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Abstract
We propose a new finite difference scheme for the degenerate parabolic equation

du — div(|VulP2Vu) = f, p > 2.

Under the assumption that the data is Holder continuous, we establish the convergence of
the explicit-in-time scheme for the Cauchy problem provided a suitable stability type CFL-
condition. An important advantage of our approach, is that the CFL-condition makes use
of the regularity provided by the scheme to reduce the computational cost. In particular,
for Lipschitz data, the CFL-condition is of the same order as for the heat equation and
independent of p.
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1 Introduction

Recently, a new monotone finite difference discretization of the p-Laplacian was introduced
by the authors in [9]. It is based on the mean value property presented in [4, 8]. The aim of this
paper is to propose an explicit-in-time finite difference numerical scheme for the following
Cauchy problem
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dqu(x, 1) — Apu(x, 1) = f(x), x e R x (0,7),

u(x, 0) = ug(x), X eRY, (1.1)

and study its convergence. Here, p > 2 and A, is the p-Laplace operator,
Ap¥ = div(Vy P72 V).

The main result is the pointwise convergence of our scheme given Holder continuous data
(f and up) and a stability type CFL-condition. See Theorem 2.2 for the precise statement
and (CFL) for the CFL-condition. One of the advantages of our approach is that the CFL-
condition makes use of the regularity provided by the scheme. As a consequence, for Lipschitz
continuous data, the CFL-condition is of the same order as the one for the heat equation. In
general, the order of the CFL-condition depends on p and on the regularity of the data.

1.1 Related literature

Equation (1.1) has attracted much attention in the last decades. We refer to [11, 13] for the
theory for weak solutions of this equation and to [23] for the relation between viscosity
solutions and weak solutions. To the best of our knowledge, the best regularity results known
are C!** —regularity in space for some a > 0 (see [11, Chapter IX]) and C%!/2—regularity
in time (see [3, Theorem 2.3]).

The literature regarding finite difference schemes for parabolic problems involving the
p-Laplacian is quite scarce. One reason for that is naturally that, since the p-Laplacian is in
divergence form, it is very well suited for methods based on finite elements, see for instance
[1,2, 14, 19, 21] for related results.

In the stationary setting, there has been some development of finite difference methods
the past 20 years. Section 1.1 in [28] provides an accurate overview of such results, we will
only mention a few. In [5, 10, 18, 28], finite difference schemes for the p-Laplace equation
based on the mean value formula for the normalized p-Laplacian (cf. [25]) are considered.
Since the corresponding parabolic equation for the normalized p-Laplacian is completely
different in nature (see [15, 22]), these methods do not seem very well suited to be used for the
parabolic equation considered in this paper. In [9], the authors of the present paper studied a
monotone finite difference discretization of the p-Laplacian based on the mean value property
presented in [4, 8]. We also seize the opportunity to mention [27], where difference schemes
for degenerate elliptic and parabolic equations (but not for equation (1.1)) are discussed.

It is noteworthy that, in dimension d = 1, the spatial derivative of a solution of (1.1) is a
solution of the Porous Medium Equation (PME). See [29, 30] for a general presentation of
the PME, and [20] for a proof of this fact. Finite difference schemes for the PME are well
known, see [6, 7, 12, 16, 26].

2 Assumptions and main results
In this section, we introduce a general form of finite difference discretizations of A, and the

associated numerical scheme for (1.1). This is followed by our assumptions, the notion of
solutions for (1.1) and the formulation of our main result.
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2.1 Discretization and scheme

In order to treat (1.1), we consider a general discretization of A, of the form
Dhyx)= > T+ yp) — ¥ (x)wp. @1
yp€Gn
where
Ip&) = €172, £eR, Gy:=hZ'={ys:=hp : B el

and wg are certain weights wg = wg(h) satisfying wg = w_g > 0.

We also need to introduce a time discretization. We will employ an explicit and uniform-
in-time discretization. Let N € N and consider a discretization parameter t > 0 given by
7 = T /N.Consider also the sequence of times {¢; }7:0 definedbytp = 0Oandt; =¢;_|+1 =
jt. The time grid, 77, is given by

Then, our general form of an explicit finite difference scheme of (1.1) is given by

{UO{: i (0 ({*1+fa), weZd j=1,....N, 02

UY = (uo)a aeZd,

where fy := f(xy), (u0)e = up(xy) and DZ is given by (2.1).

2.2 Assumptions

In order to ensure convergence of the scheme (2.2), we impose the following hypotheses on
the data and the discretization parameters. This entails a regularity assumption on the data,
some assumptions on the discretization and a nonlinear CFL-condition on the parameters, as
is customary for explicit schemes.

