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List of symbols
f	� Frequency
ω	� Angular frequency of sound
R	� Reflection coeff. (sea to bubbly water)
R13	� Reflection coeff. (water to air)
k	� Sound wave number
c	� Sound speed
ρ1	� Water density
ρ2	� Bubbly water density
z	� Bubbly water depth
ρ3	� Air density
C1	� Sound speed in water
C2	� Sound speed in bubbly water
C3	� Sound speed in air
Rs	� Source location
W	� Wind speed
N	� Bubble population
X	� Position vector
P_Final	� Scattered pressure level (dB)

1  Introduction

Effects of sea surface on the incident sound have been 
examined by different acousticians due to their important 
role on sound propagation and reverberation [1]. After 
Second World War, these studies have been pursued, more 
seriously. Marsh [2] developed a general theory of scatter-
ing from irregular surfaces and using a suitable mathemati-
cal calculation of the sea surface, qualitative account of 
reverberation was presented. Kou [3] developed Marsh’s 
perturbation method and proved the usefulness of Marsh–
Kuo’s perturbation method by comparing his results 
against experimental data. Another type of perturbation 
method was suggested by Bass [4] which divides a velocity 
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potential field into the mean and scattered velocity potential 
fields. His method resulted in a specular reflection process 
which satisfies the conservation of energy, approximately. 
Another approach was reported by Brekhovskikh and Lysa-
nov [5] which is a simple method and physically appealing. 
Brekhovskikh and Lysanov [5] and Marsh et  al. [6] went 
beyond the perturbation approximation to get a closed-form 
solution for the scattering loss. All the mentioned schemes 
using perturbation method such as joint surface roughness 
and/or volumetric perturbation scattering theory proposed 
by Kuo [7] can examine the scattering of an incident sound 
from the ocean surface by considering the important physi-
cal factors involved in sound quality variation. However, 
most of the developers of these techniques were forced to 
make some drastic assumptions and/or use some empirical 
relations for solving the derived equations. For example, 
Kuo [7] used the Pierson and Moskowitz wave spectrum in 
obtaining the required rough sea surface spectrum that can 
not be considered a comprehensive approach.

An alternative method for acoustic modeling of the sea 
surface which considers the pressure nature of the sound 
and forms the core of mathematical physics of sound 
propagation is based on the Rayleigh, Helmholtz, Kirch-
hoff, Born, and Fresnel classical techniques. These classi-
cal techniques can be used in different numerical models to 
simulate the sea surface effects on incident sound. Helm-
holtz–Kirchhoff–Fresnel (HKF) integral is one of these 
models which can calculate the scattered pressure field as a 
function of frequency [8] as in

(1)
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iP0R0Rk(cosψ1 + cosψ2)e
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related to the struck point on the rough surface in Eq. (1). 
Other involved parameters are identified in Fig. 1.

Using Eq.  (1), it is possible to calculate the scattered 
field from the rough sea surface, but there is another impor-
tant factor which can affect the incident sound [8]. This 
factor is sub-surface bubbles cloud which becomes more 
important in higher frequencies and at high wind speeds 
[9]. In the real sea condition, due to the presence of wind 
and resulting waves on the sea surface, there are bubble 

Fig. 1   The considered geometry and definition of parameters in HKF 
method [8]

where

Based on Eq. (1), it is possible to calculate the scattered 
sound from a rough sea surface for a source with known 
features like position vector (X), incident angle to the sea 
surface (φi), frequency (f), and source pressure (P0) at a 
range R0 with source directionality D. The scattered sound 
can be calculated at any point in the upper medium by 
inserting the value of its position vector (R2) and its angle 
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clouds under the sea surface which are generated by the 
breaking waves. Different acousticians have studied the 
influence of bubbles on sound scattering. McDonald [10], 
Henyey [11], Medwin [12], Prosperetti et  al. [13], Hall 
[14], Fialkowski, and Gauss [15] have examined the sound 
propagation in bubbly water using various methods. These 
methods take different approaches into account to study the 
sound variation in bubbly water. For instance, Prosperetti 
et  al. [13] proposed the natural sound-producing mecha-
nisms at frequencies between 20 and 500 Hz as a result of 
wave-turbulence interactions and oscillating bubble clouds. 
In another work, depth dependence of bubbly layer effect 
on attenuation of the incident sound was also examined by 
Medwin and Clay [8], which was considered to be a non-
ignorable factor. On the other hand, different physical fac-
tors were considered for bubble generation by acousticians, 
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like rainfall by Medwin et al. [16] and breaking waves by 
Hall [14].

