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Abstract

This paper aims to study the well-posedness and the stability of two thermoelastic systems.
The derivation of the first system is based on a classical coupling between the mechanical
equations of Timoshenko and the thermal effects which are based on the conductivity of
Fourier’s law. Whereas, the second system is derivable through a thermal coupling on the
shear force. Furthermore, the damping of Kelvin—Voigt type is simultaneously presented in
both the shear stress and the bending moment for the two systems.
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1 Introduction

The study of Kelvin—Voigt materials with viscoelastic structures has been the subject of study
for many researchers, in this regard, we can refer to the basic works [8,16] through which
it was explained that the damping structure of these materials depends on the combination
of elasticity and viscosity. In another context, by considering the mechanical models under
presence of an effective thermal conductivity, e.g., see papers [4,5] and the references therein,
we note that the thermal effects at the level of the elastic structure may plays an important role
in stabilizing the previous materials. In addition, looking at the papers [2,18], the authors used
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different types of dissipation, but did not present the Kelvin—Voigt type. Therefore, the present
work will address this gap by studying the coupled hyperbolic-parabolic system to achieve
stability results regarding the dissipation efficiency of Kelvin—Voigt in both thermoelastic
type. More precisely, in this paper, on the one hand, we study Timoshenko system with
thermal effects that are effective on the bending moment, the system is given as follows

p1ug = kux + @)y + y1(ux + @), in (0,1) x Ry,
P2P1r = bPxx + V2@xxr — k(uy + @) — y1(ux + @) — B0y, in (0,1) xRy, (1.1)

P30 = y3bxx — Boxs, in (0,1) x Ry,
subject to the Dirichlet boundary conditions for u and 6
u(,t) =u(l,t) =6000,71) =0(1,1) =0, t=>0, (1.2)
and in addition to Neumann boundary condition for ¢
@x(0,1) =¢c(1,1) =0, 1=0. (1.3)

On the other hand, we will study the Timoshenko system with thermal effects acting on
shear force, the system is given as follows

prug = k(ux + @)x + v1(ux + @)xt — BOx, in (0,1) x Ry,
0201 = b@rx + V2@uxs — k(uy + @) — y1(uy + @) +p6, in (0,1) xRy, (1.4)

036 = V30yx — Blux + @)y in (0, 1) x Ry,
subject to the Dirichlet boundary conditions for ¢ and 0
00,1) =¢(l,1) =6(0,7) =6(1,1) =0, >0, (1.5)
in addition to Neumann boundary condition for u
ux(0,1) =uy(l,1) =0, r>0. (1.6)
The unknown functions
(u,9,0) : (x,t) €Z x[0,00) — R, with Z=1(0,1),

represents the transverse displacement, the angle of rotation and the relative temperature of
the beam respectively. p1, p2, p3, k, b, y3, y1 and y; are strictly positive fixed constants, 8
is coupling coefficient.

The both systems (1.1) and (1.4) are complemented with the following initial conditions

ux,0) =uo(x), u(x,0) =ui(x), ¢kx,0) =¢(x), xe€I,
0 (x,0) =91(x), 6(x,0)=06)(x), xeI. (L.7)
Models derivation

We note that, we can derivate our systems by considering the following evolution equations
of thermoelastic Timoshenko model, for the model representation see [20].

piuy — Ty =0, in xRy,
(1.8)
pey —Hy +T =0, in ZTxRy,

@ Springer



Thermoelastic system of Timoshenko type with Kelvin-Voigt damping 387

where ¢ is the time, x is the distance along the center line of the beam structure, u is the
transverse displacement, and ¢ is the rotation of the neutral axis due to bending. Here,
p1 = pA and py = pl, where p is the density, A is the cross-sectional area, and [ is the
second moment of area of the cross-sectional area. When the stress—strain constitutive law
is of Kelvin—Voigt type [11], we can adopt the following two coupling:

First coupling that produce system (1.1)

The Timoshenko system with thermoelastic dissipation, effective in the bending moment
equation is given as follows

T =k(ux + @)+ v1(ux + @)r,

(1.9)
H = bex + y29x: + BO.
Second coupling that produce system (1.4)
The Thermoelastic Timoshenko system acting on shear force is given as follows
T =k(uy + @)+ yi(ux +¢): + 0,
(1.10)

H = boy + y20x:-

In systems (1.9) and (1.10) the temperature 6 following the Fourier law [7] is given as follows

P30 = —qx — Boxr, inZ xRy,
(1.11)
P30 = —qx — Blux + @), In T xRy,
where the flux is obtained by
q=—y3b, iInZ xRy. (1.12)

Finally, by substituting system (1.9) in the system (1.8) and using equation (1.11);, we
obtain system (1.1) . Similarly, by substituting system (1.10) in the system (1.8) and using
equation (1.11),, we obtain system (1.4) .

