SeMA Journal (2023) 80:111-129
https://doi.org/10.1007/540324-021-00276-9

®

Check for
updates

Approximate optimality conditions and approximate duality
theorems for nonlinear semi-infinite programming problems
with uncertainty data

Thanh-Hung Pham’

Received: 4 August 2021 / Accepted: 6 November 2021 / Published online: 26 November 2021
© The Author(s), under exclusive licence to Sociedad Espafola de Matematica Aplicada 2021

Abstract

In this paper, we establish optimality conditions and duality theorems for a robust e-quasi
solution of a nonsmooth semi-infinite programming problem with data uncertainty in both
the objective and constraints. Next, we provide an application to nonsmooth fractional semi-
infinite optimization problem with data uncertainty in constraints. Finally, some examples
are given to illustrate the obtained results.
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1 Introduction

In recent years, the study of one among more a semi-infinite programming problem, which
is an optimization problem on a feasible set described by an infinite number of inequality
constraints, has occupied attention of researches. Many successful treatments of determin-
istic semi-infinite programming have been investigated from several different perspectives.
We refer the readers to the papers [5,7,9,11,14,16,21,23,34,38,44,50,51], and the references
therein. Semi-infinite programming problems could be applied in various fields such as in
engineering design, mathematical physics, robotics, optimal control, transportation problems,
fuzzy sets, cooperative games; see, for example [15,30].

Besides, robust optimization has emerged as a remarkable deterministic framework for
studying optimization problems with uncertain data; see [1,2]. Many researchers have been
attracted to work on the real-world application of robust optimization in engineering, business
and management. Many interesting results have been published in [3,4,6,12,17,20,35,36,43,
49,52] and the references therein.
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Furthermore, sometimes the exact solutions do not exist while the approximate ones
do, even in the convex case; see [31,32] and other references therein. Therefore, the study
of approximate solution is very significant from both the theoretical aspect and computa-
tional application. The results on optimality conditions and duality theorems for approximate
solutions to multiobjective optimization problems were obtained in [8]. Approximate opti-
mality theorems, approximate duality theorems and approximate saddle point theorems were
established for the robust convex optimization problem [26,46]. In [13,47], authors stud-
ied optimality conditions, duality theorems and saddle point theorems for the approximate
efficient solutions of nonsmooth robust multiobjective optimization problem. By using the
Clarke subdifferential, Son et al. [41] obtained optimality conditions duality theorems and
saddle point theorems for approximate solutions of nonconvex programming problem with
an infinite number of constraints. Optimality conditions of approximate solutions for nons-
mooth semi-infinite programming problem were given in [29]. In [25,40], authors investigated
approximate optimality conditions, approximate duality theorems and approximate saddle
point theorems of nonconvex multiobjective programming problem with an infinite number of
constraints. Son et al. [42] established new necessary and sufficient optimality conditions for
approximate solutions of a nonsmooth semi-infinite multiobjective optimization problem. By
using the limiting/Mordukhovich subdifferential, Jiao et al. [22] established optimality condi-
tions and duality theorems for approximate solution of semi-infinite programming problem.
In [39], authors obtained necessary conditions for approximate solution of fractional semi-
infinite multiobjective optimization problem. Besides, approximate optimality conditions and
approximate duality theorems in robust convex semidefinite programming problems were
given in [19]. In [27], authors studied optimality conditions and duality theorems for semi-
infinite multiobjective optimization problems with data uncertainty in constraints. Recently,
approximate optimality conditions and approximate duality theorems for semi-infinite con-
vex optimization problem with data uncertainty in constraints have been obtained in [28].
By using the Clarke subdifferential, Khantree and Wangkeeree [24] have obtained approx-
imate optimality conditions and approximate duality theorems for nonsmooth semi-infinite
optimization problem with data uncertainty in constraints. More recently, approximate opti-
mality conditions for semi-infinite programming problem with data uncertainty in both the
objective and constraints have been given in [45]. By using the Clarke subdifferential, opti-
mality conditions and duality theorems for approximate solutions of nonsmooth semi-infinite
optimization problem with data uncertainty in both the objective and constraints have been
obtained in [48]. As far as we know, the results on approximate optimality conditions as well
as approximate duality theorems for semi-infinite programming problems with uncertainty
in both the objective and constraints have been studied in few papers. For the considerations
of references, we observe only references [45,48].

Inspired by the above observations, we provide some new results for approximate optimal-
ity conditions and approximate duality theorems for nonsmooth semi-infinite programming
problem with data uncertainty in both the objective and constraints (USIP) via Clarke subd-
ifferential. Next, an application to nonsmooth fractional semi-infinite programming problem
is provided and some examples are also given to illustrate the obtained results.

The rest of the paper is organized as follows. Sections 1 and 2 present introduction,
notations and preliminaries. In Sect. 3, we establish necessary and sufficient conditions for
a robust e-quasi solution to problem (USIP). In Sect. 4, we investigate approximate duality
theorems for a Mond—Weir type dual problem with respect to the primal problem (USIP).
In Sect. 5, we provide an application to nonsmooth fractional semi-infinite programming
problem with data uncertainty in constraints. Finally, conclusions are given in Sect. 6.
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2 Preliminaries

Throughout the paper we use the standard notation of variational analysis in [10,37]. In this
paper, we write R” instead of a finite real normed space (or Euclidean space of dimension
neN:={l,2,...}),and R" for its topological dual, because (R")* = R". The nonnegative
(resp., nonpositive) orthant cone of R" is denoted by R’} (resp., R” ). In any finite real normed
space R”, a norm is always denoted by ||.|| and the inner product is defined by (., .). The
symbol B stands for the closed unit ball of R”. The norm of an element & of R”, denote by
II&]1. is given by

€] == sup{(§.d) | d e R", ||d|| = 1}.

