SeMA Journal
https://doi.org/10.1007/540324-024-00360-w

®

Check for
updates

Optimal error estimates for non-conforming approximations
of linear parabolic problems with minimal regularity

J. Droniou’ - R. Eymard?® - T. Gallouét? - C. Guichard® - R. Herbin3

Received: 22 August 2023 / Accepted: 15 April 2024
© The Author(s), under exclusive licence to Sociedad Espafola de Matematica Aplicada 2024

Abstract

We consider a general linear parabolic problem with extended time boundary conditions
(including initial value problems and periodic ones), and approximate it by the implicit Euler
scheme in time and the gradient discretisation method in space; the latter is in fact a class of
methods that includes conforming, nonconforming and mixed finite elements, discontinuous
Galerkin methods and several others. The main result is an error estimate which holds without
supplementary regularity hypothesis on the solution. This result states that the approximation
error has the same order as the sum of the interpolation error and the nonconformity error.
The proof of this result relies on an inf-sup inequality in Hilbert spaces which can be used
both in the continuous and the discrete frameworks. The error estimate result is illustrated
by numerical examples with low regularity of the solution.
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1 Introduction

Let us first recall the a priori error estimate which holds for the approximation, by a con-
forming numerical method, of the homogeneous Dirichlet problem in a bounded nonempty
open set  of Ri d>1.Letu e HOl () and uy, € U, C HO1 (2) (where Uy, is a finite
dimensional vector space), be the respective solutions of

Yv € H)(Q), (Vii, Vv)2 = (f, )2 (1.1)
and
Yv e Uy, (Vuy, V)2 = (f,v)2,

where f € L2(Q) is given, and where (-, -);2 denotes the scalar product in L%(2)9 or in
L?(2). It is well-known that Céa’s Lemma [5] yields the following error estimate:

inf §(u,v) <8, up) < (1 +diam(2)) inf §(u, v),

veU, veU

where, for any v € Uy, §(u, v) measures the distance between the element u € HOl (2) and
the element v € Uy, as defined by

8@, v)* = ||Vt — Vo2, + [[u — v]3,.

The above error estimate is optimal, since it shows that the approximation error §(u, uy,) has
the same order as that of the interpolation error inf ¢y, §(%, v). Such a generic error estimate
is then used for determining the order of the method if the solution shows more regularity,
leading to an interpolation error controlled by higher order derivatives of the solution.

Turning to approximations of the function u which are nonconforming (i.e. no longer
belonging to the space in which the problem is well-posed), we consider the framework of
the Gradient Discretisation method (GDM) [11]. This framework provides a setting to prove
convergence results of numerical schemes for (linear and nonlinear) elliptic and parabolic
problems, that do not rely on the specificities of each method but rather identifies the key
properties that enable the proof of their convergence; as a consequence, any error estimate or
convergence established in the GDM framework readily applies to all methods covered by the
framework, which are numerous: conforming, non-conforming and mixed finite elements,
discontinuous Galerkin methods, but also finite volume methods, mimetic finite differences,
arbitrary-order fully discrete polytopal schemes, and even meshless methods; we refer the
reader to [11, Part III] and [8, 9, 12, 15, 16] for a non-exhaustive listing of the methods that
are Gradient Discretisation Methods.

The GDM framework is based on a triplet of a space X; and two operators P;, : X;, —
L2(Q) and G, : X5 — L3()?. The space is a finite-dimensional real vector space that
encodes the degrees of freedom of the approximate solution. This space can take many shapes:
for conforming methods, for example, it can be a subspace of H(; (2); for methods having
cell and/or face averages as unknowns, on the other hand, it could simply be RX with K
the total number of cells and faces. The operator Pj, reconstructs, from an element in X, a
function in L2(2), while G, reconstructs a (discrete) gradient. These two reconstructions are
used to define the scheme associated with (X, Py, G,), obtained by substituting in the weak
formulation of the PDE the trial and test functions (resp. their gradient) by the reconstructed
functions (resp. gradients). Each particular choice of triplet (X, Py, Gp,) corresponds to a
specific scheme. We refer the reader to [11, Chapter 1] for a more thorough introduction to
the GDM, and how the generic underlying ideas can be built from the ground up.
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Optimal error estimates for non-conforming approximations. ..

The resulting scheme for (1.1) reads: find u#;, € X, such that
Yv € Xy, (Gpup, Gpv)2 = (f, Ppv) 2.

Then the following error estimate [11, Theorem 2.28] is a reformulation of G. Strang’s second
lemma [24]:

1

5 [;“h (Vu) + inf §(u, v)} <&@, up) = (14 pp) [Q(Vﬁ) + inf §(u, v)} .

2 veX), veX),
where §(u, v), which measures the distance between the element € H(} (£2) and the element
v € Xy, is such that

8@, v)* = Vit — Gyvl7, + [ = Ppol7,.

and ¢, (Vu), which measures the conformity error of the method (it vanishes in the case of
conforming methods), is defined by
Gh(VE) = max (Vu, Gpv) 2 — (div(Vu), Ppv) 2 .
veX;\(0} IGrvllL2

The value pj, is associated to the discrete Poincaré inequality
IPrvll2 < prllGhvll2, forallv e Xj. (1.2)

In the case where pj, is bounded independently of the accurateness of the approximation (for
example, for mesh-based methods, p;, only depends on a regularity factor of the meshes),
this error estimate is again optimal: it shows the same order for the approximation error and
for the sum of the interpolation and conformity errors.

Hence, in the conforming case, the order of the method is only determined by the interpo-
lation properties of Uy, and in the nonconforming one, by the interpolation and conformity
properties of (X, P, Gp).

In the case of parabolic problems, a large part of the literature only provides error estimates
assuming supplementary regularity of the solution. For example, in [10], an error estimate is
established for the GDM approximation of the heat equation under the condition that the exact
solution of the problem belongs to the space WL, T; W22 (Q)). Error estimate results
for linear parabolic problems in the spirit of Céa’s Lemma have only recently been published.
These results are based on variational formulations of the parabolic problem and on an inf-sup
inequality satisfied by the involved bilinear form (see [7, X VIIL.3 Théoreme 2] for first results,
and [23, III Proposition 2.3, p. 112] for a more complete formulation); they concern either
semi-discrete numerical schemes (continuous in time, discrete in space), see for example
[6, 25], or fully discrete time-space problems [3, 20, 21, 26]. In [2], similar optimal results
are obtained for the full time-space approximation of linear parabolic partial differential
equation, using Euler schemes or a discontinuous Galerkin scheme in time, together with
conforming approximations. Let us more precisely describe the result obtained in [2], in
the case of the implicit Euler scheme for the heat equation. Let 7 > 0, & € L?(Q) and
f € L%(0,T; L*(Q)) be given and let u € W:=H'(0, T; H=1(Q)) N L?(0, T; H} (X))
(equivalently W = {u € L?(0, T; H}(R)) : d,u € L*(0, T; H~'())}) be the solution of:
u(0) =& and, forae.t € (0, T),

Vv € Hy (Q), (1), v) o gy + (Vi@), Vo) 2 = (f (D), v) 2.