Hypothesis on the data. We assume that

ug, f: RY — R are bounded and globally Holder continuous functions for some a € (0, 1].
(Aug, 1)

More precisely,
luo(x) — uo(Y)| < Lyglx — y|* and |f(x) — f(»)| < Lyslx —y,  forall x,yeR?

for some constants L,,, Ly > 0. Sometimes we will write A, () := L6 and A ¢(8) :=
L ¢6¢ to simplify the presentation.

Hypothesis on the spatial discretization. For the discretization, we assume the following
type of monotonicity and boundedness:

wp=w_g>0,wg =0forys ¢ B, forsomer >0, and Y wp < Mr7 (A,)
vp€GH
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Here M = M(p,d) > 0. In addition, we assume the following consistency for the dis-
cretization:

For ¢ € Clg(Rd x [0, T']), we have that Dﬁz// =ApY +op(l)ash — ot uniformly in (x, 7).
(Ao)

Examples of discretizations satisfying these properties can be found in Sect. 5.

Hypothesis on the discretization parameters. We assume the following stability condition
on the numerical parameters:

h=o,(1) and t < Cr¥ti-a(=2) (CFL)

with

1

C =minq1, =
M(p = 1) (Lug + TLy +3K +1)

and K a constant given in (3.4), depending on p, the modulus of continuity in time of the
discretized solution and some universal constants coming from a mollifier.

Remark 2.1 For Lipschitz data ug and f, the condition (CFL) reads 7 < Cr? for a certain
constant C = C(uo, f,d, p, T) > 0. We note that, regardless of the constant C, the relation
between t and r is always quadratic (as in the linear case p = 2) and independent of p. It is
important to mention that this is computationally very relevant, especially if we want to deal
with problems related to large p.

2.3 Main result

We now state our main result regarding the convergence of the scheme. Several other prop-
erties of the scheme are also obtained, but we will state them later.

Theorem 2.2 Let p € [2,00) and assume (A, ¢) and (A,). Then for every h,t > 0,
there exists a unique solution U € £°°(Gy x T¢) of (2.2). If the hypotheses (CFL) and (A.)
additionally hold, then

max |UO{ —u(xq,tj)] — 0 as h— 0T,
(Xa,1;)€Gn X T7

where u is the unique viscosity solution of (1.1).
2.4 Viscosity solutions

Throughout the paper, we will use the notion of viscosity solutions. For completeness, we
define the concept of viscosity solutions of (1.1), adopting the definition in [23].

Definition 2.1 Assume (A, ). We say that a bounded lower (resp. upper) semicontinuous
function u in R? x [0, T'] is a viscosity supersolution (resp. subsolution) of (1.1) if

(@) u(x,0) = ug(x) (resp. u(x,0) < uo(x));
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(b) whenever (xo, fo) € RY x (0, T) and ¢ € C}(Bg(xo) x (to — R, 1o + R)) for some
R > 0 are such that ¢(xo, t0) = u(xo, to) and ¢(x, t) < u(x,t) (resp. p(x, t) > u(x, 1))
for (x,1) € Br(xg) X (to — R, ty), then we have

@1 (x0, 70) — App(xo, f0) = f(xo) (resp. @r(x0,%0) — App(xo, f0) < f(x0)).

A viscosity solution of (1.1) is a bounded continuous function u# being both a viscosity
supersolution and a viscosity subsolution (1.1).

Remark 2.3 We remark that it is not necessary to require strict inequality in the definition
above. Itis enough torequire ¢ (x, 1) < u(x, t) (resp. p(x, 1) > u(x, t))for(x, 1) € Br(xo) X
(to — R, 19).

We also state a necessary uniqueness result that will ensure convergence of the scheme.
Without such a result, we would only be able to establish convergence up to a subsequence.
The theorem below is a consequence of the fact that viscosity solutions are weak solutions
(see Corollary 4.7 in [23]) and that bounded weak solutions are unique (see Theorem 6.1 in

[11]).

Theorem 2.4 Assume (A, 7). Then there is a unique solution of (1.1).

3 Properties of the numerical scheme

In this section we will study properties of the numerical scheme (2.2). More precisely, we
establish existence and uniqueness for the numerical solution, stability in maximum norm,
as well as conservation of the modulus of continuity of the data.

3.1 Existence and uniqueness

We have the following existence and uniqueness result for the numerical scheme.

Proposition 3.1 Assume (Ay, ), (Aw), p = 2 and r,h,t > 0. Then there exists a unique
solution U € £°(Gy, x T;) of the scheme (2.2).

Proof First we note that, for a function ¥ € £°°(Gy,), we have that

IDhvial < Y Jp(U(xa + yp) = Y (xa))wp < QlIY lle(g)? ™" Y wp < +oe.

