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Abstract

In this paper we will prove in Musielak—Orlicz spaces, the existence of renomalized solution
for nonlinear elliptic equations of Leray-Lions type, in the case where the Musielak—Orlicz
function ¢ doesn’t satisfy the A, condition while the right hand side f belongsto W' E v (82).
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1 Introduction and basic assumptions

This work deals with existence of solutions for strongly nonlinear boundary value problem

whose model is:
Aw) —divd(u) + gx,u,Vu) = f in Q .
u=0, on 9Q ’

where €2 be a bounded domain of RN, N > 2, A(u) = —diva(x, u, Vu) be a Leray-Lions
operator defined from the space W(}Lq,(Q) into its dual W_ILII,(Q), and ® € 0 (R, RN) .

where a is a function satisfying the following conditions :

a(x,s,&): QxR x RY — RVisa Carathéodory function. (1.2)
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There exist two Musielak—Orlicz functions ¢ and y such that y << ¢, a positive function
d(-) € Ey (L) and positive constants k1, k> and k3 such that for a.e. x € € and for all
seREeRN

la(x, s, )] < ki (dx) + ¥y (x kalsD) + vy o (x, ksl€D): (1.3)
(a(x,s,8) —a(x,5.€))(E—¢)>0; (1.4)
a(x,s, §).§ > ap(x, |§]). (1.5)

Furthermore, let g(x, s, &) : 2 x R x RY — Rbea Carathéodory function such that
forae. x € Qandforalls € R, & € RV, satisfying the following conditions

lg(x,s,8)| < c(x) +b(IsDe(x, |E]): (1.6)
g(x,s,8)s >0 (1.7)

where b : Rt —> R is a continuous positive function which belongs to L' (R*) and
c(-) € LY(Q) The right-hand side of (1.1)and ® : R — RY are assumed to satisfy

feW 'E Q) (1.8)
®ec? (R, RN). (1.9)

Note that no growth hypothesis is assumed on the function ®, which implies that the term
—div ® (1) may be meaningless, even as a distribution.

Several researches deals with the existence solutions of elliptic and parabolic problems
under various assumptions and in different contexts (see [1-10,13-20,24-28,35,37,39,40]
for more details), indeed we can’t recite all examples; we will just choose some of them, So
we mention that:

the problem (1.1) was treated by Boccardo (see [23]) in the case g = 0 and for p such that
2—1/N < p < N where he proved the existence and regularity of an entropy solution u that
isu € Wol‘q Q), g<p= (p];%l[v, Ti(u) € WOI‘P(Q), Vk > 0. The same problem have
been studied by Diperna and lions in [26] where they introduced the idea of renormalized
solutions.

In the framework of variable exponent Sobolev spaces in [12] have proved the existence
result of solutions for the problem 1.1 without sign condition involving nonstandard growth.

In the setting of Musielak spaces and in variational case, the existence of a weak solution
for the problem (1.1) was treated by Ahmed Oubeid, Benkirane and Sidi El Vally in [11]
where div ® = 0.

Our purpose in this paper is to show the existence of renormalized solutions for problem
(1.1) in Musielak Orlicz spaces in the case where the Musielak—Orlicz function ¢ doesn’t
satisfy the A, condition,while the right-hand side belongs to W~ Ey; (Q), ® € ¢° (R, RV).
and a nonlinearity g(x, s, £) having natural growth with respect to the gradient.

The paper is organized as follows: In Sect. 2 , we give some preliminaries and background.
Section 3 is devoted to some technical lemmas which can be used to our result. In the final
Sect. 4, we state our main result and give the prove of an existence solution.

2 Some preliminaries and background

Here we give some definitions and properties that concern Musielak—Orlicz spaces (see [34]).
Let 2 be an open subset of R", a Musielak—Orlicz function ¢ is a real-valued function
defined in 2 x R such that
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(a) ¢(x,t)isanN-functioni.e.convex, nondecreasing, continuous, ¢ (x,0) = 0, ¢(x,7) > 0
for all t > 0 and
p(x, 1)

. L (x,1)
lim sup —— =0, lim inf px. b
=0 cQ t 1—>00 x€Q t

=0

(b) @(x,t) is a measurable function forall t > 0 .
Now, let ¢, (t) = ¢(x, t) and let g I'be the non-negative reciprocal function with respect
to ¢, i.e the function that satisfies

o (o, ) =g (x. 07 (1) =1

The Musielak—Orlicz function ¢ is said to satisfy the Aj -condition if for some k > 0, and
a non negative function #, integrable in 2, we have

o(x,2t) <kp(x,t)+h(x)forallx € Qandt > 0. 2.1)

When (2.1) holds only for# > #y > 0, then ¢ is said to satisfy the A, -condition near infinity.
Let ¢ and y be two Musielak—Orlicz functions, we say that ¢ dominate y and we write
¥y < ¢, near infinity (resp. globally) if there exist two positive constants ¢ and #y such that
for almost all x € Q2

y(x,t) < @(x,ct) forallt > r9, (resp.forall > 0i.e. = 0) We say that y grows
essentially less rapidly than ¢ at O (resp. near infinity) and we write y << ¢ if for every
positive constant ¢ we have

. y(x,ct) . y(x,ct)
lim { sup =0, resp. lim | sup =0
=0 xeQ ‘P(X, t) >0 xe w(x! t)

Remark 2.1 (see [29]) If y < ¢ near infinity such that y is locally integrable on €2, then
Vc > 0 there exists a nonnegative integrable function £ such that

y(x,t) < @p(x,ct) + h(x), forallt > 0 and for a. e. x € Q.

For a Musielak—Orlicz function ¢ and a measurable function u : 2 — R, we define the
functional

poclit) = fgga(x, () Ddx

The set K,(2) = {u :  — R measurable /p, o(u) < oo} is called the Musielak—
Orlicz class (or generalized Orlicz class). The Musielak—Orlicz space (the generalized Orlicz
spaces) L, (£2) is the vector space generated by K, (2), thatis, L, (S2) is the smallest linear
space containing the set K, (£2). Equivalently

Ly(Q) = {u : Q —> R measurable /o, (%) < 0o, for some A > 0}

For a Musielak—Orlicz function ¢ we put: ¥ (x, s) = sup,_o{st —@(x, 1)}, ¥ is the Musielak—
Orlicz function complementary to ¢ (or conjugate of ¢ ) in the sens of Young with respect
to the variable s In the space L (£2) we define the following two norms:

Il = inf{x > 0// 0 <x, lu(x)')dx < 1}
o Py

which is called the Luxemburg norm and the so-called Orlicz norm by:

lullp. = sup /Q Ceyv (o) ldx

lvlly <1
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where v is the Musielak Orlicz function complementary to ¢. These two norms are equivalent
(see [34])

The closure in L, (§2) of the bounded measurable functions with compact support in Qis
denoted by E,(£2), It is a separable space (see [34], Theorem 7.10) .

We say that sequence of functions u, € L, (£2) is modular convergent to u € L, () if
there exists a constant & > 0 such that

. Uy — U
n1l>n;o Pp.Q ( A ) =0

For any fixed nonnegative integer m we define

WLy () = {u € Ly(Q) : V| <m, D*u € Ly(Q)}
and
W"Ey(Q) = {u € E,(Q) : Via| <m, D*u € E,(Q)}

where @« = (o, ..., ®,) with nonnegative integers «;, |¢| = |a1| + ... + || and D%u
denote the distributional derivatives. The space W™ L, (£2) is called the Musielak Orlicz
Sobolev space.