Earlier results

Malacarne and Rivera [11] studied the Timoshenko system [20] with the viscoelastic
dissipative mechanism of Kelvin—Voigt type. Consequently, they found a new results related
to the solution behavior for system

P1¢1 = k(Px + V¥)x + v1(Px + ¥, in ]0, L[x]0, ool,
(1.13)
1021//tt = bl//xx + Vwaxt + k(¢x + 1//) + 7 (¢x + lp)t» in ]0» L[X]O, ool.

To be more precise, the authors proved that the semigroup is analytical if and only if the
viscoelastic damping is present at the same time in the shear stress and in the bending moment,
i.e., y1, 2 > 0. Otherwise, the corresponding semigroup is not exponentially stable even
for equal wave speeds. The final result showed that the polynomial rate of decay is 1~ /2.
In addition, Liu and Zhang [9] studied the stability and regularity of solution for the system
(1.13).

In[19], Tian and Zhang considered a Timoshenko system with local Kelvin—Voigt damping
modeled by the following system

prwr — [k (wx + @) + Dy (wxr + @), =0, in (0,L) xRy,
(1.14)
0201 — (x + Dadpxr)y + Kk (0x + @) + Dy (wxr +¢) =0, in (0, L) x R,
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where
Di(-), Dy(-) : [0, L] — R4 U {0}, (1.15)

are continuous functions. They proved by using method based on frequency analysis that
the system energy decays exponentially or polynomially where the decay rate depends on
the properties of the material coefficient functions (1.15), for more detail, see references
[1,6,12,14-16].

In the same context but in case of a porous-elastic system with Kelvin—Voigt damping,
Almeida and Ramos [17] proposed the following system

purr — (ity + Y1) x — by =0, in (0, L) x (0, 00),
(1.16)
i — B¢x + v2dix)x +buy +5¢ =0, in (0, L) x (0, 00),

where, the variables u and ¢ represent the displacement of a solid elastic material and the
volume fraction. On the one hand, they showed that the semigroup associated with the
system (1.16) under both Dirichlet-Dirichlet and Dirichlet-Neumann boundary conditions
is founded analytic and consequently exponentially stable. On the other hand, they proved
that the system (1.16) with Dirichlet-Neumann boundary conditions has lack of exponential
decay for the case

v1>0, =0 or y; =0, y»>0.
Moreover, they proved the same result in the case of Timoshenko’s model, i.e., if
u=§&=hb.

In view of the previous works in which there is a total absence of thermal effects in the
systems, we decided to study the Timoshenko system in two different states imposed by the
thermal effects. Hence, in this work we have proved some results about the well-posedness
of solutions and we showed the energy decay of the studied problems.

Remark 1.1

e As in [3], the choice of the spaces of zero-mean functions for the variable u, ¢ and its
derivative is consistent. Indeed, noting

Xl(t):/(p(x,t)dx and Xz(t):/u(x,t) dx.
T T

Integrating the previous equations on Z, we obtain respectively the following two differ-
ential equations

P2X1(8) —yiX1(t) —kx1(1) =0 and p1x2(t) = 0. (1.17)
Hence, if
x1(0) = x1(0) =0 and x2(0) = x2(0) = 0. (1.18)
Then, it follows that
x1(1) =0 and x»(t) =0.
Thus, the use of Poincaré’s inequality for the function ¢ in system (1.1) and the function

u in system (1.4) is justified.
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e By virtue of Cauchy—Schwarz and Poincaré’s inequalities, we have the following inequal-

ity
IS132) < l0ll7az) Vo € LD,

where
X
X(x, 1) = / @ (y, 1) dy.
0

e By virtue of Poincaré’s inequality, we have the following estimate

liexlZa gy = / [ + @) — gT? dx
A
< 20lux +¢l727) + 20xll3o gy, Yu € L2(D).

