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Abstract
In this paper we deal with asymptotic behaviour of renormalized solutions u, to the nonlinear
parabolic problems whose model is

(un)t - div(a,,(t, X, V”n)) = Hn in 0= (0’ T) x €,
u,(t,x) =0 on (0,7T) x 02,
uy (0, x) = ug in Q,

where €2 is a bounded open set of RN, N>1,T > 0and ug € COOO(Q) that approaches u(
in L' (). Moreover (ity)nen is a sequence of Radon measures with bounded variation in Q
which converges to p in the narrow topology of measures. The main result states that, under
the assumption of G-convergence of the operators A, (v) = —div(a,(t, x, Vvy)), defined
forv, € LP(0,T; Wol’p(Q)) for p > 1, to the operator Ag(v) = —div(ap(t, x, Vv)) and up
to subsequences, (u,) converges a.e. in Q to the renormalized solution u of the problem

u; —div(ag(t,x,Vu)) =u inQ =(0,T) x Q,

u,x) =0 on (0,7T) x 02,

u(0,x) =up in Q.
The proposed renormalized formulation differs from the usual one by the fact that truncated
function T (u,) (which depend on the solutions) are used in place of the solutions u,. We
prove existence of such a limit-solution and we discuss its main properties in connection with

G-convergence, we finally show the relationship between the new approach and the previous
ones and we extend this result using capacitary estimates and auxiliary test functions.
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1 Introduction

We are interested in the asymptotic behaviour of the solutions u, to the (homogeneous)
parabolic problems

(un)r — div(a,(t, x, Vuy)) = u, in(0,7T) x Q,
u,(t,x) =0 on (0, T) x 092,
un (0, x) = ug in Q,

where 2 is a bounded open subset of RN, N > 2, (u§)nen is a sequence of smooth
functions that approaches ug in LYQ), (n)nen is a sequence of Radon measures with
bounded total variation on Q = (0, T) x 2 which converges to u in the narrow topology
of measures, and (a, (¢, x, {))nen are Carathéodory functions such that the correspond-
ing operators A, : LP(0,T, Wy"(Q)) ~ L (0, T; W=17'(Q)), defined by A, (v,) =
—div (a, (¢, x, Vv,)), turn out to be monotone, continuous and coercive between the Sobolev
space L7 (0, T; W(;‘p(Q)), p > 1, and its dual space LP/(O, T, W_l’p/(Q)), % + # = 1.

Under these assumptions, for every F,, € LP/(Q) and ug € L2() there exists a unique
variational solution v,, to the problem

(vn)r — div(ay (t, x, Vo)) = F, in 0 = (0, T) x Q,

v, (0, x) = ugin Q, v,(t,x) =00n(0,T) x 3€2,

that is a unique function v, € WN C(0, T; L2()) in the weak sense

T T
—/;Zugw(O)dx—/(; (wt,vn)dt—{-/Qa(t,x,an)-Vw dxdt:/o (Fp,w), Yw e W

with w(T) =0, W = {u € LP(0, T; V), uz € LP (0, T; V)} and V = Wol”’(sz) NLA(Q),
(1.1

where (-, -) denotes the usual duality pairing between the spaces W(;’p ()N L%() and
(WP (Q) N LA(Q))’ (see [46] for the case p > 2 and [44] for 1 < p < 2). Let emphasize
that variational solutions are solutions to problems with L? (Q)-data. This kind of problems
has been largely studied in different context, but here the obtained results are related to the
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Homogenization of a nonlinear parabolic problem... 3

theory of homogenization, which is the study of the asymptotic behaviour for solutions of
(1.1) corresponding to a, (t, x, {) = a(nt, nx, ¢), n € N, with suitable periodicity assump-
tions on a(-, -, ¢). If there exists Ag(v) = —div(ag(t, x, Vv)) : LP(0,T; Wol’p(Q)) —
LY O, T; W_l’p/(Q)) such that for every F € LP/(Q), the solutions v, of (1.1) converge
weakly in L? (0, T W(;'p (£2)) to the variational solution v of the problem

v, —div(ag(t, x, Vv)) = Fin Q = (0,T) x ,
v(0,x) =upinQ, v(,x)=00n(0,7T) x 02,

and the momenta a, (¢, x, Vv,) converge to ap (¢, x, Vv) weakly in (LP/(Q))N, the sequence
A, is said to be G-converging (or H-converging) to Ag. Hence the sequence of operators
(A,) G-converges to Ag if the asymptotic behaviour of solutions corresponding to A, is
described by the problem corresponding to Ag. In the case of the theory of Homogenization:
the operator Ag represents the macroscopic model associated to the microscopic structures
described, at different scale, by A,,. Recall that the notion of G-convergence was introduced
in Spagnolo [73] for parabolic operators (the name comes from the fact that G-convergence
is defined in terms of Green’s operators), the extension to the elliptic case is defined in
[72], especially to the second order symmetric linear elliptic operators in [71] (See also
[55,68,69] for problems with lower order terms and [50,70,78] for non-symmetric case where
the last two authors use the name H-convergence, H stands for Homogenization). For the
case of elliptic operators with arbitrary order we refer to [54,79], for the parabolic case
we refer to Colombini and Spagnolo [19,20] and Spagnolo [74], while the arbitrary order
case is studied in [80] and for a class of non-divergence parabolic operators in [81]. The
properties of G-convergence for some classes of quasi-linear elliptic operators with linear
principal part are studied in [5,8,10,58] and also [40] for the study of conditions under
which the weak convergence of coefficients implies the G-convergence of the corresponding
operators. The case of quasi-linear monotone operators in divergence form was studied by
Tartar (unpublished notes, 1981), by Pankov [56], Del Vecchio [28], and Francu [32] under
some equi-continuity assumptions, by Chiado Piat et al. [18] and Defranceschi [27] without
any continuity conditions. The relationship between G-convergence of quasi-linear elliptic
monotone operators and I"-convergence of the corresponding convex functionals is studied in
[26], the case of degenerate monotone operators in divergence form is considered in [25]. A
discrete notion of G-convergence for finite difference equations can be found in [41], we refer
to [39,42,43] for the case of quasi-linear parabolic operators and [21,75] for hyperbolic case
(see also [14,22,38,57] for more references). As a consequence of stability properties proved
in the context of Dirichlet problems with elliptic operators and measure data [23,48,49], we
drive such new results for parabolic problems with measures which depend on time and the
extension to more general spaces seems to be always possible. We consider, as starting point,
asequence (A,) of operators in divergence form G-converging to an operator Ag of the same
form. Hence Ag is a good model for the asymptotic behaviour of the variational solutions
of (1.1). The main point is to study the possibility to describe the asymptotic behaviour
of solutions corresponding to the operators A, in the case where u lies in the space of
measures, some partial results can be found in [67] when y lies in L' (Q) and in [1,61] in the
case of “uniform” convergence of a, (¢, x, {) (see for instance [62] for nonexistence results
(concentration phenomena) and [2] for blowing-up problems). In particular if 0 < o < B
and M (a, B) is the set of all matrices A(f, x) € (L°(Q))V*¥ such that

At,x) ¢ ¢ =algl?, AN, x) ¢ ¢ =P Ve eRY,
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4 M. Abdellaoui, E. Azroul

and if (A,) € M(«, B) G-converges to Ag € M(a, B), therLthe above assumptions implies
that the adjoint matrices (A,) G-converges to the adjoint Ag of Ap. Letting  be a fixed
measure with bounded variation in Q, we consider the solutions u,, of problems

{ (n); — div(A, (¢, x)Vity) = p, in Q,

1.2
uy(0,x) = ug in 2, wu,(t,x) =00n (0, 7) x 9Q2. (1:2)

Regardless of the assumptions on A, compactness results on the solutions of problems (1.2)
plays a crucial role in the existence and uniqueness of solutions (u,) (see [9,66,76]), u,, is
a solution of (1.2) if u,, € L9(0, T, Wol’q(Q)) N L2, T; L' (Q)) for everyqg < p — NLH
and, for every f, € L*(Q), u, satisfies

/ ugv, (0)dx + / up frdxdt = / vpdi,, (1.3)
Q 0 0
where v,, is the variational solution to

(Un) — div(A, (¢, X)Vv,) = f,in Q= (0, T) x R,
v,(0,x) =ugin 2, wv,(t,x)=00n(0,7) x IQ.