YBEGH YBEGH

Then, for each o € Z4, Udi is defined recursively using the values of U /'3/'71 for B € 74, and
we have that

p—1
sup |UJ| = sup |UO{_1|+I 2 sup |U(§_1| Z wg + sup | fyl
Ya €Gh Ya €Gh Ya€Gh }'ﬂegh Ya €Gn

The conclusion follows since

sup |fal < 1 fllpooay and  sup Ul = sup luo(ya)| < luoll oo (ray-
Ya€Gn Ya€Gn Ya€Gn

[m}

@ Springer



532 F.del Teso, E. Lindgren

3.2 Stability and preservation of the modulus of continuity in space

First we will prove that the scheme preserves the regularity of the data.

Proposition 3.2 Assume (A, 1), (Aw), p > 2,7, h, T > 0and (CFL). Let U be the solution
of (2.2). Forevery j =0, ..., N, we have

\UJ = UJ| < Aug(xa — xy) + 1A p(1xa — X ]), forall xq,x, € Gy
Proof By assumption (A, r), for any given x4, x,, € Gy, we have that
U9 — U] = luo(xa) — uo(x,)| < Auy(1Xa — Xy ]).
Assume by induction that
U — US| < Aug(xa — x5, ) + 1A p (1xa — X, ]).
Using the scheme at x, and x,, we get

Uit — Uit = Ui U+ Y (J,,(Uiﬂg — U]~ JpU 4 — U;)) wp+7(fu — fy).
YBEGH

Now, since p > 2, we have, by Taylor expansion, that
IpWiyp = Ud) = IpUy 5 = UJ) = (p = Ding|" ™2 ((Uojwrﬂ —Uysp) — (Ug = Uﬁ) ’

for some ng € R between (UC{JH3 — UO{) and (U]{H, — U)f). Thus,

UMt Ut =] U 1 =t(p = 1) Y Inpl" e
y8E€Gh 3.1
+r(p—1) Y InplP WUl — Ul p)op + T (fu — fr)-
yg€GH

Now observe that, by the induction assumption, we have

gl < sup (UL, 5 — Ui} < sup {Aug(Xasp — Xal) + 1A £ (IXatp — Xal))

Ya€Gh Ya€Gn

= Auo(|xﬂ|) + tjAf(|xﬂ|)~
By (Ay,), we have wg = 0 for yg ¢ B, for some r > 0, and we deduce that

L AP 2M
p—2 , p—2 (Lug +1;Ly)

D Inpl" e = (Auy () + 1A, )" Y wp =

yp€GH YpEGH

Thus, by (CFL), we get

t(p—1) Y [npl"Pwp < 1.
E
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Using the above estimate and the induction hypothesis in (3.1), we get that

j+1 j+1 j j —
U™ = Uy 12U —Up [ 1=2(p = 1) Y InplP2ep
=Y

+T(p=1) Y InglP UL, 5 = UL glop + Tl fu = £yl
Yﬂégh
< (Aup(xa =Xy D)+ 1A p(lxa —xyD) [ T=T(p = 1) D InglP 2wp
yﬁEQh

+7(p =1 D gl 2 (Auxacsp = ¥y4gD)
yg€Gn

1A £ (g = Xy +pD )0+ TA £ (% — 2y )

< (Aupxa —xy )+ 1A p(lxa —xyD) [ T=T(p = 1) D InglP2wp

y8€GH
+1(p = 1) (Aug(¥a — Xy ) + 1A (X0 — x, D) D gl *wp
)’ﬁegh
+TA f(Ixa — xy 1)
=Ayg(Ixa = xy )+t + DA p(Ixa — xy 1),
which concludes the proof. O

Remark 3.3 1In particular, if both ug and f are Lipschitz functions with constants L, and
L ¢ respectively, the above result reads,
\UJ = UJ| < (Lug + 1L ) lxe — x|
We are now ready to state and prove the stability result: solutions with bounded data
remain bounded (uniformly in the discretization parameters) for all times.

Proposition 3.4 Under the assumptions of Proposition 3.2, we have that

Ya€Yh

Proof By assumption (A, ), we have that
sup |Ug| < sup |uo(xa)l < lluollpa).
Ya €Gn Ya €Gn

Assume by induction that

sup US| < lluoll poo ey + 21 £ 1l oo may-
Ya €Gh

Direct computations lead to

Ut =Ul 4+ Y Uy = UIIP ULy — UDwp + T fa
YBEGH

=UJ[1=7 Y WL, — Ul Pwp | +7 Y ULy — UIIP2UL y0p + 7 fa
YBEGH ypEGn
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By Proposition 3.2 we have that

UL s — U172 < (Mg (ypD) + 1A £ (Lyp )P 2,
which together with assumptions (A,) and (CFL) imply that
T Y UL = UL Pwp < t(Aug(r) + 1jA p ()P Y wp < j <1
yp€GH S p

