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1 Introduction

In past few decades, the boundary layer flow and heat/
mass transfer over stretching sheet has attracted the atten-
tion of researchers because of its valuable applications 
in many engineering and industrial processes. The most 
common applications of such phenomenon are glass fibre 
and paper production, packed sphere bed, hot rolling and 
continuous casting of metal and spinning of fibers, etc. In 
view of all these numerous applications many research-
ers worked on such problems. The effects of heat transfer 
on flow of non-Newtonian fluid over stretching sheet has 
been analyzed by many researchers [1–10]. The primary 
interest of such investigations is to predict the variation 
of skin friction coefficient and local Nusselt number with 
non-Newtonian parameters. The mathematical equivalence 
of the thermal boundary layer problem with the concen-
tration analogue has provided the liberty to use the results 
obtained for heat transfer to the case of mass transfer by 
replacing the Prandtl number by Schmidt number. How-
ever, such equivalence is not possible when chemical reac-
tion term is introduced in the mass diffusion equation. In 
such cases, the mass transfer equations must be solved 
along with momentum and energy equation to analyze the 
concentration field.

Alharbi et al. [11] discussed heat and mass transfer char-
acteristics with chemical reaction on steady flow of viscoe-
lastic fluid through porous medium over stretching sheet. 
Hayat et al. [12] investigated the effects of heat and mass 
transfer on second grade fluid in presence of chemical reac-
tion. Veena et al. [13] obtained the non-similar solution 
of electrically conducting viscoelastic fluid with heat and 
mass transfer. Some more useful contributions regarding 
heat and mass transfer analysis of boundary layer flow with 
chemical reaction can be found in Refs. [14–18].
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Sometimes heat and mass transfer occur simultaneously 
in moving fluid, then it is often observed that heat flux can 
be generated not only by temperature gradients but also by 
concentration gradients. The phenomenon of Soret (Ther-
mal diffusion) is occurrence of diffusion flux due to tem-
perature gradient. The reciprocal of Soret effect is known 
as Dufour effect, the occurrence of energy flux due to 
chemical potential gradient. Soret and Dufour effects play 
a vital role in geoscience and chemical engineering. Anghel 
[19] analyzed Soret and Dufour effects on free convection 
boundary layer flow over a vertical surface embedded in 
porous medium. Postelnicu [20] investigated the phenom-
enon of heat and mass transfer by natural convection from 
a vertical surface embedded in a saturated porous medium 
by considering Soret and Dufour effects. Srinivasacharya 
et al. [21] studied mixed convection viscous fluid over an 
exponentially stretching vertical surface subject to Soret 
and Dufour effects. Beg et al. [22] focused their research 
to investigate Soret and Dufour effects on laminar magne-
tohydrodynamic flow of viscous fluid. Soret and Dufour’s 
effects on Hiemenz flow through porous medium over 
stretching surface were investigated by Tsai [23]. Ahmed 
[24] reported the influence of Soret and Dufour effects by 
analyzing the similarity solution for free convection heat 
and mass transfer over a permeable stretching surface. 
Hayat et al. [25] analyzed the Soret and Dufour’s effects 
on mixed convection boundary layer flow of a viscoelastic 
fluid over a vertical stretching surface. In another contribu-
tion, Hayat et al. [26] discussed Soret and Dufour effects 
on mixed convection boundary layer flow of a Casson 
fluid. Bazid et al. [27] presented the numerical solution of 
stagnation point flow towards a stretching surface in the 
presence of buoyancy force and Soret and Dufour effects. 
Pal et al. [28] discussed the Soret and Dufour effects on 
MHD non-Darcian mixed convection heat and mass trans-
fer over a stretching sheet with non-uniform heat source/
sink. Nayak [29] discussed the Soret and Dufour effects 
on mixed convection unsteady boundary layer flow over a 
stretching sheet in porous medium by using Runge–Kutta 
method with shooting technique.

Then above mentioned studies deals with the fluid 
motion due to stretching of the sheet alone. However, there 
are situations where the sheet is stretched as well as oscil-
late periodically in its own plane. In this direction Wang 
[30] performed an analysis for the flow of a viscous fluid 
over an oscillatory stretching sheet. Zheng et al. [31] inves-
tigated Soret and Dufour effects in MHD viscous flow over 
an oscillatory stretching sheet. They used homotopy analy-
sis method to solve the governing problem. A glance at the 
literature reveals that very little attention has been given to 
the flow, heat and mass transfer effects of non-Newtonian 
fluids. Keeping this fact in mind we investigated the Soret 
and Dufour effects in the presence of thermal radiation on 

