Da repre-
sents the Grashof number, dimensionless temperature, 
Reynolds number, dimensionless heat source parameter, 
wave number, Hartmann number and Darcy number, 
respectively. After using the lubrication approach, the 
continuity equation is exactly satisfied and Eqs. (13)–(15) 
take the form:

The suitable boundary conditions in the wave frame are 
given as

where δ = µfδ1
a

, β =
β1
a

 are defined as the dimension-
less velocity and thermal slip parameters. Dimensionless 
flow rate F in the laboratory frame is associated with the 
dimensionless flow rate q in the wave frame and defined 
as

3 � Solution of the problem

Equations (18) and (19) are solved exactly by utilizing 
the boundary conditions given in Eq. (20). The solutions 
for temperature and velocity profile are as follows
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where

Flow rate is given as

(23)θ̄ = γ
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)
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)
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Table 2   Comparison of 
temperature profile for different 
values of slip parameter β

θ Pure blood (φ = 0.00) Copper blood Silver blood

r β = 0.00 β = 0.05 β = 0.09 β = 0.00 β = 0.05 β = 0.09 β = 0.00 β = 0.05 β = 0.09

−h 0 0.005 0.009 0 0.00432 0.00777 0 0.00432 0.00778

−0.8 0.018 0.023 0.027 0.01555 0.01987 0.02333 0.01556 0.01988 0.02334

−0.6 0.032 0.037 0.041 0.02765 0.03197 0.03542 0.02766 0.03198 0.03543

−0.4 0.042 0.047 0.051 0.03629 0.04061 0.04406 0.03629 0.04062 0.04407

−0.2 0.048 0.053 0.057 0.04147 0.04579 0.04953 0.04148 0.04580 0.04954

0 0.05 0.055 0.059 0.04320 0.04752 0.05098 0.04321 0.04753 0.05099

0.2 0.048 0.053 0.057 0.04147 0.04579 0.04953 0.04148 0.04579 0.04954

0.4 0.042 0.047 0.051 0.03629 0.04061 0.04406 0.03629 0.04062 0.04407

0.6 0.032 0.037 0.041 0.027651 0.03197 0.03542 0.02766 0.03198 0.03543

0.8 0.018 0.023 0.027 0.015553 0.01987 0.02333 0.01556 0.01988 0.02334

h 0 0.005 0.009 0 0.00432 0.00777 0 0.00433 0.00778

−1 −0.5 0 0.5 1
0

0.02

0.04

0.06

0.08

r

θ(
r,

z)

γ = 0.1, 0.2, 0.3

Pure blood
Cu blood
Ag blood

Fig. 2   Temperature profile for various values of the heat source 
parameter γ

By substituting Eq. (24) into Eq. (26), we obtain the pres-
sure gradient as defined below (Table 2),

(26)q =

∫ h

0

rwdr

(27)
dp

dz
=

q − l1

l2
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where

(28)

l1 =

(
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+
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+
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2
,
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−
1
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h
2

2
.

the behaviors of various embedded parameters like 
Darcy number (Da), Hartmann number (M), Velocity slip 
parameter (δ), Thermal slip parameter (β), Heat source/
sink parameter (γ ) and Grashof number (Gr) on velocity 
profile as shown in Figs.  4, 5, 6, 7, 8 and 9. All these 
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Fig. 3   Temperature profile for various values of the nanoparticle vol-
ume fraction φ
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Fig. 4   Variation of velocity profile for particular values of the Darcy 
number Da
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w
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Fig. 5   Variation of velocity profile for particular values of the Hart-
mann number M

4 � Graphical results and discussion

Impact of silver and copper nanoparticles with the aid of 
embedded parameters on the characteristics of peristaltic 
flow is presented in this section through the graphs of 
temperature, axial velocity, pressure gradient, pressure 
rise and stream lines. These graphs are prepared by con-
trolling the parameters restricted such as φ = 0.0− 0.2, 
γ = 0.1− 0.3, Da = 0.1− 0.2, M = 0.1− 1.5, 
δ = 0.00− 0.09, β = 0.0− 0.2, Gr = 0.5− 1.5. Influence 
of different embedded parameters such as heat source 
(γ ) , and nanoparticle volume fraction (φ) on temperature 
profile is shown in Figs.  2 and 6. Significant growth in 
temperature is shown in Fig. 2 with increasing values of 
heat source parameter γ. Temperature profile decreases 
when the volume fraction φ is increased. It is depicted 
that the heat being gained by the heat source is rapidly 
transferred to the walls (due to the inclusion of nanopar-
ticles) and thus the fluid temperature decreases (Fig. 3). 
Effective thermal conductivity of nanoparticles plays a 
key role in the quick decrease of the fluid temperature. 
This supports the inclusion of nanoparticles in peculiar 
situation such as coolants. We primarily focus to inspect 
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figures illustrated that the velocity profile attains maxi-
mum value at the center and traces a trajectory like para-
bolic curve. Furthermore, maximum value of velocity is 
greater for pure blood when compared with copper blood 
and silver blood. It is also seen from these figures that 
the maximum velocity of base fluid reduces due to the 
accession of nanoparticles. Velocity profile for distinct 
values of Darcy number (Da) is plotted in Fig.  4. We 
examine that the significance of velocity increases with 
the increase of the values of Da. The effect is of sublime 
importance in blood capillaries where pores in walls 
allow exchange of water, oxygen and many other nutri-
ents between the blood and the tissues. Figure 5 depicts 
that an increase in the value of Hartmann number (M) 
decreases the velocity around the center of the tube. 