Direct computations plus the induction hypothesis allow us to conclude that

Wit < sup (U1 [1-7 > 102, — UIIP20p

Ya €Gh Yﬁegh

+1 sup |UJ| \UJ 5 — UJIP2wp + Tl f oo rey
+8
Yo €Gn Y€GH

= sup |UJ|+ Tl fll oo ray
YCtegh

=lluoll poo ey + (tj + TN fll oo (e

which concludes the proof. O

3.3 Time equicontinuity for a discrete in time scheme

Now we extend the scheme from G, to R? by considering U : R? x 7; defined by

{Uf(x)=Uf—l(x)+r(DgUf—l(x)Jrf(x)), xeRY, j=1,...,N, a2

U%(x) = uo(x) x e R,

Remark 3.5 Clearly, if we restrict the solution of (3.2) to Gj,, we recover the solution of (2.2).

Proposition 3.6 (Continuous dependence on the data) Assume (A, ), (Aw) P = 2,
r, h t > 0 and (CFL). Let U, U be the solutions of (2.2) corresponding to ug, iy and
f, f Forevery j =0, ..., N, we have

i — fff oo ray < llto = Toll pooray + £11f — Fll oo ray-
Proof By assumption (A, r), we have that
1U° = Ul oo ay = o — ol oo cga)-
Assume by induction that
107 = U7 |l pooqay = llito — ol oo gy + 1511 f = Fll Loogay-

Similar computations as the ones in the proof of Proposition 3.2 yield
Ut ) U @)y = W) =T/ [ T=2p=1) Y Ingl"wp | +t(p—1)

YBEGh (3.3)

XY InplP AU (x4 yp) — U (x4 yp)wp + T(f (x) — F(x)),
yp€EGH
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where ng € R is some number between U7 (x + vg) — U/ (x)) and (L7j(x +yp) — U/ (x)).
From here, the proof follows as in the proof of Proposition 3.2. O

Proposition 3.7 (Equicontinuity in time) Assume (Ay, 7). (Aw), p = 2, r,h,t > 0 and
(CFL). Let U be the solution of (3.2). Then

NUTH — U7 poo gy < K@) T 4 || | oo eyt =2 Dug, £ (1),
with
~ I+(—a)(p—

_4WLW(( 1)K5—2K2M)m, (3.4)

where M comes from assumption (Ay), and Ky and K, are constants given in Sect. 1
(depending on a certain choice of mollifiers).

Proof Consider a mollification of the initial data ug s = ug * ps where ps(x) is a standard
mollifier (as defined in Appendix A). Let (Us)’ be the corresponding solution of (3.2) with
uo,s as initial data. Then,

1(Us)" = (Us)°ll ooy < Tl Dhto sl oo ey + TILF Nl oo ey

Define U/ 5 =U 5’ 1 for all j=0,...,N.Clearly, U/ 5 is the unique solution of (3.2) with
initial data U 5 = =U/ s and right hand 51de f. By Proposition 3.6

j+1 1
|luj™ — U(s]”LOO(]Rd) = ||U5] - Uts] | oo (may < 105 — UBOHLOC(]R") = U5 — U?IILw(Rd>
< Tl Djuo sl Loy + Tl f ll oo ay-

A repeated use of the triangle inequality yields

k—1
‘ . i .
MU = U ey = YN0 = U oo e
= (3.5)
< (kD) Dt o sl ooty + KO F oo gay-
The symmetry of the weights wg together with Lemma B.1 implies
h 1
|Dpuo,s(x)| = 5 Z (Jp(uo,s(x + yp) — uo,5(x)) — Jp(uo,5(x) — uos(x — yp))) wp
Y€GH
p—1 _
=75 Z max{|ug,s(x + yg) — u0,6(x)|, [u0,5(x) — uos(x — yp)|}7 2
vg€Gn
x |uos(x + yp) + uos(x — yp) — 2ug,s(x)| wg.
(3.6)

Now note that, by the a-Holder regularity of uo given by assumption (A, y), Lemma A.1
and Lemma A.2 imply

luo,s(x £+ yp) — uo,s(X)| < K1Lu8""|ypl, luo,s(x + yp) + uos(x — yp) — 2ug 5(x)|

< KoLyy“2|ypl’, 3.7)
where K| and K, depend only on the mollifier p. Now note that, by (A,,), we have
> lyplPewp < M. (3.8)
=Y
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536 F.del Teso, E. Lindgren