unsteady flow of viscoelastic fluid over porous oscillatory 
stretching sheet in this paper. In fact, this study extends the 
analysis of Zheng et al. [31] in three directions. Firstly, by 
considering viscoelastic fluid, secondly assuming porous 
oscillatory stretching sheet and lastly including radiation 
effects. Well known analytical technique namely homotopy 
analysis method (HAM) is used to compute the solution 
of nonlinear partial differential equations. It is remarked 
here that HAM is well established tools for solving many 
complicated nonlinear problems arising in various scien-
tific disciplines [32–36]. The paper is structured as follows: 
Sect. 2 presents the flow geometry and governing equation. 
The framework of HAM for solving the equations obtained 
in Sect. 2 is illustrated in Sect. 3. The convergence of HAM 
solution is discussed in Sect. 4. The effects of emerg-
ing parameters on various flow features are illustrated in 
Sect. 5. Important conclusions are listed in Sect. 6.

2  Governing equations

Constitutive equation for a second grade fluid is [37]

where τij are the components of Cauchy stress tensor, p is 
the pressure, δij are components of the identity tensor, μ is 
the dynamic viscosity, α1, α2 are material constants where 
μ ≥ 0, α1 ≥ 0, α1 + α2 = 0 and A(1)ij, A(2)ij are the compo-
nents of first and second Rivlin-Ericksen tensors defined as

where Vi and ai are the components of velocity and accel-
eration respectively. Equations governing the flow, heat and 
mass transfer are

where ρ is the fluid density, bi are the components of body 
force per unit volume, Ri are the Darcy resistance, cp is the 

(1)τ ij = −pδij + µA(1)ij + α1A
(1)ikA(1)jk + α2A

(2)ij,

(2)A(1)ij = Vi, j + Vj, i,

(3)A(2)ij = ai, j + aj, i + 2Vm, iVm, j,

(4)ai =
∂Vi

∂t
+ VjVi, j,

(5)vi, i = 0,

(6)ρai = S
ij
, j + ρbi + Ri,

(7)ρcp

[

∂T

∂t
+ vrT, r

]

= αT, ii +
ρDmkT

cs
C, ii −

∂qr

∂y
,

(8)
∂C

∂t
+ vrC, r = DmC, ii +

DmkT

Tm
T, ii,
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specific heat, α is the thermal diffusivity, T is the tempera-
ture, C is the concentration, Dm is the molecular diffusiv-
ity of the species concentration, kT is the thermal diffusion 
ratio, cs is the concentration susceptibility, Tm is the mean 
fluid temperature and qr is the radiative heat flux. Since 
fluid is subject to a constant magnetic field, therefore, the 
body force in this case is given by

where ɛijk, Jj and Bk are the components of the Levi–Civita 
symbol, current density and magnetic field strength respec-
tively. Under the low magnetic Reylonds number approxi-
mation, we have neglected the induced magnetic field. It is 
also assumed that electric current is negligible as compari-
son to the current density. In such a situation current den-
sity can be obtained using Ohm’s law as follows

and therefore

3  Statement of problem

Let us consider two-dimensional boundary layer flow of 
incompressible electrically conducting second grade fluid in a 
porous medium over permeable oscillatory stretching sheet in 
the presence of Soret and Dufour effects. It is further assumed 
that a constant magnetic field of strength Bo is applied in the 
transverse direction. The sheet performs periodic oscillations 
back and forth and stretched with a velocity u = bx̄ sinωt 

(9)bi = εijkJ
jBk ,

(10)Ji = σεijkV
jBk

0,

(11)ρbi = σεijkεjmnV
mBn

0B
k
0,

(12)ρbi = σεjkiεjmnV
mBn

0B
k
0,

(13)ρbi = σ(δkmδin − δknδim)V
mBn

0B
k
0,

(14)ρbi = σBm
0

(

VmBi
0 − ViBm

0

)

.

(where b is the stretching rate and ω is the angular frequency). 
The schematic diagram of the flow is shown in Fig. 1.

In the present flow situation we have

and Bi = [0, B0, 0]
therefore

Furthermore, the modified Darcy law for a second grade 
fluid is given by [38]

Substituting Eqs. (15–17) in Eqs. (5–9) and using the 
usual boundary layer approximations [39], we have

The model Eq. (19) is valid for small values of elastic param-
eter α1 since it has been derived to the first order in elasticity rep-
resenting the short memory fluid with smaller relaxation time. 
By using Rosseland approximation for radiation [40], we write

where σ* represents the Stefan–Boltzmann constant, k* is 
the mean absorption coefficient. Expanding using Tayler 
series, we get

In view of Eqs. (22) and (23), Eq. (20) becomes

Let Tw be temperature of the sheet and T∞ denotes the 
ambient temperature in free stream, while Cw and C∞ 

(15)Vi=
[

u(x̄, ȳ, t), v(x̄, ȳ, t), 0
]

,

(16)ρbi =
[

−σB2
0u, 0, 0

]

.