The existence and uniqueness of u is due to Lions [19, Théoreme 1.1, p. 46], see also [17,
Théoreme 4.29]. Let N € N\{0} and U;, C H(} (£2) be given (as above, U}, is assumed to be a
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u® = Plﬁi (£) (orthogonal projection on Uy, in L?(2)) and, form =1, ..., N,

u(m) _ u(m—l)

. )2+ (V™ Vo) 0 = (™ )2,

Yv e Up, (

with k = T/N and f =} [ f(1)dr. Then it is shown in [2] that

inf 8T @, v) <T@, up) <C inf §7 @, v),
veW, vEW)

where §7) (@, v) is a suitable distance between the elements of W and those of Wj, and C
only depends on 7' and €2. Note that the common bilinear form, for which inf-sup inequalities
cover both the discrete and the continuous case, is not conforming in W.

The present work establishes an optimal error estimate result for the full time-space
approximation of linear parabolic partial differential equation, using the implicit Euler scheme
together with the GDM for the approximation of the continuous operators, without assuming a
stronger regularity than the natural hypothesis u € W. Our analysis also includes conforming
methods with mass lumping: the latter technique is widely used, for stability reasons, in
the real life implementation of conforming finite element methods for parabolic problems.
Indeed, the implementation of the mass lumping, often viewed as a numerical integration
approximation, is in fact a change of the approximation space which yields a non conformity
error (see, e.g., the presentation in [11, Sect. 8.4]), and the resulting implicit Euler method
is thus a doubly non conforming method, both in space and in time.

Let us describe such a doubly non conforming scheme in the case of the discretisation of
the heat equation. Given (X, P;, G;,) for the nonconforming approximation of an elliptic
problem by the GDM, the time-space approximation is defined through the knowledge of

up:=w") o, N € Wh::X;lVH, solution of: P,u©@ = Pﬁhz(xh)(éo) (orthogonal projec-
tion on P, (X,) in L?(R)) and, form = 1,..., N,

w0 _ g m=1)

Yv € Xp, (PhT, Puv) 2 + (Gpu™, Gpv) 2 = (f™, Ppo) 2,

defining k and f ™ as above. Then our main result (expressed in Theorem 4.1) states that
1
= [;,ET’(v) + inf 8D, v)] < 8D @, up) < Cp [;,j“(v) + inf D@, v):|,
2 veW,, veW,

where v € L2(0, T; H-()) is computed from u by (4.5), {;T)(v) defined by (4.4) again
measures the conformity error of the method (and again vanishes in the case of conforming
methods), and 87 (&7, v) measures the distance between the element 7 € W and the element
v € Wp, [see (4.3)]. The real number Cj, depends continuously on pj, [see (1.2)] which remains
bounded for any reasonable nonconforming method [11]. This error estimate is established
in the case of nonconforming methods for a general parabolic problem with general time
conditions which include periodic boundary conditions.

This paper is organized as follows. In Sect. 2, we establish the continuous setting for
parabolic problems with generic Cauchy data (initial or periodic, for example): this setting
is presented in an abstract way (based on generic Hilbert spaces and unbounded operators
between them, instead, say, of H(} spaces and the specific case of the Laplacian or some
anisotropic diffusion operator) to demonstrate the generality of our analysis that covers for
example diffusion and advection—diffusion PDEs, as well as higher-order models. In Sect.
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3, we recall the general setting of the gradient discretisation method (GDM) and define the
GDM for the approximation of space-time parabolic problems. Section 4 is concerned with
Theorem 4.1, which is our main result and which states the error estimate between the space-
time GDM approximation and the exact solution under the natural regularity assumptions
given by the existence and uniqueness theorem of Sect. 2. The proof of this theorem relies
on a series of technical lemmas establishing an inf-sup property on a bilinear form involved
in the continuous and the discrete formulation. In Sect. 5, interpolation results are proved
on a dense subspace of the solution space, hence leading to convergence results. Finally,
Sect. 6 provides a numerical confirmation of the error estimate result, on problems with
low regularity solutions. In the examples that are considered here, the non conformity error
(which in one case includes the effect of mass lumping) is smaller than the interpolation
error.

2 The parabolic problem

Let L and L be separable Hilbert spaces; let Hg C L be a dense subspace of L and let
G : Hg — L be alinear operator whose graph G = {(u, Gu),u € Hg}is closedin L x L.

As aconsequence, Hg endowed with the graph norm |u |%1,G,g =|u |% +|Gu |2L is a Hilbert
space continuously embedded in L. We assume that the graph norm is equivalent to |Gu|y,
which means that there exists a Poincaré constant Cp such that

lul;, < Cp|Gu|y, forallu € Hg. (2.1)

As a consequence, we use from hereon the norm |-|g, :=|G-|g on Hg. Since L x L is
separable, Hg is also separable for the norm ||z, (see [4, Chap. III]).

Remark 2.1 (Example of spaces and operators) In the case of the heat equation, considering
homogeneous Dirichlet boundary conditions, we let L = L2(Q),L = L2(Q)? and Gv = Vv
for all v. If we consider an initial value problem with homogeneous Neumann boundary
conditions, using the change of variable w(t) = exp(—t#)u(t) it is possible to consider
L = L2(2)? x L*(Q) and Gv = (Vv, v) for all v. This change of variable is no longer
possible in the case of periodic time boundary conditions. Notice that the solution may be
periodic in the case of some zero mean value right-hand-side: in this case, it is possible to
choose L = L2(92)? x Rand Gv = (Vu, fQ v(x)dx).

In the following, the notation (-, -)z denotes the inner product in a given Hilbert space
Z, and (-, -) 7.z denotes the duality action in a given Banach space Z whose dual space is
denoted Z’'. Define Hp by:

Hp={veL:3welL,Vue Hg, (v,Gu) + (w,u); =0}. (2.2)
The density of Hg in L implies (and is actually equivalent to) the following property.
Forallw € L, (Vu € Hg, (w, u)p =O) = w=0. 2.3)

Therefore, for any v € Hp, the element w € L whose existence is assumed in (2.2) is unique;
this defines a linear operator D : Hp — L, so that

Yu € Hg, Yv € Hp, (v, Gu)p + (Dv,u); = 0. 2.4
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Remark 2.2 (Divergence and operator D) In the case where G is the standard gradient oper-
ator, D is the standard divergence operator. These notations match the choice made in [13]
for stationary problems.

It easily follows from this that the graph of D is closed in L x L, and therefore that,
endowed with the graph norm [v|g, = |v|f, + |Dv|;, Hp is a Hilbert space continuously
embedded and dense in L (see [18, Theorem 5.29, p. 168]).

The continuous framework for linear parabolic problems with general time boundary
conditions starts by the usual identification of the space L with a subspace of Hg' by letting

(¥, Whg' He = (s u)p, forally € L, u € Hg.

This identification yields the Gelfand triple

d
Hg — L — Hg/,

where the superscript d recalls that the first embedding is dense. Let 7 > 0, and recall that we
may identify the dual space L2(0, T; Hg) with L2(0, T; Hg') and the space L2(0, T; L)’
with L2(0, T; L); hence we have a further Gelfand triple

L0, T: Hg) <> L2(0,T; L) < L0, T; Hg)'.
The classical space W associated with the Gelfand triple is defined by
W= [u € L*(0,T; Hg); 3C > 0 such that (u, U/>L2(L) < Clvllz2(ag)
for all v € C'((0, T); HG)}.

The “time derivative” of u € W may then be defined as the element of the space L2(0, T'; Hg)'
identified with the space L?(0, T; Hg') such that

(W', ) 1216y 12 (Hgy = — (U, V') [2(p forall v € L0, T); Hg).