Combining (3.5) and (3.8), we obtain

IA

—1 T _
te (K1 Ly )P 2 Ko L8 2 Y |yplPwp + tell £ | oo ey
Y€GH

< K8 D@ DHE Dy 4 £l oo eyt

ik j
1U™ = Uy || oo gy

with K = pT_lK 1p -2 K2L,fo_ "M, Using the triangle inequality, the above estimate and apply-
ing Proposition 3.6 several times we obtain

‘ : ) " T o
107+ = U ooty < 107 = U] ooty + 1057 = Ul ooty + 107 = U ooy
< 20lup — o sll pogrey + K8@TDPTIFEDp | £l oo ey i

< 2Lyy8% + K8 D@D D 4 £l e iyt
© PR S . . .
By choosing § = (%tk) 2+1-a»-2 in the above estimate, we get the desired result
“o

1T — U oo ey < K () FT0TD 4 || £ | oo gy e

. K G
K - 4Lu0 ﬁ
uo

= 41" HED0TD Ly ((p — KD 2 Ko LDy 2 M) =002

with

24+(1—a)(p—2)—

[ — a
= 4 2+ 0-a)(p-2 LH“ —(p=2) ((p— I)KszKzM) H—a)(p—D) |
m}

Remark 3.8 Actually, a close inspection of the previous proof reveals that for ug € Cﬁ R
we can get

N0/ — U] oo ey S 1

3.4 Equiboundedness and equicontinuity estimates for a scheme in R9 x [0, T]

We now need to extend the numerical scheme in time in a continuous way. This is done by
continuous interpolation, i.e.,

Ux,t) = 7U1( )+ ]Uf+l(x) if teltj,tjy1] forsome j=0,...,N,
T T

(3.9)
where U/ is the solution of (3.2).

Remark 3.9 1tis standard to check that, forall € [¢;, t;41], we have that the original scheme
is preserved also outside the grid points, i.e.,

Ux,t) =U(x,tj) + (t — tj)DZU(x, tj)+ @ —tj) f(x). (3.10)
We have the following result.
Proposition 3.10 (Stability and equicontinuity) Assume (Ay, r), (Ay), p = 2, r,h,7 > 0
and (CFL). Let U be the solution of (3.9). Then, we have:
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(@) (Equiboundedness) [|U || poord x0.77) < ||u0||L°°(Rd) + T fll Loorays
(b) (Equicontinuity) For any x, z € R? and 1,7 € [0, T] we have that

|U(x,t) = U(z, D] < Auy(Ix —z1) + TAp(Ix — 2]) + 3Ayq, (1T — 2]).

Proof Equiboundedness follows easily from a continuous in space version of Proposition
3.4, since

tiy1 —t : t—tj ;
UG, 0] < 2= sup |07 (0)| + —L sup U7 ()]
xeRd T xeRrd
tiy1 —t t—tj
= = (ol ooty + TIF Npoeqay) + —= (ol ooty + TIF )
<

luoll oo ray + TNl f Il oo ey

Equicontinuity in space follows from the translation invariance of the scheme and Proposition
3.6:

[Ux+y, 1) = Ux, )] < lluoC +y) —uollpeomay + TN+ ¥) — fllpoomay-

To prove equicontinuity in time, we first consider ¢, 7 € [tj,tjy1]forsome j =0,..., N—1.
In this case we have

Ux,t) —U(x, 1) (tf%m(wr JU/“(x))

- (v + )
T

t—1 /. ;

7! (Uf+1(x) - Uf(x)> .
T

Then, from Proposition 3.7, we get

\Ux, 1) —U(x, )| < |t — |4@49

Note that the function g(r) = is decreasing. Thus, since |t — | < T, we have

g(t) < g(t — f)). It follows that

XuO,f (1)
T

U@, 1) = U, D) < Ayy, (It = 1]).

Now consider ¢ € [tj, ;1) and fe [tj+k, tj4x+1) for k > 1. By the triangle inequality, the
previous step and Proposition 3.7

|U(x, 1) = Ux, 1)

SWU@D) —U, i)+ U@ 1) — U, D+ U, t41) — Ux, 1)

< Aug, f(tj41 — 1) + Aug, (1T — tjgk]) + Dug, £ (1j 41 — Lj111).
Sincet <tjy; <fandt <t <1, the above estimate yields

\Ux, 1) = Ux, )| < 384, p (17 —1]).
Finally, we conclude space-time equicontinuity combining the above estimates to get
[U(x,t) = Uz, D) <|Ux,t) = Uz, )| +|U(z, 1) — U(z, 1)
< Auy(Ix —z) + TAp(Ix — z]) + 3Ay, (1T — 2]).
O
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By Arzela-Ascoli, we obtain as a corollary that, up to a subsequence, the numerical solution
converges locally uniformly to a limit.