Let

- . _ u
oo = pp.q (D) and ull ¢ = inf {x >0 ppo <X) < 1}
|| <m
for u € W™ L, (L2). These functionals are a convex modular and a norm on W™ L, (),
respectively, and the pair (W’”L(p(Q), I ||$Q> is a Banach space if ¢ satisfies the following
condition (see [34]):

there exist a constant ¢y > 0 such that ing2 ¢x,1)>co 2.2)
xXe

The space W"" L, (2) will always be identified to a subspace of the product [ | <, Ly(2) =

TL,, this subspace is o (TIL,, TTEy) closed.
The space Wy’ L,(R2) is defined as the o (I'[Lq,, I'[E‘/,) closure of D(2) in W™ L, (2).
and the space W' £, (2) as the (norm) closure of the Schwartz space D(£2) in W™ L, (£2).
Let W) Ly, () bethe o (T1Ly,, TTEy ) closure of D(Q) in W™ L, (Q) The following spaces
of distributions will also be used:

WLy (@) ={feDQ:f= Y (=DDfy with fo € Ly(R)
loe|<m
and
WEy(Q) ={feDQ:f= Y (=DDf, with f, € E;(Q)
o <m

We say that a sequence of functionsu,, € W™ L, (2) is modular convergenttou € W™ L, (£2)
if there exists a constant £ > 0 such that

. _ Uy —u
nll>n<}o Pe.2 ( k ) =0

@ Springer



Existence of renomalized solution for nonlinear... 393

For ¢ and her complementary function ¥, the following inequality is called the Young
inequality (see [34]):

ts < @(x,t)+¥(x,s), Vt,s >0,x € Q 2.3)

This inequality implies that
lullp,@ < pp,au) +1 (2.4)

In L,(£2) we have the relation between the norm and the modular

lullp.@ = pp.@) if lullp.q > 1 25)
lullp,@ = pp,) if lullgo <1 (2.6)

For two complementary Musielak Orlicz functions ¢ and ¥, letu € L,(£2) and v € Ly (£2),
then we have the Holder inequality (see [34]):

‘/ u(x)v(x)dx
Q

=< llullp.allvllly.e 2.7)

We will use the following technical lemmas.

3 Some technical lemmas

Lemma 3.1 [19] Let  be a bounded Lipschitz domain in RN and let ¢ and W be two
complementary Musielak—Orlicz functions which satisfy the following conditions:

(1) There exist a constant ¢ > 0 such that inf yeqp(x,1) > c.
(ii) There exist a constant A > 0 such that for all x, y € Q with |x — y| < % we have

A
M < t(log(xlyl)>, Ve > 1 3.1
o(y.1) ~ B

(iii)
If D C Q2 is a bounded measurable set, then f o(x, dx < o0 3.2)
D

(iv) There exist a constant C > 0 such that ¥ (x, 1) < C a.e in 2.

Under this assumptions, D(S2) is dense in Ly, (§2) with respect to the modular topology,
D(R) is dense in WO1 Ly (2) for the modular convergence and D(S2) is dense in Wle(Q)
the modular convergence.

Consequently, the action of a distribution S in W ! L (€2) on an element u of WO1 Ly(R2) is
well defined. It will be denoted by < S, u >.

Lemma3.2 [36] Let F : R —> R be uniformly Lipschitzian, with F(0) = 0. Let ¢ be a
Musielak—Orlicz function and let u € W(} Ly(R2). Then F(u) € W(} Ly (R2) Moreover, if the
set D of discontinuity points of F' is finite, we have

F’(u)aa—)':[ aein{x € Q:u(x) € D}

9
o L= { 0 aein{xeQ:ulx) ¢ D)
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394 N. E. Amarty et al.

Lemma 3.3 [29] (Poincare’s inequality) Let ¢ a Musielak Orlicz function which satisfies the
assumptions of lemma 3.1, suppose that ¢(x, t) decreases with respect of one of coordinate
of x Then, that exists a constant ¢ > 0 depends only of Q2 such that

/ o(x, Jux)Ddx < / o(x, c|Vu(x)|)dx, Yu e WOIL(p(Q)
Q Q

Lemma 3.4 [19] Suppose that Q2 satisfies the segment property and let u € WO1 Ly(2). Then,
there exists a sequence (u,) C D(2) such that
u, — u for modular convergence in WO1 Ly(2)
Furthermore, if u € W(} Ly (2) N L®(Q) then |uplloo < (N + Dlulloo-
Lemma3.5 Let (f,), f € L' (RQ) such that

1) fu=0aein
) f — faeinQ
(ii1) fQ Jan(x)dx —> fQ f(x)dx then f, —> f strongly in LY(Q)

Lemma 3.6 [20] If a sequence g, € L,(S2) converges in measure to a measurable function
g and if g, remains bounded in Ly (S2), then g € L,(S2) and g,—g for o (l'[Lw, l'[E]/,)

Lemma 3.7 (Jensen inequality) [38] Let ¢ : R —> R a convex function and g : Q@ — R is

function measurable, then
w(/ gdu) sfwogdu-
Q Q

Lemma 3.8 (The Nemytskii Operator) [29] Let 2 be an open subset of RN with finite measure
and let ¢ and \r be two Musielak Orlicz functions. Let [ : Q x RP — R? be a Carathodory
function such that for a.e. x € Q and all s € R? :

Lf(x,9)] < e(x) + ki o (x, kals])

where ki and ky are real positives constants and c(.) € Ey (S2) Then the Nemytskii Operator
Ny defined by Ny(u)(x) = f(x, u(x)) is continuous from

1\? 1
P (EM(Q), E) = l_[ {u € Ly(R):du, Ey(RQ) < E}
into (Lw(Q))q for the modular convergence.
Furthermore if c¢(-) € E,(Q) and y <<  then Ny is strongly continuous from

P (EM(Q), é)p 10 (Ey(2))*

Lemma3.9 Let Q be a bounded open subset of RN with the segment property. If u €
(Wa Ly ()N then / divu dx = 0.
Q

Proof oflemma 3.9 The proof of this lemma is based on [[30], Lemma 3.2 ]
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4 Main result

We consider the following boundary value problem

P A(w) —div®@u) +g(,u,Vu) = f e WIEL(Q), inQ
) u=0, ono

Let us define
’]61"‘)(9) = {u measurable such that Ti(u) € W&LW(Q), Vk > O} .

Asin [21] we define the following notion of renormalized solution, which gives a meaning
to a possible solution of (P)

Definition 4.1 Assume that (1.2)—(1.4), (1.6) hold true. A function u is a renormalized solu-
tion of the problem (P) if

ueTy ¥ (). g(.u, Vu) € L'(Q), g(..u, Viyu € L' ()

/ a(x,u, Vu)h(u)Vvdx + / a(x,u, Vu)h'(u)Vuvdx
Q Q

—i—/ @(u)h(u)Vvdx—i—/ @ (u)h' (u)Vuvdx
Q Q

+/ g(x,u, Vu)h(u)vdx =/ fh(u)vdx
Q Q

4.1
for all h € W *°(R) such that 4’ has a compact support in R, and for all v € WOl Ly(2)N
L®(R).