Let f : R" — R be a given real valued function. We say that f is locally Lipschitz, if for
any x € R", there exist a positive constant L and an open neighbourhood A/ (x) of x, such
that for any x, x; € NV'(x),

[f(x1) — f(x2)] < Lllx1 — x2ll.
Forany d € R”, the usual one-side directional derivative of f atx € R” is defined as follows:

v S td) = f(x)
fi(x;d) = lt%l SEEEre—

The Clarke generalized directional derivative of f at x € R" is defined as follows:

f€(x; d) := lim sup w

y—x,t10 t
The Clarke subdifferential of f at x € R" is defined as follows:

Cf(x):={& eR" | fC(x;:d) > (§,d),Vd e R"}.

Definition 1 [10] Let f : R” — R be a locally Lipschitz function. The function f is said to
be quasi-differentiable or regular at x € R” (in the sense of Clarke), if f”(x; d) exists and
equals to fc(x; d), for any d € R".

Definition 2 [10] Let £2 C R” be a nonempty subset and x € £2. The Clarke normal cone to
£2 at x is defined by

NG 2) = {§ eR" | (§,d) <0,Vv e T (x; 2)),
where 7€ (x, £2) denotes the tangent cone of §2 and
TC(x; 2) :={v e R" | V1, 4 0,VYx, — x, v, — v, withx, + v, € 2,Vn € N},

which is equivalent to TC(x;2) = {v € R" | d_g(x; v) = 0}, where dg denotes the
distance function to £2.

Definition 3 [37] Let £2 C R”. £2 is said to be a convex setif forall x, y € £2 and A € [0, 1],
we have Ax + (1 — A)y € £2.

Definition 4 [37] Let £2 C R” be a nonempty subset. A function f : £2 — R is said to be

(i) convexifforallx,y € 2andallXx € [0, 1],then f(Ax+(1—X)y) < A f(x)+(1—=1) f(y);
(ii) concave if — f is convex.
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Remark 1 Suppose that 2 C R” is a nonempty closed convex subset. Then, NC (x; £2)
coincides with the cone normal in the sense of convex analysis and

NE(x; 2):={ eR" | (§,y —x) <0,Vy € 2).

The following important properties of the Clarke subdifferential will be used later in this
paper.

Lemma 1 [10] Suppose that 2 C R" is a nonempty subset and x € 2. Suppose that
f :R" — Ris locally Lipschitz near x and attains a minimum over $2 at x. Then,

0ed°f(x)+N(x; 2).

Lemma 2 [10] Suppose that f : R" — R,k = 1,2, ..., m are locally Lipschitz functions.
Then, for any x € R",

L+t + )@ CICL1) +3C fr(x) + -+ fru(x).

Lemma3 [10] Let f, g : R" — R be locally Lipschitz functions near x, and suppose that
g(x) # 0. Then = is locally Lipschitz near x, and one has
8

e (1) () ¢ 8IS0 = f)I ().
g g2 (x)

In this paper, we are interested in the study of a semi-infinite programming problem with
inequality constraints having the following form

)rcréig S (),

(SIP)
s.t. g1 (x) <0, VteT,

where 2 C R” is a nonempty closed (not necessarily convex) set, 7 is a nonempty infinite
index set and f, g; : R" — R, t € T are locally Lipschitz functions. This problem (SIP)
with data uncertainty can be captured by

min f(x, u),

(USIP) =xef2
s.t.gi(x,v) <0, VteT,

where the uncertain parameters « and v, t € T belong to convex compact sets / C R™ and
V; CRY,t € T, respectively. f : R" x R” — Rand g, : R" x R? — R, € T are locally
Lipschitz functions.

The uncertainty set-valued mapping V : T = RY is defined as V(¢) := V; forallt € T.
The notation v € ¥V means that v is a selection of V, i.e., v : T — R? and v; € V, for all
t € T. So, the uncertainty set is the graph of V, that is, gphV := {(¢, v;) | v, € V;,t € T}.

The robust counterpart of problem (USIP) is

(RUSIP) 110 {ma;; A “)}’
S.t. g,(x, U[) < 0, VU[ (S] Vt, VieT.

Let R(™) be the linear space given below

R .= {A = )rer | As = 0forall r € T except for finitely many 1; # 0}.
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Let Rf) be the positive cone in R defined by
R := (h = (A)rer e RD) |2, > Oforallz € T).

With A € R its supporting set, T(L) := {t € T | X # 0}, is a finite subset of T.
{z:} C Z,t € T, Z being a real linear space, we understand that

> iz, i TO)#6,
Z)\tzt

=\ 1eT(W)
teT 0, if T(h) =40.
Forg;,, teT,
D g it TG #£0,
Z)»tgt =\ 1eT()
teT 0, if T(h) =40.

3 Robust approximate optimality conditions

In this section, we establish the necessary and sufficient optimality conditions for approximate
solution of problem (USIP).