It is worth noting that this observations will play a major role in the attainment of the
results of this paper.

Paper plan

The paper respects the following plan. Firstly, in Sect. 2, we will prove the well-posedness
of the problems. After that, in Sect. 3, we will show the exponential stability results of both
systems (1.1) and (1.4). Finally, in Sect. 4, we will give some open problem for the interested
readers.

2 Well-posedness

This section will be concerned with the existence and uniqueness of global solutions based
on the classical Lumer—Phillips Theorem, see e.g., the books [10,13].

Theorem 2.1 Let A; be a densely defined linear operators on a Hilbert spaces H;, for (i =
1,2). Then A; is the infinitesimal generator of a contraction semigroup s(t) if and only if

e A; are dissipative; and
e 0co(A).

In order to define the operators .4;, we introduce the new variables v = ul, ¢/ = ¢!
Now, we consider the following Hilbert phase spaces

Hi = Hi(T) x L*(T) x HN(T) x LX(T) x L*(D),
Hy = H(T) x L2(T) x H}(Z) x L*(T) x L*(D).

We note that the closed subspace of L2(Z) is defined by
L2(T) = {06L2(I):/Iﬁdx=0}, 2.1)
and the following Sobolev spaces is defined by
HXT)={9 € H*(@) : 9,(0) = 9, (1) =0}, H}(@)=L2@)NnH'@). (22
The corresponding norm in H; is given by
1U g, = o1l 132 gy + 22010 132 ) + 23167 1727y + Kl + 071727, + Dl 72 -

2.3)
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where U’ = (u', v', ¢, ¢, 0") € H; and UL = (ul, vi, oL, oL, 00) € H;.
The inner product is given by

(U, Ulyy, = / [plva; + 029 Pl + p307 0L 4+ k(ul + @) (Ul + ¢l) +b<pi<pix] dx.
A

(2.4)
Let us introduce the operators A; : D(A;) C ‘H; —> H; as follows
0 I 0 0 0
La2()  ma2() Lo L) —La.)
Al = 0 0 0 1 g . (2.5
k b a2 k Y292
— X 0x() —%axo) w0 =g R0 - n N
3
0 —-£a.0 0 -£ Lo2()
and
0 I 0 0 0
OB T O B X N0 Be() 0
A = 0 0 0 I 0 . (2.6)
k b k
ko) —La() L) - £ —%ago - —gzxc)
L . n .
0 0 0 —£0.:() Lo
with the domains D(A4;) defined as follows
ul' € Hy(Z) N H*(T)
vl e HH (D)
DA = U eHi| o' e O NH (D) ¢, Q2.7)
¢! € HI(D)
o' e H2(T)
and
u’> € H(T) N HX(T)
v e HN(D)
D(Ay) = U? € Ha| ¢* € HH(D) NHJ(T) ¢ . (2.8)
¢* € Hy ()
0% € H*(T)

Then, the problems (1.1)—(1.7) is equivalent to the following evolution Cauchy problems

d . .
EU’(r):A,-U’(t), t>0,
U (O) = Uf = (. uh 0. 0}, 65)

Proposition 2.2 The operators A; are the infinitesimal generators of a Co-semigroup of
contractions s(t) over the space H;.

For the proof of the previous Proposition we need to prove the followingl.emmas
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Lemma 2.3 The linear operator A; fori = 1,2 is a dissipative operator.

Proof In fact, we observe that if U’ € D(A;), by using the inner product (2.4) and the
operator 4; defined in (2.5) and (2.6), we can get

(AU Uy = =villvs + 91132 ) — 21850721y — 13163132 )
<0. (2.9)

Then, the proof of Lemma (2.3) is finished. m}

Lemma 2.4 Let the operators Ay and Ay defined by (2.5) and (2.6) respectively. Then, we
have

0 € o(A).