Note that here as well as in the rest of this paper, for a given space Z we use in the dual
products and norms the notation L*(2) (resp. HP(Z) for p = 1, 2) as an abbreviation for
L%*(0,T; Z) (resp. H?(0, T; Z) for p = 1, 2). In other words, we can write W as follows,
introducing also a Hilbert structure,

W =H'(0,T; Hc') N L*(0, T; Hg)
H 2 2 2
with [0llwi= (1003 g, + 10132045 ) forall v e W.

The space W can be identified with a subspace of C ([0, T']; L) and there exists C7 > 0
such that

sup |[v@®)|lL < Crllvllw, forallve W. 2.5
1€[0,T]

Recall the following integration by parts formula [23, III Corollary 1.1, p. 106]).

Lemma 2.3 One has, for allv,w € W,

/ !
(Vs W r2mgy 12 mg) + (W V) L2 (g y, 12 (Hg)
= ((T), w(T))r — (v(0), w(0))L.
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Let A € L0, T; L(L,L)) and let & € L(L, L) be a symmetric positive definite
operator such that there exists M > 1 and o > 0 with

167 A@)| <M forae.r € (0,T), (2.6a)
(G7IAME &)L > allEl} forae.r € (0,T)andall & € L. (2.6b)
We also define p > 0 by
p=esssup |G~ PAMS L. .7)
t€(0,7)

The role of A is described in the remark below, while the role of & (introduced to enable a
more precise control of M, « and p in certain cases, and thus improve the constants appearing
in the error estimate) is discussed in Remark 4.3.

Remark 2.4 (Example of A) The operator A represents the model under consideration as
well as the associated physical data. In the context of Remark 2.1 with Dirichlet boundary
conditions (so L = L2(Q)%), for example, taking a uniformly coercive matrix M : Q —
Sa(R) (where S;(R) is the set of symmetric matrices), a vector field b : [0, T] x Q — R,
and setting A (1) = ME& + b(¢) - £ forall £ € L2(2)¢, the model (2.8) below represents a
diffusion—advection parabolic problem with diffusion matrix M and advective velocity .

Let® : L — L be alinear contraction (which means that | ®v||; < ||v||. forallv € L).
Our aim is to obtain an error estimate for an approximate solution of the following problem.
Given g € L%(0, T; Hg') and & € L,

findu € W s.t. u' — D(AGu) = g and u(0) — du(T) = &. (2.8)

Using the identification between Hg and Hg' by the Riesz representation theorem, we
decompose g € L2(0, T;Hg')as g = f+DF with f € L2(0, T;L), F e L2(0, T;L).
This decomposition is not unique; indeed f = 0 is always possible, but in several problems
of interest, the source term g belongs to L2(0, T; L). Therefore, the problem to be considered
reads

findu € Ws.t. ' —D(AGu + F) = f and u(0) — du(T) = &. (2.9)

We introduce the Riesz isomorphism R : Hg' — Hg (which also defines the Riesz isomor-
phism R : L2(0, T; Hg') — L*(0, T; Hg)) such that

V(&,v) € Hg' x Hg, (6BGRE, Gv)y = (&, V) He' He - (2.10)
The problem (2.9) is then equivalent to
findu € Ws.t. —D(GGRu' + AGu + F) = f and u(0) — du(T) =&, (2.11)
which contains that SGRu’' + AGu + F € L2(0, T; Hp).
Theorem 2.5 [1] Forall f € L0, T; Hg) and &y € L, Problem (2.9) has a unique solution.

3 The space-time discretisation

3.1 Space approximation using the gradient discretisation method

Definition 3.1 (Gradient discretisation) A gradient discretisation is defined by D, =
(Xp, Py, Gp), where:
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1. The set of discrete unknowns X, is a finite dimensional real vector space.

2. The “function” reconstruction P, : X, — L is a linear mapping that reconstructs, from
an element of X, an element in L.

3. The “gradient” reconstruction G, : X;, — L is alinear mapping that reconstructs, from
an element of X}, an element of L.

4. The mapping Gy, is such that the mapping v — |G v|, defines a norm on Xj,.

We then define the following weighted norm on Xy,
vl ::‘GI/ZGhv’L 3.1)

and py, as the norm of P:
[Prulp
= m .
veXp\{0} [[vlln

(3.2)

3.2 Description of the Euler scheme

We now refer to the framework of Sect. 2. In particular, ® : L — L is linear and ||®|| < 1.
Moreover, f € L>(0,T; L), F € L?>(0, T; L) and & € L are given.

Let N € N\{0} and define the time step (taken to be uniform for simplicity of presentation)
k = % Forallm =1,...,N, A™ ¢ L(L, L) denotes the coercive linear operator given
by

1 mk
A = - / A(r)dt
k Jm—1yk

and f e L, F™ ¢ L are defined by

1 mk 1 mk
Fom = f/ f@)dt and F™ = f/ F(1)dr.
k Jm—1)k k Jm—1)k
The implicit Euler scheme consists in seeking N + 1 elements of X;, denoted by
(w™),—0.....n» such that

Prw® — oP,w™, Pyu) = (&0, Pyu)y forall u € X (3.32)

and

wm — ym=1)

(th, Puu)p + (A Gpw™, Gru)p,

= (f™ Ppu), — (F™, Gpu)r (3.3b)

forallm =1,...,Nandu € Xj,.

Remark 3.2 The discrete value w® is only involved in (3.3a)—(3.3b) through Pow@®. Asa
consequence, we only prove in the following the uniqueness of P,w@ . If P, : X;, — L is
one-to-one, this shows the uniqueness of w©: if this operator is not one-to-one, then w© is
actually not unique.

Note that, if & = 0, the scheme is the usual implicit scheme, and the existence and
uniqueness of a solution Prw@, (W), . n) to (3.3b) is standard. In the general case,
a linear system involving P, w(® must be solved, and its invertibility is proved by Theorem
4.1.
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We now define the space Wj, of all functions w : [0, T] — X, that are piecewise constant
in time in the following way: there exist N + 1 elements of X}, denoted by (w(’”))mzo ,,,,, N
such that

w(©0) = w®, and

(3.4)
w() = w"™ forallt € (n — Dk, mk], forallm =1,..., N.

We observe that the space Wj is isomorphic to X }’lv + through the mapping w +—

(w(mk))m=o,....n. We define the discrete derivative of w € Wj, as follows:
wm _ pym=1)

Jw(t) = %

forae.t € (m — 1)k, mk), forallm =1,..., N.

(3.5)

Define the space V}, of all functions v € L2(0, T; X;,) for which there exist N elements
of X}, denoted by (™),,—1 _ n, such that

,,,,,

v(t) = v forall r € ((m — 1)k, mk), forallm =1,...,N. (3.6)

Remark 3.3 (Difference between W), and V},) W), and V}, are both spaces of piecewise constant
functions in time. However, functions in W, are defined pointwise and everywhere, including
at all time steps (and are left-continuous on [0, T']), whereas functions in V}, are only defined
almost everywhere on (0, T). This distinction between the two spaces plays the same role as
the distinction between X and ) in [21, Sect. 5].

Scheme (3.3a)—(3.3b) can than be written under the form:
Find wy, € Wy, such thatV(v, z) € V,, x X5, b(wy, (v,2)) = L((v, 2)), 3.7
with

b(wp, (v, 2)) = (Prdwp, Ppv) 2y + (AGrwi, Gav)2(r)

(3.8)
+ (Prwp (0) — ®Prwy,(T), Prz) L

and

L((v,2)) = ([, Pav) 2y — (F, Gnv) 121y + (60, Pr2) L.