Definition 5 The robust feasible set F of problem (USIP) is defined by
F = {x e 2 | g,(x, Ut) < 0, VU; € V,,Vl € T},
where 2 C R” is a nonempty closed (not necessarily convex) set.

Definition 6 [48] Let ¢ € R \{0}. A point X € F is said to be a robust -quasi solution of
problem (USIP), if it is an e-quasi solution of problem (RUSIP), i.e, for any x € F,

max f(x,u) < max f(x,u) + Je||lx — ¥||.
ueld uel
The following constraint qualification is an extension of Definition 3.2 in [48].

Definition 7 Let x € F. We say that the following robust constraint qualification (RCQ) is
satisfied at x € F if

NCE& e U [E szafgt@,v,)} + N 2),
reA(x)LteT
v eV,

where A(X) == {» € R | A,¢/(%, v1) = 0,¥v, € V;,Vt € T} is set of active constraint
multipliers at X € 2 C R".

If Vi,t € T is singleton, the qualification condition (RCQ) becomes the qualification
condition (CQ) for problem (SIP). The qualification conditions (CQ) have been introduced
and used in [29] and the references therein.

In what follows, the uncertain objective function f : R” x R” — R of problem (USIP)
is assumed to satisfy the hypotheses (see [48]).

(H1) The function u € U — f(x, u) is upper semicontinuous for each x € R";

(H2) The function x € R" — f(x, u) is locally Lipschitz and regular for each u € U,

(H3) 8xcf(x, u) is upper semicontinuous in (x, ) € R" x U, where Bxcf(x, u) denotes
the Clarke subdifferential of f with respect to x.
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Lemma 4 [48] Suppose that the hypotheses (H1)-(H3) are fulfilled. Further, suppose that U
is convex and compact and f(x, .) is concave on U, for any x € 2. Then,

3¢ (r&%f(.,u)) = {J af fix.w),

uel(x)
where U(x) :={u e U | f(x,u) = max,cy f(x,u)}.

Theorem 1 Let ¢ € Ry \{0} and let x € F be a robust e-quasi solution of problem (USIP).
Suppose that f(x, .) is concave onU, and that qualification condition (RCQ) at x € F holds.
Then, there exist i € U, (At)reT € RSFT) and v; € Vy,t € T, such that

0€df f(F i)+ AdC g(®, i) + NC(F: 2) + VeB, g (X, 5) =0, (1)

te

and
f G, i) =m€g(f(i,u)~ 2)

Proof Suppose that X € F is a robust e-quasi solution of problem (USIP). Then, for any
xeF,
max f (%, u) < max f(x, u) + vellx — %|I. 3)
ueld ueld

For any x € R", we set @ (x) := max,ecy f(x, u) + 1/¢||x — x||. From (3), it implies that
@ is locally Lipschitz at x and x is a minimizer of the following problem min,cr @ (x). By
Lemma 1, we have

0e€d@D(E)+ NG F). 4)
Because, one has € ||. — ¥||(X) = B. So, from the Lemma 2, we obtain
0ed® (ng; 7, u)> (X) + NC(&; F) + <B. 5)
ue

From qualification condition (RCQ), we deduce that (5) is equivalent to

0eadC . 5

€d (I;leag;f(,u)>(x)+ Uﬁ
AEA()
v eV,

[szafgf(f, v»} + NC(¥; 2) + VeB,

teT

where A(%) := {» € R | A, (x, v) = 0,Vv, € V,,Vt € T}. Therefore, there exist
(o)ier € RY) and §, € V;, 1 € T, such that

0edC (max e u)) @)+ D Aedf g1 (T, ) + NO(F: 2) + VeB, ©)
ue

teT
and X, g:(x, v;) = 0. Furthermore, from Lemma 4, we have
N (mag f(.,u)) ®= U ar@n @)
uel(x)
where U(x) :={u e U | f(x,u) = maxy,ey f (X, u)}. Thus, it follows from (6) and (7) that
there exist it € U, ()er € R and 3, € V,, 1 € T such that (1) and (2) hold. D

Remark 2 Theorem 1 improves Theorem 3.1 in [22], Theorem 3.1 in [29], Theorem 4.1 in
[41], and Theorem 3.1 in [48].
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Now, let us provide an example illustrating Theorem 1.

1
Example 1 We consider problem (USIP) with ¢ = T 2 =(-0,0lCR,xeRueceld =

[0,1],t € T = [0,1]and vy € V; = [2 —t,2 + t] for any t € T. Take the functions
f,u) = |x|+u—1and g(x,v;) = —v;x2. We can see that the robust feasible set
F = (—o00, 0]. Therefore, X = 0 is a robust e-quasi solution of problem (USIP). Indeed, one
has

1
max f(x,u) + &||x —x|| = |x| + =|x| > 0 =max f(x,u), VxeF.
ueld 2 ueld

Note that the qualification condition (RCQ) is satisfied at x = 0 € F. Indeed, we have
NC(%; £2) = NC(%; (=00, 0]) = [0, +00), € g/ (%, v;) = {0} for any v, € V;, ¢ € T and

U [Z 20C g (X, v,):| + NC(F; 2) = [0, +00).

reA(X)LteT
vreV;

Besides, one has N€(&: F) = NC(&; (=00, 0]) = [0, +00). Therefore, the qualification
condition (RCQ) holds at x = 0. Take ¢ = %, u=1,x=0and B = [—1, 1]. It is easy to
see that 3¢ f(x, it) = [—1, 11,3 g,(X, v,) = {0}, Vv, € V,, ¢ € T and
0e [—E, +oo> =[-1,1]+ [0, +o0) + [—1 l}
2 2°2
=0Cf(E i)+ Y MO & (X, vr) + NC(¥: 2) + V/eB,
teT

for any (i )er € RY) and v, € V.t € T, g 0) = 0, and f(%.i) =
max,ey f(x, u) = 0. Therefore, Theorem 1 is satisfied.