Proof For any F* = (f{'. f5. fi. fi fOT € Hi,F = (fi. fa. f3. fa. f5)T € Ha, we
want to find U' = (u', v', ¢', @', 0") € D(A;) such that

.A1U1 = F*,
A2U2 =F.
In terms of the components, we get
vl = i
kule +yivl + kol + 16l = pi f5,

' = f5, (2.10)

bpl, —kul —yivl — ko' + vl — 19! — O} = o £,

y30l, — Bl = p3f,

and
v = fi,
kuZ, + v, + ko2 + yi192 — B2 = p1 o,
9? =/, (2.11)
b2, —ku — y1v2 — k@ + 1202, — 1¢* + B0 = p2 fu.
v3bzy — Bui — B9 = p3 5.
By using the equations (2.10); and (2.10)3, we can deduce that
vl e HI (@), ¢' € H (D). (2.12)
Also, by using the equations (2.11) and (2.11)3, we can deduce that
vl e H (), ¢* € H) (D). (2.13)
Now, by using Eqgs. (2.10)5 and (2.10)5, we can write
30, =03 € L* (D), (2.14)
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and
305, = 03 € LA(D), (2.15)
where
93 = p3fs + B,
U3 = p3fs +B(f)x + B S5

We conclude that there exists a unique function ot € HO1 (Z) for i =1, 2. Then, the remaining
point is to prove that there exist u' and ¢' satisfying the following systems

kug, +koy =0,
(2.16)
bol, —kul —ko! =v;,
and
ku?, +ko? =9y,
2.17)
bl — ku? — kg? =,
where
ﬁik = ;01f2* - Vl(fl*)xx -V (f3*)x’
95 = oo fF — 1 (FD)ex +V1(FD)x — V1S5 + B,
(2.18)

91 = p1fr—1(3)x — vi(f)xx + O,

92 = pafa — BO? + i f3 — 2 (fxx + V1 (fD)x-

Introducing the spaces
X1 =H @) N H} @), and X, = H}(T)NHD).
Denote the bilinear forms for the systems (2.16) and (2.17) as follows
B;(U', U = /I —kul it + kolit — bl @t — ku' @l — ko' ¢’ dx, fori =1,2.
The linear forms is defined as follows

LI(V‘>=/ﬁrﬁ‘+ﬁ;¢‘dx, wi=a@'¢" e,

A

L2(V?) = / NP+ 02 dx, WV = @) € A,
A

We conclude that the bilinear forms B; (-, -) are coercive and continuous over the Hilbert
space &; . Also the linear forms £;(-) are continuous over the Hilbert space X;. Therefore,
according to the Lax-Milgram conditions, we deduce that there exists a unique solution to
the following variational formula

Bi(U', VY =L;(V})eX;, for i=1,2. (2.19)

Thus, the proof of Lemma (2.4) is completed. ]
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Proof of Proposition (2.2) Based on Lemmas (2.3) and (2.4), the operators A; are m-
dissipative. Then, using the Lumer—Phillips Theorem (2.1), we conclude that the operators A;
are infinitesimal generators of a Cp-semigroup of contractions. Then, the proof of Proposition
(2.2) is completed. ]

Now, we present our main result as follows

Theorem 2.5 Let Ué € D(A;), Problems (1.1)—(1.7) have a unique classical solution
U' € C(Ry, D(A)) N C' Ry, Hi)

Moreover, ifUé € H;, then there exists unique mild solution of the problems (1.1)—(1.7)

U'e CRy, H).

Proof Firstly, it is clear that D(A;) dense in H;. Then, under Proposition (2.2), the proof of
Theorem (2.5) is finished. ]

3 Energy decay

In this section, we introduce our exponential decay result for the problems (1.1)—(1.7).

Remark 3.1 Throughout this section, ¢ is used to denote a generic positive constant that will
be changed from one inequality to another.

First, we define the energy of the problems (1.1)—(1.7) as follows

1

E@) = 3 | pilludlFa gy + o2l o gy + 0310172 7, + Bllgil Py + Kl + 9127 |-
(3.1)

Lemma 3.2 Let (u, ¢, 0) solution to the problems (1.1)—(1.7). Then, the energy functional
(3.1) satisfy the following equality
LBy =~y g, — vallgas oy — 711l Gix + o0l
dt 311Ux LZ(I) 2 Xt LZ(I) 1 X t LZ(I)

<0. (3.2)

Proof Multiplying the equations of system (1.1) respectively by (u, ¢) and 6 and integrating
over Z, by using integration by parts and the boundary conditions (1.2)—(1.3). By adding the
result, we get the equality (3.2). The same procedure for the problem (1.4)—(1.7) gives the
result. o