Remark 3.4 (Role of the test functions) In (3.7), the function v € V), tests the evolution Eq.
(3.3b) while z € X}, tests (through P}, z) the initial/final condition (3.3a).

Theorem 3.5 Under the setting of this section, there exists one and only one solution
Prw®, (™)1

,,,,,

.....

w©®.

Proof Since (Pyw®, (w™),,—;. . n)issolutiontoa square linear system, the error estimate

Theorem 4.1 proves that, for a null right-hand-side, the solution is null. Hence the system is
invertible. O
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4 Error estimate

Define the discrete Riesz operator Ry, : X, — X, by: for all u € X, Ryu satisfies
(&GhRuu, Gpv)r, = (Phu,Ppv)y  forall v € Xj,. “4.1)

We note that with this definition, the scheme (3.7) can be recast as: for all (v, z) € V), x X,
(6GhRpOwp + AGrwp + F, Gpv)p2(g) + Prwp (0) — ®Prwp(T), Prz)r

(4.2)
= (f.Prv) 21y + (0. Prz) L.
Set, forallu € W and v € Wy,
8" (u, v) = 16" (GRu' — Gy Rydv) Il 21, )
_ 3
+ 1672 (Gu — Gyo) oy + max u) — Pl )
t€(0,T]
We also define g“}fT) < L%0,T; Hp) — [0, +00) by: forall v € L%(0,T: Hp),
(v, Gpv) 21y + (Dv, Ppv) ;2
¢y = sup | Ty W] (4.4)
veVi\ (0} 1672GpvllL2(ry
Theorem 4.1 Let u be the solution to (2.9), let
v:=6GRu' + AGu + F € L*(0, T; Hp) (4.5)

and let wy, be a solution to (3.3). Then there exists C, > 0, depending only on pj, [defined
by (3.2)] in a non decreasing and continuous way, and on (a, M, T) [see (2.6)], such that:

Ir.a e o(T)

(670 + jnf 7]

= 8" wp) < Cumax (1. o[ 6" @) + inf &, v)]. (4.6)
veWy

Remark 4.2 (Optimal error estimate) If Cj, is bounded independently of /2, which is the case
for several discretisation methods for which p;, can be shown to be bounded thanks to a
regularity assumption on the mesh [11, Part III], the second inequality in (4.6) gives an error
estimate for the scheme, while the first inequality shows its optimality. This is the result
announced in the title and introduction of this work.

Remark 4.3 (Role of G) The role of & is to provide a more precise control of the constants
M, a, p which impact Cj, in (4.6). The weight G should be chosen to make M, «, p as small
as possible—and, ideally, to compensate for a possible strong anisotropy of A (that would
create large ratios M /« if G is absent). In the case where A is a time-independent symmetric
coercive operator, a natural choice is & = A; then, we can take « = M = p = 1 in (2.6),
and Cj, and p are independent of A [but the norm of the error estimate depends on it, see
Definition (3.1)].

We also note that, by Hypothesis (2.6b) and since & is symmetric positive definite, we
have

c. (11, + & "ne| ) < el < c* (I8¢, + |6 a¢| )

where C, and C* depend on &, o, M. Hence, the estimate (4.6) also translates into an
estimate on the term (4.3) without the factors G and G~ /2 A . The latter estimate, however, has
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multiplicative constants that may depend more severely on the anisotropy of A, as explained
above.

Remark 4.4 (Error estimate without regularity assumption) One of the strengths of the error
estimate (4.6), besides the fact that it is in some cases robust with respect to the model’s
anisotropy as explained in Remark 4.3 above, is that it is established without assuming any
regularity property on the PDE solution. If we assume some smoothness in time and space
of that solution, and if we consider mesh-based methods where /4 is the mesh size, the terms
on each side of this estimate can be evaluated in terms of powers of &, but even if we take a
minimal-regularity solution, this estimate provides the convergence of any GDM scheme.

Remark 4.5 In the case where the source term g belongs to L2(0, T; L) (instead of the weaker
assumption g € L2(0, T; Hg') that we assume here), an error estimate for solutions with
minimal regularity was established in [22] for a discontinuous Galerkin discretisation in time
and a conforming discretisation in space. Our result, on the contrary, covers non-conforming
and non-Galerkin approximations and highlights the role of the defect of conformity measure
(4.4) when considering general spatial discretisations.

The proof of Theorem 4.1 is given after stating and proving a series of technical lemmas
involving operators on Hilbert spaces.

Lemma 4.6 For w € Wy, the following inequalities hold

max |[[Ppw(r)lL
1€10,71

< 182G Rydwll 12y + 162 Grwll 21y + IPrw ()., 4.7)

1 1
(8G) Rydw, Ghw) 2y = 5 IPww(DI} = 3 IPrw ()], (4.8)

and, recalling that py, is defined by (3.2),
2
P
I8 G Rpdwl7s ) + (1 - T”) 167 Grwl}ay, = IPaw (DI (4.9)

Proof Let w € Wj,. Using the relation (¢ — b)a = %az + %(a —b)? — %bz, the definition
(4.1) of Ry, yields, for0 <m <m’ <N,

m'k m'k
/ (BGrRpOW(), Grw(t))rdt =/ (Prow(z), Prw(r))dr
mk mk
m'—1 (p+1) _ (P
— Z k(phu’Phw(m—l))L
p=m k
! ') 12 1 G+ _ )2 _ L (m) 12
= 1P w1+ 5 3 1Py (P —w® ) I = IR ™I @.10)
p=m

Using the Cauchy—Schwarz inequality on the left-hand side provides

1 , 1
5||Phw<'"’||i <162 GhRydwll 121y 16 Grwll 2p) + 5||Phw<'">||i

1

1 1
< S18 2GR ) + SIS Gl + 5 P ™I, @.11)

0|
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where the second line follows from the Young inequality. Setting m = 0 allows us to take any
m’ =0, ..., N. Taking the square root of the above inequality and using (a” 4 b2 +¢?)"/* <
a + b + ¢ then concludes the proof of (4.7).

The inequality (4.8) is obtained letting m = 0 and m’ = N in (4.10). To prove (4.9), we
come back to (4.11) and set m" = N to get, after multiplication by 2k, forallm =0, ..., N,

KIPhw(TIE < KIS G RhdwIZa gy + KIS GrwlZa g, + KIPrw ™ 7.
Summing overm =1, ..., N yields

TIPyw(D7 < TISGrRudwl}sy, + TIS*Grwl}a , + IPawl7a

< T8 Gy Rydwl7s .y, + (T + pi) 1672 Grwll7,

Ly’

which proves (4.9). ]
Lemma4.7 Let V be a Hilbert space and let A : V — V be an M-continuous and
a-coercive operator (with M > 1 and a > 0), which means that

lAvly < Mlvlly and (Av,v)y = a|v]}, YveV. (4.12)
Then, for allv,w € V,

2 I rays 2 2

lw+ Avly = 20w, o)y + 3 (57) (1wl +101}). (4.13)

Proof Consider the symmetric As::AJrzA* and anti-symmetric Aa::A_TA* parts of A. We

have, forall v € V, (Agv, v) = (Av, v) > ot||v||%,. It follows that the self-adjoint operator

Ag is positive and invertible, and has a positive invertible square root A;/ * which satisfies
1Al vlly = Valvlly Yo eV (4.14)
and [| 4] < v/M]v]l, so that
AT 20 = —— o)l WoeV 4.15)
N = \/M

Applying (4.14) to Ay *(w + Av) = Ay ?w + AL + Ay /2 A,v instead of v gives

lw+ Av|? = a (||A;‘/2w + APy + A;‘/ZAaunzv)
= o (147" 2wl} + 1AL, + 1472 4001} )
+ 2a(w, v)y + 2 (v, Agv)y + 20 (A7 2w, ATV2Auv)y

where the second line follows from developing the square of the norm and using
(As_l/z-, A;/2~)v = (-, -)v. By anti-symmetry of A, we have (v, A,v)y = 0, which leads to
o+ A2 = 20w, v}y +a (1472wl + 142013 + 1472 A1)

+ 20 (AT 2w, ATV A )y (4.16)

Now we use the Young inequality combined with the Cauchy—Schwarz inequality to estimate,
forall y > 0,

2 (AT 2w, AT Agv)y | < 201AT Pwlly A2 Agully

_ |
< vIAT 2wl + ;HAS 24,0013
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Taking y < 1 and plugging this estimate into (4.16) yields
lw + Av|® = 2a(w, v)y +a(l = ))AT Pwlly

1 _
+a (1 - ;> IAT2 Auu)3 + al|AL20])3.