Now, we will introduce a concept of a robust e-approximate (KKT) condition for problem
(USIP).

Definition 8 Lete € R \{0}. Apointx € F issaid to satisfy the robust e-approximate (KKT)

condition with respect to problem (USIP) if there exist (}_\t)leT € ]RSFT) , which (i,),gr are
not all zero and u € U, v, € Vy,t € T, such that

0€df f& i)+ Y A0S g (X, 0) + NC(¥: 2) + VeB, g (X, ) =0,
teT

and f(x, u) = max,cy f (X, u).

Motivated by the definition of generalized convexity due to [13], we will introduce a
concept of e-quasi generalized convexity as follows:

Definition 9 Let g7 := (g;)rer and ¢ € R \{0}. We say that (f, gr) is e-quasi generalized
convex on £2 at ¥ € 2, if forany x € 22, xg € 3¢ f(¥,u),u € U and x; € 3 g (X, vy), vy €
Vi, t € T, there exists w € TC (¥; £2) such that

(x0, w) + Vellx — X[ = 0= f(x,u) +Vellx —x|| = f(x,u),
&(x,v) <g(x,v) = (x,w) <0, VteT,

and

(b, w) < |lx —x||, VbeB.
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Remark 3 (i) According to Remark 3.9 in [13], if (f, g7) is generalized convex (Definition
4.2 in [48]) at x, then for ¢ € R \{0}, (f, g7) is e-quasi generalized convex at X.

(i) Furthermore, by a similar argument as in [13, Example 3.10], we can prove that the class
of e-quasi generalized convex functions is properly larger the one of generalized convex
functions (Definition 4.2 in [48]).

Now, we will provide an example to illustrate Definition 9.

Example2 letx e R, 2 =[0,4+00) CR,t e T =[0,1],u e Y =[1,2]and v, € V, =
[2—t,t+2]foranyr € T,B=[—1,1].Let f : R — Rand g : R x V; — R be defined
by

f) =u(x|+x) and g (x,v) = —v,x>.
Let us consider X = 0,i = 1, we have 3¢ f(x,u) = [—1,1] and 8xcg()E, V) =
{0}, TC(x; 2) = TC(&; [0, +00)) = [0, +00). Now, consider xo = 0 € 3° f(X, i),
x; € 3¢g(x, v,). For any x € £2, by taking w = x € 2 = [0, +00) = TC(¥; 2), & = T it

follows that

1
(x0, w) + Vellx — %|| = S=0, vwe TC(%; 2)

= f(x,u) + Vellx — %] = u(lx| +x7) + %IXI >0=f(x,u), Yuel,
g, u) = —vx? <0=g( v), YyeV,reT
= (v, w)=0<0, YweT Q)
and
[lx —=x||=|x|=x>bx =(b,w), VbeB=[-1,1].
This shows that (f, gr) is e-quasi generalized convex on 2 at x € £2.

Next, we will propose a type sufficient optimality condition for a robust e-quasi solution
of problem (USIP) in the following theorem.

Theorem2 Let ¢ € Ry\{0} and gr := (gt)ier. Suppose that x € F satisfies the robust
e-approximate (KKT) condition with respect to problem (USIP). If (f, gr) is e-quasi gen-
eralized convex on §2 at x € 2, then X is a robust e-quasi solution of problem (USIP).

Proof Since x € F satisfies the robust e-approximate (KKT) condition with respect to
problem (USIP), there exist ()_\,),GT IS R(T), which ()_\,),GT are not_all zero and xg €
Bxcf(i, u),u €U, x; € 8xcg()2, v;), Vs € Vr,t € T and b € B such that A;g;(x, v;) = 0 and

- (xo + > Rax+ ﬁb) e N 2) ®
teT
and
f(x,u) = max f(x,u). 9)
ueld

Suppose on contrary that X is not a robust e-quasi solution of problem (USIP). It then follows
that there exists x € F such that

mag;f(x,u)+x/5||x—ill<m25if(f,u). (10)
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Note further that
mz};(f(x,u)zf(x,ﬁ), uel. (1D
ue

From (9), (10), and (11), we deduce that

fCe i)+ Vellx = %] < f(&, ). 12)

On the other hand, if 1 € T (1), then g:(x, v;) = 0. Note that for any x € F, g;(x,v;) <0
for any ¢ € T. It follows that

8i(x,vp) = 0=gi(x,0), 13)

forany x € Fandt € T (X). By the e-quasi generalized convexity of (f, gr) on 2 atx € £2
and (12), (13), for such x, there exist xo € 3¢ f (¥, i), it € U, x; € I g, (X, Uy), Uy € Vi, t €
T and w € T (¥; £2) such that

{x0, w) + Vellx — X|| <0, (14)
(xla w) S Os (15)
(b,w) <llx —x|], VbeB. (16)

On the other hand, by (15), we conclude that
> ki fxw) 0. (17)

teT

From (14) and (17), we can assert that

(x0, w) + Vellx — Xl + Y A G, w) < 0. (18)

teT

Combining (16) and (18), we imply that
(X0, w) + Ve (b, w) + > A (x, w) < 0. (19)

teT

On the other hand, since w € T (¥; £2) and (8), we obtain

(x0, w) + V& (b, w) + D A (x1, w) = 0,

teT

which contradicts to (19). Therefore, x is a robust e-quasi solution of problem (USIP). O
Remark 4 Theorem 2 improves Theorem 3.2 in [22] and Theorem 3.4 in [24].