It is quite apparent from the foregoing discussion that, 
to simulate the acoustic effects of sea surface more accu-
rately, it is essential to present a model which can cover the 
bubbles effects, as well. It is for this reason that the new 
optimized HKF method has been developed and presented 
in this paper.

2 � Optimized Helmholtz–Kirchhoff–Fresnel (O‑HKF) 
method

As pointed out earlier, most of the researchers in the past 
have made different simplifying assumptions for examining 
the sound scattering. These assumptions have caused some 
errors in the conducted numerical and empirical studies. 
Consideration of a smooth interface between the air and 
water, neglecting the bubble cloud effects, and studying the 
sound scattering only as a function of the impedance are 
some of these assumptions. Although, methods like HKF 
can analyze the surface scattering by a rough interface, it 
may still cause undesirable error due to neglecting of the 
sub-surface bubble cloud effect. Therefore, it becomes 
necessary to optimize the HKF method for analyzing the 
sound scattering. Accordingly, a third phase called the bub-
bly water medium must be added to the previous phases of 
air and water in the original HKF method for improving 
the determination of the sound scattering. This was accom-
plished by introducing a reflection coefficient R13 given in 
Eq.  (4) into Eq.  (1). Figure 2 indicates that when an inci-
dent sound strikes the sea surface, it will face a three phase 
region with different impedances and a rough interface 
between the air and bubbly water media. Reflection coef-
ficient R13 can be defined for a multi layers region as

where φ2 is

 where k2 is the wavenumber in the bubbly water.
If Eq. (4) is substituted into Eq. (1) as a reflection coef-

ficient, the resulting equation can be used to calculate the 
scattered field from a sea surface which includes the influ-
ence of both surface roughness and sub-surface bubbles. 
This model is called optimized HKF (O-HKF) method and 
is used to develop the proposed sea surface acoustic simu-
lator (SSAS) software.

2.1 � Derivation of the optimized‑HKF integral

If the incident sound is considered as

Equation (1) can then be written as

where
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Fig. 2   Schematic of the optimized HKF (O-HKF) method Fig. 3   Scattering geometry: dS is differential area of height ξ with 
respect to the mean surface [8]
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Here, θ2 is the receiver position vector related to z axis, 
θ3 is the receiver’s plane angle related to z axis, shown in 
Fig. 3.

To solve the integral in Eq. (7), two different terms for 
the sea surface can be considered. First term is related to 
the surface roughness which is defined by Medwin and 
Clay [8] as

(10)2β ≡ −k(sin θ2 sin θ3)

(11)2γ ≡ k(cos θi + cos θ2)

(12)
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=

∫ ∞

−∞

∫ ∞
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w2 exp
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]

dξdξ ′

where w2 is the bivariate probability density function (PDF) 
that is defined as

Here, C is the correlation of the surface heights which is 
defined as follows:

Second term is related to the beam geometry that shows 
the source and the receiver positions related to the sea sur-
face and is defined as

(13)
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Fig. 4   Frequency wind speed 
(f −U) domain for the sea-
surface scattering strengths [9] 

Table 1   Summary of the selected CST7 runs [17]

Run Receiver depth (m) Estimated SUS detona-
tion depth (m)

Average wind speed 
(m/s)

Relative wind direction 
(deg.)