On the other hand, solution u, of (1.2) is unique and that there exists C > 0, depending

only on N, « and B, such that ||u, ”Lq(o W (@) < C (see [60,66]). Precisely, we can
A5 Wo

extract a subsequence (u,) which converges weakly in L?(0, T; W(}’q (R2)) to a function u.
In particular, (u,) converges to u strongly in L'(Q), and then

lim Uy, frdxdt =/ ufdxdt, (1.4)
0

n—-+00 Q

forevery f € L°°(Q). As a consequence of G-convergence hypothesis on the operators, the
solutions v, converge weakly in L%, T; HOl (£2)) to the solution v of problem

v, — div(Ag(f, x)Vv) = fin Q = (0, T) x Q,
v(0,x) =ugin 2, v(t,x)=00n(0,T) x I.

As aconsequence of classical regularity results, (v, ) turns out to be a sequence of equi-Holder
continuous functions and hence the sequence converges to v uniformly in Q. We then have

n—oo

lim vpdp, = / vdpu,
0 o
which, together with (1.3)—(1.4), implies that u is solution of problem

u; — div(Ag(t, x)Vu) = fin Q = (0, T) x Q,
u(0,x) =upin 2, wu(t,x)=00n(0,7T) x 0L2,

and the whole sequence (i, ) converges to u. Losely speaking, the method of G-convergence
of linear operators with measures allows to describe a similar model valid for variational
solutions. It is worth noting that, in this paper, such a construction can be achieved (at least
with the same technique) as far as nonlinear parabolic operators are concerned. Note that
in this case we miss two important properties: first, the fact that the formulation in terms of
duality (1.3) translates the problem of the passage to the limit for solutions corresponding to
measure data in a problem of convergence of solutions corresponding to regular data (solved
by the assumption of G-convergence) (see [60,76]), Second, the property that in the linear
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Homogenization of a nonlinear parabolic problem... 5

case the solution corresponding to measure data is unique, while for nonlinear equations
the uniqueness of the solution for general measure data is still an open problem [61,63], we
would like to emphasize that due to the first difficulty we are led to choose to set our results in
the framework of the so-called renormalized solution given in [61] in the context of parabolic
problems

{ (up)r —div(a,(t, x, Vuy)) = upin Q = (0, T) x Q, (15)

u,(0,x) = ug in 2, wu,(,x)=0o0n(0,7T) x Q.

Let us recall that the main property of renormalized solutions u, of (1.5) is that all truncations
Tk (uy,) are variational solutions of the boundary value problems (adapted to its truncations)
defined by

{ (T (un))i — div(an(t, x, VTi(up)) = i in Q = (0,T) x Q, 06

T (un)(0, x) = T (ug) in 2,  Ti(uy)(t,x) =00n (0, T) x 92,

where (y , are suitable regular measures (more precisely jx , does not charge sets of zero
parabolic p-capacity) which converges to i as k goes to +o00. Our results are actually in the
same spirit as those in [48] which concern the elliptic equation

—div(a, (x, Vu,)) = uy, in Q, u, = 0ond.

The paper is planned in the following way, in Sect. 2 we will precise the notion of capacity
and some basic properties of measures and we will state the main result using assumptions
on Leray—Lions operators and the definitions of renormalized solutions, whose proof, which
is rather technical, is left to Sect. 3, where the strategy is to pass to the limit as n —
400 in (1.6) for every k > 0 fixed, instead of trying to pass to the limit in the original
problems. This approach has the advantage of attacking the problem from a variational point
of view. Nevertheless, the passage to the limit in (1.6) cannot be performed directly using
the hypothesis of G-convergence of the operators, due to the presence of varying right-hand
sides, that converge only in a very weak sense. First we prove some a priori estimates on
the elements u,, Ty (u,), an(t, x, Vuy), a,(t, x, VI (u,)) and (i , in order to obtain a limit
equation where information about operators and data are lost (Sect. 4). As a consequence,
we reconstruct the datum in Sect. 5, and following the approach of Minty’s Lemma, we
reconstruct the operator in Sect. 6. Because of the lack of uniqueness result, we obtain that
for every fixed w and for every choice of a sequence of renormalized solutions to problem
(1.5) it is possible to extract a subsequence (possibly depending on 1) which converges to a
renormalized solution of the problem corresponding to the G-limit Ag and with datum pu.

2 Preliminaries and general results

Let © € RY be a bounded open set, N > 2, and let p and p’ be two real numbers with
1< p<Nand % + % = 1. Let us fix some notations. Henceforward, we will consider,

respectively, |¢| and ¢ - ¢’ the Euclidean norm of a vector { € R" and the scalar product
between ¢ and ¢’ € RV, For formally, a certain property holds almost everywhere (or a.e.)
if it holds for all cases except for a certain subset which is very small. Frequently it will be
convenient to describe situations that hold except on sets of zero measure. So by convention,
a property is said to hold p-almost everywhere (p-a.e.) if the set of points on which it doesn’t
hold has p-measure zero, similarly, this notations can be used in the case of convergence.
Moreover, in what follows, @ will indicate any quantity that vanishes as the parameters in its
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6 M. Abdellaoui, E. Azroul

argument go to their (obvious, if not explicitly stressed) limit point with the same order in
which they appear.

2.1 Capacity

For every Borel set B € Q, its p-capacity cap, (B, Q) with respect to Q is defined by (see
[37,65])

cap,(B, Q) = inf {{lufw},

where the infimum is taken over all the functionsu € W suchthatu > 1a.e.inaneighborhood
of B. We say that a property P(z, x) holds cap ,-quasi everywhere if P(z, x) holds for every
(t, x) outside a subset of Q of zero p-capacity. A function u defined on Q is said to be
cap,-quasi continuous if for every € > 0 there exists B < Q with cap,(Be, Q) < € such
that the restriction of u to Q\B is continuous. It is well known that every function in W,
defined by

W, = [“ € LX0,T; Wy " () N L¥(Q); uy € LY (0, T; W' () + L1<Q>} :

has a unique cap ,-quasi continuous representative &, whose values are defined (and finite)
cap,-quasi everywhere in Q. In what follows we always identify a function u € W, with its
cap,-quasi continuous representative u. A set E C Q is said to be cap p-quasi open if for
every € > 0 there exists an open set U, such that £ C U, € Q and capp(U\E, Q) <e.lt
can be easily seen that, if u is a cap,-quasi continuous function, then for every k € R the
sets {u > k} = {(t,x) € Q :u(t,x) > k}and {u < k} = {(t,x) € Q : u(t,x) < k} are
cap,-quasi open. The characteristic function of a cap ,-quasi open set can be approximated
by a monotonic sequence of functions in the energy space W», as stated in the following
lemma (see [31, Theorem 2.11, Lemma 2.20]).