(17)Ri =
φ

k

[

µ+ α1
∂

∂t

]

Vi,

(18)
∂u

∂ x̄
+

∂v

∂ ȳ
= 0,

(19)

∂u

∂t
+ u

∂u

∂ x̄
+ v

∂u

∂ ȳ
= ν

∂2u

∂ ȳ2
+

α1

ρ

[

∂3u

∂t∂ ȳ2
+

∂

∂ x̄

(

u
∂2u

∂ ȳ2

)

+
∂u

∂ ȳ

∂2v

∂ ȳ2
+ v

∂3u

∂ ȳ3

]

−
σB2

0

ρ
u−

φ

ρk

(

µ+ α1
∂

∂t

)

u,

(20)

∂T

∂t
+ u

∂T

∂ x̄
+ v

∂T

∂ ȳ
= α

∂2T

∂ ȳ2
+

DmkT

cscp

∂2C

∂ ȳ2
−

1

ρcp

∂qr

∂ ȳ
,

(21)
∂C

∂t
+ u

∂C

∂ x̄
+ v

∂C

∂ ȳ
= Dm

∂2C

∂ ȳ2
+

DmkT

Tm

∂2T

∂ ȳ2
.

(22)qr = −
4σ ∗

3k∗
∂T4

∂ ȳ
,

(23)T4 ∼= 4TT3
∞ − 3T4

∞.

(24)

∂T

∂t
+ u

∂T

∂ x̄
+ v

∂T

∂ ȳ
=

(

α +
16σ∗T3

∞
3k∗

)

∂2T

∂ ȳ2
+

DmkT

cscp

∂2C

∂ ȳ2
,

Fig. 1  Schematic diagram of the flow situation
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correspond to surface concentrations and ambient concen-
tration, respectively. The corresponding initial and bound-
ary conditions are

To non-dimentionalize the flow problem, we introduce 
the following dimensionless variable:

With the help of Eqs. (27) and (28) the continuity equation 
is identically satisfied and Eqs. (19, 21) and (24) reduce to

In above equations, the dimensionless parameters 
K = bα1

νρ
 is the dimensionless viscoelastic parameter and is of 

O (δ2), δ being the boundary layer thickness [41]. Here K = 0 
corresponds to the case of a Newtonian fluid, S ≡ ω/b is the 
ratio of oscillation frequency of the sheet to its stretching 

rate, M =
√

σB2
0/ρb represents Hartmann number, � = νφ

kb
 

denotes the porosity parameter, Pr = ν/α is the Prandtl num-
ber, Sc = ν/Dm is the Schmidt number, Du = DmkT (Cw−C∞)

cscpν(Tw−T∞)
 

is the Dufour number , Sr = DmkT (Tw−T∞)
Tmν(Cw−C∞)

 represents Soret 
number , γ = −vw√

aν
 is the mass transfer parameter with 

γ > 0 for suction and γ < 0 for injection and Nr = 16σ ∗T3
∞

3αk
∗  is 

the radiation parameter.
Following Magyari and Pantokratoras [42], we write 

Eq. (30) as

where Preff = Pr/(1 + Nr) represents the effective Prandtl 
number. Magyari and Pantokratoras [42] pointed out that 
there is no need to solve energy Eq. (32) by using two 
parameter approach i.e. for different values of Pr and Nr. 
They showed that in fact the investigation of heat transfer 
characteristics with and without thermal radiation is exactly 

(25)
u = uω = bx̄ sinωt, v = vw, T = Tw = T∞ + Ax̄,

C = Cw = C∞ + Bx̄ at ȳ = 0, t > 0,

(26)u = 0,
∂u

∂ ȳ
= 0, T → T∞, C → C∞ at ȳ → ∞.

(27)
y =

√

b

ν
ȳ, τ = tω, u = bx̄fy(y, τ), v = −

√
νbf (y, τ),

(28)θ(y, τ) =
T − T∞
Tw − T∞

, φ(y, τ) =
C − C∞
Cw − C∞

.

(29)
S(1+ �K)fyτ + f 2y − ffyy +M2fy + �fy

= fyyy + K
(

Sfyyyτ + 2fyfyyy − f 2yy − ffyyyy

)

,

(30)
1

Pr
(1+ Nr) θyy + Duφyy + f θy − Sθτ − θ fy = 0,

(31)φyy + Sc
(

Srθyy + f φy − Sφτ − φfy
)

= 0.

(32)
1

Preff
θyy + Duφyy + f θy − Sθτ − θ fy = 0,

the same task. They further emphasized that the radiation 
problem admits the same solution for infinite set of param-
eter values (Nr, Pr) which corresponds to same effective 
Prandtl number. Following Magyari and Pantokratoras 
[42], we solve the Eq. (32) for various values of effective 
Prandtl number.