Significant wave height 
(m)

Estimated sea state

3C 160 540 15.0 158 3.0 4

16G 220 600 15.5 346 4.9 6

25D 177 550 3 269 2.2 2



777J Braz. Soc. Mech. Sci. Eng. (2016) 38:773–787	

1 3

where

In this equation, aξ and aη can be obtained by  
Eqs. (17) and (18):

(15)G exp (2iαξ + 2iβη)

(16)G ≡ exp(−aξ ξ
2 − aηη

2)

(17)aξ =
X2

2x4f
+

1

2X2

Using Eqs. (12) and (15), the integral in Eq. (7) can be 
defined in the following form:
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Fig. 5   Results of the scattering 
strengths by the optimized HKF 
method compared against CH, 
perturbation theory and a CST7 
(3C), b CST7 (16G), c CST7 
(25D)
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Using Eq.  (19), it is possible to calculate the scattered 
sound from the rough sea surface including the sub-surface 
bubble effect. Equation (19) presents the scattered pressure 
by the optimized HKF method.

3 � Experimental test cases as bases of comparison

In the previous section, the O-HKF method and its features 
for determining the sound scattering were discussed. Since 
O-HKF method considers wider range of important physi-
cal factors, it will be more practical to examine the sound 

scattering from the rough ocean surface with sub-surface 
bubbles by this method. In the meantime, its results can 
be compared against experimental data such as the critical 
sea tests (CST) conducted by Ogden and Erskine [9, 17]. 
Ogden and Erskine [9], through the CST experiments, con-
cluded that there are two different mechanisms which can 
affect sound scattering from the sea surface. One mecha-
nism depends on the surface roughness and the other is 
related to the sub-surface bubbles. They also concluded that 
there is a transition area in which both bubbles and surface 
roughness should be included as demonstrated in Fig.  4. 
Since the optimized KHF method can cover bubbles and 
surface roughness effects, its scattering results can be confi-
dently compared with the CST runs. To validate the results 
of the developed SSAS program, three different runs from 
the CST experiments are selected and surface scatterings 
are compared at frequencies near 500 Hz. Table 1 shows a 
summary of the selected runs. Although, CST7 (3C), CST7 
(16G), and CST7 (25D) tests were conducted under differ-
ent environmental conditions, frequencies are chosen close 
to each other to compare the scattering results in the same 
source features. In this way, in addition to validation of the 
SSAS software, it is possible to examine a unique source 
under different environmental conditions. 

Required data from Table 1 are introduced to the com-
puter code as input. The developed software analyzes the 
environmental condition and calculates the scattering 
strength in a defined source condition. Source pressure in 
the range of 1 m (Pa) is calculated according to the weight 
of explosive charge which is 1.8  kg in the CST experi-
ments. The resulting scattering strengths from three men-
tioned CST7 tests and by Chapman-Harris (CH), perturba-
tion theory, and optimized HKF methods are illustrated in 
Fig. 5.

As mentioned earlier, Ogden and Erskine [9] concluded 
that there are two different mechanisms in sound scattering. 
Figure 5a shows the results of the optimized HKF method 
and the CST7 (3C) experiment. According to the environ-
mental conditions of CST7 (C3), wind speed is 15 m/s in 
sea state 4. Therefore, based on Fig.  5, this run is in CH 
region in which effects of the bubble population on the inci-
dent sound are dominant. Thus, it is reasonable to assume 
that values of the scattering strength by the optimized HKF 
and CST7 (C3) test approach that by CH 17.5  m/s curve. 
In Fig.  5b which is based on the CST7 (16G) run condi-
tions, the optimized HKF and CST7 (3C) scattering strength 
values are almost equal to that of CH 17.5 m/s curve. Wind 

Fig. 6   Discretized domain in spherical coordinates

Fig. 7   CST7 explosion pressure field (dB)

Table 2   Source parameters in simulation of CST7 (3C)

Source pressure level in the range 1 m Frequency Incident angle

200 dB 510 Hz 0 deg
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Fig. 8   Scattered pressure field (dB) in a domain of 1 km3: a plane x = 0, b plane y = 0, c plane z = −540, d isometric view

Fig. 9   Generated noise from 
a moving submerged object 
towards the sea surface
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speed and frequency in CST7 (16G) experiment are in CH 
region (Fig.  5) and its sea state and wave height rms are 
higher than the CST7 (3C) test which shows that sub-sur-
face bubbles can cause significant variations in scattering. 
This is indicative of the fact that they need to be included 
in the proposed models. In another word, due to breaking 
waves in high sea states which cause an increase in bubble 
population, the surface roughness has a minor role in the 
scattering strength. On the other hand, CST7 (25D) run con-
ditions at 510 Hz frequency represents perturbation region 
(based on Fig. 5) in which surface roughness is dominant. 
As a result, it is reasonable to assume that the optimized 
HKF and CST7 (25D) curves tend to the perturbation curve.