Lemma 2.1 For every cap ,-quasi open set E < Q, there exists an increasing sequence (wy)
of nonnegative functions in W which converges to xg cap ,-quasi everywhere in Q.

2.2 Truncations

For every k > 0, we define the truncation function 7 : R — R (see Fig. 1) by T (s) :
max(—k, min(k, 5)). Let us consider the space ’Zz)l’p(Q) of all functions # : Q — R which
are measurable and finite a.e. in Q, and such that Ty («) belongs to L7 (0, T'; W(;’p(Q)) for

every k > 0. It is easy to see that every function u € ’ZBLP (Q) has a cap,,-quasi continuous

Ti(s)| . constant
e ek
—k Ti(s) =S k ?f s>k, 2.1)
i L 3 -k ifs< —k.
****** —k

Fig.1 The function T} (s)
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Homogenization of a nonlinear parabolic problem... 7

representative, that will always be identified with u. Moreover, for every u € 761”] (Q),
there exists a measurable function v : Q — RY such that VT (u) = v X{lu|<k) a.€. in
Q, for every k > 0, and v is unique up to almost everywhere equivalence [4, Lemma
2.1]. Hence it is possible to define a generalized gradient Vu of u € ’ZE)]’p (Q), setting
Vu = v. Ifu € L'(0, T; WH1(Q)), the gradient coincides with the usual one, while for
uwe LY0,T; L. (), it may differ from the distributional gradient of u.

loc

2.3 Measures

Let us denote with M (Q) the set of all Radon measures on Q with bounded total variation
and Cp(Q) the space of all bounded, continuous functions on Q, so that f 0 @dp is defined
for ¢ € Cp(Q) and u € Myp(Q) where the positive, the negative and the total variation
parts of a measure u in My (Q) are denoted by u™, ™ and ||, respectively. We recall
that for a measure p in My (Q) and a Borel set E € Q, the measure p L E is defined by
(LLE)(B) = u(E N B) for any Borel set B € Q. Analogous, we define M(Q) as the set
of all measures p in Mj(Q) with bounded variation over Q that does not charge the sets of
zero parabolic p-capacity that is if u € Mo(Q) then pu(B) = 0 for every Borel set B € Q
such that cap,(B, @) = 0, while M (Q) will be the set of all measures p in Mp(Q) for
which there exists a Borel set £ C Q, with capp(E, Q) =0, such that u = ulE.

Remark 2.2 A measure ug € Mo(Q) if and only if for every € > 0, there exists § > 0 such
that uo(B) < € for every Borel set B € Q with cap,(B, 0) <34.

Proposition 2.3 If nuo € Mo(Q) and if v is a function in W,. Then v is measurable
with respect to po. If v further belongs to L*°(Q), then v belongs to L*°(Q, o) and

lvllLe(g,up) = lIvliLeo(Q)-

Proof See [59, corollary 4.9]. |

Thanks to this result and to the dominated convergence theorem, we derive the following
limit
Corollary 2.4 If o € Mo(Q) and (v,) € WoNL*°(Q), bounded in L*°(Q), which converges
to a function v cap ,-quasi everywhere. Then (v,) converges to v po-almost everywhere, and
lim v, dug = f vdug.
n—0 0 0
Remark 2.5 Let (p,) be a sequence of L'(Q)-functions converging to p weakly in LY(0).

Let (®,) be a sequence of functions belonging to L>°(Q), bounded in the same space, and
converging a.e. in Q to a function ®. Then, according to the Egorov theorem, we have

lim0 ®,, p,dxdr =/ Opdxdr,
0

n— Q
this result will be often used in what follows.
On the other hand, if (v,) is a sequence of functions in W, which converges weakly to v, then
for every o € Mo(Q) the sequence (v,) converges to v in po-measure (see [16]). Before

passing to the convergence results, let us state an interesting result about the decomposition
of measures in Mo (Q).
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8 M. Abdellaoui, E. Azroul

Lemma 2.6 Ifio € Mo(Q) then, there exist a decomposition (f, G, g) of Lo such that vy =
f —div(G) + g; where f € L'(Q), G € (LP (0))N and g € L?(0, T; W(}”’(Q)) NLAQ).
Moreover

T T
/ vdug =/ vfdxdr —I—/ G - Vv dxdr +/ (v, g)dr
0 Q 0 0
for everyv € WN L*®(Q).

Proof See [31, Theorem 2.1]. O

The standard argument of Lemma 2.6 plays a key role in the proof of the following conver-
gence result.

Lemma 2.7 If uop € Mo(Q) and (v,) is a sequence of functions in W N L°°(Q) which
converges to a function v € Wy N L>(Q) weakly in W, . Assume that ||v, | L~y < C for
every n € N. Then (v,) converges to v strongly in L*>(Q, 1o).

Let us state a general decomposition result of measures in © € Mj(Q) and used several
times in the next.

Theorem 2.8 Let u € My(Q), then there exists a unique decomposition (g, jLs) such that
w= po + s, o € Mo(Q) and pg € M;(Q).

Proof See [33, Lemma 2.1]. O

Recall that a sequence (i) of measures in Mj(Q) converges to a measure u in My (Q) in
the narrow topology of measures if

lim edu, = / edu 2.2)
n——+0o 0 0

for every ¢ € Cp(Q). If (2.2) holds for all continuous functions ¢ with compact support in
0 (i.e. ¢ € C.(Q)), then it coincides with the usual weak-* convergence in My, (Q).

Remark 2.9 Recall also that a sequence of nonnegative measures (i,,) converges to u in the
narrow topology if and only if it converges to w in the weak-* topology, and the masses
(1n (Q)) converges to w(Q). Then, for nonnegative measures, the narrow convergence is
equivalent to the convergence in (2.2) for every ¢ € C®(Q).

2.4 The operator

A functiona : O xRY — RV issaidtobe a Carathéodory functionifa(, -, ¢) is measurable
on Q forevery { € R¥ anda(z, x, -) is continuous on RN for almost every (¢, x) in Q. Fixed

two constants cg, ¢; > 0 and a nonnegative function by € L*(Q), s > %, we say that

a: Q0 xRV - RV satisfies hypothesis H (co, c1, bg) if for almost every (¢, x) € Q the
following assumptions hold

a(t,x,¢)-¢ > col¢|” V¢ e RY, (2.3)
la(t,x, )| < bo(t,x) +c11¢1P~! V¢ e RY, 2.4)
(a(t,s, ) —a(t,x,¢))- ¢ —¢)>0 V¢, ' eRN, ¢ #£¢. (2.5)

Remark 2.10 We observe that if a(z, x, ¢) is a Carathéodory function satisfying (2.3), then
a(t,x,0) =0fora.e. (f,x) in Q.
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Homogenization of a nonlinear parabolic problem... 9

Thanks to the assumptions (2.3)—(2.5), the differential operator u +— —div(a(t, x, Vu)) turns
out to be a coercive and monotone operator acting from the space L” (0, T; WOl 7 ()) into
its dual space LY O, T; w=lr ’(Q)). It is well l/(nown, by the standard theory of monotone
operators (see for instance [45,46]), if F € L? (Q), then there exists a unique variational
solution v of the problem

(2.6)

vy —div(a(t,x,Vv)) = fin Q= (0,T) x Q,
v(0,x) =upinQ, v(,x)=00n(0,7T) x 02,

in the sense that v belongs to W N C(0, T’; L?()) and
T T
~ [ uopoas— [ vt [ atx. V0 voaxar = [C(Fghy et @)
Q 0 0 0 Mo

for all ¢ € W such that (7)) = 0, (-, -) denotes the duality pairing between W’l”’/(Q) and
Lp