The boundary conditions (25) and (26) take the form

We define the skin-friction coefficient Cf, local Nusselt 
number Nux and local Sherwood number as

where τw is the shear stress, qw represents the heat flux and 
qm is mass flux at wall, which can be defined as

In view of (27) and (28), Eqs. (35) and (36) become

where Nux
* = Nux/(1 + Nr) the effective local Nusselt num-

ber and Rex = uwx̄/ν represents the local Reynold number.

4  Homotopy analysis method

In view of boundary conditions, we choose the following 
initial guesses and linear operators for velocity, tempera-
ture and concentration fields

(33)fy(0, τ) = sin τ , f (0, τ ) = γ , θ(0, τ) = 1, φ(0, τ) = 1,

(34)
fy(∞, τ) = 0, fyy(∞, τ ) = 0, θ(∞, τ) = 0, φ(∞, τ) = 0.

(35)Cf =
τw

ρu2w
, Nux =

x̄qw

k(Tw − T∞)
, Shx =

x̄qm

D(Cw − C∞)
,

(36)

τw = µ

(

∂u

∂ ȳ

)

y=0

+ α1

(

∂2u
∂t∂ ȳ

+ u ∂2u
∂ ȳ∂ x̄

+v ∂
2u

∂ ȳ2
− 2

∂u
∂ ȳ

∂v
∂ ȳ

)

ȳ=0

,

qw = −k

(

∂T

∂ ȳ

)

ȳ=0

, qm = −D

(

∂C

∂ ȳ

)

ȳ=0

.

(37)











Re
1/2
x Cf =

�

fyy + K
�

Sfyyτ + 3fyfyy − ffyyy
��

y=0
,

Re
−1/2
x Nu∗x = −θy(0, τ),

Re
−1/2
x Sh = −φy(0, τ).

(38)f0(y, τ) = γ + sin τ(1− exp(−y)),

(39)θ0(y) = exp(−y).

(40)φ0(y) = exp(−y).

(41)Lf =
∂3f

∂y3
−

∂f

∂y
,

(42)Lθ =
∂2θ

∂y2
− θ ,
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which has following properties

where Ci (i = 1–5) are arbitrary constants.

4.1  Zeroth order deformation problems

We construct the following zeroth order deformation 
problems

where p ∊ [0, 1] is an embedding parameter and hf, hθ, hφ. 
The zeroth-order deformation are nonzero auxiliary nonlin-
ear parameters. The nonlinear operators Nf, Nθ and Nφ are

(43)Lφ =
∂2φ

∂y2
− φ,

(44)Lf [C1 + C2 exp(−y)+ C3 exp(y)] = 0,

(45)Lθ [C4 exp(y)+ C5 exp(−y)] = 0,

(46)
Lφ[C6 exp(y)+ C7 exp(−y)] = 0,

(47)
(1− p)Lf [

⌢

f (y, τ ; p)− f0(y, τ) = phf Nf [
⌢

f (y, τ ; p)],

(48)

(1− p)£θ [
⌢

θ(y, τ ; p)− θ0(y, τ)

= phθNθ [
⌢

θ(y, τ ; p),
⌢

φ(y, τ ; p),
⌢

f (y, τ ; p)],

(49)

(1− p)£φ[
⌢

φ(y, τ ; p)− φ0(y, τ)

= phθNθ [
⌢

φ(y, τ ; p),
⌢

θ(y, τ ; p),
⌢

f (y, τ ; p)],

(50)

⌢

f (0, τ ; p) = 0,
∂
⌢

f (y, τ ; p)
∂y

∣

∣

∣

∣

∣

∣

y=0

= sin τ ,

∂
⌢

f (y, τ ; p)
∂y

∣

∣

∣

∣

∣

∣

y=∞

= 0,
∂2

⌢

f (y, τ ; p)
∂y2

∣

∣

∣

∣

∣

∣

y=∞

= 0

(51)
⌢

θ(0, τ ; p) = 1,
⌢

θ(∞, τ ; p) = 0,

(52)
⌢

φ(0, τ ; p) = 1,
⌢

φ(∞, τ ; p) = 0,

(53)

Nf [
⌢

f (y, τ ; p)] =
∂3

⌢

f (y, τ ; p)
∂y3

− S(1+ �K)
∂2

⌢

f (y, τ ; p)
∂y∂τ

+
⌢

f (y, τ ; p)
∂2

⌢

f (y, τ ; p)
∂y2

−





∂
⌢

f (y, τ ; p)
∂y





2

−M2 ∂
⌢

f (y, τ ; p)
∂y

− �
∂
⌢

f (y, τ ; p)
∂y

+ K











S
∂4

⌢
f (y, τ ; p)
∂3y∂τ

+ 2
∂
⌢
f (y, τ ; p)