The value of frequency is considered approximately con-
stant in each run. Therefore, it is possible to examine the 
influence of other factors. In all runs, an increase in grazing 
angle causes a reduction in the absolute value of scattering 
strength. Also, when the wind speed increases due to an in 
increase in hrms (Table 1 and Pierson–Moskwitz theory), the 
breaking waves and generated sub-surface bubble effects 
on the incident sound become dominant which result in the 
minor role of surface roughness. Therefore, in CST7 (25D) 

run which has the lowest wind speed among the selected 
runs, the results of optimized HKF method tend to those of 
the perturbation method which is reasonable.

4 � Acoustic simulation in the case of explosion as a 
sound source

In the CST experiments, explosive charges are used as the 
sound source. The developed SSAS software is capable of 
simulating the explosion sound in the CST experiments. 
To conduct this simulation, the considered domain is dis-
cretized in spherical coordinates. The discretized domain 
is shown in Fig.  6. Each node in the considered domain 
represents the role of a hydrophone which observes the 
generated sound features in its coordinates. Based on the 
amount of explosive charges, the SSAS program simulates 
the propagation of explosion sound. Figure  7 shows how 
explosion sound propagates in a spherical domain.

As resulting wave fronts advance in the ocean, there 
are several boundaries such as sea floor, sea surface, and 
submerged bodies among others around it which can affect 

Fig. 10   The considered domain 
and size of the underwater robot

Fig. 11   Hydrodynamic pres-
sure field around the robot
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the sound propagation. In this paper, simulation of the scat-
tered acoustic pressure field (dB) from the sea surface is 
the main objective which is conducted by the SSAS pro-
gram. To simulate this phenomenon, it is important to have 
enough information (such as Table 1) about the sea surface 
condition. Therefore, to simulate the surface scattering, 
the CST7 (3C) run conditions are selected. The explosion 
depth and sea surface information are shown in Table  1. 
Also, other important source parameters are needed for 
simulation of the scattered sound in the current run, which 
are shown in Table 2.

Generated sound hits the sea surface and based on the 
defined surface conditions, simulation of the sound scat-
tering is conducted by the introduced computer code. The 
obtained scattered acoustic pressure field (dB) in a water 
domain (1 km3) is shown in Fig. 8. Source pressure level in 
the range of 1 m and source depth are respectively, 200 dB 
and 540  m. In the current run, sea surface is at a middle 
sea state 4 and wind speed 15  m/s condition. Therefore, 
incident sound strikes a rough surface with a high popu-
lation of sub-surface bubbles which are generated due to 

the breaking waves. As pointed out earlier, the scattering 
mechanism is divided into two regions and a transition part. 
Frequencies of the incident sound and wind speed over the 
sea surface are respectively, 500  Hz and 15  m/s. Hence, 
the incident sound will experience a mechanism close to 
CH. Therefore, because of energy loss due to the damp-
ing of bubbles cloud and value of the incident angle, sound 
will be scattered with lower pressure level and a symmet-
ric profile based on the proposed optimized HKF method 
(Fig.  8). Similar profile for scattered sound in 2D is con-
cluded by Urick [18]. Sound frequency is 510  Hz which 
is categorized as low frequency sound. So, the considered 
domain size of (1 km3) is suitable for capturing the sound 
propagation.