Finally in this section, we will provide an example to show the importance of the e-quasi
generalized convexity of (f, gr) in Theorem 2.

Example3 lLetx € R, 2 = (—00, 0] C R,ued =[1,2],t e T =[0,1]and v; € V, =
[2—1¢,2 4 ¢] forany ¢t € T. Consider the functions

2 1 :
ux-cos—, ifx #0,

f(x,'/l): X
0, ifx =0,

and

g(x, v) = 13 + vyx.
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120 T.-H. Pham

Then, F = [—1,0], N (&; 2) = NE(@&;(—00,0]) = [0,+00), and TC(F; 2) =
T (%; (—o0, 0]) = (—o0, 0]. By selecting x = 0,4 = 1 and v; = 2 — ¢, one has

ICfE, ) =[-1,11 and g (X, v) =1{2—1}.
1
Now, take an arbitrarily € such that 0 < & < Pl Then, it implies that x € F satisfies the
T

robust e-approximate (KKT) condition. Indeed, let us select & = xX=00i=1,x =

0,v, =2—tand B = [—1, 1]. Then,

1
4z

w2
= 3C f(x, i) + Y _ A0S g (%, 1) + NC(¥: 2) + eB,

teT

06[—1—L,+oo> =[—l,1]+[0,+oo)+|:— L1 ]
2

X,g()?, vy) = 0 and max, ¢y f(x,u) = f(x,u) = 0. However, x = 0 is not a robust e-quasi

1
solution of problem (USIP). In order to see this, let us take x = —— € F = [—1,0] and
b4
1
X =0, = ——. Then,
472

(1) + VEllE = Fll = 5 + ot =~ <0 = max f(Fw)
I;leaz/){(fx’u =y T oy T T2 —l;lef%/){(fx,u.
The reason is that (f, gr) is not e-quasi generalized convex at x = 0. Indeed, take x =

1
—— e F=[-1,0],e=—5,x=0,u=1landxg =0 € Bcf(f,ﬁ) = [—1, 1]. Clearly,
T 472 X

_ 1 1 1 c,-
(xo, w) +VEllx = X||=—.— = — >0, YweT E:;R)=(—o0,0].
2r ' 2m?

However,

Sfx, ) \f” —_||——*1 71 *——71 0= f(x,u)
i +—. < , ).
x,u) +€el|lx —x s R v 702 X, U

4 Mond-Weir duality for approximate solution

In this section, we address a Mond—Weir type dual problem (MUSID) with respect to the
primal problem (USIP).

Let x € R", 2 C R” is a nonempty closed (not necessarily convex) set, A € RSrT), and
uel,v €V, t eT.Now,weintroduce the Lagrangian function L with respect to problem
(USIP) as follows:

L(-xv )"s u, UY) = .f(x7 M).
Let ¢ € R4 \{0}. We consider the dual problem (MUSID) of problem (USIP) as follows:
max L(y, A, u, v;)
st 0€dSf(y.u)+ Y Mgy, v) + NC(y; 2) + VeB,
(MUSID) rel
Z)Ltgt(% v) >0,

teT
yeQ,keR(T),ueu,vteV,,teT.
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The robust feasible set of problem (MUSID) is defined by

Fvusip == 4 (0 A, u,v) € 2 x R st x V) [0 € € f(y, u)

+ ) M0 (3 v) + NC; 2) +VEB, > Mg (v, vp) = o} :
teT teT

Now, we will introduce the following definition of a robust e-quasi solution for problem
(MUSID).

Definition 10 Lete € R \{0}. We say that (y, A, it, U;) € Fmusip is arobust e-quasi solution
of problem (MUSID) if for any (y, A, u, v;) € FMUSID,

L3, i, 0) + Velly =yl = Ly, & u, vr).

The following theorem describes duality relations between the primal problem (USIP)
and the dual problem (MUSID).

Theorem3 Ler ¢ € Ry \{0} and gr = (gt)ter- Suppose that x is an e-quasi solution of
problem (USIP), the qualification condition (RCQ) is satisfied at x and f(x,.) is concave
on U. Then there exists (X, il, ;) € RS_T) x U x V; such that (X, A, i, ;) € Fvusip and
maxyey f(x,u) = LG, A, i, 0;) = f(x,i). Besides, if (f,gr) is e-quasi generalized
convexon 2 atanyy € 2, then (X, A, it, v;) is a robust e-quasi solution of problem (MUSID).