Corollary 3.11 Assume the hypotheses of Proposition 3.10. Let {Up}p~0 be a sequence of
solutions of (3.9). Then, there exist a subsequence {Uy,}72, and a function u € Cp (RY x
[0, T')) such that

Up, — u as | — oo locally uniformly in RY x [0, T].

4 Convergence of the numerical scheme

From Corollary 3.11, we have that the sequence of numerical solutions has a subsequence
converging locally uniformly to some function v. We will now show that v is a viscosity
solution of (1.1).

Theorem 4.1 Let the assumptions of Corollary 3.11 hold. Then v is a viscosity solution of
(1.1).

Proof For notational simplicity, we avoid the subindex j and consider
Up, — u as h — 0 locally uniformly in RY x [0, T].
First of all, by the local uniform convergence,
u(x,0) = lim Uy (x, 0) = ug(x),
h—0
locally uniformly. We will now show that u is a viscosity supersolution. The proof that u is
a viscosity subsolution is similar.

Now let ¢ be a suitable test function for u at (x*, r*) € R? x (0, T). We may assume that
@ satisfies

1) o(x*, t*) = u(x*, %),
(i) u(x,t) > @(x, ) forall (x,t) € Bp(x™) x (t* — R, t*]\ (x*, t*).

The local uniform convergence ensures (see Section 10.1.1 in [17]) that there exists a sequence
{(x", t")} >0 such that

() @™, ") — Up (", t") = sup (e e prehyw - ram @, 1) — Up(x, )} =t M,
(i) (", t") — Up(x", 1") > @(x, 1) — Up(x, 1) for all (x, 1) € Br(x") x (t" — R, "]\
(xh! th)

and
" "y > (%, %) as h— 0.

Now consider ¢; € 7; such that " et i tj+1] (note that the index j might depend on £, but
this fact plays no role in the proof). By Remark 3.9,

Un(x" ") = Up(c" 1)) + (" = 1)) D Jp(Un " + yp. 1) — Un (" 1)) wp
y8EGH

+(" — 1)) F(xM).
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Define ﬁh = Uy + Mj,. It is clear that

Un(x". 1"y = Up " 1)) + (" = 1)) D Tp(On " + yp. 1) — Un (" 1)) wp
Yp€EGH

+(" — 1)) F (M.
Clearly, Uy (x", ") = @(x", t") and Uj, > ¢, which implies that
y

e ") = Up " 1)+ (" = 1)) D TpUn " + yp, 1)) — Un(x", 1)) eop
y€Gn

+(@" = 1) f M. (4.1)
Now consider the function g : R — R given by
gE) =&+ " —1) D JyUGE" +yp.1) — H)op
EY
and note that

§E=1=0"~1))(p =1 Y [UG" +yp.1) —§1"2wp.
YB€EGnH

We will check now that g(§) > 0 for any £ € [p(x", 1;), U(x", t;)]. Indeed,

UG+ yp, 1) — &l < [UG" + yp.t) = O, 1)1 + 10", 1) — ]
S UGH +yp, 1) = UG )| HIT G 1) — o™, 1))
SNWUGH +yp. 1) = UG )| HUG 1) = UG ) + oG, ") — o™ 1))
< Nug (9D + TA£(ypD) + 3Ry, (" = ;1) + 11" — 1511801 Lo (3 ey (1 —R.£1)
< Auy(ygD) + TA(lygD) + 3Au, £ (1) + Tl10r @l oo (B (xhyx(th—R.11])»

where we have used that ﬁ(xh, "y = p(x", th), Proposition 3.10 and the fact that 1" — til <
7. By (CFL), and taking 7 small enough, we have

3Ku0!f(l') + T”afgo||L°O(BR(xh)X[lh—R,th])
< 3Kt2I-a(p-2) 4 (3I|f|IL°°(Rd) + ||at(p”LOC(BR(Xh)X[th—R,ch)) T

< 3K + )t F=a>
< (3K + )yr®.

Thus,

gE = 1—"—1)(p =1 D 1Au(ysh + TAp(lyph) + GK + Dr 1Py

=Y
>1—1(p— D)(Luyg+ TLy +3K + 1724072 3" oy
YBEGh
o M= DL +TLy + 3K + 1)P2
=10t F2r(-a)(p-2)
Z 03
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where we have used (A,) and where the last inequality is due to the (CFL) condition. We
can use this fact in (4.1) to get

e ") = Un" 1) + (" = 1)) Y Ty O™ + yp. 1)) = Un (" 1) + (" = 1) £ (™)

YBEGhH

> o 1)+ (" — 1) Y Ty O 4 yp, 1) — oM t))wp + (" — 1) (")
YBEGH

> o 1)+ (" = 1) Y Ty 4y, 1) — (e 1)) p + (" — 1)) F M.
YBEGH

Consistency (A.) yields
(" 1" +0(1) = App (" 1)) + on (1) + f(™).