W, ().
0

Remark 2.11 We also recall that, since 92 is smooth and «a satisfies assumptions H (co, 1, bp)
with bg € L*(Q) with s > %, for every F' = —div(Gy), Go € (L*®(Q))V the solution v of
(2.6) is a Holder continuous function. Moreover, there exists C > 0, depending only on p,
co, C1, b(] and [:N(Q), such that ||U ”CO’O‘(Q) < C”GO ||(Loo(Q))N (See [35,36,45])

Let us define a My-version of Minty’s Lemma (an elliptic version of this Lemma can be
found in [11, Lemma 7] and different type of Minty’s Lemma are established in [13] for
parabolic problems with p-growth). Our Minty type Lemma can be proved as the elliptic
case and reads as follows

Lemma 2.12 Let a be Carathéodory function satisfying H (co, c1, bp), let yy be measure in
Mo(Q) and v be a function in %l’p(Q). Then v is such that

T
—/0 (Tr (v);, T (v) — w)Wfl_p/(Q).WO],p(Q)dt +/Qa(t, x, VT (v)) - V(T (v) — w)dxdrt
= fQ(Tk(U) —w)dyp (2.8)
foreveryw € LP(0,T; Wé’p(Q)) NL®(Q)NC(, T; LY(Q)) if and only if v satisfies

T
—/ (wy, T (vV)—w) dt+/ a(t, x, w)-V(Ty(v)—w)dxdr < / (T (v)—w)dyy (2.9)
0 9] 0

w12 (@), Wy P (@)
foreveryw € LP(0, T; Wy'P(2)) NL™®(Q)NC(0, T; L (Q)) withw, € LP (0, T; W17’
(€2)).

In order to better specify the definition of G-convergence (also called Homogenization,
Fig. 2), recall that the present ideas of this paper differs from the several papers cited above.
In fact, in other works, especially parabolic problems, the G-convergence is related to finite
energy solutions. But here, this concept fits with the renormalized framework, it deals with the
homogenization of the renormalized formulation in the case where the sequence of momenta
(a,,) considered, bounded, in (LI’/(Q))N and satisfies (2.3)—(2.5) for some fixed «, 8 > O.
It consists in proving that if u; € LY(), (an) G-converges to ag (see the definition of this
convergence in Definition 2.13 bellow) and that the sequence of measures (i4,),eN tightly
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Fig.2 Homogenization theory

converges to u (i.e., in the narrow topology of measures), a subsequence of the sequence
of the solutions of the renormalized equation relative to @, converges to a solution of the
renormalized equation relative to ag, this is in order to see that the notion of renormalized
solution is thus robust in the sense that it is stable under the G-convergence of the momenta,
which is the “weakest possible” convergence for the corresponding operators. It is also worth
noticing that the proof that we will present in Sect. 6 to prove this homogenization result
of renormalized solutions is closed to the proof used in [48] (see also [52]) to obtain the
asymptotic behaviour of renormalized solutions and to illustrate the robustness of the method
in elliptic case. The robustness of both the notion of renormalized solution and of the method
of proof (using truncate functions) is emphasized by the stability result of renormalized
solutions with respect to variations of the right-hand side which given in the following
classical result: Consider a sequence of weak solutions u,, relative to some operators (a;,)
and to a sequence of right-hand sides F;, which converges weakly in L”,(O, T, W‘l’p/(Q))
to F (see 2.10) and under a special assumptions of equi-integrability of F,,, a subsequence
of the sequences u, is proved to converge weakly in L?(0, T’ W(} "7(Q)) to a solution of
the weak equation relative to the right-hand side F'. The above main result was generalized
by Malusa and Orsina [48] under Leray—Lions and G-convergence assumptions in the case
of singular measures, this argument, however, quite simply extends to measures converging
weak-* was observed in [47] in order to prove the asymptotic behavior of Stampacchia
solutions and under weak-* convergence of the data (fixed measures) in the theory of “cheap”
control. Moreover, the asymptotic behaviour (G-convergence, H —convergence, numerical
approximation) of the solutions of Dirichlet problems in L! (€2) can be foundin [6,7,12,17,24,
53], All these homogenization elliptic problems are considered Dirichlet setting, for which the
solutions is zero in the boundary. In a different setting, let us mention [15] where renormalized
solutions and homogenization are mixed and the more recent work [34] where the authors
study, with the help of renormalized solutions, the homogenization of a linear elliptic problem
with L!-data, Neumann boundary conditions and highly oscillating boundary. In addition,
Ben Cheikh Ali in [3] studied the homogenization of a renormalized solution in perforated
domains with a Neumann boundary condition on the boundary of the holes and the authors in
[30] considered the homogenization of a class of quasilinear elliptic problems in a periodically
perforated domain with L'-data and nonlinear Robin conditions on the boundary of the holes.
Observe that variational solutions corresponding to the data f € LP/(Q) are renormalized
solutions corresponding to the measure du = fdxdt and the narrowly convergence implies
the x-weak convergence, that is, if i, converges in the narrow topology of measures to u
then p, converges to pu*-weakly in Mj(Q) and u, (Q) converges to 1 (Q). We now recall
the definition of G-convergence related to parabolic operators.

Definition 2.13 Let (a,),en and ag be Carathéodory functions satisfying H (co, c1, bp), and
let A,(u) = —div(a,(t,x,Vu)), n € N, and Ag(u) = —div(ap(t, x, Vu)) be the cor-
responding operators between the spaces L (0, T; Wol’p(Q)) and L? O, T; W‘I’P/(Q)).
We say that A,, G-converges to Ay if for every F € LY O, T, W‘LP’(Q)) and for every
z € LP(0, T; WHP()) the (variational) solutions v, of problems
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(Wn)r —div(a,(t, x, Vv,)) = F,in Q = (0, T) x Q, (2.10)
v (0, %) =uf in Q, v,(t,x) =zon(0,T) x I, -

satisfy
vp—v weakly in LP(0, T; WP (Q));

an(t, x, Vug)—ao(t, x, Vv) weakly in (L”/(Q))N;

where v is the (variational) solution of problem

{ v — div(ag(r, x, Vv)) = Fin Q = (0, T) x 2, @.11)

v(0,x) =upin Q, v(,x)=zon (0,T) x 0Q2.

2.5 Renormalized solutions

The main idea of renormalized solutions consists on multiplying the pointwise equation by a
test function in dependence of u (any smooth function with compact support). Let W2 (R)
is the set of all Lipschitz continuous functions 4 : R — R whose derivative &’ has compact
support, i.e., every function 1 € W>>(R) is constant outside the support of its derivative,
so that we can define #(0) = 0, ug = u — g where g, is the time derivative part of 11 and
o =p— 8 — s = f —div(G).