Proof According to Theorem 1, there exist i € U, ier € Rf) and v, € V;,t € T, such
that

0€df (&, it)+ ) A0S g (X, 0) + NC(F: 2) + VeB, g (X, 5) =0, (20)
te
and
f & i) = max f (%, u). 1)

Therefore, (X, A, ii, ;) € Fmusip. From (21), we have

max fG u) = f(x, i) = LG, A, i, 0). (22)

Now, we prove that if (f, g7) is e-quasi generalized convex on 2 at any y € £2,
then (X, A, i, U;) is a robust &-quasi solution of problem (MUSID). Suppose on contrary

that (x, A, u, vy) is not a robust e-quasi solution of problem (MUSID). Then there exists
(¥, A, u, vy) € Fmusip such that

L(X, &, i, 0;) + Vel |X — yl| < L(y, A, u, vy), (23)
where L(y, A, u, v;) = f(y, u). From (22) and (23), we can assert that
fyu) > f(X, )+ ellX = yll. (24)

Since (y, A, u, v;) € Fyusips thereexistA € RV, xo € 9C f(y, u), u € U, x; € 0 g(y., v,),
v, € Vi, t € T and b € B such that

- (xo +> hex + ﬁb) e N(; ), (25)
teT

> Mgy, v) = 0. (26)

teT
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From (26) and (%,),cr € R, it follows that g (y, v;) > 0if 7 € T (1). Note that for ¥ € F,
we have g;(x, v;) < 0forany ¢ € T. It deduces that

gl(xs U[) = O = gt(yv Ul)s (27)

forany x € F andt € T (). By the e-quasi generalized convexity of (f, gr)on 2 aty € £2
and (24), (27), for such x, there exist xg € Bxcf(y, u),u U, x; € 8xcg,(y, vr), Vs € Vy, t €
T and w € TC(y; £2) such that

{x0, w) + Vel|¥ — y|| <0, (28)
(xr, w) <0, (29)
(b,w) <|lx —yll, VbeB. (30
Thus, we deduce from (29) that
> ki fxw) 0. (31)
teT
From (28) and (31), we can assert that
(x0, w) + Vel = yll + Y 2 {xr, w) < 0. (32)
teT

Combining (30) and (32), we imply that

(x0, w) + V& (b, w) + Y A (x1, w) < 0. (33)

teT
On the other hand, since w € Tc(y; £2) and (25), we obtain
(x0, w) + /& (b, w) + D A (xr, w) =0,
teT

which contradicts to (33). Therefore, (¥, A, i1, ;) is a robust &-quasi solution of problem
(MUSID). o
Remark 5 Theorem 3 improves Theorem 4.2 in [22] and Theorem 4.6 in [24].

The next example asserts the importance of the qualification condition (RCQ) imposed in
Theorem 3. More precisely, if x is a robust e-quasi solution of problem (USIP) at which the
qualification condition (RCQ) is not satisfied, then we may not find out a triplet (i1, 0;) €
Rf) x U x V; such that (¥, X, i1, ¥;) belongs to the robust feasible set Fyusp of the dual
problem (MUSID).

Example 4 We consider problem (USIP) with 2 = (—00,0] C Randx € R,u € U =
[0,1],t € T = [0,1]and vy € V; = [2 — 1,2 + t] for any t € T. Take the functions
f(x,u) =x+u—1and g(x, v,) = v,x2. We can see that the robust feasible set F = {0}.

Now, take x = 0, ¢ = 7 Then, it is easy to prove that x = 0 is a robust e-quasi solution of
problem (USIP). Indeed, one has

1
max f(x,u) + el|x —X|| =x+ =|x| > 0=max f(X,u), VxeF.
ueld 2 ueld

1
Next, consider the dual problem (MUSID) with respect to problem (USIP). Take ¢ = T =
land B = [—1, 1]. It is easy to see that 3 f (¥, it) = {1}, 8¢ g (¥, v;) = {0}, Vv, € V, 1 €
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T, and

1 3 1 1 o _ _

0¢ [5, 5] = {1} + [—5, 5] =00 f(5, i) + ) 10 g (X, v) + NC(¥; 2) + VB,
teT

for any (A;)ier € Rf) and Vv, € V;,t € T. It follows easily that (x, A, i, v;) ¢ FmusD

for any A € Rf) and Vv, € V;,t € T. The reason is that the qualification condition
(RCQ) is not satisfied at ¥ = 0 € F. Indeed, we have N€(x; £2) = NC(x; (—o0,0]) =
[0, +00), € g, (¥, v;) = {0}, for any v, € V;,¢ € T and

U [Z 20S g (%, v»} + N€(&: 2) = [0, +00).

reA® Lrer
v eV,

Besides, one has N€ (&; F) = R. Therefore, the qualification condition (RCQ) is not satisfied

at x = 0. Hence, Theorem 3 is not valid.

Now, we present an example to show the importance of the e-quasi generalized convexity
of (f, gr) in Theorem 3.