Passing to the limit as 2, T — 0, we get the desired result by the regularity of ¢ and the fact
thatth,tj—>t* and x" — x*ash — 0. O

We are now ready to prove convergence of the scheme.

Proof of Theorem 2.2 By Corollary 3.11 and Theorem 4.1, we know that, up to a subsequence,
the sequence Uy, converges to a viscosity solution of (1.1). Moreover, since viscosity solutions
are unique (cf. Theorem 2.4), the whole sequence converges to the same limit.

5 Discretizations

In this section, we present two examples of discretizations and verify that the assumptions
(A¢) and (A,,) are satisfied. Moreover, we also give the precise form of corresponding CFL-
condition.

5.1 Discretization in dimensiond = 1

We consider the following finite difference discretization of A, in dimensiond = 1

Dl (x) = Jp@x +h) — ¢(X));;Jp(¢(x —h) - ¢(X))_

A proof of consistency (A.) can be found in Theorem 2.1 in [8]. Assumption (A,,) is trivially
true for r = h since

1
w) =w_] = — and wg =0 otherwise,
hp A

so that

5.2 Discretization in dimensiond > 1

The following discretization was introduced in [9]:
d

Dho(x) = o D T @t yp) — g (),

Dgp,wagr
d,p @d )’ﬂEBr
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where wg denotes the measure of the unit ball in R?, the relation between r and £ is given
by

1), if pe 23]
), if pe @3, 00),

h= (5.1)

and Dy , = 2(%+p) fBB] |¥1|? do (y). When p € N, a more explicit value of this constant is
given in [9]. In general, the explicit value is given by

d p-1 IO

Dy p = ) )
P aym o d+p F(dJer)

A proof of consistency (A.) can be found in Theorem 1.1 in [9]. Assumption (A,,) trivially
holds for & = o(r*) for some o > 0 according to (5.1) since

d

wg = w_g = W if |h/3| <r and wg = 0 otherwise.

To check (A,,) we rely on the following estimate given in the proof of Theorem 1.1 in [9]:

d
D < 1B

YBEB:

In particular, taking for example & < r/+/d, we have

1 |B | 24
Z wg = rtvdh!

Dy ,r? |B = Dy P’
ypEB; d,p | r| d,p

6 Numerical experiments

We will perform the numerical tests comparing the numerical solution with the explicit
Barenblatt solution of (1.1). For p > 2 this is given by

RS=
By = koo (1 (X))
9 tﬂ 9
+

where the constants are,

d 1 p—2 _1L\r2
0=——— B=——— and K=|"—=87T }
d(p—=2)+p dip—2)+p

6.1 Simulations in dimensiond = 1

We consider the initial condition

p—1

wo(x) = B(x, 1) = K (1 _ |x|ﬁ)m
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Errors in dimension d = 1

Absolute Error

h

Fig.1 Errors in dimension d = 1 for p = 3, 4, 10, 100
and f = 0. The corresponding solution of problem (1.1) is given by (see [24])

. Nk —e [x| =1\ 72
u(x, 1) =B(x,t+1) =K@ +1) _<m> L

Let us now comment on the CFL-condition (CFL). Clearly, u¢ is a Lipschitz function, and
we can give an upper bound to its Lipschitz constant as follows

Lo
= sup {KL(I—r%)"sz}SKL

dug
— () )
re.1l P—2 p—2

Ly, = sup I

xe[—1,1]

Thus, for all p > 2, the CFL condition (CFL) can be take as t ~ h2 (since f = 0 in this
case). For completeness, we find the value of K in dimension d = 1. Note that

P—
=

K — p—2 1 _(p—Z)l;:; 1
PQp—1)pT P Qp—1)77

[N

1
p—2 P2
so that L, < (m) .
In Fig. 1, we show the numerical errors obtained. As it can be seen there, the errors seem
to behave like O (h?/(P—D),
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Appendix A: Estimates for mollified Holder continuous functions

Here we present some explicit estimates for mollifications needed in the proof of equicon-
tinuity in Lemma 3.7. Let 7 : [0, o0) — R be a smooth function such that suppr C [0, 1].
Define p : RY - R given by p(x) = w%r(|x|) where wy is the measure of the unit sphere
in dimension d and M = M(d) is a constant defined by

1
M = (/ t(r)rd=! dr)
0

In this way, we have that fBu p(x)dx = 1. For § > 0 define also

-1

ps(x) = aidp (%)

Then, for a function f € LllOC we define the mollification of f as

F@) = (f % pp)(x) = /

Bs

ps() fx —y)dy = /Rn ps(x —y) f(y)dy.

The lemma below gives an estimate of the Lipschitz seminorm of fs when f is an ¢-Holder
continuous function for some « € (0, 1].