Definition 2.14 Let a be Carathéodory function satisfying H(co, c1, bg), and let u be a
measure in My, (Q), decomposed as u = (Lo + ts, Lo € Mo(Q), s € M (Q). A function
u is a renormalized solution of problem

uy —div(a(t,x,Vu)) = nuin Q = (0, T) x Q, 2.12)
u(0,x) =upinQ, u(t,x)=00n(0,T) x 9L, '
if the following conditions hold
@ ueTy Q)
(b) |Vu|P~! belongs to L4(Q) forevery g < p — NLH;
(c) Forevery h € W2 (R) one has
T
—/ h(up)e(0)dx —/ (@r, h(ug))dr +/ h/(ug)a(t,x, Vu) - Vodxdr
@ 0 Q (2.13)

—I—/Qh”(ug)a(t,x, Vu) - Vugpdxdr = /Qh’(ug)godﬂo,

for every ¢ € LP(0,T; Wy(R) N L¥(Q), ¢ € LP(0,T; W' (Q)), with
@(T, x) = 0, such that 4’ (ug)p € LP(0, T; Wol”’(sz)). Moreover, for every ¥ € C(Q)
we have

1
lim ff a(t,x,Vu)~Vug1ﬁdxdt=/ Yduf,
{n<v<2n} o

n——+oon
1
lim 7/‘ a(t,x,Vu) - Vugydxdt :/ Yduy,
{—2n<v<n} 0]

where p” and ] are respectively the positive and the negative parts of the singular part
-
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12 M. Abdellaoui, E. Azroul

Let us point out that the existence of a renormalized solution of (2.12) is proved in [61] (see
also [63] for another proof), the uniqueness of the solution for datum p = o € Mo(Q) is
proved in [31, Sect 3] (see also [61,67]), while the uniqueness of the renormalized solution
for general © € My (Q) and initial ug € LY(Q) is still open. The following equivalence is
proved in [63, Sect 4] (using an analogous definition).

Theorem 2.15 Let u be a function satisfying (a)—(b) of Definition 2.14. Then u is a renor-
malized solution of problem (2.12) if and only if for every k > 0 there exist a sequence of
non-negative measures (Ay) € Myp(Q) such that

. % .
(i) Ak k — o0 g in the narrow topology of measures;
(ii) the truncations Ty (u) satisfy

—/ Tk(u)vtdxdt—l—/ a(t, x, VTi(u))-Vvdxdt =/ ﬁduo+/ f)d)»k-l—/ Ty (ug)v(0)dx
0 0 0 (0 Q

(2.14)
for every v € W N L*®(Q) such that v(T) = 0 (with U being the unique cap ,-quasi
continuous representative of v).

3 Statements of the main results

Let (an)nen and ag be Carathéodory functions satisfying H (co, c1, bg), and let A, (u) =
—div (a,(t, x, Vuy)), Ao(u) = div(ao(t, x, Vu)) be the corresponding operators between
LP(0, T; Wy'P () and L7 (0, T; W17 ().

Theorem 3.1 Let ug € LY(Q) and assume that the sequence of operators (Ap)nen G-

converge to Ag and that the sequence of measures (lin)neN converges to | in the sense
of (2.2). If u,, is a sequence of renormlized solutions of problem

{ (n)s — div(an(t, x, Vity)) = pp in Q = (0, T) x ,

n - 3.1
uy(0,x) =ugin 2, wuy(t,x) =00n(0,T) x 0Q2.

Then, up to subsequences, (u,) converges a.e. in Q to a function u € ’261’1) (Q) renormalized
solution of the problem

u; —div(ag(t, x, Vu)) = nin Q = (0, T) x 2, (32)
w0, x) =uginQ, u(t,x)=00n0,T)x dQ. '
Moreover, we have, for every k > 0, the truncation functions Ty (u,) satisfy
Ti (uy)—Ti (u) weakly in LP (0, T} WOI’F(Q)); 3.3)
an(t, x, VTi(un))—ao(t, x, VT (u)) weakly in (LP (Q)". (34
It suffices to use the definition of renormalized solution of u,, to get
T
- /Q h(up)e(0)dx — /0 (@1, h(ugn))dt + /Q h(ugn)a(t, x, Vuy) - Veodxds
+ [ W gatn Vi) - Vuguparat = [ W e (3.5)
o 0

for every h € W2®(R) and for every ¢ € LP(0,T; W()l’p(Q)) N L®Q), ¢ €
LP' (0, T; W=7 (Q)) with (T, x) = O such that /(g )¢ € LP (0, T; Wy " ()). In addi-
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tion, using Theorem 2.15, for every n € N and k > 0 there exist a sequence of nonnegative
measures (A, k) € My (Q) satisfying

(1) Ank —> My in the narrow topology of measures;
n——+o0o

k——+o00
(ii) the truncations T (u,) satisfy

—/ Tk(un)v,dxdt+/ an(t,x, VT (uy)) - Vodxdt :/ ﬁdug—i-/ vdAy k +/ Tk(uf'))v(O)dx
9] o] o] 9] Q

(3.6)
for every v € W N L°°(Q) such that v(T) = 0 (with v being the unique Capp—quasi
continuous representative of v).

Remark 3.2 1f we prove that (u,) converges to u a.e. in Q and that u is a renormalized
solution to (3.2). Then using Theorem 2.15 and for every k > 0, the truncation functions are
variational solutions of problems

{ — (Tk(un)r — div(ay (t, x, VIi(n)) = pn s in Q = (0, T) x €,
T (un)(0, x) = T (ug) in 2,  Ti(u,)(t,x) =00n (0, T) x 92,
and
{ — (Tk(w); — div(ao(t, x, VT () = px in @ = (0, T) x L,
T ) (0, x) = Te(uo) in Q, Ti(u)(t,x) =0o0n (0, T) x 92,

for suitable measures k., ik € Mo(Q). Let us finally remark that Egs. (3.3)—(3.4) are not
consequences of the G-convergence of the operators because of the varying right-hand sides
Wn.k converging in the weak topology to fik.

4 Some a priori estimates and convergence results

Let us choose h(u,) = Tx(u,) with ¢ = 1 in (3.5). Then for every n € N, we have
/ O () (1)dx +/ a(t, x, VIr(uy)) - VIi(up)dxdr = / Ty (un)d g +/ Oy (ug)dx
Q 0 0 Q

< klual(Q) + lugllpr (), (4.1)
so that using assumption (2.3) and [1, Prop. 5.2], we get

llnll oo 0,711 (@) = € and / IV Tk (un)Pdxds < Cy' ual (@K +C. (42)
0

Now, by using [29, Proposition 3.1] and the estimate (4.2), there exists C > 0, independent
of k and n, such that
N—p

L{un| > k) < Ck-P= %) £({|Vuy| > k}) < Ck~ P70, (4.3)

where £V denotes the N-dimensional Lebesgue measure. Thanks to the second inequality
of (4.3)
— Np—N
/ Vi [1PDdxdt < C, Vg < P -NEP (4.4)
0 (N+Dp—-1
where C > 0 depends on ¢ and not on n (see [59, Sect. 2.2]).
As a consequence of the above estimates we obtain the following theorem.

Theorem 4.1 Let u, be a sequence of renormalized solutions of problem (3.1). Then there
exist a measurable function u : Q — R finite a.e. in Q such that (up to subsequences)
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14 M. Abdellaoui, E. Azroul

(1) u, convergestou a.e.in Q, u € %l’p(Q) and |Vu|P~! € L1(Q) forevery 1 < q <
N .
P—N=1

(1) Tk (uy) convergesto Ty (u) weaklyin LP (0, T} Wol’p(Q)) andthere existsC = C(g) > 0
such that

Np—N
Vul?PDdxdr < €, Vg < P NEP (4.5)

0 (N+D(p-1’

(i) T (u,) converges to Ty (u) strongly in LZ(Q, Wo) and po-a.e. in Q;

(iv) 3o € (L1(Q)N for every g < p — NL—H’ such that oy = o X{u|<k) € (L? oNnv

fora.e. k > 0, and (a,(t, x, Vity))nen converges to o weakly in (L1(Q))N for every
qg<p-— NLH’ while (a, (t, x, VT (uy)))neN converges to o, weakly in (LP (ONN.