Applying (4.14) with As_l/zAav instead of v and using ||A,v|ly < M||v|ly gives

1AZ 2 Ay < L jolly,
S —_ ﬁ

which leads, since 1 — % <0, to
lw+ Av|?> > 2a(w, v)y +a(l — p)|A7 2w
1
+M? (1 - ;) vll3 + A3

Lety = ]1? where s > 0 is fixed later. Then | —y = {35 and 1 — % = —s and, using
(4.14) and (4.15), it follows that

s o
w+sz>2aw,v +— —w|> = sM|v|> + 3.
ll I” = 2a(w, v)y 1+SMII Iy lvlly lvlly

Choose s = % to obtain
lw+ Av|® = 2a(w, v}y + B (Iwlly + lvIT),
where, usingoe < M and 1 < M,
pmin] S e = e = ()
N 2 a2 42M2 M| a2 +2M2M T 3\M/
O

Lemma 4.8 Let L be a Hilbert space, and let & : L — L be a contraction (which means
that |®|| < 1). Let a > 0 and b € [0, a] be given reals such that y:=a — b||®||*> > 0. The
following estimate holds

9a?
allwl|? —blv|? + 7||v —dw|? > = (lwl? +1lvl?) forallv,w e L. (4.17)

W=

Proof Let v, w € L be given. By the Young inequality, we have for any p > 0,
IR
—2(v, Pw)r = —pl[Pwlly — ﬁllvllb
Choosing © > 1, this implies that
1
v — @wli > vl <1 - ﬁ) — IwIZI®I (e = D). (4.18)

Let B:=b||®|* € [0, a) and pu:=5124 & (1, +00). Let § > O and & > 0 be such that

1
9<1——> =b+a and O(u—D|P|*=a—a.
w
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Using || ®||? < 1, this system is satisfied for

___@-patp .y @19
28 +a+ ||®*Qa + B) 3
Using the preceding equation and b < a, we get
2 942
6 = “+ﬂ(b+ a) < 2
B Y
Invoking (4.18) then gives
alwli —blvl + 9iznv — dw|i = alwll] — bl +0llv— dwl]
L L y L = L L L
1
> (a—0(u—DI®IHwl] + (0 (1 - ;) — b) vl
=a(lwli +lvi7).
Recalling (4.19) concludes the proof of (4.17). ]

We now give a sufficient condition for establishing an inf-sup condition on the bilinear form
b defined by (3.8). Such a condition is sufficient to obtain an error estimate for conforming
schemes (see e.g. [14]). In the case of the (possibly non-conforming) scheme studied in this
paper, it provides an essential step in the error estimate proof [see (4.29)].

Lemma4.9 Let V and L be Hilbert spaces. Let Z and Y be the Hilbert spaces defined by
Z=VxXxVxLxLandY =V x L. Let A:V — V be an M-continuous and a-coercive

linear operator in the sense of (4.12). Let ® : L — L be a linear operator such that || ®| < 1.
We defineb : Z x Y — R by

b((z1, 22, 23, 24), V1, ¥2)) = (21 + Az, y1)v + (23 — P24, y2)1, (4.20)

forall (Z1 22,23, 74) € 4 andfor all (y1,y») €Y.

Let X CZbea subspace on We define the Hilbert spaces X1 cV, Xz cv, X3 CcL
andX4 C Lby:fori=1,...,4,

)?,- = {xi X € )?}, where x; is the i-th component of x € Z.
Assume that
X1 C Xa, 4.21)
and that there exist { > 0 and § > 0 such that, for all x € X, s
2

o
(1,22 + oo (Ix2ll3 + lxil3) = llxall — viixsli?, (4.22)

for some w € (0,¢] and v € [0, u] with u — v||®||*> > 8. Then, there exists E > 0, only
depending on o, M, ¢ and § (and not on pu, v and ||®||) such that

sup b(x,y) = Blxl; V¥x € X. (4.23)
yeXox Xz, |lyly=I1
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Proof Letx € X.Let Py : L — X3 C L bethe orthogonal projection onto X3. Then, setting

N = sup  bx,y),
yeXox X3, llylly=1

we have, using (4.21),
N@)? = x1 + Axall3 + | P3(x3 — dxa) |12 (4.24)

We then obtain, for & > 0 to be chosen later

1
N 2 > A 2
x)” > max(1.6) lx1 + Axally +

We apply Lemma 4.7 to obtain

0
— ||P3(x3 — Dxa)||%. 425
max(1.6) I P3(x3 x) 7 (4.25)

o

3
=) l} + )

1
I+ Axall} = 2atvr w2y + 5 (

1 /a3
= 2aulxal} = vl + 2 (3) (ld + ).

6

where the second line follows from the assumption (4.22), after writing % (%)3 =2« 12“;3 +
1 3
s (7)™

Together with (4.25), this yields

o’ 2 2
YIVEl (Ilx2lly + llxtlly)

+ 6| P3 (x3 — Dxg) ||3. (4.26)

max(1, ON (x)* = 2 (pllxall? — viixsl?) +

Noting that P3(x3 — ®x4) = x3 — P3Px4 and that | P30 ®|| < ||P|| < 1, we use Lemma 4.8
with P3 o @ instead of ®, a = 2« and b = 2av, which gives y > 2o (. — || ®|?) > 2a8.
94> 18ap? < 18az?

= = <
If we set 6 S aelr = s

, we get

2a (pllxall; — viixsll7) + 61 P3(xs — dxa)ll7 =

g (x312 + llxal2) .

Combined with (4.26), this gives

18ag? o 2 2y, 208 2 2
max (1, 5 >J\/'(x) > m(ﬂxlﬂv + lIx2lly) + T(||X3||L + llxall7).
which leads to (4.23). ]

Let us now prove the error estimate.

Proof (Proof of Theorem 4.1) Let v € V), and z € X}, be given. Definition (4.4) of g“}ET) (v)
give

T
fo (0@, Gro@)1 + Do), o) )dr < 6" @IS Grvll 2,
This yields, using the definition of v, the relation (2.11) (which gives Dv = — f), and (4.2),
T
/ ((GGRM/(Z) + A@)Gu@) — (6GLRpIw, (1) + At)Grwy (1)), Gm)(f))L)dt
0

+(E0 — (Prwn(0) — @PLwi(T)), Pyz)z < £ WIS Ghvll 2.