1
Example 5 We consider problem (USIP) with ¢ = 75’ 2 =[-1,00 Cc R,x € R,u €

U=10,11,t eT =1[0,1]and v, € V; =[2 — 1,2 4 t] for any ¢ € T. Take the functions
fx,u)= x>+uand gr(x,v) = —v,x2. We can see that the robust feasible set F = [—1, 0].
Therefore, x = —1 is a robust e-quasi solution of problem (USIP). Indeed, one has

1
max f(x, u) + ellx — x| :x3+1+f|x+1| >0 =max f(x,u), VxeF.
ueld 5 ueld

Note that the qualification condition (RCQ) is satisfied at x = —1 € F. Indeed, we have
NE(&; 2) = NC(x; [—1,0]) = (—00, 0], 8¢ g (X, v;) = {0}, forany v; € V,, ¢ € T and

U [Z 2 0C g (X, v,):| + NC(F; 2) = (—o0, 0].

reA(X)LteT
vreV;

Besides, one has N¢ x; F) = NC()E; [—1,0]) = (—o0,0]. Therefore, the qualification
condition (RCQ) holds at x = —1. Now, consider the dual problem (MUSID) with respect

1 -
to problem (USIP). Take ¢ = g,)\ =0u=0x=—-1,0,=2—tand B =[—1, 1]. Itis
easy to see that 3¢ f (¥, i) = {3}, ¢ g (¥, ;) = {2(2 — 1)} and
0e 16 3} +( 0] + L]
—00, — | = —00, =z
5 5'5
= oS f(x, i) + ) AdC g (%, B) + NC(¥; 2) + VB

teT
and Z,eT )_\tg, (x, v;) = 0. It follows easily that

(%, A, i1, V) € Fymusp and max fG,u) =L, A i, 0;) = f(x, i) =0,
UE

where Fyusip is the robust feasible set of problem (MUSID). However, (x, X, i, 0;) is
not a robust e-quasi solution of problem (MUSID). In order to see this, let us take ¢ =
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1
55 Ok v) = 0,1,1,241) € 2 x R x U x V,. Clearly,

_o- _ 1
L(x, A i, v;) + Vellx — yll = 5 <1=L0OAu ).

Thereasonis that (f, gr) is not the e-quasi generalized convexon 2 aty = 0 € §2.Indeed, by
1

choosing ¢ = E,z =3 € 2,u=1and xg € 8XCf(y, u) = {0}, T€(y; 2) = (—o0, 0],
we have

1
(x0, w) + Vellz — yll = 0>0 vwe T (y; 2) = (-0, 0].

However,

1 1 39
— — 1 _——=— 1: .
fzou)+ ellz — yl| g +1+ =20 < (v, u)

Theor_em4 Let ¢ € R \{0} and (x, A il,U)) € Fumusip such that maxycy fx,u) =
L(x, A u,v;) = f(x,u). If x € F and (f, gr) is e-quasi generalized convex on 2 at
X € $2, then X is a robust e-quasi solution of problem (USIP).

Proof Since (%, %, i, ;) € Fyusip, there exist (i)er € R, xo € 0Cf(x,a), i €
U, x; € 3¢ g(x, o), oy € Vs, t € T and b € B such that

- (xo + > hex + ﬁb) € NG 92), (34)
teT

D hgi(®, ) = 0. (35)

teT

Suppose on contrary that x is not a robust e-quasi solution of problem (USIP). It then follows
that there exists x € F such that

max f(x, u) + +/¢||x — X|| < max f (%, u). (36)
ueld ueld
Note further that
mag;f(x, u) > f(x,u), el (37)
ue

From (36), (37), and f(x, u) = max,cy f(x, u), we deduce that
FO i)+ Vellx = x|l < f(x, ). (38)
By (35) and (i,);er € R\, it follows that g, (¥, #;) = 0if f € T'(%). Note that for x € F,
we have g;(x, v;) < 0 foranyt € T. We deduce that
8r(x,v) =0 =< g(x,0y), (39

forany x € Fandt € T (X). By the e-quasi generalized convexity of (f, gr) on 2 atx € £2
and (38), (39), for such x, there exist xo € 3¢ f (%, ), i € U, x; € I g, (X, Uy), Oy € Vi, t €
T and w € T (X; £2) such that

(x0, w) + Vellx — X[ <0, (40)
{xr, w) <0, (41)
(b,w) <|lx —X||, VbeB. (42)
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Then, from (41), we follow that
> i fxw) 0. (43)

teT
From (40) and (43), we can assert that
(x0, w) + Vellx = E|| + Y & (1, w) < 0. (44)
teT
Combining (42) and (44), we imply that
(x0, w) + Ve (b, w) + > A (x, w) < 0. (45)

teT

On the other hand, since w € T€ (&; £2) and (34), we obtain

(x0, w) + /& (b, w) + > A (xr, w) =0,

teT

which contradicts to (45). Therefore, x is a robust e-quasi solution of problem (USIP). 0O

Remark 6 Theorem 4 improves Theorem 4.3 in [22].

5 Application to fractional semi-infinite programming problem

In this section, we consider nonsmooth fractional semi-infinite programming with uncertainty
data in constraints:
. p(x)
min X) = ——,
(UFSIP) xe@ Feo q(x)
s.t.gr(x,v) <0, VteT,

where £2 C R” is a nonempty closed (not necessarily convex) set, 7' is a nonempty infinite
index set, the functions p, ¢ : R* — R, and g; : R” x R? — R, r € T are locally Lipschitz
functions, and for each t € T, v, € R? is an uncertain parameter, which belongs to some
convex compact set V; C R?.

The uncertainty set-valued mapping V : T =2 RY is defined as V(¢) := V; forallt € T.
The notation v € V means that v is a selection of V, i.e., v : T — R? and v; € V; for all
t € T. So, the uncertainty set is the graph of V, that is, gphV := {(¢, v;) | v, € V;,t € T}.

In what follows, for the sake of convenience, we further assume that g(x) > 0 for all
x € §£2, and that p(x) < 0 for the reference point x € £2.