Exponential stability of problem (1.1)—(1.3).
Defining the primitives

e O(x,t) := /x ur(y,t)dy.
0
e X(x,1) :=/0 @ (y, 1) dy.
o (1) :=/0 (uy + @) (v 1) dy.

o Y(x,t):= /OXG(y, t) dy. (3.3)
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We introduce the following functionals

o Oy (1) == p1p2 (ur (1), Z(t)) 127y -
o Ui (1) := p2(p(®), o: (1)) L2 -
o A1(t) := —p1 {(ux + ) (@), O)) 127 - (3.4)

Let N alarge positive number, we define the Lyapunov functional F as follows
Fi(t) == NE@) + No®1(t) + N1 Wi (1) + N2 A (1). (3.5
Lemma 3.3 For N large enough, there exist two positive constants oy and oy such that
a1E(t) < Fi(t) < apE(),Vt > 0. (3.6)
Proof Defining the functional F; by
Fi(1) = No®1(1) + N1Wi (1) + Na A (0). 3.7
Then, by using Young, Poincaré’s inequalities and the previous functionals (3.4), we obtain

|F1(0)] < IV/ (p1u? + prg? + 030% + k(ux + 9)? + bp?) dx.
ya

Consequently, we get

|Fi1(t) — NE()| < NE(1),

where
N > 0.
That is
(N—=N)E() < Fi() < (N + N)E(®).
By choosing N large enough, the inequality (3.6) follows. O

Lemma 3.4 The functionals @1, V1 and A satisfy the following differential inequalities

d
o Lo 2

. S luillgay < ¢ (||ux + 9172 + l0xlla gy + ||<ox,||izm) .

. 1w1<r)+ é||<px||22 < c(uq)x,nzz + llux + ¢l%,
dt 2 L>(Z) — L>(T) L>(7)

Gt + 92y + 1012 ) -

A

o SN+ Gl + 0l < e + SN+ o), (3:8)

where ¢ > 0.

Proof

e Taking the derivative of (3.4)1, by using the first and the second equations in (1.1) and
the boundary conditions (1.2)—(1.3), yields
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d(b 2
E 1(l‘)+)//Ol ”uY”LZ(I)

= —p2k ((ux +@)(0), 0 (D)) 27y — P2y1 {(Ux + @) (1), @ (1)) 12(7)
+p1 (s (1), box (1) + V29 (1) — kI1(t) = 1 2(@1) — BO®)) 127y (3.9)

By using Young’s inequality and Remark (1.1), we obtain

—kp1 (ue (1), IL@®)) 12 (1) = —kp1 <ut(t), u(t) +/ w(y,t)dy>
0 LX(T)

< 3J/17p]
- 10
Now, applying Young and Poincaré’s inequalities to estimate all remaining terms in
equality (3.9). Then, we get the desired inequality (3.8);.
e Taking the derivative of (3.4), by using the second equations in (1.1) and the boundary
conditions (1.2)—(1.3), we get

e gy + ¢ (N + 91227, + el 22 ) -

d
W) + bllge 227y = — (@), kGt + ) @) + y1 e + 9)i(0) 27y

dt
+ {x (1), BO) + V2020 (1)) 12(7) -
Applying Young and Poincaré’s inequalities, it appear directly inequality (3.8),.
e Taking the derivative of (3.4)3, by using the first equations in (1.1), we obtain

d
EAI(Z) + kllux + (P||iz(1) == ((ux + @) (1), ;1O@) + y1(ux + ©)(0)) 12(7) -

Applying Young and Poincaré’s inequalities, we obtain the inequality (3.8)3. O
The main result of stability for the system (1.1) is given by the following Theorem.

Theorem 3.5 Let (u, ¢, 0) € H; solution to the system (1.1) with boundary conditions (1.2)—
(1.3) and initial condition (1.7). Then, the energy functional (3.1) satisfies

E(t) < Ae ™' Vi >0, (3.10)
for A1, Ay positive constants.