5 � Acoustic simulation in the case of a submerged 
moving object

Moving submerged objects generate hydrodynamic 
pressure which produces noise in water. The generated 

Fig. 12   Scattered acoustic pressure from the object (f = 200 Hz): a φ = 45
◦, b φ = 9

◦, c φ = 135
◦, d φ = 180

◦
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noise will propagate in different directions. Based on 
the wave direction, a segment of the wave front strikes 
the sea surface (Fig.  9). Surface conditions and source 
features determine how sound will be scattered. In this 
section, an underwater robot is selected as a moving sub-
merged body in the ocean. Domain and robot sizes are 
indicated in Fig.  10. Here, hydrodynamic pressure field 
is computed and analyzed in COMSOL Multiphysics 4.3 
to measure the generated noise. The following Navier–
Stokes equations are the governing equations for the 
considered incompressible viscous flow. Based on this 
equation, inertia, pressure, and viscous force are all in 
equilibrium.

  
Here, ρ is density, u is velocity vector, t is time, p is pres-

sure, and μ is dynamic viscosity. Equation (20) is solved to 
find the pressure source around the object (Fig. 11).

When the pressure source around the object is deter-
mined, it is possible to calculate the hydrodynamic pres-
sure in the range of 1 m from the object which is needed 
to find the incident pressure features. The generated waves 
are spread in different directions. To determine which 

(20)ρ
Du

Dt
= −∇p+ µ∆u

nodes around the body are involved in the radiated pres-
sure towards the sea surface, it is imperative to calculate 
the acoustic pressure field in the selected domain. There-
fore, Helmholtz wave equation which itself is derived from 
the more fundamental equations of state (continuity and 
motion) is used to obtain the acoustic pressure field [1].

The Helmholtz wave equation is given as

where ρc is water density (kg/m3), K is wave number which 
is defined as

Here, ω is angular frequency of the sound (rad/sec), and 
Cc is the sound speed. Parameter pt in Eq. (21) represents 
the total fluid pressure in the domain and is defined as

where pA is the ambient pressure which is equal to the 
hydrostatic pressure, and pb is the calculated hydrodynamic 
pressure from Eq.  (20). Therefore, through Eq.  (21), it is 
possible to obtain the scattered acoustic pressure from the 
object.

(21)∇.
1

ρc
(∇pt)−

K2pt

ρc
= 0

(22)K =
ω

Cc

(23)pt = pA + pb

Fig. 13   Scattered acoustic pressure from the object (f = 500 Hz): a φ = 45
◦, b φ = 9

◦, c φ = 135
◦, d φ = 180

◦
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Fig. 14   Acoustic scattered pressure from the object (f = 1,000 Hz): a φ = 45
◦, b φ = 9

◦, c φ = 135
◦, d φ = 180

◦

Fig. 15   Closed-curve around 
the object
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It should be pointed out that sound source frequency 
is required as an input for an acoustical analysis in Com-
sol software. However, this sound source frequency is not 
achievable in the hydrodynamic analysis of the Comsol and 
must be inputed to the acoustics solver of Comsol. There-
fore, to perform the calculations quantitatively, three dif-
ferent frequencies in the low frequency range (200, 500, 
1,000 Hz) are chosen to propagate the generated sound in 
the designated domain. Since the speed of the object is con-
sidered constant (5 m/s), hydrodynamic pressure field is the 
same in all three cases. The scattered pressure fields from 
the object in different phases are illustrated in Figs. 12, 13, 
14.

It is observed in Figs. 12, 13, 14 that the scattered pres-
sure from the object propagates towards the sea surface 
with incident angle 0°. To obtain the source pressure in 
the range of 1 m which represents the sound source level, 
an imaginary closed-curve is considered around the object 
(Fig. 15) and hydrodynamic pressure on this curve is cal-
culated. Based on Figs. 12, 13, 14, it is quite evident that 
pressure sources around the robot turret generate noise 
which propagates towards the sea surface. The mean value 
of hydrodynamic pressure on an arc of the closed-curve 
which covers the turret is calculated and used as source 
pressure in the range of 1  m from the object. The black 
dashed line in Fig. 15 represents more effective nodes from 

Fig. 16   Scattered pressure field (dB) from the sea surface at frequency 200 Hz: a plane x = 0, b plane y = 0, c plane z = −40, d isometric view
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which the sound propagates towards the sea surface. The 
mean value of hydrodynamic pressure on the black dashed-
line is found to be 0.712  Pa for the current run which is 
117 dB in water.  