∂y
∂3

⌢
f (y, τ ; p)
∂y3

−

�

∂2
⌢
f (y, τ ; p)
∂y2

�2

−
⌢

f (y, τ ; p) ∂
4
⌢
f (y, τ ; p)
∂y4











,

problems defined above have the following solutions cor-
responding to p = 0 and p = 1

Expanding 
⌢

f (y, τ ; p) 
⌢

θ(y, τ ; p) and 
⌢

φ(y, τ ; p) in a Tay-
lor’s series with respect to p, we get

4.2  mth‑order deformation problems

The mth order problems can be expressed as

(54)

Nθ [
⌢

θ (y, τ ; p),
⌢

f (y, τ ; p),
⌢

φ(y, τ ; p)] =
1

Preff

∂2
⌢

θ (y, τ ; p)
∂y2

+
⌢

f (y, τ ; p) ∂
⌢
θ (y, τ ; p)

∂y −
⌢

θ (y, τ ; p) ∂
⌢
f (y, τ ; p)

∂y

+ Du
∂2

⌢
φ(y, τ ; p)
∂y2

− S
∂
⌢
θ (y, τ ; p)

∂τ
,

(55)

Nθ [
⌢

θ(y, τ ; p),
⌢

f (y, τ ; p),
⌢

φ(y, τ ; p)] =
∂2

⌢

φ(y, τ ; p)
∂y2

+ Sc







+
⌢

f (y, τ ; p) ∂
⌢
φ(y, τ ; p)

∂y
−

⌢

φ(y, τ ; p) ∂
⌢
f (y, τ ; p)

∂y

+Sr
∂2

⌢
θ (y, τ ; p)
∂y2

− S
∂
⌢
φ(y, τ ; p)

∂τ







(56)
⌢

f (y, τ ; 0) = f0(y, τ),
⌢

f (y, τ ; 1) = f (y, τ),

(57)
⌢

θ(y, τ ; 0) = θ0(y, τ)
⌢

θ(y, τ ; 1) = θ(y, τ),

(58)
⌢

φ(y, τ ; 0) = φ0(y, τ)
⌢

φ(y, τ ; 1) = φ(y, τ).

(59)
⌢

f (y, τ ; p) = f0(y, τ)+
∞
∑

m=1

fm(y, τ)p
m,

(60)
⌢

θ(y, τ ; p) = θ0(y, τ)+
∞
∑

m=1

θm(y, τ)p
m,

(61)
⌢

φ(y, τ ; p) = φ0(y, τ)+
∞
∑

m=1

φm(y, τ)p
m,

(62)

fm(y, τ) =
1

m!

∂m
⌢

f (y, τ ; p)

∂pm

∣

∣

∣

∣

∣

∣

p=0

,

θm(y, τ) =
1

m!

∂m
⌢

θ(y, τ ; p)

∂pm

∣

∣

∣

∣

∣

∣

p=0

,

φm(y, τ) =
1

m!

∂m
⌢

φ(y, τ ; p)

∂pm

∣

∣

∣

∣

∣

∣

p=0

,

(63)Lf [
⌢

f m(y, τ)− χmfm−1(y, τ) = hf R
f
m(y, τ),
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(64)Lθ [θm(y, τ)− χmθm−1(y, τ) = hθR
θ
m(y, τ),

(65)Lφ[φm(y, τ)− χmφm−1(y, τ) = hθR
φ
m(y, τ),

(66)

fm(0, τ ; p) = 0,
∂fm(y, τ ; 0)

∂y

∣

∣

∣

∣

y=0

=
∂fm(y, τ ; 0)

∂y

∣

∣

∣

∣

y=∞

=
∂f 2m(y, τ ; 0)

∂y2

∣

∣

∣

∣

y=∞
= 0,

θm(0) =0, θm(∞) = 0, φm(0) = 0, φm(∞) = 0,

(67)

R
f
m(y, τ) =

∂3fm−1

∂y3
− S(1+ �K)

∂2fm−1

∂y∂τ
−M2 ∂fm−1

∂y

− �
∂fm−1

∂y
+

m−1
�

k=0





fm−1−k
∂2fk
∂y2

− ∂fm−k−1
∂y

∂fk
∂y





+ KS
∂4fm−1

∂y3∂τ
+ K

m−1
�

k=0







2
∂fm−k−1

∂y
∂3fk
∂y3

− ∂2fm−k−1

∂y2
∂2fk
∂y2

− fm−k−1
∂4fk
∂y4






,

The general solution of Eqs. (63)–(65) are

(68)

Rθ
m(y, τ) =

1

Preff

∂2θm−1

∂y2
+ Du

(

∂2φm−1

∂y2

)

− S

(

∂θm−1

∂τ

)

+
m−1
∑

k=0

[

fm−1−k

∂θk

∂y
− θm−1−k

∂fk

∂y

]

,

(69)

Rφ
m(y, τ) =

∂2φm−1

∂y2
+ Sc

(

Sr
∂2θm−1

∂y2

)

− Sc

(

S
∂φm−1

∂τ

)

+ Sc

(

m−1
∑

k=0

[

fm−1−k

∂φk

∂y
− φm−1−k

∂fk

∂y

]

)

,

(70)χm =
{

0, m ≤ 1,

1, m > 1,
.