Moreover, this figure also described that the significantly 
strong magnetic field reduces the velocity profile of ver-
tical tube. The mitigating aspect of MHD aids in curing 
and treatment of arthritis, cancer and migraine without 
effecting blood flow stream. Figures  6 and 7 shows the 
behavior for different values of the velocity slip parame-
ter (δ) and thermal slip parameter (β). It is elucidated that 
the velocity profiles give higher altitude for copper when 
compared to silver nanoparticles and reduce by increas-
ing velocity and thermal slip parameters. We depicted 
from Fig.  8 that variation in heat source parameter (γ ) 
decreases the velocity of the nanofluid. Further, it is 
delineated that the incorporation of silver nanoparticles 
decreases the velocity profile minimal higher than that of 
copper nanoparticles. It is analyzed that the velocity 
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profile decreases with an increase in the values of Gra-
shof number (Gr). Change in pressure gradient for Darcy 
number, Hartmann number, velocity slip parameter, ther-
mal slip parameter, heat source/sink parameter and Gra-
shof number is observed from Figs.  10, 11, 12, 13, 14, 
15 and 16. Common observation from these figures is 
that the pressure gradient shows oscillatory behavior 
which is the truth be told because of peristalsis. The 
graph for the variation in Darcy number is described in 
Fig.  10 and shows that the pressure gradient enhances 
with the larger values of Darcy number. Note that the 
addition of silver nanoparticles enhances the pressure 
gradient slightly more than for the copper nanoparticles. 
Figure  11 is plotted to discuss the effects of Hartmann 
number M and analyze that the magnetic field decreases 

the pressure gradient with increasing values of Hartmann 
number because magnetic field becomes stronger for 
higher values of Hartmann number. Figures  12 and 13 
describe the effects of velocity slip parameter δ and ther-
mal slip parameter β on the pressure gradient. It is inves-
tigated form these figures that the pressure gradient in 
vertical tube gives higher height for silver nanoparticles 
and improves on increasing thermal and velocity slip 
parameters. It is obtained from these figures that both the 
slip parameters are directly related to pressure gradient. 
Figure 14 depicts that the increase in heat source param-
eter increases the pressure gradient since more heat is 
generated inside the considered base fluid. The effect of 
Grashof number Gr on the pressure gradient is discussed 
in Fig. 15 and noticed that with the growth of the viscous 
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forces the pressure gradient increases. The pressure rise 
per wavelength is important to explain the pumping 
properly and sketched here from Figs. 16, 17, 18, 19, 20 
and 21. One regular observation from these figures is 
that the pressure rise per wavelength diminishes with the 
expansion in flow rate. Figures  16 and 17 describe the 
effect of Darcy number Da and Hartmann number M on 
the pressure rise. It is declared from these figures that 
the pressure rise per wavelength is inversely related to 
the Darcy number Da and directly related to the Hart-
mann number M. Figures  16 and 17 enclose that inclu-
sion of nanoparticles reduces the free pumping flux 
(value of q for �p = 0). Furthermore, pressure rise 
upgraded in the retrograde pumping region (q < 0, 
�p > 0) with the increase of nanoparticle volume 

fraction. Figure  18 is plotted for different values of 
velocity slip parameter like (δ = 0, 0.05, 0.09) cross 
ponds to no slip and slip effects, respectively. It is 
depicted that pressure rise declines when we consider 
the slip effects. The fluctuation of pressure rise versus q 
for different values of thermal slip parameter is given in 
Fig. 19 and observed that the pressure rise for the verti-
cal tube enhances when thermal slip effects are taken 
into account. Figures  20 and 21 show the behavior for 
various values of heat source parameter and Grashof 
number. It is depicted from Fig.  20 that the pressure 
starts increasing for larger values of heat source parame-
ter. Figure 21 shows that the pressure rise increases with 
an increase in the viscous forces for distinct values of 
Grashof number. A stream line describes a fascinating 
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phenomenon for fluid flow of an inside flowing bolus 
and has been plotted here in Figs. 22, 23, 24, 25, 26, 27, 
28, 29, 30, 31, 32, 33, 34 and 35 for copper and silver 
nanoparticles. It is analyzed that the number of trapping 
bolus increases by increasing Darcy number for both 
cases by the closed stream lines as shown in Figs. 22 and 
23 . The influence of Hartmann number Ha is given in 
Figs. 24 and 25. It is seen that the expanding values of 
Hartmann number reduce the size of trapped bolus for 
the silver nanoparticles and enhances the trapping. The 
trapping phenomena for the velocity δ and thermal β slip 
parameters are examined through Figs.  26, 27, 28 and 
29. It is inspected that more bolus appears for larger val-
ues of slip parameters when compared with no slip 