The developed SSAS software needs the source fea-
tures to analyze the scattered sound from the sea surface. 
The frequency (Hz), incident angle (degrees), source loca-
tion, and source pressure (Pa) in the range of 1 m are the 
input source-dependent values for the SSAS computer code 
which are known for the current run.

As stated earlier, the developed code requires the sea 
surface condition for analyzing the scattered pressure from 
the sea surface. Sea surface features for the CST7 (C3) 
run are considered as surface condition for obtaining the 

scattered sound, as shown in Table 1. It is now possible to 
use the SSAS software to calculate the scattered acoustic 
pressure field. Scattered pressure fields from the sea surface 
calculated by the program for the three considered frequen-
cies are displayed in Figs. 16, 17, 18.

The object position is X (0, 0, −40) in all three con-
sidered cases (Figs.  16, 17, 18). Scattered pressure field 
(dB) in three planes crossing the object location are shown 
in contour plots of (a), (b), and (c) in Figs. 16, 17, 18. To 
obtain the mentioned contours, accuracy of the scattering 
strength is checked at the source position and then extended 
to other nodes in the field. The scattered pressure profiles 
(dB) are similar to the patterns given by Medwin and Clay 
[19]. Although their relation considers the wind speed and 

Fig. 17   Scattered pressure field (dB) from the sea surface at frequency 500 Hz: a plane x = 0, b plane y = 0, c plane z = −40, d isometric view
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grazing angle as prime variables for the scattering phe-
nomena, the suggested optimized HKF method includes 
additional frequency and subsurface bubble effects in its 
calculations which makes it more general and accurate. In 
Fig. 16 that correspond to 200 Hz frequency, the scattered 
pressure isosurfaces are wider than those at two higher fre-
quencies in Figs. 17 and 18. Comparing the results of the 
scattered pressure for 500 Hz frequency (shown in Fig. 17) 
with the pressure isosurfaces at 1,000 Hz frequency (shown 
in Fig. 18) leads to the same conclusion. This conclusion 
seems accurate based on the reduction of the wave length 
quantity, as the frequency increases. 

6 � Conclusions

An optimized HKF method is proposed and a computer 
named SSAS is developed for simulating the scattering 
properties of incident sound from the sea surface. Scattered 
sound pressure level, sound intensity and scattering coeffi-
cient in different environmental conditions and source fea-
tures are some outputs of this simulator.

Two different cases are considered as the sound sources. 
In the first case, particular runs of an experiment are consid-
ered. Accordingly, the generated sound due to an underwa-
ter explosion is simulated and the scattered sound from the 

Fig. 18   Scattered pressure field (dB) from the sea surface at frequency 1,000 Hz: a plane x = 0, b plane y = 0, c plane z = −40, d isometric 
view
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sea surface is analyzed. Due to the sea surface roughness 
and sub-surface bubble cloud, the incident sound exhibits 
energy loss and is scattered with less intensity in all direc-
tions. In the second case, the scattering of hydrodynamic 
noise which is generated by a moving submerged object is 
studied at low frequencies. The generated hydrodynamic 
pressure is calculated from the Navier–Stokes equations 
by the COMSOL Multiphysics software and is used in the 
Helmholtz equation to obtain the acoustic pressure field at 
three different frequencies. The generated wave pressure 
that propagates towards the sea surface is obtained and sub-
sequently, the scattering from the sea surface corresponding 
to a particular experimental condition, is simulated by the 
developed software. The computational scattering results of 
the SSAS program are validated against other experimental 
runs in which limited number of hydrophones are used to 
observe the back-scattering strength. However, in all simu-
lated cases, the scattered pressure field is calculated by the 
considered nodes which represent the role of hydrophones 
that can easily be increased in every direction. The acoustic 
simulations that are performed by the developed computer 
program based on the proposed optimized HKF method 
can be considered more economical compared to similar 
expensive experimental studies and can provide more ana-
lyzed and detailed information about sound scattering from 
the sea surface.
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