Proof The convergence results (i)—(ii) are obtained through similar arguments of [1,61] under
the same assumptions but for fixed operators. To see that (iii) is true, it is enough to use (ii) and
Lemma 2.7. Now, by setting (#, ) and u be such that (i)—(iii) hold, from (2.4) and (4.4) we have
ay(t, x, Vuy,) is bounded in (L7 (Q))V for everyqg < p — NLH Then (up to subsequences)
there exist a function o € (L4(Q))" such that (a,(t, x, Vuy)) converges to o weakly in
(L9( Q))N . Note that (2.4) and (4.2) ensure that there exist a subsequence (a, (t, x, VT (uy)))
(depending on k) and a function oy such that (a, (¢, x, VTi(u,)) converges to oy weakly in
(LPI(Q))N. Thus, since a, (¢, x,0) = 0 for every n € N, we have a,(t, x, VT (u,)) =
an(t, x, Vity) X{jua| <k}> and, by (i), for almost every k > 0 the functions x{,|<k} converges
t0 X{ju|<k} a.€.in Q. Itis easy to see that oy = o x{ju|<k) by Remark 2.5. Finally, the sequence
of subsequences (a,(t, x, VTi(u,))) converges to oy weakly in (Lp/(Q))N for every
k> 0. ]

Remark 4.2 Observe that the function % e LP(0, T; W(;’p (£2)) and satisfies % =1
a.e.in {|u,| > k}, then by using the result of [64, Theorem 1.2] and the estimate (4.2) we get
Ty (un)
cap,({lun| > k}, Q) < IIT"IIW

_1 1
< C max {(k (el ey + lluoliLigy)) 7+ (k (lellatcy + lluollzigy)) ¥ }
1 }
e

k 7

5 Some a priori estimates for measures

‘ =

<C (||M||M(Q)v luollL1 gy P) max {

S I=

k

As we have seen, we provide a different, and in some sense more natural approach, to deal with
nonlinear parabolic problems with measures using G-convergence theory. Before passing to
the proof of our main result, let us state some interesting a priori estimates for the measures
An k using the convergence results of Theorem 4.1.

Lemma 5.1 Forevery ¢ € C'(Q) and for every n € N, there exists o = w(n, k) satisfying

‘/ ody i _/ pdug
Qo Qo

Proof Letk > § > 0, and let S5 ¢, hs x : R — R be two Lipschitz functions defined by (see
Fig. 3)

<w. (5.1)
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Sg,k(s) hg,k(t)
_1_\ 1 ”77777_
k—0 k $ k—96 k S

Fig.3 The functions S  (s) and hg i (s)

1 ifs <k—3,
Ssk(s) = {3k —s) ifk—8<s <Kk,
0 if s >k,
0 ifs <k-—3,
hox(s) =1—Ss(s) = § §(s —k+8) ifk—8<s <k, (5.2)
1 if s > k.

Since ks k (1, )¢ is an admissible test function both in (3.5) and (3.6) forevery ¢ € C ! (0)
with uo = f — div(G) + g, so that using (3.5) we get

1
— / Hs ;. (up)prdxde + - f a(t,x,Vuy) - Vu,edxdt
Q 8 Jik—s<un<k)
+ / an(t, x, Vity) - Viphs (1) dxdr (5.3)
9]

=/ ha,k(un)(PdMg+/ eduy +/ Hj i (ug)(0)dx
9] 0] Q
where Hs i (s) = f(; hs i (r)dr. On the other hand (3.6) implies

1
- / Hi T ) dxd + / a(tx. VTe(un) - Vitygdxds
Q {k

—S<u, <k}

+f an(t, x, VI (un)) - Vohs ik (up)dxdt =f hs k (un)pdig +f @dhn k
{lun| <k} { Y

|’4n | <k}
+ fg H (T () (0)d. (5.4)

It is easy to prove that the first and last terms are in fact equivalent to w(n, k) if we use the
convergence in L' (Q) of u,, |a, (¢, x, Vuy)|, lan(t, x, VT (u,))| and the properties of ¢

/Ha,k(un(t,X))%dxdt=w(n,k), / Hs 1 (T (un) (2, x))prdxdt = w(n, k).
0 0
Which yields

/ @d My i _/ pdus = / hS,k(un)deS _/ an(t, x, Vuy,) - Vohs j(u,)dxdt,
0 0 {un>k} {un>k}

(5.5)
and hence, forqg < p — NL-H’
‘/dekn,k —/deus < lell=glrol(fun = k})
+”an (l, X, VM}'t)”(LII(Q))N ||V(p”(Lq’({unzk}))N7 (56)
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for every ¢ € C'(Q). Similarly we get

‘/ ‘pd)\n,k_/ pdpg
0 0

+llan(t, x, Vuy) ”(Lq(Q))N ||V<P||(Lq’({un5_k}))1v . (5.7

< llellreco)lmol({u, < —k})

which is a consequence of (4.3), the absolute continuity of the Lebesgue measure (concerning
the term ||V(p||(qu({|u"|>k))N) and Remarks 2.2 and 4.2 (for the term |wo|({|u,| > k})). Thus
if we consider test functions 7y (u,,) in (3.6), we have from (4.1)

2 T, ny\12
k)\n,k(Q)Z/ wdx—/ de—}-/ an(t,x, VT (up)) - VT (uy)dxde
Q 2 Q 2 0
—/ Tetun)diao < k[ 112l a0 + 1100 Moty + ol 1 |
{lunl<k}

(5.8)
Then there exist a sequence of nonnegative measures Ay € M;(Q) such that (up to a
subsequence) the sequences (1, ;) converges to A; in the weak-* topology of My (Q) as n
goes to +00. Moreover, a passage to the limit on n in (5.1) gives

‘/ wdkk—/ pd s
0 0

for every ¢ € C2°(Q), that is the sequence (1) converges to i in the weak-* topology of
Mp(Q) as k goes to +o00. ]

< w(k) (5.9)

The reconstruction property of the sequence (Aj) is essentially played by a technical
Lemma.

Lemma 5.2 Let u and o be the functions introduced in Theorem 4.1, and let 1, € Mp(Q)
be the measures introduced above. The Ay belongs to Mo(Q), and

—/ Tk(u)v,dxdt-I—/ o - Vudxdr :/ vd,u0+/ vd)»k+/ Ti (ug)v(0)dx
o {lu|<k} {lu| <k} (0] Q
(5.10)

for every v € W N L*°(Q) such that v(T) = 0 and for a.e. k > 0. Moreover there exists
a nonnegative measure y € My (Q) independent of k such that Ly — y belong to My(Q),
and

—/ Tk(u)v,dxdt—l—/ o -Vudxdt =/ Ud,uo—l—/ vd(l)»k—yl)-l-/ Ty (ug)v(0)dx
0 {lul<k} {lul<k} Q0 Q

(5.11)
Sfor every v € W N L*®(Q) such that v(T) = 0 and for a.e. k > 0.

Proof For every k > 0, by Theorem 4.1, (a, (¢, x, VT (u,))) converges to o x(ju|<k} weakly

in (Lp/(Q))N, (X{lun|<k)) converges to x{u|<k) Ho-a.e. in Q, and by the fact that A is the
weak-* limit of A, x, by passing to the limit in (3.6) as n — 4-o0 for every test function
¢ € C(0), we get

—/ Tk(u)vtdxdt—i—/ o - Vudxdr =[ vduo—i—/ vdkk+/ T (ug)v(0)dx.
0 {lul<k} {lul<k} 0 Q
(5.12)
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1115(5) 0 ifs<—§ors>k+d,
‘ ha(s) = L(s+96) if —0<s<0,
/ ! . %(k-«—(s—s) ith<s<k+0d, (5.13)
5 k k406 s 1 ifo0<s<k.