The weaker problem (4.1) is obtained by using the test function & (u)v where h € WL (R).
and v € Wl Ly, (Q) N L®(Q) in (P).
Remark 1 Let us note that in (4.1) every term is meaningful in the distributional sense.

Theorem 4.1 Under assumptions (1.2)—(1.4),(1.6) there exists at least a renormalized solu-
tion u in the sense of definition 4.1 of problem (P).

Let us introduce the truncate operator. For a given constant k > 0, we define the function
T : R — Ras

sif |s| <k,
Ti(s) = {k;if is| > k.

4.1 Proof of Theorem 4.1
4.1.1 Approximate problem and a priori estimate

We use an idea contained in [37] (Theorem 1.1), based on the approximation of the original
problem and a priori estimate. For n € N, let (f,,),, be a sequence in W_1E¢ Q) NLY(R)
such that f, —> f in LY(Q) with || full; < [If 1. @n(s) = ¢ (Tu(s)) and gu(x,s,§) =

T,(g(x,s, &)). The following approximate problem
—div (a ('7 Up, VMn)) + gn ('7 Un, Vun) = fn + diV(an (un)) in DI(Q)

(Pn)
u, =0 on 0€2,
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396 N.E. Amarty et al.

has a solution u, in W] Ly, () .
Now Choosing u,, as a function test in problem (P,), we have

/ a (x, uy, Vuy) - Vuydx +/ D, (un) - Vupdx +/ &n (X, up, Vuy) updx = (f, uy)
Q Q Q

4.2)
By posing

t
O, (1) = / @, (1)dt
0
we obtain
@,(0) =0.

As each component of D, is uniformly Lipschitizian, and according to [[32], Lemma 2], it

follows that the function ®,, (u,,) belongs to (WO1 L(p(Q))N .
therefore by using Lemma 3.9

/ ®, (uy) - Vuydx = / div (&5,1 (u,,)) dx =0
Q Q

According to (1.7) and using Young’s inequality, we have

/ a(x,uy, Vuy) - Vu,dx| < C| + %/ o (x, |VTi (up)|) dx. 4.3)
Q Q
which together with (1.5) gives
/ @ (x, VT (up)) dx < C 4.4
Q

Poincare inequality (see Lemma3.3) implies that

Ti
/ v <x, M) dx < / 0 (. IV Ty )y dx < 2k 4.5)
Q c Q
On the other hand we have
/ &n (X, up, Vuy) updx < C3 (4.6)
Q

so it follows that (Ty (u,)), and (VT (1)), are bounded in L, (£2), Thus
(T (un)),, is bounded in Wy Ly, (),

there exists some v € WO1 L, (£2) such that

Ty (un) —vr  weakly in WOIL(p(Q) for o (l'ILq), HEw) @7
Tr (uy) — v strongly in Ey (). '
Now one suppose that exists a function ¢ satisfies lim;_, @ = oo and ¢(t) <

essinf,cq @(x, 1) Let k > 0 large enough, by using (4.5) we have

@ (k) meas {|u| >l’<}=/[| | k}w(lTk (un)]) dx

5/ @ (x, [Tk (up) ) dx < / @ (x, [T (un)|) dx
{lun|>k} Q

< c3k
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Hence

k
meas {|u,| > k} < ot —> Oask — o0

@(k)

For every A > 0, we have

meas {|u, — u,,| > A} < A} < meas {|u,| > k} + meas {|u,,| > k}

4.8)
+ meas {|T; (uy) — Tk (um)| > A}

then, by using (4.5) one suppose that (7} (¢,)),, is a Cauchy sequence in measure in €2, Let
& > 0, then by (4.8) there exists some k = k(g) > 0 such that

meas {|u, —u,| > A} <e, foralln,m > hok(e), L)

which means that (,), is a Cauchy sequence in measure in €2, thus converge almost every
where to u.
Consequently

{ up—u weakly in Wg L, (%) for o (TIL,, TIEy) 49)

u, — u strongly in E (£2).

4.1.2

In this step we shall show the boundedness of (a (-, Ty () , VTk (11,))),, in (L,/,(Q))N
Letd € E¢,(Q)N such that ||#|,,@ < 1, the hypothesis (1.4) gives We have

f [a (x, Ty (un) , VIi () — a (x, Ty (uyp) , ﬁ)] [VTk (un) — ﬁ] dx >0
Q k3 k

3

This implies that

1
/ L T ) VT () 0
q k3

< / a (x, Tx (un) , VT (un)) Vi (up) dx
Q

T; v VT, i d
—/S;a<X, k(un)ag>< k(un)—k3> X

9
< 2k — / a (X, Tk (un), E) VT (uy) dx
Q

1 D
+— | alx, T (up,), —) Ddx
k3 Jo ( k3
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398 N.E. Amarty et al.

By using Young’s inequality in the last two terms of the last side and (4.5) we get
/ a(x, Ty (up) , VT (un)) Odx < c2kk3
Q

’a (x, T (uyn), ,%)‘

ki (1 +k
+3ky (1 + 3)/91# X, 3% dx

+3hiks [ ¢ IVTL @D dx + 3k [ ge19)ds
< cpkks + §k1k3C2k + 3ky N
‘a (x, Ty (uy), %)‘
3k

dx

43k (1 +k3>/ v x.
Q

Now, by using (1.3) and the convexity of ¥ we get

’a (x, Tk (un), ,%)‘

<
e 3k -

W (x,d(x) +y (x, k2 | Tic (un)]) + @(x, [9) .

W | =

Thanks to “Remark 2.1” there exists 4 € L'(€2) such that
Y (e ko Tk (un)]) <y (x5 kok) < @(x, 1) + h(x);

then by integrating over 2 we deduce that

[o[emeos)

1
3% dx < 3 </Q Yx,dx))dx +/Qh(x)dx

+f @(x, Ddx +/ P(x, |17|)dx> = ¢k,
Q Q

where ¢y is a constant depending on k. So,
/ a (x, Ty (up), VTi (uy)) 9dx < cp, V0O € (E(p(sz))N with [# g0 =1
Q

and thus |la (x, Ty (un) , Vi (un))lly @ < ck, which implies that,

(@ (x. Te (un) . VTi (1)), is bounded in Ly (2)V. (4.10)

4.1.3

Let us show that :

lim lim a(x,uy, Vuy) - Vuy,dx =0
M=>00 N30 J(m<|up|<m+1]|

Defining
Om(r) = Tps1(r) — T (r) For any m > 1,

in view of [[32], Lemma?2] one get 6,, (1) € WO1 Ly(R2).
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Existence of renomalized solution for nonlinear... 399

Now let us taking 6,, (u,) as a test function in (P,) we have
/ a(x,un, Viy) Vo, (u,) dx + / Dy, (uy) VO (uy) dx
Q Q