Proof By differentiating equality (3.5) and by using estimates (3.8), we obtain

d
10 = —mludl g gy = Palledlla gy — @3l + @l g, — Pallealia g,

—@sl16x 1727, — Dol (x + @)ill7 27, 3.11)
where

w = No% — Npe,

b k
w) = NIE — Noc, @3 = Nzi —c(No + Ny),

w4 = Ny, — c(No + Np),

ws = Ny3 — Nic,
C

GT6ZN]/1—N1C—N27. (3.12)
&

Now, all the terms on the right-hand side of (3.11) become negative if we select our parameters
carefully.
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First, let us pick ¢ = Z‘T‘,)zl. Then, we choose N| large enough such that

N()% — Nye > 0.

Hence, we get

N() > 1.
‘We choose N such that
N1b
217 Noc > 0,
2
we can choose N> such that
Nok
72 —CN()—CNl > 0.
The constants N, N1 and N, check the following inequality
N2> N1 > Np. (3.13)

Finally, we choose N large enough such that

Ny, —c(No + Np) > 0,
Nys — Nie > 0, (3.14)

Ny _N]C—Nzg > 0.

Then, w;, fori =1, ..., 6 are all negative constants.
At this point, there exists a constant %, and, further, 71 (¢) ~ E(¢). Then, inequality (3.11)
takes the following form

d
E}—I(t) =—thE®),Vt=0. (3.15)

Recalling by (3.6), the fact that 71 ~ E, so we get

d
E}—I(t) < —&1Fi(t), ¥t > 0,

for some positive constant ¢.
Integrating the last inequality over (0, t), we arrive at

Fi(t) < Fi1(0)e 5, vVt > 0.

By using the other side of the equivalence relation (3.6). Then, the proof of Theorem (3.5) is
finished. O

Exponential stability of problem (1.4)—(1.6)
Let N alarge positive number, we define the Lyapunov functional 7, as follows

Fo(t) := NE@t) + N3®2(t) + NaWa(t) + NsAa (1), (3.16)
where
Do(t) == P13 (Y (@), ur (1)) 12(7) -

Wa() := p2 (1), 91 (1)) 12(7) -
Aa(t) = —p1 (O0). (x + 9) () 27 - G-17)
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Lemma3.6 For N large enough. Then, there exist two positive constants a3 and oy such
that

s E(t) <Fo(t) <asE(), YVt =>0. (3.18)
Proof For the proof, we use the same procedure that used for the proof of Lemma (3.3). O

Lemma 3.7 The functionals ®,, V> and A; satisfy the following differential inequalities

. iCDz(t)—i— Bp1

= Tl gy < el + 03z + ¢ (16:13 27, + a2z,

¢ 2
+a ”(ux + (P)t||L2(I)~

d b 2 2 2 2
L4 a‘IlZ(t) + E'l(px ||L2(I) <c (””x + (p”LZ(I) + ”(ux + w)l‘ ||L2(I) + ”6X”L2(I)

+||¢Xf ”iZ(I)) .

d k 2 2 2
o EAZ(I) + 5”“)6 + ‘P”Lz(I) =< 82”ut”L2(I) + CHGHLZ(I) +

¢ 2
- ”(ux + (p)t ”LZ(I)’

(3.19)

&

where €1, &2 > 0.

Proof e Taking the derivative of (3.17)1, by using both the first and the third equation of
system (1.4) together with boundary conditions (1.5)—(1.6), yields

d
2 @20+ Borllucl 2y = p3BIIONG ) = 3 (00, k(e + @)@ + 11 (0 + 91 (D) 121y
o1 (ur (1), y30x () — BEWD) 127 - (3.20)

Now, for the remaining terms in equality (3.20), we use Young, Poincaré and Cauchy-
Schwarz’s inequalities. Hence, the inequality (3.19); appears directly.
e Taking the derivative of (3.17),, by using the second equation in system (1.4), we get

%wxn+MWA;g)
= p2llg ”22(1) = V2{px (), oxt (D)) p2(7) — k(@ (1), (ux + @) () 12(7)
—y1 {9 @), (ux + @) (D) 27y + B {0(0), 0(1)) 12(7) - (3.21)
By Young and Poincaré’s inequalities, we obtain the inequality (3.19),.
e Taking the derivative of (3.17)3, by using the first equation in system (1.4), we obtain

d
—— Ao () + kllux + 0ll32 4,

dt
= =71 {(ux + @) (1), (ux + @) (1)) 2(7) + BO@), (ux + @)(1))12(7)
—(O@), (ux + @)1 (1)) 12(7) - (3.22)
By Young and Poincaré’s inequalities, we obtain the inequality (3.19)3. O

The main result of stability for the system (1.4) is given by the following Theorem.