Fig.4 The function A (s)

Using the fact that o x{},, <k} belongs to (LP/(Q))N, the measure A belongs to Mo(Q)
and (5.12) can be extended to every test function ¢ € W N L°°(Q) such that (T) = 0
by using a standard density argument. Now suppose that the Lebesgue measure of the set
{u(z, x) = 0} is zero (if it’s not, we can replace u = 0 with u = a (a is a nonnegative value)
where £ ({u = a})), so that for § > 0 and for the Lipschitz function 45(s) : R — R defined
by (see Fig. 4).

If we choose /s (i, ), with ¢ € CZ°(Q), as test function in (3.6) for k > §, we have

/QHa(Tk(un)(t,X))fﬂrdxdl—/QHa(Tk(u'é(X))w(O)dx

1

= / an(t, x, V() - VTt )pdxdr
8 Ji—s<u, <0}

+ / a1, 3, VT () - Veph () dxd
{lun | <k}

= / hs (un)pdpg + / @dhin k. (5.14)
{lun| <k} 0
Using also (2.3) and (4.1), for every 6 > 0 and for every n € N

1
05 /{ an( 3 VT ) - Vi)
—§<u, <0

1

= */ an(t, x, VTs(uyn)) - VTs(un)dx < [linllm,c0) + lugliLr ),
8 Ji—s<un<0)

—_—
then there exists a sequence 8, h — oo 0, and a nonnegative measure y, € Mj(Q) such
that

1

0 < lim — an(t, x, VT (uyp)) - VI (uy)pdxdt = / @dyn
h=008h Ji-8, <u, <0) 0

for every ¢ € C°(Q). Moreover 0 < y,(Q) < |ia|(Q) + |ugl(2), so that, up to subse-

quences, Y, converges to a nonnegative y in the weak-* topology of Mj,(Q) allows to pass

to the limit in (5.14) as § — 0 to obtain

/ ay(t,x, VTi(up)) - Vedxdt = /
{O<u, <k}

pdult + / 0d(hn i — Val)-
{O<u, <k} Q

Due to the passage to the limit as n tends to +00, we conclude

/ o - Vodxdt = / eduo +/ ed(|Ar — v]) (5.15)
{O<u<k} {0<u<k} Q

for every ¢ € C2°(Q). Recall that, since o x{o<u<k} belongs to (L”/(Q))N, the measure
Ak — 8 belongs to Mo(Q) and (5.15) holds for every test function in W N L*°(Q). ]
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6 Proof of Theorem 3.1

Thanks to the above estimates we are able to prove Theorem 3.1. For the sake of simplicity,
in what follows, the convergences are all understood to be taken up to a suitable subsequence
extraction, even if no explicitly claimed. As usual, u,, and u will be respectively the sequence
of renormalized solutions of the associated problems such that all the results in Sects. 4 and
5 hold.

Step .1 The limit equation. Let w € W N L*°(Q) be fixed, we take v = Ty (u,) — w as
test function in (3.6) to obtain

T
—/0 (Ti(un)es Tic(un) — w)WfL,/(Q),WOLn(Q)dt + /Q an(t, x, VI (un)) - V(T () — w)dxds
- f (Tiun) — wydpaf + f k — w)din k. ©.1)
{lun|<k} Q
Using Lemma 1.4, we can replace Ty (u,); with w;, we get
T
_/0 (wt9 Tk(l’tn) - w>W’1'P/(Q),W01’p(Q)dt + /Q an(ta X, VLU) : V(Tk(btn) - w)dxdt
<[ — g+ [ = widra. 62)
{lun| <k} 0

Setting ¢ € C°(Q) and using w, as variational solutions to

{ (wp); — div(a(t, x, Vwy)) = ¢; — div(ap(t, x, Ve))in Q = (0, T) x R, 63)

wy(0,x) = ugin 2, w(t,x) =00n (0, T) x 9LQ.

The hypothesis on G-convergence of the operators implies that w, converges weakly in
LP(0, T; WOl "7 (Q)) to the unique solution wq of

6.4)

(wo); — div(ao(t, x, Vwg)) = ¢; — div(ap(t, x, Vp)) in Q = (0, T) x 2,
wo(0, x) = upin Q, wo(t,x) =00n (0,7T) x 92,

thatis w, converges to ¢ weaklyin L” (0, T'; W& "7 (Q)). Moreover, since a (¢, x, V) belongs
to (L (Q))V, the regularity results of Remark 2.11 imply that (w,) is equi-Holder contin-
uous, and hence converges uniformly to ¢ in Q . Now we choose w = w), in (6.2) in order
to get

_/OT<(wn)t, Ty (un) — wn>w—1~p’(9),w(}’ﬂ(9)dt—l—/Qan(t,x, Vw,) - V(Ti () — wy)dxdr
N /{Iun\<k}(Tk(u”) — wa)dpg + /Q(k — Wp)dAn k. 65
Using the equation solved by w,, and (6.5), we have
T
_/o ((wn)r, Tr(un) — wn)w—lyp’(g),wévp(mdt + /Q ao(t, x, Vo) - V(Ti(n) — wy)dxds

< / (Tic(un) — wn)dpug +/ (k — wp)dAp i, (6.6)
{lun| <k} Q
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which allows to pass to the limit in (6.6) as n goes to 400 to obtain
T
- /(‘) (Tk(u)tv Tk(”) - w)W—l,p’(Q)’Wé,P(Q)d-th + /Q aO(Z, X, V(p) : V(Tk(u) - QD)dth

< f (Ti () — @)duo + / (k — p)dA. 6.7)
{lul<k} [¢)

Recall that in the last two terms we use the lower semi-continuity of the masses of weakly-*
converging measures, so that we have from (6.7)

T
- /0 (1. Tew) — g)di + fQ ao(t. x. Vo) - V(T (u) — p)dxds

< / (Tew) — g)duo + f (Tew) — p)dA. 6.8)
{Jul <k} 0
which yields, by Lemma 2.12
T
- /0 (Te (), Tr(u) — @)dt + /Q ao(t, x, VI () - V(Tx (u) — @)dxdt
= / (Tx (u) — @)dpo + / (T (u) — @)dAg (6.9)
{lul <k} 0

for every ¢ € C2°(Q). By density arguments and since Ay € Mo(Q), (6.9) is valid for test
function in W N L°°(Q). In particular, for ¢ = Ty (u) — v, v € W N L*®°(Q), we obtain

T
— / (T (u);, v)dt +/ ap(t, x, VTi(u)) - Vodxdt = /
0 0

duo + / vdre. (6.10)
{ul<k) 0

Then by the characterization of Theorem 2.15, u is a renormalized solution of (3.2) where
Ak converge to g in the narrow topology of measures (see Step. 3). So that, by choosing
v=hu)p,u € WLo(R) and ¢ € C°(Q) in (6.10), an easy passage to the limit as k — oo
leads to

/ H(Tk(u))gotdxdt—i-/ a(t,x,Vu) - V(h(u)p)dxdt
o o
= [ o + [ paus+ [ HEGI0O 6.11)
0 0 Q

Step 2. Convergence of the momenta. Hereafter, we study the limit of the sequence
an(t, x, Vuy), this is done by having v, as variational solution of

(U}’l)t - div(al’l(tvxa an)) = ((t7 .X) . n)t - diV(llO([,x, T])) in Q = (0’ T) X Qa
U, (0,x) =upin Q, v,(t,x)=(,x)-non(0,T) x I,

where 7 is a fixed element of RY, we take advantage of G-convergence properties to get

vp—(t, x) - n weakly in L” (0, T; WhP),
an(t, x, Vg)—ao(t, x, n) weakly in (L” (Q)".
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In addition, by Remark 2.11, (v,) is equi-Holder continuous, we can assume that
v, — (t,x) - n uniformly in Q. (6.12)