+/ gn (X, up, V) Oy (up) dx = / SnOm (up) dx
Q Q
Consider,

o) = qu;(t)X{selR,mﬂs\gm—&-l}(t)
() = fo ¢ (v)dt

hence ¢ (u,) € (W, L(p(sz))N (by Lemma3.2). We obtain, by Lemma 3.9,

/Q D, (up) VOy (uy) dx = /Q D, (uy) X{seR,m<|s|<m+1} (un) Vupdx

=/ d)(u,,)Vu,,dx:/ div (¢3 (u,,)) dx =0
Q Q

Using the sign condition (1.7) we have g, (x, u,, Vu,) 6, (u,) > 0 a.e. in 2, and knowing
that VO, (un) = Vi X{m<|u,|<m+1) a.€.1n &, we get

/ a (x,up, Vuy) Vupdx < (f, 0 (uy)) .
{m<|un|<m+1}

It is not difficult to see that
IVOm )l @ < IVitnlly,q -
then in view of (4.4) and (4.9) it follows that
Om (n) =0 (1)  weakly in W) Ly () for o (ML, (), TTE, ()

Therefore, we get

lim a(x,uy, Vuy) - Vupdx < (f, 6, (1))

=00 Jim<|uy| <m+1}

as 6, (u)—0 weakly in W L, (R, ) for o (ITL, (), TIE,(S2)) one obtain

lim lim a(x,uy, Vuy) - Vuydx < lim (f,6,,(u)) =0
M0N0 J (m=||ng| <m+1| Mmoo

By (1.5), we get

lim lim a(x,uy, Vuy) - Vu,dx =0 “4.11)

M=>00 N0 J (m<|ug|<m+1|
414

2
In this subsubsection we pose ¢ (s) = se** where A = (%) . it is easy to get,

foralls e R,  ¢'(s) — %kﬁ(s)l %

v

4.12)
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400 N. E. Amarty et al.

For m > k, definning

1 if[s| <m
Yms)=3m+1—|s| ifm <|[s| <m+1
0 if [s| > m+1

Let {v;}; C D(S) be a sequence such that v; — u in WgLy(S) for the modular
convergence and a e. in 2. And let us define the functions

0] = Ty (un) — Ty (vj). 607 = Ti(u) — Tx (vj) and Dm=¢ (9,{) VYm (Un) .
Using zf;,m € WO1 L, (2) as a test function in (P,) we get
/Qa (x, uy, Vuy) - sz;,mdx
" /[mgungmm Py 1) - Vit () & (Te ) — Ti (v;)) dx
) V6 (71 ) = T (0)) i ()

+ f gn (5t Vitn) 7 mdx = / 2l mdx @.13)
Q Q

From now on, we denote by €; (n, j),i =0, 1,2, ..., various sequences of real numbers
which tend to zero as n and j — oo, i.e.,

lim lim €(n,j)=0
Jj—+o00 n—>+00

by using (4.7) one has z} , — @ (67) ¥ (u) weakly in L™(Q) for o* (L, L) as
n — oo which give

lim [ fel ndx = / £ (67) mturd
n—oo Q Q
and ¢ (/) — 0 weakly in L>(RQ) for o (L*, L") as j — oo, we have
lim [ fo (91‘) Ym (Wydx = 0
j—oo Jo

Therefore, by denoting

/ fzhmdx = €o(n, j),
Q
the divergence lemma implies that
/ By () - Vit ) & (T ) — T (v7)) dx = 0.
{m=<|uy|<m+1}
The third term in the left-hand side of (4.13) can be written as follows

/Q @, (up) - Vo (Tk (un) — Tk (vj)) Y (un) dx
= [ @00 1) ¢ (6]) o ) i
Q

= f Py ) VT (05) ¢ (6F) Wrm (n) dx
Q
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Applying the divergence lemma we have,
[ @) VT 8 (61) i ) dx =0
Q
By (4.7) one obtain

®, () ¢’ (9,{) Y (i) = D)’ (91) Y () a.6.i0Q as n— 400

now, we can verify that

[ @0 o' (6) yin )| < ¥ (x.cnd'@0) 121 41

@,

with ¢;; = maxyj<muy1 O ).
Thanks to [[33], Theorem 14.6], we have
n—-+00

tim [ @, () VT (v) ¢ (67) Wi () dx = / () - VTi (1)) ¢' (67) ¥ ()dx
Q Q

Using the modular convergence of the sequence {v_, }j. , it follows that

lim tim [ @ ) VT (0;) 9 (67) ¥ (un)dx:/ D) - VTr () (w)dx
Q Q

Jj—+oo n—>+00

Then, thanks to Lemma 3.9 we obtain
/ Sw) - VT ()Y, (u)dx =0
Q
Therefore,we denote

/Qq)n (un) - Vo (Tk (un) — Tk (Uj)) Y (up) dx = €1(n, j).

since g, (x, u,, Vuy) z,ﬁ'm > 0 on the set {|u,| > k} and ¥, (u,,) = 1 on the set {|u,| < k},
by according to 4.13 we get

/ @ (x. ttn, Vi) - Veimdx +/
Q

{lun| <kl

gn (o, V) ¢ (61) dx < 2n. ) @414)
For the first term of the left-hand side of (4.14) we can write
/ a(x,uy, Vuy) - VZ{;,mdx = / a (x,up, Vuy) - (VT (uy)
Q Q
~VT (07)) ¢ (61) Yim () dx
+/ @ (5.t Vitn) - Vs (61) 1 () d
Q
=f a (5, Tic@n) . VT () - (Vi () = VT (07)) ' (6]) dx
Q
[ e Vi) - T (1) 8 (61) i )
[lun]>k|

+/ a(x, n, Vity) - Vit (0,{) W () dx
Q
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therefore
f a(x,u,, Vuy) - VZ)Jz'mdx
Q
= /Q (a (x, Tx (un), VT () — a (x, Ty (un) , Vi (v)) Xj))
(VTk (un) — VT (v)) xj-) ¢’ (Gr{) dx
+ /Q a (x, Ti (un) , VTi (vf) X;) : (VTk (un) = VTic (v)) Xﬁ‘) ¢ (9’{> dx

- / a (x, Ti (un) , VTx ) - Vi (v) ¢/ (9,{) dx
o\

—/ a .ty Vi) - VT (0) ¢ (67) i (un) dx
[luul>k]

[ @G, Vun) Vg (61) v () (415)
Q

let us define x°,s > 0, and the characteristic function of the subset
Q= [x e Q: |V (vj)| =5}

By fixing m and s, we will pass to the limit in # and in j in the second, third, fourth and
fifth term on the right hand side of (4.15) .

For the second term, we have

/ a (% T ), VT (v) 25) - (VT o) = VT (05) 25) @' (61)
Q
N\ S Nvs)ao (0/
N / (a (x, Ty (), VT (v)) x,») : (vmu) — VT (v)) Xj)qﬁ (9 ))dx asn — 400
Q
thinks to 3.8, one has
a (x, Tr () , VT (vj) xj) ¢’ (6’,{) —
S\ o (i . N
a (x, Ty (u), VT (vj) Xj) 1) (91) strongly in (E(p(Q)) asn — oo
and by (4.4)
VT (y) =~V Ti(u) weakly in (L, ()"
Let us define x* the characteristic function of the subset
Q' ={xeQ:|VIi(u)| < s}

As VT (vj) X} — VTe(u)x’® strongly in (E(p(Q))N as j — 0o, we get
/ a <x, Ty ), Vi (v)) X;) : (VTk(u) — VT (v)) x‘}) ¢ (9/’) dx =0 asj— oo
Q
thus,

[ (5o 93 ) ) - (75 ) = V7 0) 25) (61t = a5
(4.16)
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For third term estimation of (4.15) . It’s it is clear that by (1.5) one can verify that
a(x,s,0) = 0 for almost every x € 2 and for all s € R.
Thus, from (4.10) we have that

(a (x, Ty (un) , VTi (u,))), is bounded in (Lq,(Q))N for all k£ > 0.