@ Springer



J. Droniou et al.

Using u(0) — ®u(T) = &y, we get

T
f ((6GRM/(I) + AD)Gu(t) — (8GR Aw, (1) + A1) Grwp (1)), Ghv(t))L)dt
0
+u(0) — Pu(T) — (Prwi(0) — ®Pwy(T)), Prz)r
<P IS Gl 2. 4.27)

We then take an arbitrary element ¥ € W), and notice that, by definition (4.3) of 5;(IT)(M, V)
and since & is a contraction,

T
/ (B[Gh R0V — GRU'1(1), Gpv(1)) L + (A(DIGKY — Gul(t), Gyv(1)) Ldr
0

+(P(0) — u(0) — D(P,F(T) — u(T)), Prz)L
< 87w, MISGpvll 2r,) + 2857 (w, D) IPyzll L.

Adding this inequality to (4.27) yields

T
| (€61RO@ = ) 0) + AGHFO) = w40, G
(P4 (F(0) — w4 (0)) — ®Py(F(T) — wi(T)), Piz)

= (87w D + 5" @) 18" 6hvl 2wy + 2557 (0, ) [Pazlle.

Using the bilinear form b defined by (4.20), with V = L2(0, T; L) endowed with the inner
product (&-, -);2(y) and A = &L A [which satisfies (4.12) by (2.6a)—(2.6b)], the preceding
inequality implies

b((z1, 22, 23, 24), 1, ¥2)) < Cillyillv +@lly2lir, (4.28)
with
721 = GRROW —wp), 22 = GV — wp),
23 = PR(B(0) — wy(0)),  z4 = PL(B(T) — wy(T)),
y1 = Gpv,  y2 =Ppz,
a=8"wmn+"w®, &=20"w.
We therefore aim to apply Lemma 4.9 with
X = G (Vi) x Gi (Vi) x Py(Xp) x Py(Xp).

Condition (4.21) is satisfied since X 1= )?2. Let C be an upper bound of the norm of P,
)
defined by (3.2). Adding (4.8) to (1 + %)_1 o % (4.9) shows that the hypothesis (4.22)

12 M3
is satisfied with
L+ A d !
= = —_— — an V= —.
k=3 T ) 12M 2
—1
We note that p1 — v[|®[|2 > 11— v = (1 + ?) &2 —:5. Taking the maximum of (4.28)

over all (y1, y2) € Gx(Vy) x Pp(Xp,) withnorm in V x L equal to 1, Lemma 4.9 therefore
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yields 8 > 0 depending only on o, M, C and T such that

+ 167G @ — w7,

(L)

BI8" G RO — w1 o

~ 2 ~ 2\
HIPr (0 — wp) O + IPh (v — wh)(T)IIL)
1/2
< [(a,ﬁ”(u, V) + gf”(v))2 +48" (u, 5)2]

<8\, D)+ ¢ W) + 287w, D), (4.29)

where we use (a”> + %) < a + b for positive a and b in the last inequality. By (2.7) we
have

16 2AGHE@ — wi)ll 2y < RIS 2GR — wi)ll2(p)-

Plugging this into (4.29) and using (4.7) in Lemma 4.6 together with a + b + ¢ < v/3(a® +
b% + ¢3)'2, we infer

BI82Ga R IE = wi)ll2ry + 167 AGHT = wn) 20z
o+ max [P (T — ) (1))
= V3max(1, p) (35" . %) + ¢ @)

Using the triangle inequality in the definition (4.3) of § }(IT), we infer

Bs\" (u, w) < v3max(1, p) (33,(,“(14, )+ ;,f“(v)) + B8 (u, D).

Since v is arbitrary in Wy, this concludes the proof of the second inequality in (4.6).
Let us now turn to the first inequality in (4.6). We first note that

inf 85" (u, v) < 8" (u, wy).
veW,

To bound {,fT)(v) we recall that v = GGRu’ + AGu + F satisfies —Dv = f [see (2.11)],
and use the scheme (4.2) (with z = 0) to write, for any v € V,\{0},
(v, Gpv)L + (Dv, Ppo) L
T
- / ((GGRu/(t) + AOGu()
0
— (BGLRyOW, () + AM)Grw, (1)), Ghv(t))L)dt
< (nGW(GRu/ =GRy dwn)l 2p) + 167 A(Gu — thh>||Lz<L))
x 162Gyvll 21
Dividing by IIGI/ZGhvlle(L) and taking the supremum over v € Vj,\{0} shows that {,ET)(v) <

(SI(lT) (u, wyp), which concludes the proof. ]
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5 Interpolation results
In this section, we consider a sequence (Dj,, )nen Of gradient discretisations which is
1. Consistent, in the sense that
Yo € Hg, lim oy, () =0, (5.1)
n—00
where

on, (¢) = , ér)lé Sn, (@, v),

, 5.2)
. 2 2\ "2
with 85, (¢, v)=(|Phnv—(p|L+|Ghnv—G<p|L) .
2. Limit-conforming, in the sense that
Vo € Hp, lim ¢4, () =0, (5.3)
n—o0
where
(@, Gp,v)L + (Do, Py, v)L
Vo € Hp, &, () = sup | | (5.4

veXp, \{0} lvlln,

épplying [13, Lemma 3.10] or [11, Lemma 2.6] for example, we can state that there exists
C > O such that, forall n € N,

|PhnU|L ~

Pl & (5.5)
veXp, \0} |GrvllL

In the following, we denote by C;, for i € N, various constants which only depend on c , T,
Cr [see (2.5)], A and G.

Let N, a sequence of positive integers diverging to infinity, and let k, = T /N,,. This
section is devoted to the proof of the following theorem, which enables us to apply Theorem
4.1 for proving the convergence of the scheme under the hypotheses of this section.

Theorem 5.1 Under the hypotheses of this section, the following holds.
For any ¢ € LZ(O, T; Hp),

lim ¢ (¢) = 0. (5.6)
n—0o0
Moreover, recalling the definition (4.3) ofS}(lT), we have, for all w € W,

lim inf 8" (w,v) = 0. (5.7)

n—00 veWy,

As a consequence, letting u be the solution to (2.9), and wy,, be the solution to (3.3) for
h = hy, then

lim 8" (u, wy,,) = 0. (5.8)
n—oo

Proof Fora.e.t € (0,T) and all v € V,, we have

(o (@), G, v(1)) L + (D (@), P, v()) 1| < Ch, (@)IIV(D)In, -
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Recalling that [Jv(®)|ls, = ||Gl/2Ghnv(t)||L, integrating over t+ € (0, T) and using the
Cauchy—Schwarz inequality yields

|<¢7 Gp,v) 121y + (Do, Ph,lU>L2(L)|

T 1/2
5(/0 ;h,,<¢<r>>2dr) 167G, vll 2(r,

and thus

T Y2
éh“(<p><(f0 ch,,(q:(r»zdz) :

By limit-conformity we know that, for a.e. t € (O T), ¢, (@(t)) — 0asn — oo. Since we
also have &, (9(1)) < llo() |l ap (16~ 0+ C) we can apply the dominated convergence
theorem to obtain (5.6).

Let us now turn to the proof of (5.7). Let w € H?(0,T; Hg). We prove in Lemma 5.7
that

lim inf 8( )(w v) = 0.

n—o0o UEW},

The conclusion follows by density of H>(0, T'; Hg) in W, and the property

1
8w, v) < 81 @, v) + (Jw — W7 + 1Gw — Gw|7)?

valid for any w, w € W.
Finally, (5.8) is a consequence of (5.6), (5.7) and Theorem 4.1. ]

The next lemmas are steps for the proof of the final lemma of this section, Lemma 5.7.