(71)f (y, τ) = f ∗
m
(y, τ)+ C1 + C2 exp(−y)+ C3 exp(y),

(72)θ(y, τ) = θ∗
m
(y, τ)+ C4 exp(y)+ C5 exp(−y),

Fig. 2  The h-curve at 10th order of approximation a velocity field, b temperature field and c concentration field
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where f ∗
m
(y, τ), θ∗

m
(y, τ) and φ∗

m
(y, τ) denote the special 

solutions.

5  Convergence of HAM solution

We see that Eqs. (47–49) consist of nonzero auxiliary 
parameters hf, hθ and hφ. The convergence of series solu-
tion can be controlled by proper choice of these auxiliary 
parameters. Figure 2a–c are plotted to find the plausible 

(73)φ(y, τ) = φ∗
m
(y, τ)+ C6 exp(y)+ C7 exp(−y).

values of hf, hθ and hφ at 10th order of approximation. 
We note from these figures that for convergent solution 
−1 ≤ hf < −0.1, −1.2 ≤ hθ <−0.1 and −1.3 ≤ hφ <−0.1.

6  Results and discussion

The main aim of this work is to investigate the effects of 
various parameters of interest on velocity profile, temper-
ature field and concentration field. Figure 3a–d shows the 
effects of viscoelastic parameter K, Hartmann number M, 
porosity parameter λ and suction/injection parameter γ 

Fig. 3  Time-series of the 
velocity profile f’ in the first five 
periods τ ∊ [0, 10π] at a fixed 
distance to the sheet, y = 0.25 
a influence of K, b influence of 
M, c influence of λ and d influ-
ence of γ

Fig. 4  Influence of K on velocity profile Fig. 5  Influence of M on velocity profile
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on the time series of velocity profile f ′ at fixed distance 
y = 0.25 from the surface. From Fig. 3a it is noticed that 
amplitude of velocity increases by increasing viscoelas-
tic parameter K because of increased effective viscos-
ity. Further, it can be seen that a phase shift occurs which 

increases with an increase in viscoelastic parameter K. 
Figure 3b elucidate the variation of Hartmann num-
ber M on the time series of velocity profile by taking 
S = 0.5, K = 0.5, γ = 0.2 and λ = 1. This figure show 
that the amplitude of velocity is suppressed by increasing 

Fig. 6  Influence of λ on velocity profile

Fig. 7  Influence of γ on velocity profile

Fig. 8  Influence of Preff on temperature profile

Fig. 9  Influence of Du on temperature profile

Fig. 10  Influence of M on temperature profile

Fig. 11  Influence of K on temperature profile
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magnetic parameter M. Since magnetic lines of force 
behaves like elastic bands in the fluid motion therefore, 
fluid motion is suppressed and thus amplitude is reduced. 
Figure 3c gives the variation of porosity parameter λ on the 
time series of velocity profile by keeping other parameters 

fixed. We note from this figure that the influence of poros-
ity parameter is similar to Hartmann number i.e., the 
amplitude of velocity decreases with increase of porosity 
parameter λ. In fact, an increase in the porosity parameter 
decrease the permeability of the porous medium and hence 

Fig. 12  Influence of γ on temperature profile

Fig. 13  Influence of Sc on concentration profile

Fig. 14  Influence of Sr on concentration profile

Fig. 15  Influence of M on concentration profile

Fig. 16  Influence of K on concentration profile

Fig. 17  Influence of λ on concentration profile
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increase the resistance to flow. The effects of suction/injec-
tion parameter γ on f ′ are illustrated in Fig. 3d. In the case 
of suction (γ > 0), the amplitude of velocity decreases peri-
odically. However, in the case of injection (γ < 0) an oppo-
site behavior is observed, i.e. the amplitude of the velocity 
increases.