Therefore, there exist a subsequence still indexed by n and a function /; in (LW(Q))N
such that

a(x, Ty (n) , VTi (un)) = weakly in (L, (@)™ foro (TILy, TIE,).

Then, by using the fact that V7 (v;) Xo\@: € (Eq,(Q))N , we get

/ a (5, Tic ), VT () - Vi (v)) @' (67) dx
oflo

— lk~VTk(vj)¢’<91)dx asn — 0o.
\Q!

The modular convergence of {v j} give

—f I - VTi (vj) ¢ (9j>dx—> — Iy - VT (w)dx as j — oo
aQ; Qe

Consequently

—/ @ (6, Ti ), VT )V (v) ¢ (6) d = = / LV T (w)dx+ea(n, )
Q=

Q\Q
4.17)
For the fourth term, we remark that ¥, (u,) = 0 on the subset {|u,| > m + 1}, then we
obtain

_/ a(x,up, Vuy) - VI (Uj) ¢’ (61{) Y (up) dx
{lun|>k}

= [ T ) VTt @) VT (0) 9 (6F) ) i

{lun|>k}

By using the same procedure as above we have

- / @ (6, Tt () Vi @) - VT () ' (6]) Vi () dx

{lun|>k}
= —/ Imt1 - VIr)Ym (w)dx + €s(n, j)
{lul>k}
By observing that VT (#) = 0 on the subset {|u| > k}, we can write

—/ a (st Vi) - VT (07) 9 (67) W () dx = s, ) (@.18)
{lun|>k}
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For the last term of (4.15) we obtain

/ a(x, n, Vity) - Vit (9,{) W' () dx
Q

/ @ (&t Vitn) - Vitnd (6] ) v, () dx
{m=<lu|<m+1}

< ¢(2k) a(x, un, Vup) - Vupdx

{m<lug|<m+1}
By taking T (up, — T, (uy)) € W(}LW(Q) as test in (P,) one has
/ a(x,un, Vuy) - Vuydx + / ®, (uy,) - Vupdx
{m<lug|<m+1} {m<lun|<m+1}
+/ &n (X, upn, Vuy) Ty (uy — Ty () dx = (f, Ty (up — Ty (un))) .
{lux|=m}
by according to Lemma 3.9, we get
/ &, (1) - Vupdx =0
{m<lug|<m+1}
Since g, (x, uy, Vuy) Ty (uy — Tyy (uy)) > 0 on the subset {|u,| > m}, we have

/ a(x,uy, Vuy) - Vupdx < (f, Ty (uy — Ty (uy)))
{m=<|ux|<m-+1}

By observing f as f = —div F, where F € (Ew(Q))N , and applying Young’s inequality,
we get

2
/ a(x,uy, Vuy) - Vuydx < a / v (x, 7|F|> dx
{m<|ug|<m+1} {m<luy|<m+1} o

which implies that

/ a(x,uy, Vuy) - Vuyd (Qr{) \Z’,/n (up) dx
Q

2
< ag(2) w<x,f|F|> dx
{m<lug|<m+1} o
4.19)
thinks to (4.15), (4.17), (4.18) and 4.19 we get
/ @ (x. ttn, Vi) - V2 mdx
Q

> /Q (@ 0 T ) VT ) = @ (%, Tic ), Vi (1) ) ) (VT ()

—VTi (v) %) ¢ (6] ) dx (4.20)
—ap(2k) v (x, E|F|> dx
{m<lug|<m+1}) o
—/ lx - VT (u)dx + eg(n, j) 4.21)
Q\Q
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Now, we turn to the second term on the left-hand side of (4.15) and by using the hypothesis
(1.6) one has

‘/ gn (.t V) & (6]) dx
{luy | <k}

= '/ 8n (6 T ), VT () ¢ (6] ) dx
{lux| <k}

gb(k)/ 0 (e, VT @D |6 (67) dx+b<k>f ) [0 (01) | dx

Q Q

<20 [ e T ) T ) - VT ) [ (67)] dx + €100, )
o Q

Therefore,
&n (X, uy, Vuy) ¢ 9,'1; dx
/;uklik} ( )
bk
= % i (a G T ) VT @) = a (%, T Gaa) VT (v5) 25) ) (VT ()

—VT; (v‘,-) X;) ¢ (6,{) dx

b(k) , ,
+7/Qa (x, T un) , VTi (vj)x}-) : (VTk () — VT (vj)X})

20 o (6)

dx

o(c)

dx +e1(n, j) (4.22)

oo (x, T un) » VT (un)) - Vi (v)) X}

Using the same procedure as above we get

bk i
%/ﬂa(x,n ) VT (05) 23) - (VT ) = VT (v)) 1) |6 (67) | dx = estn. )
and

bk ‘ .

Q/ an (5, T ), VT @) - VT (v) 5 [0 (6]) | dx = 9, .

o Q

thus, we obtain

8n (X, un, Vuy) @ 9,{ dx

‘/{‘un|<k} ( )
—a (x, Ti (uy) , VT (vj) X;)) (4.23)
x (Vi) = VT (07) 15) |o (67

By combining (4.14),(4.20) and (4.23) we have

b(k)
S 7/(61 (. Tie (un) » VT (un))

dx + €o(n, j)

/Q (a0 T @) VT @) = a (%, T @) VT (07) 15 ) ) (VT (o) = VT (v5) 1)

(0 00) - 22 o o)

5/ Ik - VT (w)dx + a¢ (k) (x,E|F|> dx + e (n, j)
Q\Qf a
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thinks to (4.12), we get

/Q (a G T o) VT @) = a (. Tic ), Vi () 15 )
(VT () = Vi (v)) 1) ()

< 2/ Ie - VT (u)dx + 2 (2k)
Q\Q

2
/ v <x, —|F|> dx + en(n, ) 4.24)
{m<|uy|<m+1} o

On the other hand, we have

/Q (a (x, T (un) . VT (up)) — a (x, Te (un) . VI @) x*)) (VTi (un) = VT () x*) dx

=f9(a (6, T ) VT ) = a (¥, Tic @), Vi () 15))

(Vi @) = VT (v)) 13 ) dx
+/Qa(x, Tk (un), VTi (uy)) - (VTk (vj)x;‘ - VTk(u)XS) dx
—/Qa(x,Tk (n) VT x*) - (VT (un) — VI () x*) dx

+/Qa (3. T G0a) VT2 (0) 1) - (VT () = VT (07) ] )

We will passe to the limit in n and then in j in the last three terms of the right-hand side of
the above equality.

using the same procedure as is done in (4.15) and (4.22), we get

fQ“ (6, Tic @) s VT @) - (VT2 (v) ) = VTe@x* ) dx = enan, J)
[ o i) I TG0°) - (VT ) = VTew0") dx = enan, (4.25)

/Qa (x, Ty (un) . VTi (v)) xj-) - (VTk (un) — VT (v)) x}) dx = ea(n, j)

Therefore,

/Q (@ (x, Tic (un) , VTic (un)) — a (x, Te un) s V@) x*)) (VT () = VTi(u) x°) dx

=f9(a (x, T (un) , VT (u,,))—a(x,Tk (tn) , VT (v,»)xj.))