In the following, for legibility reasons, we sometimes drop the index » in /,. Recalling

the definition (5.2) of oy, we set E(T) L%(0, T; Hg) — [0, +00) as

&y =llon (Dl 20,1y forall v € L2(0, T; H).

Note that the quantity o (T)(v) = |linfyex, n(v(-), W)l 20,7y 1S not equivalent to

infyew, 8 h (v, w). In particular, it does not include a term equivalent to supy,¢po, 71 lv(#) —
w(®)ll L.
We have the following lemma

Lemma 5.2 Forany ¢ € L%(0, T; Hg),
lim 5" (p) = 0. (5.9)
n—0o0 n

Proof By consistency (5.1), for a.e. t € (0, T') we have op, (¢(t)) — 0 asn — oo. Since

0 € X and o)L < CpllGe(®)llL, we also have 5,1 (¢(1)) < (1 + Cp)llp(®) ]l g - The
dominated convergence theorem then concludes the proof of (5.9). O

The interpolator Z, : Hg — X} is the linear map defined by
Vu € Hg, Tpu = argmin{|Pyv — u||7 + |Gpv — Gul|7 : v € Xp).
Since Zpu is the solution of an unconstrained quadratic minimisation problem, we have

Yu € Hg, Yv € Xy,
(PpnZpu, Ppv)p + (GpZpu, Gpu)p = (u, Ppv)p + (Gu, Gpv) L.
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Selecting v = Z,u and using (2.1) and (5.5), we deduce the bound
IGhZhullr < (CpC + D)Gulr. (5.10)

We also define an interpolator for space-time functions: if w € C([0, T]; Hg), the ele-
ment Z, yw € W, is defined by the relations (3.4) using the family (w™);—=o... N =
(Zhw(mk))m=o.... . We then have the following lemma.

Lemma 5.3 Forallw € H'(0, T; Hg) we have
&3 w) < 180w ). Tngw )l 20,7y <G (W) + Crhllw’ | 12z -
Proof Recalling the definition (5.2) of §;, and using triangle inequalities, we have

16r (W), ZnxwD I 20, 7y) < 108 (W), Zew () 20,7y

T 12
+ (/ (|PhZipw () — PhIhw(l)ﬁ + |GnZnjw () — GhIhw(t)|i )dt>
0
T 12
~(T) = 12 _ 2
<5, '(w)+(C+1) <f |GhZh w(t) GhZhw(t)|Ldt> ) (5.11)
0
Forallm =0,..., N —1and fora.e.t € ((m — 1)k, mk), it holds
|GZnsw(t) — GrZpw(t)|, = |G Zhw(mk) — GpZw(1)]y,
mk mk
= / G Zpw'(s)ds| < / |GrZpw'(5)] ds. (5.12)
t L t

This yields, owing to the Cauchy—Schwarz inequality,

5 (m+Dk 5
|GZnsw(t) — GrZpw ()|}, < k/ |GuZpw'(s)], ds,
mk

and therefore

(m+1)k ) (m+1)k 5
/ |GhZhw(t) — GpZpw(®)|; dt < k2/ |GAZhw'(s)|, ds.
m

k mk

Invoking the projection inequality (5.10) we can write |GhIh w'(s) | L = (@ p6 +
1) |Gw’ (s) | L Plugging this into the relation (5.11) concludes the proof of the lemma. ]

Lemma 5.4 Forall u € Hg, recalling the definitions (2.10) and (4.1) of the continuous and
discrete Riesz operators, we have

1GrRrZhu — GRulL < C2(5n(GRu) + op(Ru) + o4 (u)).
Proof Let v; € X}, be such that
Vz € Xpn, (&Gpvr, Gpz)L = (u, Ppz)L.

By definition (2.10) of Ru, we note that v; is the solution of the gradient scheme for the linear
problem satisfied by Ru; hence, we have the following error estimate [13, Theorem 5.2]:

Grvr — GRullL < C3(5n(GRu) + o (Ru)). (5.13)
Recall that R, Z,u satisfies, by definition of Ry,
Vz € Xy, (6Gr(RpIhu), Gpz) = (PpZyu, Pyrz) .
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Subtracting the equations satisfied by vy and R, Zu, taking z = v — RpZnu and using the
Cauchy-Schwarz inequality together with (5.5), we obtain

1Gr(vi — RnZpi) L < Callu — PpZpullL < Caop(u).
Combined with (5.13), this concludes the proof. ]
Lemma 5.5 Forall w € H(0, T; Hg), it holds
IGRw' — Gy Ry ATy kwll 12,
< KIGRW 2ty + Ca (6 (G RW) +57 (Rw') + 5" ).

Proof Let w’;, be the function defined on (0,T) by: forallm =0,...,Nandr € ((m —
Dk, mk),

— 1 [mk k) — — Dk
Wy (r) = f/ w(s)ds = 20 —wln = DO
k Jm—1)k k
We have
IGRwW" — Gy Ry ATy kwll 2,

< IGRw' — GRW il 21y + IGRW ), — Gy RROTh kw12, (5.14)

We have
_ N=LmtDk 1 [mk 2
IGRw — GRw'), ||22(L) = Z/ GRw'(t) — 7/ GRuw/(s)ds| dr.
m=0 "k k- Jon—1k L
We have, using the Jensen inequality,
(m+Dk |1 pmk 2
/ f/ (GRw'(t) — GRwW/(s))ds| dt
mk k Jm-1k L
(m+1)k 5
5/ / — |GRw (t) — GRw' ()|, dsdt,
mk m—1yk k
and
(m+1)k )

|GRw' (1) = GRw'(5)|} < k/ |GRw"(7)|, dr.

This yields

On the other hand, for a.e. t € ((m — 1)k, mk) and writing

1 1 mk
0Ly pw(t) = E(Ihw(mk) — Zhw((m — Dk)) = %/( o Tyw'(s)ds,

we have

o 1 mk
GRw'y(t) — GpRyOLy jw(t) = %/ (GRw/(s) — GthIhw/(S))ds

(m—1)k
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This yields
IGw'n — G RyOTpiwl 12ry < IGRW — G RaZpw' [l 121,
Applying Lemma 5.4 to u = w’(t), squaring and integrating over ¢t € (0, T'), we infer
IGW'y, — GuRydTh wll12r) < C2(6 " (GRw) + 5" (Rw') +3," (w')).
The proof is concluded by combining this estimate, (5.14) and (5.15). O
Lemma 5.6 Forall w € H*(0, T; Hg), we have

sup IPpZp pw(®) — w()|lL
1€[0,T]

T T
= Cs(k (10l 21 + 10" Ni2agy) + 85 @) + 537 ).

Proof Let us first establish a preliminary inequality. For s, ¢ € [0, T'],

t
w'(1) = w’(S)+/ w”(t)dz,

which leads to

T
lw' Ok < Iw' )l ag + /0 lhw” (T) | g d.
Integrating with respect to s and using the Cauchy—Schwarz inequality, we obtain

sup 1w O llhg < —=11wll2mg) + VT IW Il 21 - (5.16)

1
1€[0,7] VT

For all r € [0, T'], we have

IPrZnxw (@) —w® L < IPhZpxw () — PpZpw (@)L + IPhZpw(r) — w(®)llL
< ClIGH(Tnsw(t) — TywO)lL + IPRZhw(®) — w(@)|L.
(5.17)

The first term in the right-hand side can be bounded using (5.12), (5.10) (with u = w’(¢))
and (5.16) to write

1Gh (Zncw(t) — Thw@))llL

~ 1
< (CpC + Dk <ﬁ”w,”L2(HG) + ﬁ”w””LZ(HG)) . (5.18)

To estimate the second term in the right-hand side of (5.17), we write, for any s € (0, T),

t
Py Zhw(t) — w(t) = PyZyw(s) — w(s) —I—/ PrZrw'(t) — w'(7))dr.
N
Integrating with respect to s and using the Cauchy—Schwarz inequality, this yields
IPZhw () = wn)lle < Cs (3 @)+ @) .