Theorem 3.8 Let (u, ¢, 0) € Hp solution to the system (1.4) with boundary conditions (1.5)—
(1.6) and initial condition (1.7). Then, the energy functional (3.1) satisfies

E(t) < )z ™, Vit >0, (3.23)
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Jfor A3, A4 positive constants.

Proof Let N > 0, we define the Lyapunov functional F as follows
Fo(t) = NE(1) + N3y (1) + NyWa (1) + N5 Ao (r). (3.24)

By differentiating inequality (3.24) and by using the inequalities (3.19), we obtain

d - - - -
P20 = =@l gy = F2llexlla iy — Dl + @l g, — Fallealfa g,
—@510x 1727y — Foll (x + )il 727 (3.25)

where

) = Ns% — Nséa,

wy = N4§,

k
w3 = N5§ — N3e1 — Nyc,

@4 = Nys — (N3 + Ny),
@ws = Ny3 — ¢(N3 + N4 + Ns),

ZIN)'6=N)/1 —N3£ —N4C—N5£. (3.26)
€1 &2
We choose the constants N3, N4 and N5 such that
Ns > N4 and N3, Ngs > 0. (3.27)
Then, We choose €1, &2 small enough such that
N3Bpi
& < ,
2Njs
Nsk  Nyc
< — — —. (3.28)
2N3 N3

Next, we can choose N large enough such that

1\7)/1 —N3£ —N4C—N5i > 0,
el

€2
Nys = ¢(N3 + Ny + Ns) > 0,
Nys — c¢(N3 4+ Ny) > 0. (3.29)
Hence, the constants z; fori = 1, ..., 6 are all negative; at this point, there exists a constant
2, and, further, 7> (t) ~ E(t), so inequality (3.25) takes the following form
d
E}'g(t) < —hE(t),Vt > 0. (3.30)
Now, by using the fact that 7, ~ E we get
d
Efz(f) = —50F(), Vi =0, (3.31)
for some positive constant ¢». Integrating the last inequality over (0, ¢), we finally arrive at
Fo(t) < Fo(0)e ', Vit > 0. (3.32)
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By using the other side of the equivalence relation (3.6). Then, the proof of Theorem (3.8) is
finished. ]

4 Some open problems

In this section, we will give some open problems for the interested reader.
e Viscoelasticity more Cattaneo’s law acting on bending moment:
prusy — k(uy + @)y — y1(ux + @)y =0, in (0, L) x (0, 00),
02911 = brx — Vot + k(ux + @) + y1(ux +¢)r +86, =0, in (0, L) x (0, 00),
1039[ + qx + wal - 07 in (05 L) X (07 OO),
7q: +Bg+60, =0, in (0,L) x (0, 00).
e Viscoelasticity more Cattaneo’s law acting on shear force:
Pty — k(ux +@)x — Y1y + @)xr +380x =0, in (0, L) x (0, 00),
P2911 = bpxx — Vagxxt + k(ux +¢) + y1(ux + ¢)y =860 =0, in (0, L) x (0, 00),
p30; +qx +8(ux +¢); =0, in (0,L) x (0, 00),
T+ Bq+ 6, =0, in (0,L) x (0,00).
e Viscoelasticity more Cattaneo’s law acting on bending moment for truncated version:
prues — k(uy + @)y —y1(ux + @)xr =0, in (0, L) x (0, 00),
— P2@xxt — boxx +k(ux +¢) + y1(ux + 9)r + 686, =0, in (0, L) x (0, 00),
p36: +qx +8¢x; =0, in (0, L) x (0, 00),
tqr +Bg +0x =0, in (0,L) x (0, 00).
e Viscoelasticity more Cattaneo’s law acting on shear force for truncated version:
piug — k(ux + @)x — yi(ux +¢@)xe +86x =0, in (0, L) x (0, 00),
— P2@xxt — boax +k(ux + @) + y1(uy +¢) — 80 =0, in (0, L) x (0, 00),
P30 +qx +8(ux +¢) =0, in (0,L) x (0, 00),
1q: +Bg +6x =0, in (0,L) x (0, 00).

It will be interesting to extend our results to the previous systems.
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