(VTk () — VTi (vj)X;‘) dx + e1s(n, j) (4.26)
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Let r < s. Thinks to (1.4) , (4.24) and (4.26) we have

0< /Q @6 T ) VT ) = @ (5, T ) s VTe@))) (VT () = Vi) dx
< /Q (@06 T ) VT (00) = @ (5, Tic @) s VTR0 (VT () = VT (0) dx
= /Q (a (. T o) s Vi ) = @ (3, T (), VT x°)) (VT ) = VTl ) dx
< fg (a (., T ) VT ) = @ (3, T ), VT ) (VT ) = Vi) x) dx
= [ (ot B0 VT ) = a (3. T2 ) 9T (0 )
Q
(VT () = VTi (1) 1} ) dx + €15 )

by passing to the limit in n and then in j one has,

0 < lim Sup/ (a (x, T (un) , VI (un)) — a (x, Tg (up) , VI () (VIi (un) — VTi(u)) dx

n—oo

2
52[ Iy - VT (u)dx + 2a¢ (2k) w(x,—|F|> dx.
\Q {m<|u|<m+1} o

Let s — 400 and m — oo, using the fact that [ - VT (u) € LY(Q), |F| €
(E‘p(Q))N , |Q2\QF| — 0 and |{m < |u| <m + 1}| — 0, we obtain

/ (a (x, T (un) , VTx (un)) — a (x, T (un) , VI ()))
Q!‘
- (VT (up) — VT (u))dx — 0 asn — oo
Thinks to [31] there exists a subsequence of {u,} still indexed by n such that
Vu, - Vu aeinQ 4.27)

Thus, by taking account that (4.7),(4.9) and (4.10) we can apply [[33], Theorem 14.6] to
obtain a(x, u, Vu) € (L, ()" and

a(x, un, Vi) ~a(x, u, Vu) weakly in (L, (2))" for o (TTL,(Q), TEy(Q)). (4.28)

4.1.5
Now,we shall prove that

forevery k > 0, Ty (u,) — Ti(u) in WOILw(SZ) for the modular convegence
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From inequality (4.24), we obtain
/ a (x, Ty (un) , VTx (up)) - VTx (up) dx < / a(x, T () , VT (un)) - VTic (v)) xjdx
Q Q
+/ a (. Tic ) VT (05) %) - (VT @) = Vi () 1) dx
Q
2

+2a¢ (2k) v (x, 7|F|> dx

{m<lux|=m~+1} o
+2/ a(x, Te(u), VI (w)) - VI (w)dx + €11(n, j).

Qs
thinks to (4.25), we obtain
/ a(x, Ty (up), VT (uy)) - VTi (uy) dx
Q

§/a(x,Tk (Un) , Vi un)) - Vi (v)) xjdx + 20 (2Kk)
Q

2
/ v (x, 7|F|) dx
{m<|un|<m+1} 4

+2/ a(x, Ty (u), VT (u)) - VT (w)dx + €17(n, j).
Q|Qs

the passage to the limitto the limit in n on both sides of this inequality and using (4.28)
implies that

lim sup/ a(x, Ty (up), VTy (un)) - VTi (uy) dx
Q

n—oo

< / a(x, Tr(u), VI (u)) - VT (vj) X‘;dx + 20¢p (2k)
Q

2
/ 14 (x, *IFI> dx
{m=|ulsm+1) o

+2/ a(x, Tr(u), VT (n)) - VI (u)dx.
Q\Q
and by passing to the limit in j we obtain

lim sup/ a(x, Ty (up), VT (un)) - VI (uy) dx
Q

n—0o0

< f a(x, Tr(w), VT () - VT (u) x dx + 2a¢ (2k)
Q

2
/ v (x, —|F|> dx
{m=<|u|<m+1)} «

—I—Z/ a(x, Try(u), VT (w)) - VT (u)dx.
Q\Q\
Lets and m — oo, we get

lim sup/ a(x, Ty (up), VT (up)) - VI (uy) dx < / a(x,Ty(u), VI (n)) - VI (u)dx
Q Q

n—o0o
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Now, thinks to (1.5),(4.4),(4.27) and applying Fatou’s lemma, we get
/ a(x, Ti(), VTi(u)) - VI (u)dx < lim inf/ a (x, Ty (un) , VI (up)) - VT (un) dx
Q n—0o0 Q
thus,

lim a(x, Ty (up), VTy (up)) - VI (uy) dx = / a(x,Ty(u), VT (n)) - VI (u)dx
Q Q

n—o0
In view of Lemma 3.5, we deduce that for every k > 0
a(x, Ti () , Vi () - Vi () — a (x, Te (), VTi(u)) - VT () strongly in L'(2)

(4.29)
by vertu of hypothesis (1.5) and using the convexity of ¢ we get

( IVTi (un) — VTk(u)I)
L B

2
< La (¢, T (un) , VIi (un)) - VTi (un) + La (x, T (u), VT (w)) - VT (u)
20 20

By applying Vitali’s theorem we obtain

VT, — VT,
lim sup/ (p()c, |V Tx (un) k(u)|>dx —0
E

le]l—0 5 2

Consequently, for every k > 0
Ty (un) — Ti(u) in Wy Ly ().

for the modular convegence.

4.1.6

We shall show that
gn (%, tn, V) — g(x,u, Vu) in L' (Q) (4.30)

From (4.9) and (4.27) we have
gn (x,un, Vuy) — g(x,u,Vu) ae.in Q (4.31)

Let E be a measurable subset of 2 and let m > 0. by taking account of (1.5) and (1.6) we
obtain

/ lgn (x, un, Vuy)|dx = / lgn (x, un, Vuy)| dx
E EN[lug|<m)
+/ lgn (x, un, Vuy)| dx
Eﬁ{l“rl|>m}
< b(m)/ C(X)derb(m)f a(x, Ty (un) , VT (up)) - VT (uy) dx
E E

1
+*/ &n (x,up, Vuy) uydx
m Jo

By (1.7) and (4.6) it follows that

1
lim —/ gn (X, up, Vuy) updx =0
Q

m—o00 m
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By using (4.29) the sequence
{a (x, Ty, (up), VT, (uy)) - VT, (uy)}, is equi-integrable ,

Consequently
lim sup/ a(x, Ty (uy), VT, (uy) - VT, (uy) dx =0
IEI=0 n JE

This proves that g, (x, u,, Vu,) is equi-integrable.
Therefore, Vitali’s theorem allows us to get

g(x,u, Vu) € LY(R),

and
gn (x,un, Vuy) — g(x,u, Vu) strongly in LI(Q). (4.32)

4.1.7
In this subsubsection we prove that
lim a(x,u,Vu) - Vudx =0 (4.33)

m=00 Jim<|u|<m+1}

for any m > 0 we have
/ @ (5. iy, Vity) - Vitgdx = / @ (5. ttn, Vi) - (VT () — YTy (1)) dix
{m<|up|<m+1} Q
= / a(x, Tug1 Wn) , Vg1 (p)) - Vg (uy) dx
Q

_/ a (x, Ty (up) , VI (uy)) - VI, (uy) dx
Q
Thinks to (4.29) and passing to the limit as n — +-o0 for fixed m > 0

lim a(x,up, Vuy) - Vu,dx
=00 Hm<|up | <m+1}

Z/a(x, Tm+1(u),VTm+1(u))-VTm+1(u)dx—/ a (x, Tu(u), VT (u) VT, (u)dx
Q Q

= / a(x,u,Vu) - (VTy1(u) — VT, (u)) dx
Q

=/ a(x,u,Vu) - Vudx.
{m<|u|<m+1}

according to (4.11), we can pass to the limit as m — +o0 in order to have (4.33).