LemmaA.1 Leta € (0, 1]. Consider a function f € C*(R") with | f(x)— f(y)| < L|x—y|¢
forallx,y € R4. Then, forallx,y € R4, we have that

1
|f5(x) = 5] < KiLlx —y[8*~", with K = M/ |7/ (r)r* " dr.
0

Proof Since [, Vps(y)dy = [gn Vo (y)dy = 0, it follows that

IV £500)] —‘/B Vos() (f(x — y) — F()) dy‘SL/B V0551 1y 1% dy
5 5

M 1 1
—L(S"‘/ — | (MM dy=ML8"‘_]/ 17’ (r)|r? ' dr.
wq Bs ) + ) 0

(A.1)

IA

Thus,

| £500) = s < NIV fill poogray l¥ — y| = K1 LIx — y|3* .

[m}

The lemma below gives an estimate of the second order central difference quotients of f
when f is an «-Holder continuous function for some « € (0, 1].
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LemmaA.2 Leta € (0, 1]. Consider a function f € C*(R") with|f(x)— f(y)| < L|x—y|*
forallx,y € RY. Then, forall x, y € R?, we have that

Ifs(x + )+ fs(x —y) = 2f5(x)| < KaL|y[?8° 72,

Ky = M/ ( ()| //( )|> d— ]dr.

Proof We note that we have the following formula for the second order derivatives of ps:

Sij  Yiyj L, /Iyl Yivi Iyl
a-'p(;(y):(—— —— =)+ =575 ).
Y Iyl P ) §d+! 8 8§42y B

1

A 1 [yl
s+ ]y |” (8>’+8d+2 i ( )D €

Similarly to the gradient, the Hessian also integrates to zero, that is,

with

so that

(D?ps(y)&, &) < <

/ 0ijps(y) dy =0 forall i,j=1,...,d.
R"

Indeed, when i # j, the result follows by antisymmetry in y. Wheni = j, we are integrating
dii ps, which yields zero since 9; ps = 0 on R4 \ Bs. As in the proof of the previous lemma,
it follows that

102 51 =H /B D2ps(3) (f(x — y) — G dy| < L /B 1D 05 l1y[* dy
5 5
M, 1 (I L
ot [ (o[ (5)] s [ (5)])
1 /
= MLs*? / (—" al +|r”(r)|) =l
0 r

where || - | denotes the operator norm. Now, by Taylor expansion

518l
HaEy) = o) £V 00y + > Z f )y?

IA

(A2)

Thus,
|5+ ) + f3(x — ) —2f001 < [y ID? £52)

1 /
<M </ ('T 2l |r”(r)|> pd=1 dr> L32[y,
0 r

m}

A.1. Explicit constants in dimensions one, two and three
Here we will compute explicit constants for the mollifier that is based on the choice
1

T(r) =e 17 x10,1)(r).
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In one dimension: We have
—1

1
M = (/ T(r) dr) <451
0

and
M
K| = M/ |r(r)|dr_M/( ' (r))dr = Mt(0) = < 1.67.
Since
1
1.7 1 I
/ |r(r)|:2/ eidrfo.&
o T o (1—r2)2
and
! 6rt —2
1
/0 |T (r)|dr:/0 g -2 7(1_}’2)4 < 167

we conclude that
K>, <2.4M < 10.83.

In two dimensions: We have
—1

1
M = (/ T(r)r dr) < 13.47
0

and

1 1 1
Ki = M/ It/ (r)|r dr = M/ (=t'(r)yr)dr = M/ t(r)dr <0.23M < 3.13.
0 0 0

Since

1
/ IT'(r)|dr = 1
0 e
1 1
/ |1:”(r)|rdr:/
0 0

K> < M(e™! 4 1.04) < 18.97.

and
6rt —
(- r2)

dr < 1.04,

g Ifr

we conclude that

In three dimensions: We have
—1

1
M = (/ T(r)r? dr> < 28.49
0

and

1 1 1
K| = M/ |7’ (r)|r? dr = M/ (=t (r)r?)dr = 2M/ t(r)rdr <2 x 0.08M < 4.56.
0 0 0

Since

1 1
()l dr =/ C(dr < 0.23
0 0
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1 1
/ |t (r)|r2dr = /
0 0

we conclude that

and

_1 6t =2
e 1-r2 (1,.72)4}"2 dr 5079,
—r

K> < M(0.23 +0.79) < 29.06.

Appendix B: Pointwise inequalities

The following lemma follows from the Taylor expansion of the function  — |¢|P~2z.

LemmaB.1 Let p > 2. Then

la 4+ b|P~2(a + b) — |a|P"%a| < (p — 1) max(|al, |a + b))?~2|b].
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