Figures 4, 5, 6 and 7 demonstrate the effects of viscoe-
lastic parameter K, Hartmann number M, suction/injection 
parameter γ and porosity parameter λ on transverse profile 
of f ′ at a fixed time τ = 8.5 π. Figure 4 shows the effects 
of viscoelastic parameter K on velocity field f ′. It is noted 
from this figure that f ′ increases with the increase of vis-
coelastic parameter K. The momentum boundary layer 
thickness also increases by increasing viscoelastic param-
eter. The dimensionless form of the viscoelastic parameter 
suggests that K is inversely proportional to the viscosity and 
thus increase in K reduces the viscosity as a result veloc-
ity is increased. Figure 5 shows a decrease in f ′ with the 
increase of Hartmann number M. The momentum boundary 
layer thickness is also seems to be suppressed for higher 
values of Hartmann number M. This is in accordance with 
the fact that a constant magnetic field suppresses the bulk 
motion and alters the boundary layers. The porous medium 
also offers resistance to the flow and thus Fig. 6 depicts a 

decrease in velocity. Figure 7 shows the same behavior as 
observed in Fig. 6 i.e. the velocity decreases significantly 
with the increase in the suction (γ > 0) while in the case 
of blowing (γ < 0) the velocity of fluid increases. It is also 
noted that in the case of wall suction (γ > 0), a decrease in 
momentum boundary layer thickness is observed.

The effects of effective Prandtl number Preff, viscoelas-
tic parameter K, Dufour numbers Du, Hartmann number M, 
suction/injection parameter γ and porosity parameter λ on 
the temperature profile are illustrated in Figs. 8, 9, 10, 11, 
12 and 13. It is observed from Fig. 8 that increase of effec-
tive Prandtl number Preff temperature and thermal boundary 
layer thickness decreases. An increase in effective Prandtl 
number means that thermal diffusivity is decreased and as a 
result temperature of the fluid decreases.

Figure 9 depicts that with the increase of Dufour num-
ber Du, the thickness of thermal boundary layer reduces. 
Figure 10 depicts that graph of non-dimensional tempera-
ture profile θ(η) for different values of Hartmann number 
M. Increase of magnetic parameter means increase of Lor-
entz force which creats enhancement in the dimensionless 
temperature and thermal boundary layer thickness.

It is evident from this figure that temperature increase 
with the increase of Hartmann number M. Figure 11 shows 
that temperature decreases with the increase viscoelastic 
parameter K. The effects of suction/injection parameter 
on θ(η) are illustrated in Fig. 12. Since fluid has maximum 
temperature at the surface and the suction causes flow near 
to the plate to sink down therefore, temperature of the fluid 
decreases as expected.

The variation of concentration field at τ = π/2 is illus-
trated in Figs. 14, 15, 16, 17, 18 and 19 for various values 
of Schmidt number Sc, Soret number Sr, Hartmann number 
M, viscoelastic number K, porosity parameter λ and suc-
tion/injection parameter γ.

Figure 13 represents the effects of Schmidt number 
Sc on dimensionless concentration profile. The concen-
tration profile as well as concentration boundary layer 
thickness decreases for higher values of Schmidt number. 
As Schmidt number Sc is the ratio of momentum to mass Fig. 18  Influence of γ on concentration profile

Fig. 19  Time-series of the skin 
friction coefficient Re1/2x Cf  in 
the first five periods τ ∊ [0, 10π] 
at a fixed distance to the sheet, 
y = 0.25 a influence of K, b 
influence of λ
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diffusivities, hence mass diffusivity decreases for higher 
values of Schmidt number Sc which leads to a decrease in 
the concentration profile. These effects may be attribut-
able to the increase in the rate of solute transfer from the 
surface by increasing the Schmidt number. The influence 
of dimensionless Soret number Sr is discussed in Fig. 14. 
This figure shows that concentration profile is an increas-
ing function of Soret number. The variation of Hartmann 
number M on concentration field φ is shown in Fig. 15. 
Likewise temperature, the concentration increases with 
increase of Hartmann number M. Figure 16 demonstrates 
the effects of viscoelastic parameter K on dimensionless 
concentration profile. The concentration profile decreases 
with an increase in viscoelastic parameter K. The thick-
ness of concentration boundary layer also decreases for 
lager values of viscoelastic parameter. The variation of 
porosity parameter λ on concentration profile is plotted 
in Fig. 17. An increase in porosity parameter λ causes a 
rise in concentration. The concentration boundary layer 
thickness increases by increasing porosity parameter λ. 
Figure 18 shows the effects of suction/injection param-
eter on concentration profile. It is evident from these 
figures that concentration field decreases in the case of 

suction while increases in case of injection. The con-
centration boundary layer reduced because of suction of 
decelerated fluid particles through the porous wall. The 
concentration boundary layer thickness is higher in the 
case of injection.