4.1.8

Finally, in this step thanks to (4.29) and Lemma 3.5, one has

a(x,uy, Vuy) - Vu, — a(x,u, Vu) - Vu  strongly in LI(SZ) (4.34)
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Leth e (Ccl, (R) and ¢ € D(2). we choose h (u,) o as a test function in (P,) we obtain
/ a(x,un, V) - Vuyh' (uy) odx + / px)a (x,up, Vuy) - Voh (u,) dx
Q Q

+/ By (1) -V (h <un)g)dx+f g (5 s Vitn) b () 0dx = .+ h (1) 64.35)
Q Q

Now, we can pass to the limit as n — 400 in each term of equality (4.35). since h and h’
have a compact support on R, there exists a real number v > 0, such that supp & C [—v, v]
and supp 4’ C [—v, v]. For n > v, we can have

Py (A1) = @ (Ty()) h(t) and @, (1A' (1) = (T, (1) h' (1)
Moreover,
the functions ®h and A’ belong to (C*(R) N L™ (R))" .

Now we can see that the sequence {% (u,) 0}, is bounded in W(} Ly(£2).

Indeed, letc > 0 be a positive constant such that || (u,) Vol o < ¢ and Hh’ (un) Q”oo <c.
Thinks to (3.2) we obtain

f o (x, M) dx < / 0 (x, | (un) Vol + |h, (u,,)QIIVu,,|>dx
Q 2c Q 20

1 1
*/ p(x, l)der*/ @ (x, |VTy (up)]) dx
2 Jo 2 Jo

c

IA

IA

Which jointly with (4.9) it follows that
h (up) 0 — h(u)o weakly in Wol Ly (2) for for o (l'[L(p, l'IEw) . (4.36)
Which give
(fsh(un) @) = (f, h(u)@).

Let E be a measurable subset of €. we pose ¢, = max;|<y P (¢). And denoting by ||v]y o
the Orlicz norm of a function v € L, (£2). We thinking to the strengthened H 6lder inequality
with both Orlicz and Luxemburg norms, we have

1D (Ty (un)) xE ”w,Q = Ssup / @ (Ty (un)) vdx
vllg.@<1IVE
=c sup ixelly.qliviee

lvllg.=1

_ 1
< clElp ! <X, m)

|l}“i|r£0 sup 1P (Ty (un)) xEl (.0 =0

Consequently,

Then, in view of (4.9) and by applying [[33], Lemma 11.2], we get

® (T, (un)) — (T, (u)) strongly in (Ey ()"
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which together with (4.36) allow us to pass to the limit in the third term of (4.35) to obtain

/QCD(TU (un)) -V (h (up) @) dx — /Qd)(Tv(u)) - V(h(u)o)dx
Observing that
’a (x, un, Viy) - Vu,h' (uy) Q’ < ca (x, up, Vuy) - Vuy,

Therefore, thinks to (4.34) and applying Vitali’s theorem, we get
/ a (x,uy, Vuy) - Vu,h' (u,) odx — / a(x,u, Vu) - Vuh'(u)odx
Q Q
Concerning the second term of (4.35) using the same procedure as above we obtain

h (u,) Vo — h(u)Vp strongly in (E(p(Q))N
which jointly with (4.28) implies that

/ a(x,uy, Vuy,) - Voh (uy)dx — / a(x,u,Vu) - Voh(u)dx
Q Q

Remark that & (u,) 0 — h(u)o weakly in L*°(2) for o* (L°°, Ll) with (4.30) we can
pass to the limit in the Fourth term of (4.35) in order to have

/gn (x,un,Vun)h(un)deH/g(x,u,W)h(u)de
Q Q

Finally, we can pass to the limit in each term of (4.35) so as to obtain
/ a(x,u, Vu) - [Voh(u) + k' w)oVu]dx + / ®w)h'(u)o - Vudx
Q
—i—/ P w)h(u) - Vodx + / g(x,u, Vuyh(u)odx = (f, h(u)o)
Q Q

for all h € CC1 (R) and for all o € D(R2). Thus, as well (1.7),(4.6) and (4.31) we apply
Fatou’s lemma to get g(x, u, Vu)u € LY(Q).

Consequently, thinks to (4.9),(4.28),(4.32),(4.33), the function « is arenormalized solution
of problem (P) .
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References

1. Aissaoui Fqayeh, A., Benkirane, A., El Moumni, M.: Entropy solutions for strongly nonlinear unilateral
parabolic inequalities in Orlicz-Sobolev spaces, Applicationes Mathematicae, 41 ,2-3 , pp: 185-193
(2014)

2. Aissaoui Fqayeh, A., Benkirane, A., El Moumni, M., Youssfi, A.: Existence of renormalized solutions for
some strongly nonlinear elliptic equations in Orlicz spaces. Georgian Math. J. 22(3), pp. 305-321 (2015)

3. Akdim, Y., Belayachi, M., El Moumni, M.: L®-bounds of solutions for strongly nonlinear elliptic prob-
lems with two lower order terms. Anal. Theory Appl. 33(1), 46-58 (2017)

4. Akdim, Y., Benkirane, A., Douiri, S.M., El Moumni, M.: On a quasilinear degenerated elliptic unilateral
problems with L! data. Rend. Circ. Mat. Palermo, II. Ser 67, 43-57 (2018)

5. Akdim, Y., Benkirane, A., El Moumni, M.: Solutions of nonlinear elliptic problems with lower order
terms. Ann. Funct. Anal. (AFA) 6(1), 34-53 (2015)

@ Springer



Existence of renomalized solution for nonlinear... 413

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

Akdim, Y., Benkirane, A., El Moumni, M.: Existence results for nonlinear elliptic problems with lower
order terms. Int. J. Evol. Equ. (IJEE) 8(4), 1-20 (2014)

Akdim, Y., Benkirane, A., El Moumni, M., Fri, A.: Strongly nonlinear variational parabolic initial-
boundary value problems. Ann. Univ. Craiova Math. Comput. Sci. Ser. 41(2), 1-13 (2014)

Akdim, Y., Benkirane, A., El Moumni, M., Redwane, H.: Existence of renormalized solutions for nonlinear
parabolic equations. J. Partial Differ. Equ. JPDE) 27(1), 28-49 (2014)

Akdim, Y., Benkirane, A., El Moumni, M., Redwane, H.: Existence of renormalized solutions for strongly
nonlinear parabolic problems with measure data. Georgian Math. J. 23(3), 303-321 (2016)