Plugging this estimate together with (5.18) in (5.17) concludes the proof. O
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Lemma5.7 Forallw € H*(0, T; Hg), it holds
85 (w, T w) < C7 (k (1wl 21y + 1wl 22k
+¢ DGR +57 (R + 5 W) + 6 (T)(w)) (5.19)
As a consequence,

lim inf 8" (w,v) = 0. (5.20)

n—00 veWy,

Proof Recalling the definition (4.3) of § }(IT), the estimate (5.19) is a consequence of Lemmas
5.5, 5.3 and 5.6, once we notice that, for all u € Hg,

IGRulL < Csllull, < CsCpllullng,

the first inequality being obtained by selecting £ = v = u in (2.10), while the second follows
from (2.1).
The relation (5.20) follows from Lemmas 5.1 and (5.2). O

6 Numerical illustration
6.1 Irregular initial data

One of the key features of the error estimate in Theorem 4.1 is that it does not require any
regularity on the solution beyond the one provided by the model itself. Let us apply our error
estimate to a case where the continuous solution of the problem is such that u” ¢ L? 0,T; L).
Let Q = (0,1), L = L = L*(Q), Gu = d,u, Hg = H}(Q), ® =0, A =1d, f =0,
F =0,&)(x) =1, T = 1/10. Then the solution of Problem (2.9) is given, for t € (0, T]
and x € [0, 1], by

4
u(t)(x) = Z @D exp (—((Zp + 1)n)2t) sin((2p + Dmx).
peN

We define (X, Py, Gp), letting k = 0.942, from the Control Volume Finite Element gradient
discretisation [11, 8.4, p. 274]. It consists, for a given M € N\{0}, indefiningh = 1/(M +1),
X, = RM and, for any w:=(w;)i=1... m, letting wo = wy+1 = 0,

.....

1 1
Phw(x):wiifxe<<i—§>h, <i+§>h>ﬂ(0,1), i=0,....M+1,

Grw(x) = 2 T e v e (b, i 4+ Dh), i =0,..., M.
Letg; : [0,1] — [0, 1], fori = 1,..., M, be the P! finite element basis function: 0i(jh) =
jjforall j =0,..., M+ 1, and ¢; continuous and piecewise affine. Then, setting
M

vi= > wig; € Hy(Q),
i=1

we get

Grw = Go.
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1.0 A
0.8 4
0.6 4
0.4 1
0.2 - u(0)
— u(0.001)
— u(T)
0.0 === Pawp(T)
0.0 0.2 0.4 0.6 0.8 1.0

Fig. 1 Exact solution at different times and approximate solution at the final time, irregular initial data

The advantage of this discretisation method is that is satisfies monotonicity properties, due to
the fact that the mass matrix is lumped, accounting for the definition of P,. We show in Fig.
1 the exact solution at different times, and the approximate solution obtained by the scheme
at the final time. In this case, the continuous solution does not satisfy u’ € L%(0,T; L), nor
ue LZ(O, T, H2(Q)). Indeed, for any 7 > 0, we have

. I . j—
6!1_1;% ||M ||L2(£,T;L2(Q)) = SIE)I%) ||Au||L2(£!T;L2(Q)) = +00.

This can be shown by noticing that

1
112 2@y = 5 (1G#@IE, = IGu(T)IIE).

It ||u’||Lz(€‘T;Lz(Q)) were bounded as ¢ — 0, so would be ||Gu(e)| L. Since u(e) — &yin L,
this would imply that &y € Hg, which does not hold.

Computing the error terms involved in (4.3) in Theorem 4.1, we remark that, since the
right-hand-side vanishes,

It therefore suffices to evaluate

Ey = |Gu — Gpwll 2y, E2 = max [lu(t) — Pyw(t)lL.
€[0,T]
In order to compute an accurate value of £, we remark that

mk
/( . IGu(t) — Gpuw™ |3 dr = 7™ — 213" + 7™,
m_
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—— £ -
— b -~

- \F

1071 1

1072

Fig.2 Errors E| and E» for different values of &, irregular initial data

with
m) mk 2 1 2 2
" = / Gu)llzdr = 3 (Ilu(mi) |17 = llu((m — DE)I7) .
(m—1)k
mk
1 = [ (G, Gu™) Lt = lnk) — u(n — D). )
(m—1)k
and
) mk
" :/ IGv™ |7 dr.
(m—1)k
Hence

! ! o () g
/0 1Gu(® = GrunIfdr = 5 (ln(DIE ~ 180l}) + 3 (13" + 7).

m=1

It then suffices to compute the terms (u (mk) —u ((m—1)k), vy using quadrature formulas.
We observe in Fig. 2 that £ and E; behave as C Vh. The bghaviour of Ey is cpmpatible
with the interpolation error of the solution. Indeed, defining w™ € X, such that w;™ = 1 for

anyi =1,..., M and wM = w}{,‘}H = 0, we have [|&§ — P,w™|, = ,/2(1 — 0)2%. Note
that the function v given by (4.5) is null in this case, which implies that QET) (v) =0.

6.2 Irregular right-hand-side

We consider again Q@ = (0, 1), L = L = L*(Q), Gu = dyu, Hg = Hj (), ® =0, A = 1d,
T = 1/10, and &, f, F such that the solution of Problem (2.9) is given, for r € (0, 7] and
x €[0, 1], by

u(t)(x) = tmin(x, 1 — x).
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0.05 1 - u(0)
— u(T/2)
— u(m

0.04 1 Prwp(T)

0.03 4

0.02 4

0.01 4

0.00 1

0.0 0.2 0.4 0.6 0.8 1.0

Fig. 3 Exact solution at different times and approximate solution at the final time, irregular right-hand-side

—— £ ‘—___,—
—— B __,——"_‘—
10—2_ - h —‘——___-——
1073 3
1074 3
10-5 _
1076 -
1072

Fig.4 Errors Eq and E; for different values of &, irregular right-hand-side

Hence we let & = 0, f(#)(x) = min(x, | — x) and F(¢)(x) = —0,u(t)(x).

This problem is approximated on [0, 7] using the same discretisation method as in the
previous section with k = 0.942, and specifying odd values for M. Figure 3 shows the exact
solution at different times, and the approximate solution obtained by the scheme described
below at the final time.

We see in Fig. 4 that E| behaves as h? and E, as h. These orders are in conformity with
the expected interpolation error of the function u(f)(x) = t min(x, 1 — x). Indeed, if we
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define the interpolate (w™);,=0,..N € X}’l\“rl such that w!" = mk min(ih, 1 — ih) for any
i=0,...,M+1, the L2() interpolation error on the gradient behaves as (m + 1)k — ¢
for any mk < t < (m + 1)k. This yields an error E; behaving as k ~ h2 in the L2(L) norm.
The error E, behaves as the L2(§2) norm of the difference between an affine function and a
piecewise constant function with step ., which provides a behaviour in 4.
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