Definition 11 The robust feasible set of problem (UFSIP) is defined by

F={xe|gk,v) <0,V eV, VteT}

Definition 12 Let ¢ € R4 \{0} and f := B. A point x € F is said to be a robust g-quasi
q
solution to problem (UFSIP) if

fx) 4+ ellx —%|| > f(X), VxeF.
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Theorem5 Let ¢ € Ry\{0}. Suppose that x € F is a robust e-quasi solution of prob-
lem (UFSIP). Suppose that the qualification condition (RCQ) at x holds. Then, there exist
At € Rf), v € Vi, t € T, such that

c q(©)3° p(¥) = p(X)3°g(¥)

0 K + Y x0Cg(x, B
22@) tEZT 10y 81 '
+NC(F; 2) + /eB, Agi (%, Ty) = 0. (46)

Proof Suppose that x € F is a robust e-quasi solution of problem (UFSIP), it follows that x
is a robust e-quasi solution of problem (USIP) with f := L By applying Theorem 1, there
q

exist (A)jer € ]Rf) and U, € V;,t € T, such that
0€d°f(®) + Y M0 g%, b))+ NO(X; ) + VeB, g (¥, 5) =0.  (47)
te
Thanks to Lemma 3, one has

- C - _ - C -
0 f (@) =a¢ (g) () c 189 p(x;2(;)7(x)8 90 (48)

Combining (47) with (48), we can assert that
(¥)0€ p(¥) — p(¥)3€q (%) - _
e? b 5 L 724 Dm0l g%, B)
q-(x) py

+NC(X; 2) + /eB, A8 (%, Ur) = 0.

0

The proof of the theorem is complete. O

The following simple example shows that the qualification condition (RCQ) is essential
in Theorem 5.
Example 6 We consider problem (UFSIP) with £2 = (—00,0] C R,x e R,r € T = [0, 1]
and vy € Vy = [2 — 1,2+ ¢] for any t € T. Take the functions f(x) = —x, where

q

px) = x,qx) = x2 41 and gr(x,v) = v;x2. We can see that the robust feasible set
F = {0}. Now, take x = 0, & = —. Then, it is easy to show that x = 0 is a robust e-quasi
solution of problem (UFSIP). Indeed, one has

X
x2+1

Since N€(x; 2) = NE(&; (—00,0]) = [0, +00), 3¢ g (¥, v,) = {0} at ¥ = O for any
v; € V;,t € T, one has

U [Z hi0f g (%, m)} + NC(¥; 2) =10, +00).

reA(x)LteT
v eV

£+ ellx — Fl| = byl 20= 1), VreF,

Moreover, N€ (x; F) = R. Therefore, the qualification condition (RCQ) is not satisfied at
1
x = 0. On the other hand, take ¢ = 1 and B = [—1, 1]. It is easy to see that 8Cp()E) =
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{1}, 8€q (%) = {0} and

0 ¢ B +oo> = {1} 4+ [0, +o00) + [—% %]
-\aC =\ =\2C =
_ q(x)8 p(xq)2(i})7(x)8 Q(x) +Z)\[axcgt(fyvt)+Nc(iv‘Q)+\/EB’
teT

for any (A;)ser € ]R(f) and v; € V;,t € T. Hence, Theorem 5 is not valid.

The following simple example proves that, in general, a feasible point may satisfy the
qualification condition (RCQ), but if this point is not a robust e-quasi solution of problem
(UFSIP), then (46) does not hold.

Example7 letx e R,t € T =[0,1]and v, € V, = [2 —t,2 4+ t] forany r € T. Consider

the functions f(x) = % where p(x) = x,q(x) = x> + 1 and g,(x, v;) = —vx2.
X

We consider problem (UFSIP) with 2 := (—o0, 0]. By simple computation, one has F =
(—00,0], N (¥; 2) = NC(x; (—00,0]) = [0, +00) and 8¢ g/(X, v;) = {0}, Vv, € V,, 1 €
T. Therefore, we have

U [Z oS g (%, v»} + N€(&: 2) = [0, +00).

reA(X)LteT
v €V

Moreover, we have N (%; F) = NC(X; (=00, 0]) = [0, +00). Clearly, the qualification
condition (RCQ) holds at x. On the other hand, take x = 0, ¢ = % and B = [—1, 1]. Itis
easy to see that 3¢ p(x) = {1}, 3¢ (¥) = {0} and
0 ¢ l +oo> = {1} + [0, +o0) + [—l 1]
2 2°2
_ q®p® — p(H2q ()
q* (%)

+ Y M08 (E, v) + N (& 2) + VeB,
teT

for any (A)ser € Rf) and v; € V,,t € T. Hence, condition (46) is not true. The reason

is that x = 0 is not a robust e-quasi solution of problem (UFSIP). Indeed, we can choose
1 1

&= Z,x = —3 € F = (—o0, 0]. Clearly,
X 1 6
— X = — — = —— O: _.
FO +VEllx = Fll = 4 + Sl = — 2 < 0= f(®)

6 Conclusion

In this paper, we studied the optimality conditions for a robust e-quasi solution of prob-
lem (USIP). Next, we established approximate duality theorems in term of Mond—Weir type
which is formulated in approximate form. Finally, an application to fractional semi-infinite
programming problem was provided. The results obtained in this paper improve the corre-
sponding results reported in recent literature.
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