Akdim, Y., El Moumni, M., Salmani, A.: Existence results for nonlinear anisotropic elliptic equation.
Adyv. Sci. Technol. Eng. Syst. J. 2(5), 160-166 (2017)

. Ahmed Oubeid, M.L., Benkirane, A., Sidi El Vally, M.: Strongly nonlinear parabolic problems in

Musielak—Orlicz—Sobolev spaces. Bol. Soc. Paran. Mat.v. 33(1), 191-223 (2015)

Benboubker, M.B., Chrayteh, H., Hjiaj, H., El Moumni, M.: Entropy and renormalized solutions for
nonlinear elliptic problem involving variable exponent and measure data. Acta Math. Sin. English Ser.
31(1), 151-169 (2015)

Benkirane, A., El Hadfi, Y., El Moumni, M.: Existence results for nonlinear parabolic equations with two
lower order terms and L!-data. Ukra. Mat. Zh. 71(5), 610-630 (2019)

A. Benkirane, Y. El Hadfi and M. El Moumni. Renormalized solutions for nonlinear parabolic problems
with L!- data in orlicz-sobolev spaces. Bull. Parana’s Math. Soc. (3s.) 35(1) 57-84, (2017)

Benkirane, A., El Haji, B., El Moumni, M.: On the existence of solution for degenerate parabolic equations
with singular terms. Pure Appl. Math. Q. 14(3—4), 591-606 (2018)

Benkirane, A., El Moumni, M., Fri, A.: An approximation of Hedberg’s type in Sobolev spaces with
variable exponent and application. Chin. J. Math., Volume 2014 , Article ID 549051, (2014) 7 pages
Benkirane, A., El Moumni, M., Fri, A.: Renormalized solution for strongly nonlinear elliptic problems
with lower order terms and L!-data. Izvestiya RAN: Ser. Mat. 81(3), 3-20 (2017)

Benkirane, A., EIMoumni, M., Kouhaila, K.: Solvability of strongly nonlinear elliptic variational problems
in weighted Orlicz-Sobolev spaces. SeMA J. 1-24 77: 119-142 (2020)

Benkirane, A., Sidi El Vally, M.: Some approximation properties in Musielak-Orlicz- Sobolev spaces.
Thai. J. Math. 10, 371-381 (2012)

Benkirane, A., Sidi El Vally, M.: Variational inequalities in Musielak-Orlicz-Sobolev spaces. Bull. Belg.
Math. Soc. Simon Stevin 21, 787-811 (2014)

Boccardo, L., Giachetti, D., Diaz, J.I., Murat, F.: Existence and regularity of renormalized solutions for
some elliptic problems involving derivatives of nonlinear terms. J. Difer. Equ. 106(2), 215-237 (1993)
Boccardo, L., Murat, F.: Almost everywhere convergence of the gradients. Nonlinear Anal. 19(6), 581-597
(1992)

Boccardo, L.: Some nonlinear Dirichlet problems in L! involving lower order terms in divergence form,
Progress in Elliptic and Parabolic Partial Differential Equations(Capri, 1994), Pitman Res. Notes Math.
Ser., vol. 350, Longman, Harlow, 1996, pp. 43-57. (1996)

Bourahma, M., Bennouna, J., El Moumni, M.: Existence of a weak bounded solution for nonlinear
degenerate elliptic equations in Musielak—Orlicz spaces. Moroccan J. Pure Appl. Anal. (MJPAA). 6(1),
16-33 (2020)

DiPerna, R.J., Lion, P.-L.: Global weak solutions of Vlasov—Maxwell systems. Comm. Pure Appl. Math.
42(6), 729-757 (1989)

DiPerna, R.J., Lion, P.-L.: On the Cauchy problem for Boltzmann equations: global existence and weak
stability. Ann. Math. (2) 130(2), 321-366 (1989)

El Haji, B., El Moumni, M., Kouhaila, K.: On a nonlinear elliptic problems having large monotonocity
with L1 —data in weighted Orlicz—Sobolev spaces. Moroccan J. Pure Appl. Anal. (MJPAA) 5(1), 104-116
(2019)

El Moumni, M.: Entropy solution for strongly nonlinear elliptic problems with lower order terms and
L'-data, Annals of the University of Craiova - Mathematics and Computer Science Series. 40(2) 211-225
(2013)

El Moumni, M.: Nonlinear elliptic equations without sign condition and L'-data in Musielak—Orlicz—
Sobolev spaces. Acta. Appl. Math. 159, 95-117 (2019)

El Moumni, M.: Renormalized solutions for strongly nonlinear elliptic problems with lower order terms
and measure data in Orlicz—Sobolev spaces. Iran. J. Math. Sci. Inform. 14(1), 95-119 (2019)

Gossez, J.P.: Nonlinear elliptic boundary value problems for equations with rapidly (or slowly) increasing
coeficients. Trans. Am. Math. Soc 190, 163-205 (1974)

Gossez, J.P.: A strongly non-linear elliptic problem in Orlicz—Sobolev spaces. Proc. Am. Math. Soc.
Symp. Pure Math. 45, 455-462 (1986)

@ Springer



414

N. E. Amarty et al.

33.

34.
35.

36.

37.

38.

40.

Krasnosel’skii, M.A., Rutickii, Ja.B.: Convex functions and Orlicz spaces, Translated from the first
Russian edition by Leo F. Boron. P. Noordhoff Ltd., Groningen 1961 xi+249 pp. 46-35 (1961)
Musielak, J.: Modular spaces and Orlicz spaces, Lecture Notes in Math. 1034 (1983)

Polidoro, S., Ragusa, M.A.: Harnack inequality for hypoelliptic ultraparabolic equations with a singular
lower order term. Revista Matematica Iberoamericana 24(3), 1011-1046 (2008)

Porretta, A.: Existence results for strongly nonlinear parabolic equations via strong conver- gence of
truncations. Annali di matematica pura ed applicata. (IV) CLXXVII, 143-172 (1999)

Ragusa, M.A.: Elliptic boundary value problem in Vanishing Mean Oscillation hypothesis. Comment.
Math. Univ. Carolin 40(4), 651-663 (1999)

Rudin, W.: Real and Complex Analysis, 3rd edn. McGraw-Hill, New York (1974)

Youssfi, A., Benkirane, A., El Moumni, M.: Bounded solutions of unilateral problems for strongly non-
linear equations in Orlicz spaces. Electron. J. Qual. Theory Differ. Equ. (EJQTDE), Number 21, pp: 1-25
(2013)

Youssfi, A., Benkirane, A., El Moumni, M.: Existence result for strongly nonlinear elliptic unilateral
problems with L1-data. Complex Var. Elliptic Equ. 59(4), 447461 (2014)

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps and
institutional affiliations.

@ Springer



	Existence of renomalized solution for nonlinear elliptic boundary value problem without Δ2 -condition
	Abstract
	1 Introduction and basic assumptions 
	2 Some preliminaries and background
	3 Some technical lemmas
	4 Main result
	4.1 Proof of Theorem 4.1 
	4.1.1 Approximate problem and a priori estimate
	4.1.2 
	4.1.3 
	4.1.4 
	4.1.5 
	4.1.6 
	4.1.7 
	4.1.8 


	Acknowledgements
	References