effects (δ = 0, β = 0). These stream lines additionally 
pronounce that the number of trapped bolus increases 
with the growth of thermal slip parameter while 
decreases for velocity slip parameter. The trapping phe-
nomenon for the heat source parameter γ is given in 
Figs.  30 and 31. The number of the bolus increases by 
increasing γ for both the cases. Figures 32 and 33 are for 
distant values of Grashof number. We can watch from 
these streamlines pattern that number of bolus decreases 
for silver nanoparticles and size of the bolus decreases 
for copper nanoparticles. From Figs.  34 and 35, it is 
inspected that the number of trapping bolus increases 
when we increase the concentration of nanoparticles as 
contrast to pure blood case.
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Fig. 22   Streamlines (copper nanoparticles) for different values of the a Da = 0.1, b Da = 0.15, c Da = 0.2
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5 � Conclusions

In this investigation, we have analyzed the impinging of 
silver and copper nanoparticles on MHD flow along slip 

effects through a porous medium. The impact of different 
rheological parameters on the important flow quantities is 
described via graphs. Some crucial observations of the pre-
sent analysis are mentioned as,
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Fig. 23   Streamlines (silver nanoparticles) for different values of the a Da = 0.1, b Da = 0.15, c Da = 0.2
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Fig. 24   Streamlines (copper nanoparticles) for different values of the a M = 0.05, b M = 0.1, c M = 0.2
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Fig. 25   Streamlines (silver nanoparticles) for different values of the a M = 0.05, b M = 0.1, c M = 0.2
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Fig. 26   Streamlines (copper nanoparticles) for different values of the a δ = 0.00, b δ = 0.05, c δ = 0.09
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Fig. 27   Streamlines (silver nanoparticles) for different values of the a δ = 0.00, b δ = 0.05, c δ = 0.09
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Fig. 28   Streamlines (copper nanoparticles) for different values of the a β = 0.00, b β = 0.05, c β = 0.09
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Fig. 29   Streamlines (silver nanoparticles) for different values of the a β = 0.00, b β = 0.05, c β = 0.09
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Fig. 30   Streamlines (copper nanoparticles) for different values of the a γ = 0.1, b γ = 0.2, c γ = 0.3
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Fig. 31   Streamlines (silver nanoparticles) for different values of the a γ = 0.1, b γ = 0.2, c γ = 0.3
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Fig. 32   Streamlines (copper nanoparticles) for different values of the a Gr = 1, b Gr = 1.3, c Gr = 1.6
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Fig. 33   Streamlines (silver nanoparticles) for different values of the a Gr = 1, b Gr = 1.3, c Gr = 1.6
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Fig. 34   Streamlines (copper nanoparticles) for different values of the a φ = 0.00 (pure blood),  b φ = 0.05, c φ = 0.09
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Fig. 35   Streamlines (silver nanoparticles) for different values of the a φ = 0.00 (pure blood),  b φ = 0.05, c φ = 0.09
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•	 It is noted that the temperature inside the vertical tube 
increases for heat source parameter (γ > 0). This result 
is obtained due to increase in internal heat source of the 
fluid, i.e., through metabolic process.

•	 With the increase of nanoparticle volume fraction, tempera-
ture of the nanofluid decreases with an increase in the nano-
particle volume fraction because high thermal conductivity 
of nanoparticles plays a key role in quick dissipation of the 
temperature. This observation justifies the use of nanoparti-
cles as coolants in several engineering applications

•	 Velocity profiles exhibit higher results for pure blood 
than for the copper blood and silver blood.

•	 It is observed with an increase in the intensity of mag-
netic field velocity profile decreases. This result is con-
cluded from the fact that the external magnetic field 
slows down the random motion of nanoparticles and 
hence also tends down the blood movement.

•	 It is elucidated that the velocity increases for velocity 
and thermal slip parameters which is physically true 
because slip effects reduce the drag force between the 
boundary and fluid and hence velocity increases.

•	 Pressure gradient increases with increasing nanoparticle 
volume fraction. It is due to the fact that the inclusion of 
nanoparticles allows the quick passage of fluid through 
vertical tube.

•	 Pressure rise enhances due to the impulsion of metallic 
nanoparticles when compared to that of the pure blood 
(φ = 0.00).

•	 The number of bolus increases throughout the vertical 
tube with the addition of silver and copper nanoparti-
cles in the presence of slip effects when compare with 
(β = 0, δ = 0).

•	 The trapping bolus phenomenon shows that the number 
of the bolus increases with an increase in the concentra-
tion of nanoparticles as compared to the pure blood case 
(φ = 0).
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