The time-series of skin friction coefficient for different 
values of K and λ is illustrated in Fig. 19a, b. Figure 19a 
shows that skin friction coefficient oscillates with time 
and with increase of viscoelastic parameter K. Figure 19b 
depicts the influence of λ on time series of skin friction 
coefficient. It is observed that again the amplitude of skin 
friction coefficient increases by increasing λ. It is also 
observed that phase shift occur which increases for larger 
values of λ.

Table 1 shows the numerical values of effective local 
Nusselt number at fixed time τ = π/2. It is observed from 
this table that effective local Nusselt number increase with 
increase of Preff, Sr, γ and K while it decrease with increase 
of M, Sc, Du, and λ parameters. The numerical values of 
local Sherwood number are illustrated in Table 2. From this 
table we observe that local Sherwood number increases 
with Sc, Du, K and γ while it shows opposite behavior by 
increasing Preff, Sr, M and λ.

Table 1  The numerical values 
of effective local Nusselt 
number Re−1/2

x Nu∗x when 
S = 0.5 and τ =π

Preff M Du Sc Sr γ λ K Re
−1/2
x Nu∗x

0.2 0.5 0.5 0.2 0.2 0.5 0.5 0.5 0.679021

0.4 0.764708

0.6 0.850813

0.2 0.5 0.679021

1.5 0.660688

2.5 0.654021

0.2 0.5 0.5 0.679021

1.0 0.645229

1.5 0.611438

0.2 0.5 0.675365

1.0 0.669271

1.5 0.663177

0.5 0.5 0.676771

1.5 0.681458

2.5 0.686146

0.5 0.5 0.676771

1.5 0.747708

2.0 0.784115

0.5 0.5 0.676771

1.5 0.672604

3.5 0.664271

0.5 0.5 0.676771

2.5 0.689271

3.5 0.695521
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7  Conclusion

The effects of Soret and Dufour for an unsteady bound-
ary layer flow of a second grade fluid over a porous oscilla-
tory stretching sheet has been investigated in this paper. Heat 
transfer analysis has been performed in presence of thermal 
radiation. The governing equations has been derived by using 
tensorial components. The number of independent variables in 
governing equations has been reduced by using useful dimen-
sionless variables. Well known analytical technique namely, 
Homotopy analysis method has been used to solve dimension-
less nonlinear partial differential equations. The solutions are 
illustrated through various plots. The main findings are

•	 Increasing the viscoelastic parameter K causes the increase 
of the amplitude of the flow velocity. The amplitude of 
flow velocity decreases for larger values of Hartmann 
number M, porosity parameter λ and suction/injection 
parameter γ.

•	 Velocity inside the boundary layer increases with the 
increase of viscoelastic parameter K while it decreases 
with the increase of magnetic parameter M and porosity 
parameter λ.

•	 It is observed that velocity decreases in case of suction.
•	 With the increase of the effective Prandtl number Preff, the 

heat transfer from the plate to fluid becomes slower and 
the thermal boundary layer thickness decreases. However, 
increase in Dufour number Du, porosity parameter λ and 
suction/injection parameter γ leads to enhanced the fluid 
temperature.

•	 An enhancement in Hartmann number M increases the 
temperature and concentration.

•	 Concentration is higher for larger values of Soret number 
Sr while effects of Schmidt number Sc are opposite.

•	 The effective local Nusselt number is an increasing func-
tion of effective Prandtl number Preff, Soret number Sr, 
suction/injection γ and viscoelastic parameter K while it 
shows opposite behavior by increasing Hartmann number 
M, Schmidt number Sc, Dufour number Du and porosity 
parameter λ.

•	 The local Sherwood number is found to be increase for 
higher values of Schmidt number Sc, Dufour number 
Du and viscoelastic parameter K while it decreases 
with the increase of effective Prandtl number Preff, 
Soret number Sr, porosity parameter λ and Hartmann 
number M.

Table 2  The numerical values 
of local Sherwood number 
Re

−1/2
x Sh when S = 0.5 and τ 

=π/2

Preff M Du Sc Sr γ λ K Re
−1/2
x Sh

0.2 0.5 0.2 0.2 0.2 0.5 0.5 0.5 0.699296

0.5 0.697833

0.7 0.696858

0.1 0.5 0.699783

1.5 0.69145

2.5 0.674783

0.5 0.1 0.699746

0.7 0.699971

1.5 0.700083

0.2 0.2 0.699783

0.4 0.806358

0.6 0.913475

0.5 0.1 0.706298

0.3 0.693269

0.6 0.673725

0.5 0.5 0.699783

1 0.737283

1.5 0.775408

0.5 0.3 0.700617

0.6 0.699367

0.9 0.698117

0.5 0.5 0.699783

1.5 0.706033

2.5 0.712283
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•	 The amplitude of skin friction coefficient increases 
by increasing viscoelastic parameter K and porosity 
parameter λ.
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