The monotonicity assumption (2.5) implies
f (an(t, x, VI (un)) — an(t, x, Vop)) - (VI (up) — Vop)pdxds = 0 (6.13)
Qo

for every ¢ € C2°(Q) with ¢ > 0. In order to pass to the limit in (6.13), we use the limit
integral

lim ay(t, x, Vuy) - (VTi(uy) — Vuy)edxdt
n—+00 0

(6.14)
= /‘an(t, x, 1) - (VT (u) — n)edxdt,

by compensated compactness (see [51,77]). To complete the passage to the limit in (6.13)
we establish the same result for the term

/ a(t, x, VI (un)) - (VI (un) — Vup)edxds,
0
where the sequence div (a, (¢, x, VT (u,))) converges in a weak sense, and we get

/ a(t, x, VIi(un)) - (VI (un) — Vv,)pdxdr
0
= (T (un)s — div(an(t, x, VTi(un))), (Ti(un) — va)@)

— / (Tx(up) — vp)ay (t, x, VI (uy,)) - Vedxdt (6.15)
0

using the formulation (3.6), we obtain

(Ti(up)r — div (an(t, x, VT (un))) s (Tk(un) — va)@)

_ / (Tic () — )il + / k — v)gdhey. 6.16)
{lun| <k} (Y]

Therefore, as n — 400 and using the dominated convergence Theorem for the first integral,
the fact that v, converges uniformly in Q and that the measures At ; converge weak-* in
My (Q) in other integrals, we obtain

im (T un)r — div(an (. x, VIiun))). (Tin) = vn)@)
= / (Tie(u) — (2, x) - medpo +/ (k — (1, x) - m)ediy
{lu| <k} Q
= (u; — div(op), (Tx(u) — (1, x) - n)g) (6.17)

where oy, is given in Theorem 4.1 (iv).
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Now, since Ty (u,,) — v, converges strongly to Ty (u) — (¢, x)-nin L?(Q), a, (¢, x, Vi (u))
converges weakly in (Lp/(Q))N to o and using (6.15) and (6.17), we have

lim an(t, x, VI (uy)) - (VTx(uy) — Vv, )edxde

n—+0o0o 0

= (uy — div(o), (Tk(w) — (¢, %) - Me) — /Q(Tk(u) —(t,x) - o - Vodxdr  (6.18)
= /Qak - (VTx(u) — n)edxdt,
that, together with (6.14) and using also the limit equation of (6.13):
/Qs0(0k —ap(t,x,n) - (VI (u) —ndxdt = 0

for every ¢ € C2°(Q) with ¢ > 0. Hence, for every n € RN there exists a set E(n) € Q
with Lebesgue measure zero such that

(o (t, x) —ao(t, x,m) - (VI (u)(t, x) —nm) 20, V(1,x) € Q\E@).
Now, consider E = U,, E(n,,) where (1,,) is a countable dense set of RY, we have
(o (t, x) —ao(t, x,nm)) - (VI ()(t, x) —nm) =0, VYm, V(t,x) € Q\E
in view of the continuity of ag (¢, x, -), we obtain
(o (t, x) —ao(t,x,m) - (VIx(u)(t,x) —n) =0, Vx e Q\E. (6.19)

Note that ag(¢, x, ) is continuous and monotone in RN with the fact that (6.19), we
have oy (t,x) = ao(t,x, VT}(u)) a.e. in Q. Using Theorem 4.1 (iv), we deduce that
(an(t,x, VTi(uy))) converges to ap(t, x, VI (u)) weakly in (L”’(Q))N and this concludes
the proof of Step 2.

Step 3. End of the proof. Let us prove that A; converges to ug in the narrow topology
of measures. Using estimate (5.9), it is easy to prove that A; converge to u; in the weak-*
topology of measures. As a consequence of Remark 2.9, the narrow convergence follows
from the convergence of the measures. Then it’s enough to check, since we have u;(Q) <
l]Zm inf Ak (Q) because of the weak-* convergence,

— 100

lim sup Ax(Q) < us(Q). (6.20)

k—+00

Let us define the Lipschitz function % (s) : R — R, k > 0, by (see Fig. 5).

hy(s)
e 0 if s <k,
~ hi(s)={ L(s—k) ifk<s<2k (6:21)
‘ 1 if s> 2k

Fig.5 The function Ay (s)
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This step consists in taking A («) as test function in (6.10) corresponding to 2k

r 1
[ o s [ aox Vi vudsar= [ o),
0 k Jik<u<oky (k<u<2k)
(6.22)
Since Ay (1) tend to zero po-a.e. in Q and by dominated convergence Theorem, this leads to
1

lim sup — / ao(t, x, Vu) - Vu dxdt = lim sup A (Q). (6.23)

k——+00 {k<u<2k} k——+o00

Due to the definition of & (i.e. hr(0) = 0), we can take Ay (u,,) as test function in (3.5), we
have

1
- / ay(t, x, Vuy,) - Vu, dxdt = / hic(up)dpg + 15 (Q), (6.24)
k Jik<u, <2k} (k<un<2k)
letting n — oo then yields
1
lim 7/ a,(t,x,Vuy,) - Vu, dxdt = / hi(w)dpo + ns(Q).  (6.25)
n—=>+00k Jix <, <2k} (k<u<2k)
Now we prove that
1 1
lim ff an(t,x,Vuy) - Vupye dxdt = — / ao(t, x, Vu) - Vugp dxdt,
n—>+00k Jix<u, <2k} k Jik<u<oky

(6.26)
for every ¢ € C2°(Q). It’s enough to take h (i,)¢ as test function in (3.5) and Ay ()¢ as
test function in (6.11). Subtracting the two equations we obtain

1 1
f/ an(t, x,Vuy) - Vu,edxdt — f/ ao(t, x, Vu) - Vupdxdt
k Jik<u<aky (k<u<2Kk)

__ / (0%, Vity) - Voohy () dxdi + f RO
0 0

+/ ao(t, x, Vu) - Vohi(u)dxdt —/ hi(w)pdug. (6.27)
o (9]

Comparing (6.10) with (5.10) we deduce that ao(t, x, VI (1)) = 0 x{ju|<k) Tor a.e. k > 0;
then, by Theorem 4.1 (iv), the sequence (a, (¢, x, Vu,)) converges to agp(t, x, Vu) weakly
in (L1(Q)N forqg < p — NLH By definition of A (s), hx (u,) converges to hy(u) both a.e.
and po-a.e. in Q, we can pass to the limit as n — oo to get (6.26), which implies the weak-*
convergence of the sequence of non-negative measures (%an (t,x, Vun)) - Vg Xk <u, <2k))
to the nonnegative measure %ao(t, X, Vu) - Vuxik<u<2k)- By means of the semi-continuity
of the masses, we get

l / aop(t, x, Vu) - Vudxdt < lim inf a, (¢, x, Vu,) - Vu,dxdt,

{k<u<2k}

k n——+o00
which yields, from (6.23) and (6.25)

1
lim sup A2, (Q) = lim sup — / aop(t, x, Vu) - Vudxdt
{k<u, <2k}

k—+00 k—~400

1
< lim sup (lim inf — / a,(t,x,Vuy) - Vu,,dxdt)
{k<u, <2k}

k— 400 n—-+00
= lim sup / hie(u)dpo + s (Q) = us(Q), (6.28)
k—+o0 J{k<u<2k}
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this proves the assertion (i) of the narrow convergence, and the fact that u is a renormalized
solution then follows straightforwardly, so that the proof of Theorem 3.1 is complete.
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